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1 Syllabus

The goal of this course is to introduce fundamental concepts of Quantum Mechanics with emphasis
on Quantum Dynamics and its applications to the description of molecular systems and their inter-
actions with electromagnetic radiation. Quantum Mechanics involves a mathematical formulation
and a physical interpretation, establishing the correspondence between the mathematical elements
of the theory (e.g., functions and operators) and the elements of reality (e.g., the observable proper-
ties of real systems)ﬂ The presentation of the theory will be mostly based on the so-called Orthodox
Interpretation, developed in Copenhagen during the first three decades of the 20th century. How-
ever, other interpretations will be discussed, including the ’pilot-wave’ theory first suggested by
Pierre De Broglie in 1927 and independently rediscovered by David Bohm in the early 1950’s.

Textbooks: The official textbook for this class is:

R1: Levine, Ira N. Quantum Chemistry; 5th Edition; Pearson/Prentice Hall; 2009.

However, the lectures will be heavily complemented with material from other textbooks including:
R2: ”Quantum Theory” by David Bohm (Dover),

R3: ”Quantum Physics” by Stephen Gasiorowicz (Wiley),

R4: ”Quantum Mechanics” by Claude Cohen-Tannoudji (Wiley Interscience),

RS: ”Quantum Mechanics” by E. Merzbacher (Wiley),

R6: "Modern Quantum Mechanics” by J. J. Sakurai (Addison Wesley),

All these references are 'on-reserve’ at the Kline science library.

References to specific pages of the textbooks listed above are indicated in the notes as follows:
R1(190) indicates “for more information see Reference 1, Page 190”.

Furthermore, a useful mathematical reference is R. Shankar, Basic Training in Mathematics. A
Fitness Program for Science Students, Plenum Press, New York 1995.

Useful search engines for mathematical and physical concepts can be found at
http://scienceworld.wolfram.com/physics/ and http://mathworld.wolfram.com/

The lecture notes are posted online at: ((http://ursula.chem.yale.edu/~batista/classes/vvv/v570.pdf)

Grading: Grading and evaluation is the same for both undergraduate and graduate students. The
mid-terms will be on 10/12 and 11/07. The date for the Final Exam is determined by Yale’s calendar
of final exams. Homework includes exercises and computational assignments due one week after
assigned.

Contact Information and Office Hours: Prof. Batista will be glad to meet with students
at SCL 115 as requested by the students via email to victor.batista@yale.edu, or by phone at (203)
432-6672.

101d Story: Heisenberg and Schrodinger get pulled over for speeding. The cop asks Heisenberg Do you know how
fast you were going?” Heisenberg replies, ”No, but we know exactly where we are!” The officer looks at him confused
and says “you were going 108 miles per hour!” Heisenberg throws his arms up and cries, "Great! Now we’re lost!”
The officer looks over the car and asks Schroinger if the two men have anything in the trunk. ”A cat,” Schrodinger
replies. The cop opens the trunk and yells "Hey! This cat is dead.” Schrddinger angrily replies, “Well he is now.”

7
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2 The Fundamental Postulates of Quantum Mechanics

Quantum Mechanics can be formulated in terms of a few postulates (i.e., theoretical principles
based on experimental observations). The goal of this section is to introduce such principles, to-
gether with some mathematical concepts that are necessary for that purpose. To keep the notation
as simple as possible, expressions are written for a 1-dimensional system. The generalization to
many dimensions is usually straightforward.

Postulate 1|: Any system in a pure state can be described by a wave-function , 1 (t, ), where t is

a parameter representing the time and x represents the coordinates of the system. Such a function
Y(t, x) must be continuous, single valued and square integrable.

Note 1: As a consequence of Postulate 4, we will see that P(t,z) = ¢*(t,x)Y(t, x)dz represents
the probability of finding the system between x and x + dx at time t, first realized by Max Born.

: Any observable (i.e., any measurable property of the system) can be described by
an operator. The operator must be linear and hermitian.

What is an operator ? What is a linear operator ? What is a hermitian operator?

Definition 1: An operator O is a mathematical entity that transforms a function f(x) into another
function g(x) as follows, R4(96)

where f and g are functions of x.

Definition 2: An operator O that represents an observable O is obtained by first writing the clas-
sical expression of such observable in Cartesian coordinates (e.g., O = O(x,p)) and then substi-
tuting the coordinate x in such expression by the coordinate operator & as well as the momentum p
by the momentum operator p = —ihd/0x.

Definition 3: An operator O is linear if and only if (iff),
O(af(x) + bg(x)) = aOf(z) + bOg(x),

where a and b are constants.
Definition 4: An operator O is hermitian iff,

*

[ dsi0um ) = | [ v @100,

“Note that this probabilistic interpretation of ) has profound implications to our understanding of reality. It es-
sentially reduces the objective reality to P(¢,x). All other properties are no longer independent of the process of
measurement by the observer. A. Pais’ anecdote of his conversation with A. Einstein while walking at Princeton em-
phasizes the apparent absurdity of the implications: [Rev. Mod. Phys. 51, 863914 (1979), p. 907]: *We often discussed
his notions on objective reality. I recall that during one walk Einstein suddenly stopped, turned to me and asked whether
I really believed that the moon exists only when I look at it.’


http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/wvfun.html#c1
http://ursula.chem.yale.edu/~batista/classes/vvv/RevModPhys.51.863.pdf

where the asterisk represents the complex conjugate.

Definition 5: A function ¢,,(x) is an eigenfunction of O iff;

OAQSR(:L‘) = Ongbn(x)a

where O,, is a number called eigenvalue.

Property 1: The eigenvalues of a hermitian operator are real.
Proof: Using Definition 4, we obtain

*

[ @ssi@06,(0) - | [ dsoi@000)| o,
therefore,
00 =0;) [ deou(w)ou(a) 0.
Since ¢, (x) are square integrable functions, then,

O, = O:.

Property 2: Different eigenfunctions of a hermitian operator (i.e., eigenfunctions with different
eigenvalues) are orthogonal (i.e., the scalar product of two different eigenfunctions is equal to
zero). Mathematically, if O¢,, = O,,¢,,, and O¢,,, = O,,, ¢, with O,, # O,,, then f dz ¢} ¢ = 0.

Proof: %
/M@ﬁm—{/Mﬁ@%}za

WVOM/M%%zo
Since O,, # Oy, then [ dz ¢l ¢, = 0.

and

Postulate 3 |: The only possible experimental results of a measurement of an observable are the

eigenvalues of the operator that corresponds to such observable.

: The average value of many measurements of an observable O, when the system is
described by 1) (x) as equal to the expectation value O, which is defined as follows,
5 _ J dr(0) Ov(a)
[ dei (e} o)

Postulate 5 :The evolution of ¢ (x,t) in time is described by the time-dependent Schridinger
equation :


http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/scheq.html#c1
http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/scheq.html#c1

iha¢é§’t) = Hy(x,1),

where H = —%% \7(:)3), is the operator associated with the total energy of the system, £ =
2
=+ V(x).

’ Expansion Postulate ‘: R5(15), R4(97)

The eigenfunctions of a linear and hermitian operator form a complete basis set. Therefore,
any function v(z) that is continuous, single valued, and square integrable can be expanded as a
linear combination of eigenfunctions ¢,,(z) of a linear and hermitian operator A as follows,

Y(z) = Z Co;(z),

where C; are numbers (e.g., complex numbers ) called expansion coefficients.
Note that A = 3, C;Cra;, when y(z) = > Cj¢;(x),

Aoy(a) = oy(o), and [ dooy(a)'on(o) = e

This is because the eigenvalues a; are the only possible experimental results of measurements of A
(according to Postulate 3), and the expectation value A is the average value of many measurements
of A when the system is described by the expansion )(z) = 3 ; Ci¢;(z) (Postulate 4). Therefore,
the product C';C7 can be interpreted as the probability weight associated with eigenvalue a; (i.e.,

the probability that the outcome of an observation of A will be a;).

Hilbert-Space

According to the Expansion Postulate (together with Postulate 1), the state of a system described
by the function U(x) can be expanded as a linear combination of eigenfunctions ¢;(z) of a linear
and hermitian operator (e.g., V(x) = C1¢1(z) + Copo(x) + ...). Usually, the space defined by
these eigenfunctions (i.e., functions that are continuous, single valued and square integrable) has
an infinite number of dimensions. Such space is called Hilbert-Space in honor to the mathematician
Hilbert who did pioneer work in spaces of infinite dimensionality.R4(94)

A representation of W (z) in such space of functions corresponds to a vector-function,

Pa2()

Cs

C;l ¢1(x)
10
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where C) and C are the projections of W(x) along ¢ (x) and ¢o(z), respectively. All other
components are omitted from the representation because they are orthogonal to the “plane” defined

by ¢1(x) and ¢a(z).

3 Continuous Representations

Certain operators have a continuous spectrum of eigenvalues. For example, the coordinate operator
is one such operator since it satisfies the equation & 0(z¢ — ) = x¢ d(x¢ — ), where the eigenvalues
xq define a continuum. Delta functions §(zo — x) thus define a continuous representation (the so-
called ’coordinate representation’) for which

v(o) = [ doCadtas - o)

where C,,, = 1¥(z9), since

/ dwd(z — B)ib(x) = / iz / daCod(z — B)3(a — ) = (B).

When combined with postulates 3 and 4, the definition of the expansion coefficients C,,, =
(o) implies that the probability of observing the system with coordinate eigenvalues between z
and xg + dwg is P(xg) = Cy,C5, dzo = (20)1(10)*dxo (S€E Note 1).

In general, eigenstates ¢(«, z) with a continuum spectrum of eigenvalues « define continuous
representations,

v(e) = [ daCudlanz).

with C, = [dz¢(a,x)*)(x). Delta functions and the plane waves are simply two particular
examples of basis sets with continuum spectra.

Note 2: According to the Expansion Postulate, a function /() is uniquely and completely defined
by the coefficients C}, associated with its expansion in a complete set of eigenfunctions ¢;(x).
However, the coefficients of such expansion would be different if the same basis functions ¢;
depended on different coordinates (e.g., ¢;(z’) with 2’ # z). In order to eliminate such ambiguity
in the description it is necessary to introduce the concept of vector-ket space.R4(108)

4 Vector Space

Vector-Ket Space c: The vector-ket space is introduced to represent states in a convenient space
of vectors |¢; >, instead of working in the space of functions ¢;(x). The main difference is that
the coordinate dependence does not need to be specified when working in the vector-ket space.
According to such representation, function v (z) is the component of vector |i) > associated with

11



index x (vide infra). Therefore, for any function ¢(z) = > . C;¢;(x), we can define a ket-vector
|t) > such that,

J
The representation of | ¢) > in space ¢ is,
|y > Ket-Space ¢
Cy | >
& |¢1 >

Note that the expansion coefficients C; depend only on the kets | 1); > and not on any specific
vector component. Therefore, the ambiguity mentioned above is removed.

In order to learn how to operate with kets we need to introduce the bra space and the concept of
linear functional. After doing so, this section will be concluded with the description of Postulate
5, and the Continuity Equation.

Linear functionals

A functional  is a mathematical operation that transforms a function ¢(z) into a number. This
concept is extended to the vector-ket space ¢, as an operation that transforms a vector-ket into a
number as follows,

x(@W(x)) =n, or x(jp>)=n,

where n is a number. A linear functional satisfies the following equation,

x(ap(z) +bf(z)) = ax (¥ () + bx(f(x)),

where ¢ and b are constants.
Example: The scalar product,R4(110)

n= [ dov @)o(a),

is an example of a linear functional, since such an operation transforms a function ¢(z) into a
number n. In order to introduce the scalar product of kets, we need to introduce the bra-space.

Bra Space c*: For every ket 1) > we define a linear functional < |, called bra-vector, as follows:
<Y|(l¢ >) = [ dz*(2)(2).

12



Note that functional < | is linear because the scalar product is a linear functional. Therefore,

<¢llalg > +lf >) = a <¥[(l¢ >) +b < P|(|f >).

Note: For convenience, we will omit parenthesis so that the notation < |(|¢ >) will be equivalent
to < v||¢ >. Furthermore, whenever we find two bars next to each other we can merge them into
a single one without changing the meaning of the expression. Therefore,

<Y||p >=<Y|p > .

The space of bra-vectors is called dual space £* simply because given a ket [¢p) >= )" y Cjlo; >,
the corresponding bra-vector is < | = ;05 < ¢;|. In analogy to the ket-space, a bra-vector
< 1| is represented in space ¢* according to the following diagram:

< ¢ Dual-Space ¢*

cy| <¥

Cy "< ¢

where C7 is the projection of < ¢ | along < ¢; |.

Projection Operator and Closure Relation
Given a ket | ¢ > in a certain basis set |¢; >,

[ >=)_ Cile; >, (1)
J
where < ¢i|¢; >= 0k;,
Cj =< ;| >. (2)
Substituting Eq. (2) into Eq.(1), we obtain
[ >= ) 165 >< ¢ilv > . (3)
J

From Eq.(3), it is obvious that

Z |9, >< ¢;] =1, Closure Relation
J

13



where 1 is the identity operator that transforms any ket, or function, into itself.

Note that P; = |¢; >< ¢;| is an operator that transforms any vector ) > into a vector pointing
in the direction of |¢; > with magnitude < ¢;[¢) >. The operator ]53 is called the Projection
Operator. It projects |¢; > according to,

Pilep >=< ¢;lip > |¢; > .

Note that ]5j2 — P;, where Pf — P;P;. This is true simply because < ¢;|¢; >= 1.

4.1 Exercise 1

Prove that

A~ A A A A A

where [H, P;] = HP; — P;H.

Continuity Equation

4.2 Exercise 2

Prove that *
AW (a, atiw(:c,w) N %j(m,t) =0,
where

In general, for higher dimensional problems, the change in time of probability density, p(x,t) =
¥ (x,t)(x,t), is equal to minus the divergence of the probability flux j,

dp(x,1)
ot

=V -j.

This is the so-called Continuity Equation .
Note: Remember that given a vector field j, e.g., j(, y, 2) = ji(x, y, 2)i+ja(z,y, 2)J
the divergence of j is defined as the dot product of the “del” operator V = (8%, 6%, %
as follows: . _ ‘
V- J = % + % + %
Jdr OJy 0z

+j3(x7y7 Z)I%’
) and vector j

14
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5 Stationary States

Stationary states are states for which the probability density p(z,t) = ¢*(z,t)1(x,t) is constant
at all times (i.e., states for which % = 0, and therefore V - j = 0). In this section we will show

that if ¢)(z, t) is factorizable according to i (z, t) = ¢(z) f(t), then ¢)(x, t) is a stationary state.
Substituting ¢(x, ) in the time dependent Schrodinger equation we obtain:

Of(t) h? 0P¢(x)

s(eyin? D =y DTy gy (@)ofa),
and dividing both sides by f(¢)¢(x) we obtain:

ih Of(t) R 9*¢(x)

O 0 " ame(n) a2 TV @

Since the right hand side (r.h.s) of Eq. (4) can only be a function of = and the Lh.s. can only be a
function of ¢ for any x and ¢, and both functions have to be equal to each other, then such function
must be equal to a constant E. Mathematically,

%%t) = B> [(t) = f(O)exp(~ BY),
n? 0%¢(x) B : _
e+ Vo) = £ = [ole) = Foto)]

The boxed equation is called the time independent Schridinger equation.
Furthermore, since f(0) is a constant, function ¢(z) = f(0)¢(x) also satisfies the time independent
Schrodinger equation as follows,

=
=
&
I
!
<
—~
=

S

and

0(,0) = d()exp(—1 BY)

Eq. (5) indicates that E is the eigenvalue of H associated with the eigenfunction ¢(z).

5.1 Exercise 3

Prove that H is a Hermitian operator.

5.2 Exercise 4

Prove that -ih0/0x is a Hermitian operator.

15



5.3 Exercise 5

Prove that if two hermitian operators Q and P satisfy the equation Qf) = p@, ie., if P and )
commute (vide infra), the product operator () P is also hermitian.
Since H is hermitian, F is a real number = E = E* (see Property 1 of Hermitian operators), then,

V(@ (e, t) = ¢ ()9 ().

(z,
Since ¢(z) depends only on z, at(¢*( z)é(z)) = 0, then, 2y (x, t)y(x, t) = 0. This demonstration
t

proves that if ¢ (z,t) = ¢(x) f(t), then ¢(z, t) is a stationary function.

6 Particle in the Box

The particle in the box can be represented by the following diagram:R1(22)

V(z) *© Box
V = V=0 ~ 00
- > T
0 a
Particle

The goal of this section is to show that a particle with energy £ and mass m in the box-potential
V(x) defined as

Viz) = {0, when 0 <z <a,

00, otherwise,

has stationary states and a discrete absorption spectrum (i.e., the particle absorbs only certain
discrete values of energy called quanta). To that end, we first solve the equation H¢(z) = E¢(x),
and then we obtain the stationary states 1)(x, t) = ¢(x Jexp(—1Et).
Since ¢(z) has to be continuous, single valued and square integrable (see Postulate 1), ¢(0) and
¢(a) must satisfy the appropriate boundary conditions both inside and outside the box. The bound-
ary conditions inside the box lead to:

L O(x) = ED(x) = ®(x) = ASin(K x) (6)

- x x) = x).

2m Ox? ’
Functions ®(x) determine the stationary states inside the box. The boundary conditions outside the
box are,

h? 0
_%@@( z) 4 00®(z) = E®(z), = ®(z) =0,

16



and determine the energy associated with ®(x) inside the box as follows. From Eq. (6), we obtain:
I AK? = EA, and, ®(a) = ASin(K a) =0,

= Ka=nm, with n=1,2,.. =
Note that the number of nodes of ® (i.e., the number of coordinates where ®(x) = 0), is equal to
n — 1 for a given energy, and the energy levels are,

B2 n2n2
E=2L"T  Githn=1,2, ..
2m a?
e.g.,
h? 72
En=1) =1
(n=1) Syt
h? 4r?
E(n=2)= 2"

Conclusion: The energy of the particle in the box is quantized! (i.e., the absorption spectrum of
the particle in the box is not continuous but discrete).

6.1 Exercise 6

(1) Using the particle in the box model for an electron in a quantum dot (e.g., a nanometer size
silicon material) explain why larger dots emit in the red end of the spectrum, and smaller dots emit
blue or ultraviolet.

Mighty
Small

e and nanotechno
ature of alr
human-made object in the ne

(i1) Consider the molecule hexatriene CHy, = CH — CH = CH — CH = (C'H, and assume that
the 6 7 electrons move freely along the molecule. Approximate the energy levels using the particle
in the box model. The length of the box is the sum of bond lengths with C-C = 1.54 A, C=C = 1.35
A, and an extra 1.54 A, due to the ends of the molecule. Assume that only 2 electrons can occupy
each electronic state and compute:

(A) The energy of the highest occupied energy level.

(B) The energy of the lowest unoccupied energy level.

17



(C) The energy difference between the highest and the lowest energy levels, and compare such
energy difference with the energy of the peak in the absorption spectrum at Ay, 4 x=268nm.

(D) Predict whether the peak of the absorption spectrum for CHy = CH —(CH = CH),,—CH =
C' H, would be red- or blue-shifted relative to the absorption spectrum of hexatriene.

7 Commutator
The commutator [A, B is defined as follows:R4(97)
[A,B] = AB — BA.

Two operators A and B are said to commute when [A, B] = 0.

7.1 Exercise 7

Prove that [, —ih-2] = ih. Hint: Prove that [2, —ih.2|1(x) = ihy(z), where 1(z) is a function
of z.

Note: Mathematically, we see that the momentum and position operators do not commute simply
because p = —ihd/0z, so pxr = —ih(14+x0/0x) is not the same as zp = —ihxd/Jx. Conceptually,
it means that one cannot measure the position without affecting the state of motion since measuring
the position would perturb the momentum. To measure the position of a particle it is necessary
to make it leave a mark on a sensor/detector (e.g., a piece chalk needs to leave a mark on the
blackboard to report its position). That process unavoidably slows it down, affecting its momentum.

8 Uncertainty Relations

The goal of this section is to show that the uncertainties AA = \/ <(A-<A>)2>and AB =

\/ < (B ~<B >)2 >, of any pair of hermitian operators A and B, satisfy the uncertainty rela-

tion:R3(437) .

(AA?*(AB)? > 1< i[A, B] >*. (7
In particular, when A=j7and B= p, we obtain the Heisenberg uncertainty relation|:
h
Ax - Ap > R (8)
Proof: X R
U=A-<A>, oA\ z) = (U +iAV)0(z),
V=B—-<B >, IN) = [dzg*(\, 2)p(A, x) > 0,


http://hyperphysics.phy-astr.gsu.edu/hbase/uncer.html#c1

I\ = /dx[(fl— < A >)®(2) +iNB— < B>)®(x)]*[(A— < A >)®(z) + i\(B— < B >)®(2)],

I =< |U?® > +)X? < ®|V3D > —iA < Q|UV — VU|D >> 0, )
The minimum value of /(\), as a function of \, is reached when 01 /0X = OI/OX* = 0.
This condition implies that
i <[A,B] >

NABP=i<ABl> = A=t

Substituting this expression for A into Eq. (9), we obtain:

i?<A,B>% <A B>?
— > (),

(A + — Ay 2(AB)?  —

i< A B>?

(AAP(ABY = =55

8.1 Exercise 8

Compute < X >, < P >, AX and AP for the particle in the box in its minimum energy state and
verify that AX and AP satisfy the uncertainty relation given by Eq. (7)?

8.2 EPR Paradox

Gedankenexperiments (i.e., thought experiments) have been proposed to determine “hidden” vari-
ables. The most famous of these proposals has been the Einstein-Podolski-Rosen (EPR) gedanken-
experiment |Phys. Rev. (1935) 47:777-780] , where a system of 2 particles is initially prepared
with total momentum p;. At a later time, when the two particles are far apart from each other, the
position x; is measured on particle 1 and the momentum p, is measured on particle 2. The paradox
is that the momentum of particle 1 could be obtained from the difference p; = p; — po. Therefore,
the coordinate x; and momentum p; of particle 1 could be determined with more precision than
established as possible by the uncertainty principle, so long as the separation between the two par-
ticles could prevent any kind of interaction or disturbance of one particule due to a measurement
on the other.

The origin of the paradox is the erroneous assumption that particles that are far apart from
each other cannot maintain instantaneous correlations. However, quantum correlations between
the properties of distant noninteracting systems can be maintained, as described by Bohm and
Aharonov [Phys. Rev. (1957) 108:1070-1076] for the state of polarization of pairs of correlated
photons. Within the Bohmian picture of quantum mechanics, these quantum correlations are estab-
lished by the quantum potential V{;(g), even when the particles are noninteracting (i.e., V' (¢) = 0).
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Quantum correlations between distant noninteracting photons were observed for the first time
by Aspect and co-workers in 1982 [[Phys. Rev. Lett. (1982) 49:91-94] , 47 years after the EPR
paradox was presented. These quantum correlations constitute the fundamental physics exploited
by teleportation (i.e., the transmission and reconstruction of quantum states over arbitrary large
distances) [Nature (1997) 390:575-579] and ghost imaging (i.e., a technique where the object and
the image system are on separate optical paths) [Am. J. Phys. (2007) 75:343-351] . Most recently,
a ’spooky action at a distance’ record of 1,203 kilometers has been demonstrated in preparation for
quantum communication through the internet.

Quantum le:

2. Quantum key distributio

9 KExercise 9

9.1 Copenhagen Interpretation:

Describe the Copenhagen (probabilistic) formulation of Quantum Mechanics and show that a con-
sequence of Postulates 1 and 4 is that P(t,z) = ¢*(t,z)1(t, z)dr represents the probability of
observing the system described by ¢ (x,t) between z and = + dz at time ¢.

9.2 Feynman Interview:

Watch Feynman talking about Quantum Mechanics at the (Interview) and comment on his obser-
vations in the context of the postulates of Quantum Mechanics.

9.3 Momentum Operator:

Show that the momentum operator must be defined as

. 0
p = —zha—x, (10)
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and the eigenfunction of the momentum operator with eigenvalue p; as a plane wave

P
(zlp;) = N (11)
since
po(p — pj) = pid(p — p;)- (12)
Hint: Use the integral form of Dirac’s delta function: §(p — p;) = 5 [ drent®=pi),

9.4 EPR Paradox:

In 1935, Einstein, Podolsky, and Rosen proposed a thought experiment where two systems that
interact with each other are then separated so that they presumably interact no longer. Then, the
position or momentum of one of the systems is measured, and due to the known relationship be-
tween the measured value of the first particle and the value of the second particle, the observer is
aware of the value in the second particle. A measurement of the second value is made on the second
particle, and again, due to the relationship between the two particles, this value can then be known
in the first particle. This outcome seems to violate the uncertainty principle, since both the position
and momentum of a single particle would be known with certainty.
Explain what is wrong with this paradox.

9.5 Schrodinger’s cat paradox:

A cat is placed in a steel box along with a Geiger counter, a vial of poison, a hammer, and a
radioactive substance. When the radioactive substance decays, the Geiger detects it and triggers
the hammer to release the poison, which subsequently kills the cat. The radioactive decay is a
random process, and there is no way to predict when it will happen. The atom exists in a state
known as a superposition both decayed and not decayed at the same time.

Until the box is opened, an observer doesn’t know whether the cat is alive or dead because
the cat’s fate is intrinsically tied to whether or not the atom has decayed and the cat would, as
Schrédinger put it, be ”living and dead ... in equal parts” until it is observed.

In other words, until the box was opened, the cat’s state is completely unknown and therefore,
the cat is considered to be both alive and dead at the same time until it is observed.

The obvious contradiction is that the cat can not be both dead and alive, so there must be a
fundamental flaw of the paradox or of the Copenhagen interpretation. Explain what aspect of the
Copenhagen interpretation of quantum mechanics is questioned by this gedanken experiment and
what is wrong with the paradox.

10 Heisenberg Representation

With the exception of a few concepts (e.g., the Exclusion Principle that is introduced later in these
lectures), the previous sections have already introduced most of Quantum Theory. Furthermore, we
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have shown how to solve the equations introduced by Quantum Theory for the simplest possible
problem, which is the particle in the box. There are a few other problems that can also be solved
analytically (e.g., the harmonic-oscillator and the rigid-rotor described later in these lectures).
However, most of the problems of interest in Chemistry have equations that are too complicated to
be solved analytically. This observation has been stated by Paul Dirac as follows: The underlying
physical laws necessary for the mathematical theory of a large part of Physics and the whole of
Chemistry are thus completed and the difficulty is only that exact application of these laws leads to
the equations much too complicated to be soluble. It is, therefore, essential, to introduce numerical
and approximate methods (e.g., perturbation methods and variational methods).

In this section, we describe the matrix representation, introduced by Heisenberg, which is most
useful for numerical methods to solve the eigenvalue problem,R4(124) R3(240)

H) = Eyjr), (13)

for an arbitrary state |1;) of a system (e.g., an atom, or molecule) expanded in a basis set {¢;}, as
follows:

) =Y CPley), (14)
J
where Cl(j) = (¢;|1n), and (¢;|¢x) = ;1. Substituting Eq. into Eq. we obtain:
Z H|¢j>cl(j) = Z ElCz(j)|¢j>'
J J
Applying the functional (¢ to both sides of this equation, we obtain:

> {nlH|p)C = ZEl orlo)) Y, (15)

J

where (¢x|¢;) =dgjand k=1,2, .., n
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Introducing the notation Hy,; = (¢x| H|¢;) we obtain,

(k=1) — [HnC + HuC + HuCP + ..+ Hi O™ = ECY + 06 + ... +0C",
(k=2) — | HnC" + HpC® + HyyCP + . + Hou O = 00 + E,CP + . 4+ 00",

(k=n) = {100 + HwCP + HyC + ..+ HyuC" = 000 + 002 + .. + BEC™,

(16)
that can be conveniently written in terms of matrices and vectors as follows,
Hy, Hy .. H,][cY B o .. o]lcV
Hy Hy .. Hy| |CP|_|0 E .. 0] |C? an
Hnl Hng H’rm C’l(n) 0 0 .. El C’l(n)

This is the Heisenberg representation of the eigenvalue problem introduced by Eq. (I3). According
to the Heisenberg representation, also called matrix representation, the ket |1;) is represented by

the vector C), with components C’ — (¢;]0), with j = 1, ..., n, and the operator H is represented

by the matrix H with elements H,;, = (¢;| H|¢y).
The expectation value of the Hamiltonian,

(W] H |1y ZZC“*%IHW g

can be written in the matrix representation as follows,

1
(2
<¢Z‘H‘wl> e CZTHCI — Cl(l)* Cl(z)* Cl(n)* H21 H22 Hzn Ol

Hnl Hn2 Hnn Cl(n)

Note:
(1) It is important to note that according to the matrix representation the ket-vector |1;) is repre-
sented by a column vector with components C’l(j ) = (¢j|1hr), and the bra-vector (1| is represented
by a row vector with components C’l(j a
(2) If an operator is hermitian (e.g., H ), it is represented by a hermitian matrix (i.e., a matrix
where any two elements which are symmetric with respect to the principal diagonal are complex
conjugates of each other). The diagonal elements of a hermitian matrix are real numbers, therefore,
its eigenvalues are real.
(3) The eigenvalue problem has a non-trivial solution only when the determinant det/H — iE]
vanishes:

dettH — 1E] = 0, where 1 is the unity matrix.
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This equation has n roots, which are the eigenvalues of H.
(3) Finally, we note that the matrix of column eigenvectors C satisfy the equation, HC = CE,
where E is the diagonal matrix of eigenvalues:

Hy, Hy .. H,][c ¢ ... ¢ c® oV oo e TE 0 0
Hy Hyy ... Hoy, 01(2) 02(2) oo _ CfQ) 02(2) 0P 0 FEy, ... O
Hy Hupo oo Hup] [0 (™ ... ¢ cm oo ..ol [0 0 . B,

(13)

11 Fourier Grid Hamiltonian

The goal of this section is to introduce the Fourier grid Hamiltonian (FGH),

. AxAp (z—a k 2
H(j,5") = V(x;){x;]a) - E 3 o
(19)

AA i
V(o + Sk

as described by Marston and Balint-Kurti [J. Chem. Phys. (1989) 91:3571-3576] . We write the
Hamiltonian as a matrix in the representation of equally spaced delta functions é(x — x;), with
coordinates

= (J —na/2)As, (20)

where A, = (Timaz — Tmin)/Ne and j = 1-n,, and momenta p, = Ap(k — n,/2) with Ap =
27 /(T maz — Tmin). Equation is derived by writing the kinetic energy in the basis of plane
waves, as follows:

n2

(@il Tle;) = (|5 ;).
]32
_ / dp / dp’<:cl|p’><p’|—rp><p|xj>,
/dp/dp xz!p —(W'p){plzs), 1)
A 2
/dp<$z|p> <p|$]> — o h/dpeh(m xj)p 2p ,

m

A:EAp e pk
~ 2rh Z

since the identity operator is I = ) y |z;)Ax(z;|, in the discretized version of the delta function
representation, and Az (z;|zg) = k.
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11.1 Computational Problem FGH

Write a program to solve the time independent Schrodinger equation by using the FGH method and
apply it to find the first 5 eigenvalues and eigenfunctions of the particle in the box withm = a = 1.
Compare your numerical and analytical solutions. Modify the potential to obtain the analogous
eigenstates for the Harmonic oscillator introduced by Eq. (28) with m = 1 and w = 1. Verify that
the eigenvalues are E(v) = (1/2 + v)hw, v = 0-4.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/pbox.m) provides a Matlab solution
to the FGH computational assignment.

The link http://ursula.chem.yale.edu/~batista/classes/vvv/M1.pdf provides a Matlab tutorial
with a detailed explanation of the solution to the computational assignment, prepared by Dr. Videla.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/hbox.m) provides the corresponding
Matlab solution to the harmonic well potential.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/2DFGH.tar) provides the correspond-
ing Matlab solution to the 2-dimensional harmonic well potential.

12 Variational Theorem

The expectation value of the Hamiltonian, computed with any trial wave function, is always higher
or equal than the energy of the ground state. Mathematically,

< Y|H|Y >> Ey,
where f]gbj =F;9;.
Proof: ¢ = 3, C;¢;, where {¢;} is a basis set of orthonormal eigenfunctions of the Hamiltonian
H.

<QHY > =) CiC; < ¢|H|d; >,

J k

=Y > CiCiEby,
ik

=> CCE = E Y GG,
J J

where, Zj C:C; = 1.
Variational Approach: Starting with an initial trial wave function 1) defined by the expansion
coefficients {C’](-O)}, the optimum solution of an arbitrary problem described by the Hamiltonian

H can be obtained by minimizing the expectation value < wllfl |t) > with respect to the expan-
sion coefficients. The link ((http://ursula.chem.yale.edu/~batista/classes/vvv/VT570.tar) , provides
a Matlab implementation of the variational method as applied to the calculation of the ground and
excited states of a harmonic well.

The link http://ursula.chem.yale.edu/~batista/classes/vvv/M2.pdf , provides a detailed descrip-
tion of the solution to the computational assignment, prepared by Dr. Pablo Videla.
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13 Digital Grid-Based Representations

The standard formulation of quantum mechanics, presented in previous sections, relies upon the
tools of calculus (e.g., derivatives, integrals, etc.) and involves equations and operations with in-
finitesimal quantities as well as states in Hilbert-space (the infinite dimensional space of functions
L?). The equations, however, seldom can be solved analytically. Therefore, computational solu-
tions are necessary. However, computers can not handle infinite spaces since they have only limited
memory. In fact, all they can do is to store and manipulate discrete arrays of numbers. Therefore,
the question is: how can we represent continuum states and operators in the space of memory of
digital computers?
In order to introduce the concept of a grid-representation, we consider the state,

1/4 o .
To(a) = () " e, (22)

which can be expanded in the infinite basis set of delta functions ¢ (x — z’) as follows,
Uy(x) = /dx'c(a:’)&(x — ), (23)

where c(z') = (2| V) = Wo(a'). All expressions are written in atomic units, so & = 1.

Note that in a discrete representation, Wo(z) = A ¢;g;(x), where ¢; = (g;|¥y). So, the par-
ticular representation with g;(x) = 6(x — x;) gives ¢; = [ dzd(x — 2;)¥(z) = ¥o(z;). Therefore,
Uo(x) =3 Wolw;)d(z — ;).

A grid-based representation of W (x) can be obtained, in the coordinate range = = (Znin, Tmaz)>
by discretizing Eq. (23)) as follows,

Uo(x) = Ach(S(:c—xj), (24)
=1

where the array of numbers ¢; = (z;|\V,) represent the state ¥, on a grid of equally spaced coordi-
nates T; = Zpn + (j — 1)A with finite resolution A = (00 — Tinin)/(n — 1).

Note that the grid-based representation, introduced by Eq. (24), can be trivially generalized to
a grid-based representation in the multidimensional space of parameters (e.g., x;, pj, Vj, ... €tc.)
when expanding the target state W () as a linear combination of basis functions (x|z;, p;,v;), with
expansion coefficients as ¢; = (z;, p;, ;| Vo).

13.1 Computational Problem 1

Write a computer program to represent the wave-packet, introduced by Eq. (22)) on a grid of equally
spaced coordinates x; = T, + (j — 1)A with finite resolution A = (2,00 — Tpmin)/(n — 1) and
visualize the output. Choose xy = 0 and py = 0, in the range x=(-20,20), with « = wm, where
m=1and w = 1.
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Next, we consider grid-based representations in momentum space:

Yo(p) = (p|¥o)- (25)

Inserting the closure relation 1 = [ dz|z) (x| in Eq. , we obtain that
(p|¥o) = /dx(p[a:)(x]llfo) = (2m)"1/2 / dze™ P (x|V). (26)
is the Fourier transform of the initial state. The second equality in Eq. was obtained by using:
(zlp) = (2m) 712, 27)
which is the eigenstate of the momentum operator p = —iV, with eigenvalue p, since p(x|p) =

plz|p).

The Fourier transform can be computationally implemented in O(Nlog(N)) steps by using
the Fast Fourier Transform (FFT) algorithm [see, Ch. 12 of Numerical Recipes by W.H. Press,
B.P. Flannery, S.A. Teukolsky and W.T. Vetterling, Cambridge University Press, Cambridge, 1986
(f12-2.pdf)] when (z|WU,) is represented on a grid with N = 2" points (where n is an integer).
In contrast, the implementation of the Fourier transform by quadrature integration would require
O(N?) steps.

13.2 Computational Problem 2

Write a computer program to represent the initial state, introduced by Eq. (22), in the momentum
space by applying the FFT algorithm to the grid-based representation generated in Problem 1 and
visualize the output. Represent the wave-packet amplitudes and phases in the range p=(-4,4) and
compare your output with the corresponding values obtained from the analytic Fourier transform
obtained by using:

/dx exp(—asz® + a1x + ag) = /7/ay exp(ag + a3 /(4ay)).

Next, we consider the grid-based representation of operators (e.g., Z, p, V' (Z), and T = p?/(2m))
and learn how these operators act on states represented on grids in coordinate and momentum
spaces. For simplicity, we assume that the potential is Harmonic:

1
V(2) = 5m;?(:z« —7)% (28)
Consider first applying the potential energy operator to the initial state, as follows,
V(&) Wo(x) = V(z)To(z) = Vo(z). (29)

Since Wy(z) is just another function, Eq. indicates that V() can be represented on the same
grid of coordinates as before (i.e., equally spaced coordinates x; = Z;, + (j — 1)A, with finite
resolution A = (Zynaz — Tmin)/(n — 1)). Since for each x;, Wo(z;) = V(x;)¥(z;), the operator
V(Z) can be represented just as an array of numbers V' (x;) associated with the grid-points x;, and
its operation on a state is represented on such a grid as a simple multiplication.
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13.3 Computational Problem 3

Write a computer program to compute the expectation values of the position x(0) = (V|Z| V) and
the potential energy V' = (Wo|V(2)|Wy), where V() is defined according to Eq. for the initial
wave-packet, introduced by Eq. @, with various possible values of zy and py, with « = wm,
where m = 1 andw = 1.

Now consider applying the momentum operator, p = —iV, to the initial state Wo(x) as follows,

G(z) = (z[p|¥o) = —iV ¥ (). (30)

One simple way of implementing this operation, when W,(z) is represented on a grid of equally
spaced points x; = T, + (7 — 1)A, is by computing finite-increment derivatives as follows:

Wo(2j41) — Yolwj1)

G(zj) = —i oA : (31)

However, for a more general operator (e.g., T = p? /(2m)) this finite increment derivative
procedure becomes complicated. In order to avoid such procedures one can represent the initial
state in momentum-space (by Fourier transform of the initial state); apply the operator by simple
multiplication in momentum space and then transform the resulting product back to the coordinate
representation (by inverse-Fourier transform). This method can be derived by inserting the closure

relation 1 = [ dp|p)(p|, in Eq. ,
G(z) = (z|p|¥o) = /dp@f\ﬁ!m (p|Wo) = (27T)_1/2/dp€ipxp<p|%>a (32)

since (p|Vy) is defined according to Eq. as the Fourier transform of the initial state. Note that
the second equality of Eq. (32)) is obtained by introducing the substitution

(z|p) = (2m) "2 P, (33)

While Eq. illustrates the method for the specific operator p, one immediately sees that any
operator which is a function of p (e.g., T = p?/(2m)) can be computed analogously according to
the Fourier transform procedure.

13.4 Computational Problem 4

Write a computer program to compute the expectation values of the initial momentum p(0) =
(Uy|p| o) and the kinetic energy T = (U|p?/(2m)|¥o) by using the Fourier transform procedure,
where Wy is the initial wave-packet introduced by Eq. , with g = 0, pp = 0, and o = wm,
where m = 1 and w = 1. Compute the expectation value of the energy E = (Uo|H|¥,), where
H = p%/(2m) + V (&), with V(2 defined according to Eq. and compare your result with the
zero-point energy Ey = w/2.
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14 SOFT Method

The Split-Operator Fourier Transform (SOFT) method is a numerical approach for solving
the time-dependent Schrédinger equation by using grid-based representations of the time-evolving
states and operators. It relies on the Fourier transform procedure to apply operators that are func-
tions of p by simple multiplication of array elements. As an example, we will illustrate the SOFT
algorithm as applied to the propagation of the harmonic oscillator, which can also be described
analytically as follows:

¥i(o) = [ do'fale e/} (/| ), 34
where the Kernel (z|e~*|z') is the quantum propagator
—iHt|, mw mw 2, .2 ~ /
=, | — —— h(wit) — 2 . 35
(e ) QWsinh(itw)eXp< 2sinh(wit) (@ +a7)cosh(wit) x:v]) (39)

The essence of the method is to discretize the propagation time on a grid ¢, = (k — 1)7, with
k = 1,...,n and time-resolution 7 = t/(n — 1), and obtain the wave-packet at the intermediate
times ¢;, by recursively applying Eq. (34)) as follows,

¥ (o) = [ dlale ol ). 36

If 7 is a sufficiently small time-increment (i.e., n is large), the time-evolution operator can be
approximated according to the Trotter expansion to second order accuracy,

e’“ﬁh _ efiV(i)T/ZefiﬁQT/(Zm)efiV(aA:)T/Z + 0(7_3)’ (37)
which separates the propagator into a product of three operators, each of them depending either on

Z, or p.

14.1 Computational Problem 5

Expand the exponential operators in both sides of Eq. (37) and show that the Trotter expansion is
accurate to second order in powers of 7.

Substituting Eq. into Eq. and inserting the closure relation 1 = [ dplp)(p| gives,

Vi (@ / dp / da'e VD72 (g|p)e T M) (platye VT2, (o). (38)

By substituting (p|z’) and (z|p) according to Egs. and (33)), respectively, we obtain:

\I/tkﬂ(l’) — —zV T/2\/_/dp€mp —zp 27/(2m) \/ﬂ/dx/ —zpm —zV( )T/2\Iltk(x/)- (39)

According to Eq. (39), then, the computational task necessary to propagate V;(z) for a time-
increment 7 involves the following steps:
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WV (') /2 iV (z)7/2

1. Represent Uy, (2') and e~ as arrays of numbers U;, (x;) and e~ associated
with a grid of equally spaced coordinates =; = Zy, + (j — 1)A, with finite resolution

A = (Tpmaz — Tmin)/(n — 1).

2. Apply the potential energy part of the Trotter expansion e~*V@)7/2 to W, (') by simple
multiplication of array elements:

\Tjtk (.Z']) = eiiV(xj)T/Q\Dtk (xj) :

3. Fourier transform W,, (x;) to obtain W, (p,), and represent the kinetic energy part of the
Trotter expansion e~ ?°7/(2™) as an array of numbers e~#;7/(2m) associated with a grid of

equally spaced momenta p; = j/(Zmaz — Tmin)-

2m)

4. Apply the kinetic energy part of the Trotter expansion e~*7/(2m) 1o the Fourier transform

U,, (p) by simple multiplication of array elements:

Uy, (py) = e H7/CM, (p)).

5. Inverse Fourier transform \Titk (pj) to obtain \Tltk (x;) on the grid of equally spaced coordinates

l’j.

6. Apply the potential energy part of the Trotter expansion e~*V(#)7/2 to \f’tk(x’ ) by simple
multiplication of array elements,

Uy, () = e V@G, (1)),

14.2 Imaginary time propagation

Note that with the variable substitution 7 — —it, with real ¢, the time evolution operator be-
comes a decaying exponential e~//" that reduces the amplitude of the initial wavepacket W (z) =

> ¢idj(x), as follows:

(o) = e TN (2) = 3 cje g (o), (40)
J

where H¢;(z) = E;¢;(x). Terms with higher E; are reduced more than those with smaller ;. Af-
ter renormalizing the resulting wavefunction ¥, () (by dividing it by the square root of its norm),
we get a state enriched with low energy components. The imaginary time propagation and renor-
malization procedure can be repeated several times until the function stops changing since it com-
posed solely by the ground state ¢g(x), after removal of all other components (of higher energies)
at a faster rate.

Having found ¢y, we can proceed to find ¢; as done for ¢y but including orthogonalization
relative to ¢g, Vi (z) — Wy(z) — (¢o| V) do(z), after each propagation step, right before renormal-
ization. Higher energy states are found analogously, by orthogonalization of the propagated state
relative to all previously found eigenstates.
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14.3 Ehrenfest Dynamics

The goal of this section is to show that the expectation values (Z) = (¢|z|¢) and (p) = (V[p|y))
are conjugate variables in the sense that they evolve according to the classical equations of motion
(i.e., Hamilton’s equaitons):

d . OH
£<I>:<0A>
_®
T om 41)
d OH
£<p>=— (%)
:_<V/>7

where H = 2 /2m+V (). This remarkable result, introduced by Eq. , is known as Ehrenfest’s
theorem and can be demonstrated, as follows.
First, we show that since ¢ evolves according to the Schrodinger equation:

L O o

zha = H1, 42)
then p

(B) = mo (@), (43)

Using integration by parts, we obtain:

(5) = ~ih{l ),

g 0 0
—5<¢!% + %W%
_ih L oY Lo
2 d${w8x+¢8x]’
IR N P ““”
2 Ox ox |’
= m/j dzx,
= —m/xg—i dz,
where the current j = —% [@/}*g—f — @b%] satisfies the continuity equation,
d , dj
E¢ P+ Fre 0. (45)
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Therefore,

(5) = / Gy da,
—my / W da, (46)
d.
= m%@)
Next, we show that
Doy — @7)

by substituting Eq. (#2) into Eq. (44) and integrating by parts, as follows:

d 5 d o .

ﬁi d dy* O L0 dy  dyp oY 0 dyr
R Y at ox v dt  dt 9z Oz dt

[ [dpoyt Ay o
—m/wdx{aaﬁdta—x}

B o] h2 a2waw* w*
_/Oodx [_%8332 ar TV “C}

B & h? 0 [0y oy* o™ Lo
—/_md””{‘%%(mx)”( ﬂ’
B o LOY
- [ (oG5,
since g—w% = 0 when evaluated at z = +o0o. Therefore,
d . B oY 1/1

© gy

14.4 Exercise: Real and Imaginary Time Evolution

(48)

(49)

1. Write a Matlab code to simulate the evolution of a wavepacket bouncing back and forth on a
harmonic well, described by the Hamiltonian H = p*/(2 * m) + V(z), with V(z) = 0.5 * z?
after initializing the state according to the ground state displaced from its equilibrium position, as

follows: ¥(x,0) = exp(—(z — 1)?/2)/ /.
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2. Compute the expectation values of position and momentum as a function of time x(¢) and
p(t) and compare them to the corresponding classical values obtained by integrating Hamilton’s
equation with the Velocity-Verlet algorithm:

pi+1 =i+ (F(z5) + F(201))7/2,
Tjy1 = xj + pT/m+ F(x;)m/(2m),
with zy = 1 and py = 0 the initial position and momentum of the harmonic oscillator and z; and
p; the position and momentum at time ¢ = j * 7, while F(z;) = —V'(z;) = —x;.
3. Compute the expectation values of position and momentum as a function of time x(¢) and
p(t) and compare them to the Ehrenfest trajectory obtained by integrating Hamilton’s equation,
using mean force:

(50)

(Pi1 = (p)j + ({(F(2)); + (F(2))j+1)7/2,
(@)1 = (@) + )y /m+ (F(x));7/(2m),
with (z)o = 1 and (p)o = 0 the initial position and momentum of the harmonic oscillator and (x);

(D

and (p); the mean position and momentum at time ¢ = j * 7, while (F'(z)); = —(V'(z)); = —(x),.
4. Find the ground state of the harmonic well by propagating the wavepacket in imaginary
time (i.e., using the propagation time increment 7 = —:t, with real ¢) and renormalizing the wave

function after each propagation step.

5. Find the first excited state of the harmonic well by propagating the wavepacket in imaginary
time (i.e., using the propagation time increment 7 = —it, with real ¢), projecting out the ground
state component and renormalizing the wave function after each propagation step.

6. Find the first 9 excited states, iteratively, by imaginary time propagation as in item 4, pro-
jecting out lower energy states and renormalizing after each propagation step.

7. Change the potential to that of a Morse oscillator V (z) = De(1 — exp(—a(x — x.)))?, with
r. =0, D, =8,and a = \/k/(2D.), where k = mw?. Recompute the wave-packet propagation
with zp = —0.5 and py = 0 for 100 steps with 7 = 0.1 a.u. Compare the expectation values
x(t) and p(t) to the corresponding classical and Ehrenfest trajectories obtained according to the
Velocity-Verlet algorithm.

Solution:The link (http://ursula.chem.yale.edu/~batista/classes/vvv/HO570.tar) provides a Matlab
implementation of the SOFT method as applied to the simulation of evolution of a wavepacket in a
harmonic well in real time. In addition, the Matlab code implements the SOFT propagation method
to find the lowest 10 eigenstates of the harmonic oscillator by ‘evolution’ in imaginary time.

14.5 Computational Problem 6

Write a computer program that propagates the initial state Wo(x) for a single time increment (7 =
0.1 au.). Use g = —2.5, pg = 0, and o« = wm, where m = 1 and w = 1. Implement the SOFT
method for the Hamiltonian H = p?/(2m) + V (&), where V() is defined according to Eq. (28).
Compare the resulting propagated state with the analytic solution obtained by substituting Eq. (35)

into Eq. (34).
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14.6 Computational Problem 7

Loop the computer program developed in Problem 5 with 2y = —2.5 and py = 0 for 100 steps with
7 = 0.1 a.u. For each step compute the expectation values of coordinates z(¢) and momenta p(t)
as done in Problems 3 and 4, respectively. Compare your calculations with the analytic solutions
obtained by substituting Eq. (35)) into Eq. (34). Verify that these correspond to the classical trajec-
tories z(t) = T + (zo — Z)cos(wt) and p(t) = py — (xr9 — T)wm sin(wt), which can be computed
according to the Velocity-Verlet algorithm:

pit1 =pj + (F(z;) + F(xj41))7/2 (52)
Tip1 =z + pm/m o+ F(x;)7%/(2m).

14.7 Computational Problem 8

Change the potential to that of a Morse oscillator V() = De(1 —exp(—a(% —z.)))?, with z, = 0,
De = 8, and a = /k/(2D,), where k = mw?. Recompute the wave-packet propagation with
o = —0.5 and py = 0 for 100 steps with 7 = 0.1 a.u., and compare the expectation values x(t)
and p(t) with the corresponding classical trajectories obtained by recursively applying the Velocity-
Verlet algorithm.

14.8 Computational Problem 9

Simulate the propagation of a wave-packet with xy = —5.5 and initial momentum p, = 2 colliding
with a barrier potential V() = 3, if abs(z) < 0.5, and V(z) = 0, otherwise. Hint: In order
to avoid artificial recurrences you might need to add an absorbing imaginary potential V,(z) =
i(abs(z) — 10)4, if abs(x) > 10, and V,(x) = 0, otherwise.

15 Time Independent Perturbation Theory
Consider the time independent Schrédinger equation,R2(453)

Hé,(x) = Endu(), (53)

for a system described by the Hamiltonian H=p /2m+ V, and assume that all the eigenfunctions
¢n () are known. The goal of this section is to show that these eigenfunctions ¢, (z) can be used
to solve the time independent Schrodinger equation of a slightly different problem: a problem
described by the Hamiltonian H' = H + \&. This is accomplished by implementing the equations
of Perturbation Theory derived in this section.
Consider the equation

(H + X)) D, (N, ) = E,(\)®, (), ), (54)

where \ is a small parameter, so that both ®,()\) and E,()\) are well approximated by rapidly
convergent expansions in powers of A (i.e., expansions where only the first few terms are important).
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Expanding @, (\) we obtain,

= Cin(Nd;(x)
J
Substituting this expression in the time independent Schrodinger equation we obtain,
Z CJn H¢J ) + )\ij Z Crn (A
therefore, 3
CnNE + XY Cin(N) < di|@]y >= En(N)Cla(N). (55)

J
Expanding C}; and E,, in powers of \ we obtain,
1 (2
Cri(A) = OO + COX+ CN2 +
and
E,(\) = EY + EMA+ EP A2 4
Substltutmg these expansions into Eq. (@ we obtain,
(0) (0) (0) (1) (0) A~ 0 ~(1) (1) ~(0)
x A2(C2 E +32, 00 < alwle; > —EPCY - BPCR — EVCY) + .. =0,
This equatlon must be Valid for any A. Therefore, each of the terms in between parenthesis must be
equal to zero.
Cz(r(:)(El - Er(zo)) =0,
Zeroth order in \ < if [ # n, then Cl(g) =
ifl =n, thenC =1, and E; = E.
C(B1 = BY) = By = 37, CF) < anliolg; >,
First order in \ < if | # n, then C\V(E, — E) = —C) < ¢)|@|n >,
if [ = n, then ESCY) = O < ¢, || >
Note that C’,Sln) is not specified by the equations listed above. C)%) is obtained by normalizing the

wave function vyrittQCn to first order in )\ ) 1
C2(By — By) + Zj ) < ¢z!w]<bj >=gPcY ¢ gMNcol

In >

. 2 " "
if 1=, then £ = Z#n O < dnlolg; > = — Z#n = ‘W(‘EPZ??)‘TW -,

if [ # n, then 0(2)(El . E(O)) _ _ Zj C](le) < ¢l|d}|¢j > <Pnl@|pn><P|@|pn> _

(B—EY))
_ z <Pj|@|Pn><di|0]¢;> <o |0|pn><d|@|$n>
\ (B;~Ey) (B1-E)

2nd orderin A\

15.1 Exercise 9: How accurate is first order time-independent perturbation
theory?

1. Calculate the energies predicted by first order perturbation theory for the first 5 states of the
particle in the box described by the ’bottle bottom’ potential, W (x) = Asin(Z(§ —x)), with A = 1:
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—a/2 a/2

2. Compare the energies to the numerical results obtained by diagonalization of the corresponding
Fourier grid Hamiltonian.
3. Compare the % error for each eigenvalue to the corresponding results when A = 2.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/pbottle.m)|, provides a Matlab solu-
tion to the ’particle in the bottle’ computational assignment.

16 Time Dependent Perturbation Theory

Given an arbitary state,R2(410)
Pz, t) =D Ci;(x)e i,
J

for the initially unperturbed system described by the Hamiltonian H, for which H i)j = I;®; and
ih%—f —H 15, let us obtain the solution of the time dependent Schrodinger equation:

m%—f = [H + Mo(t)]e), (56)

assuming that such solution can be written as a rapidly convergent expansion in powers of A,

Ua(r,t) = D3 Cu(t) N (x)e 7P, (57)
0

Jj 1=
Substituting Eq. into Eq. (56) we obtain,

ihy" (Ckl@w + Ckl(t)/\l(—%Ek)) T =N TN CUN (< Bl Dy > By + A < Byld| @, >) eI,
1=0 i 1=0
Terms with \°: (Zero-order time dependent perturbation theory)
+ih[Ch, (£)e 7P + C, (t)(—%Ek)e_%Ekt] = Z o (£)0; Bje™ #E1t = Oy () Eye™ i P4,

J
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Since, .
Cko (t) = O, = Cko (t) = Cko (0)

Therefore, the unperturbed wave function is correct to zeroth order in \.
Terms with A: (First-order time dependent perturbation theory)

ih{Ci (t)e™ 5%+ Ciy () (—5 Br)e M) = 37 0y (00 By 5+ 0y (1) < Dulal®; > e 35,

J
G () = = Cj,(0) < Oy || ®; 7 (B =Bt
w (1) = hz 0(0) < ®p|w[®; > €77 .
J

Therefore,

Ckl = Z Cjo < Dy

it~ —iE, g L
enK e n it @ >= " h ZCJO(O) < Byl e D, >,
j

(58)
Eq was obtained by making the substitution e —## 1P, >=e — i i'|®; >, which is justified
in the note that follows this derivation. Integrating Eq. (58)) we obtain,

. t
1 i Fral i Frel
Cr, (1) = ——/ dt’ § Cj, (0) < Bylen™ Qe nt|P; >
which can also be written as follows:

. t R o N
Cr, (t) = —%/ dt' < ®plertt Hem w4y > .

—00

This expression gives the correction of the expansion coefficients to first order in .
Note: The substitution made in Eq. (58) can be justified as follows. The exponential function is
defined in powers series as follows,

o0 n

A
A _
et =) =1t A+ g Laas . R4(169)

n=0
In particular, when A = —iHt /h,

ip i | A
e nlt =1 4 (_gHt> + 5(—#)2HH+

Furthermore, since
H|(I)] >= Ej‘q)j >,

and, o R
HH|®; >= E;H|®; >= E}|¢; >,
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we obtain,

1 ) i
(=t 4 ][0 >= e P D >,

l
—FE;t) + 51—

Giéﬁt’q)j >= [1 + (_h

which is the substitution implemented in Eq. (58).
Terms with A\?: (Second-order time dependent perturbation theory)

- i _i . _ip
ih[Cry () + Cro (1) (=7 Ei)]e 1= [C (8045 By + Cy(8) < D]y >]e 75,

J
Cioy (1) = —% 3 < dylet Mot > O (8),
J

. t
Ch, (1) = <_%> / dt Z < Bpler M e @) > O (1),

Cry(t) = (——) Z/ dt/ dt" < @, \eth e th\q) >< D ]eth/ ’%m”\z/?o > .

Since 1 =), [®; >< Py,

Chy (1) = (——) / dt/ dt" < Oylen T e i) pe= w At |4jy > .

This expression gives the correction of the expansion coefficients to second order in .
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Limiting Cases

(1) Impulsive Perturbation:

The perturbation is abruptly ”switched on”:R2(412)
w(t)

w

0

According to the equations for first order time dependent perturbation theory,

. . |
Ck1 (t) = _% Z < (I)k;|a)|q)] > CjO(O)/ dt,e_%(Ej_Ek)t/7
j 0
J

therefore, 0) 5
i Ci(0) < @p|@0|Pj > T _ip._
Cialt) = (—3) 30 =5 2 [ebermmr ).
h ; (—#(E; — Ey))
Assuming that initially: C; = ¢y, = Cjo = 0i;. Therefore,

< P[P > [ — e k(BB

Clﬁ (t) = (El _ Ek)

Y

when k& # [. Note that C}, (t) must be obtained from the normalization of the wave function
expanded to first order in \.

16.1 Exercise 10

Compare this expression of the first order correction to the expansion coefficients, due to an im-
pulsive perturbation, with the expression obtained according to the time-independent perturbation
theory.

(2) Adiabatic limit:
The perturbation is “switched-on” very slowly (% << €, with € arbitrarily small):R2(448)
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o |
Ci, (t) = (—%)/ dt' < Oplw(t)|®, > e 7 F= BV,

—0o0

Integrating by parts we obtain,

. t'=t .
; —4(E—Ep)t ¢ 7 (Ei—Ep)t’ )
7 e h e h w
Cy, (t) = (—= - <<I>kwt' P, > —/ dt - < Op|—|P; >,
and, since < ®y|w(—o0)|P; >= 0,
< @k‘W(t”q}l > i
Ch (1) = (E;—Eg)t
kl( ) (El _ Ek:) e n ’

when k£ # [. Note that Cj,(¢) must be obtained from the normalization of the wave function
expanded to first order in .

16.2 Exercise 11

Compare this expression for the first order correction to the expansion coefficients, due to an adi-
abatic perturbation, with the expression obtained according to the time-independent perturbation
theory.

(3) Sinusoidal Perturbation:
The sinusoidal perturbation is defined as follows, w(t, x) = w(x)Sin(2¢) when ¢t > 0 and (¢, z) =
0, otherwise.
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It is, however, more conveniently defined in terms of exponentials,

o= Wézﬁ) [eiﬂt _ e—iQt]‘
Therefore,
. t o o _
Ci(t) = —1 / dt' < Byler 1 o(#)eH1 |y >, (59)
0

with [y >= >-;Cjl®; >, and H®; = E;®;. Substituting these expressions into Eq. (16) we
obtain,

| 1-
Cu(t) = =55 3 C; < Bl >/ dt’ (en[Ek Ey)+hSt _ eﬁKEk—Eﬂ—ﬁQﬁ),
: 0

J

and therefore,

1 — enl(BEx—E)+ndt | _ o4 [(Ex—E;)—nQt

Ek 7+Q - EkgEj _Q

Okl C wk]
L

Without lost of generality, let us assume that C; = d,,; (i.e., initially only state n is occupied). For
k > n we obtain,

_ 2
i[Ee=En) o

— el
_|_ 0 N (Ek%En) e}

Benl? |1 =€ l'[7<E“E”)+Qlt 1

4h?

Cr () =

(Ek

Factor ||k, determines the intensity of the transition (e.g., the selection rules). The first term
(called anti-resonant) is responsible for emission. The second term is called resonant and is re-
sponsible for absorption.

For k # n, Py, (t) = N?|C}, (t)|? is the probability of finding the system in state k at time ¢ (to first
order in \).
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(Bx—En)
n

It is important to note that F,; << 1 indicates that the system has been slightly perturbed. Such
condition is satisfied only when ¢t << |wih| 5. Therefore, the theory is useful only at sufficiently
short times.

" Q

17 Golden Rule

The goal of this section is to introduce the so-called Fermi Golden Rule expression, given by first-
order time dependent perturbation theory.

We consider a system initially prepared in state |i). At time ¢ = 0, we turn on the perturbation
W (t) and we analyze the decay to the final state |f), as described by first order time-dependent
perturbation theory:

. t )
crlt) = =5 [ eI et e (60)
0
Therefore, the probability of observing the system in the final state is
1 t t o) -~ [ / 1"
Pyi(t) = 15 / " / dt! (i W (¢) | F)(FIW (1) ye BB, (61)
0 0

17.1 Monochromatic Plane Wave

Assuming that the perturbation involves a single frequency component, W(t’ ) = Ae= ™" we ob-
tain:
[1 _ ei(wfifw)t]

er(t) = (AR e

. . (62)
_ Ly Afiyetwn—u2 Sl = 0)t/2]
h (wpi = w)t/2
Therefore, the probability of observing the system in the final state is
t2 e gsin?[(wy — w)t/2]
Pyi(t) = —|(f|A]i)]? fi 63
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To compute the survival probability that the system remains in the initial state, we must add up the
probability over all possible final states,

251n [(wp —w)t/2]
- S A

T t/2
2 [(wps —w)t/ []( o (64)
L t_ 0o ~ 2511’1 Wy — t/2
-1 = dEfp(Ef)|<f|A| )| [(wp; — w)t/2]?
If the very short time limit, P(t) = exp(—at?) ~ 1 — at® + - - -, where
e g2 SILEy — By — )t/ (21)]
Y 15%?/00 A o D) = B e/ R (65)
1 [ il
= | dEf|<f|A|Z>|ZP(Ef>’

In the longer time limit, the kernel of Eq. (64) is approximated as the delta function to obtain:

P =1- hi BB LA RO((Ert — (B + o) (2h)

=142 / dEp(€21/0)| (FIALi) [28(€ — (Es + haw)t/(2h) (66)

2 R
—1- t%p(Ei + ) |(E; + hw|Al4)?

so P(t) = exp(—Tt) =1 —Tt+---, where

5 .
I' = %p(E + hw)[(E; 4+ hw|Ali)|?,
21 7

= 2 [ BB VAN Py — (Bt ),

or as a discrete sum over states,
27
F==2 [FIADP(E, — i — ), (68)
f

which is known as Fermi’s Golden rule.

17.2 Vibrational Cooling

In the subsection, we illustrate the Golden Rule as applied to the description of vibrational cooling
of a harmonic diatomic molecule coupled to a metal surface as implemented by Head-Gordon and
Tully [J. Chem. Phys. (1992) 96:3939-3949] .
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For a molecule interacting with a surface, the general form of the coupling matrix element Ay;
follows from the Born-Oppenheimer approximation in which the nuclear kinetic energy term is ne-
glected when obtaining the electronic wave functions. The states are Born-Oppenheimer products
of nuclear (vibrational) and electronic wave functions which we write, as follows:

i) = |vi)les),
1) = lvples),

Therefore, the coupling between the two states is the matrix element of the nuclear kinetic-energy
operator (for simplicity, we consider only a single normal mode x, which will be the high-frequency
adsorbate vibration):

(69)

. h2 82
(14l = = (reslpglie)

= e s led + 2(vpegl ) )
where m is the reduced mass of the vibrational mode x.

To obtain a tractable expression, the nuclear and electronic coordinates in the matrix element
must be separated. Following Brivio and Grimley (G. P. Brivio and T. B. Grimley, J. Phys. C
10, 2351 (1977); G. P. Brivio and T. B. Grimley, Surf. Sci. 89, 226 (1979)), this can be done
by observing that since the amplitude of vibration is small (about 1/100 of the bondlength for
diatomics in low vibrational states), it is reasonable to expand the electronic matrix elements in
powers of the displacement x, keeping only the leading term. If we also assume that the electronic
states |e;) and |ey) represent parallel potential-energy surfaces then |v) and |2/) will be orthogonal
members of the same complete set, and the first term of Eq. vanishes, leaving

h? 0 0

(FIAL) = —— [{vrl o li)es| o—le) (71)

To compute (v¢|-2|v;), we assume that the vibrational states can be approximated as harmonic
oscillator wave functionsm with frequency w, for which:

alv) = Vrlv —1),
A\ ) =V A > A )
Nv) = vlv) = a'a|v) = vvally — 1),
50 &T|V> = Vr+ 1|V + 1> with a = 7§<x + Zp) L (l’ - Zp) Here, 2 = = % and
P =P\ 5> With p = —ih5- 8 . Therefore, a — a' = i4/— hmw o 8x which gives,
0 mw . .
Wl v =155 [(vplalvi) — (velats)]
(73)

muw

% [\/72 vevi—1 T \% V’L 5Vfu+1]
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Substituting Eq. (73) into Eq. (71)), with vy = v; — 1, we obtain:

hwy;

(1) =~ " ) ey 74
and
AN = e 9 e (75)
2m
Substituting Eq. into Eq. (68), we obtain:
-2 > Pl esl e Po(eg — e — o), a6)

Integrating over the number of electrons that could be promoted to an unoccupied state by absorbing
a quantum of energy hw, we obtain the total vibrational linewidth:

/ (ei—pr) _i_thwyz ef‘—‘62>‘ 6( f_ez—h’w)

) (er) .
ples 0 9
= 2—/d€1/d€f Ber—rm) 7 1 o Blerhr) 1 1hwl/i\(ef]%]ei)] d(er —e; — hw),
where (15 is the Fermi energy. In the low-temperature limit (8 — oc0), for v; = 1, we obtain:
h 0 9
F=2EZZH’¢U|<€J‘|8—$|€@'>\ o(ey — €; — hw) (78)
i<F [>F

Reinserting the kernel of Eq. (65)) and introducing the change of variables A = ¢y — e;, we can
rewrite Eq. (77), as follows:

h ple:)

FIQE demZhwuz €f|—|€>’ (5(€f—€l—hUJ)

ple; +A) o SIn?[(A — hw)t/(2h)]
Z Z Blei—nr) + T e Berammn 5 1 il + A|_| il [(A = hw)t/(2R)]2

sm [(A — hw)t/(2h)]
Zf A hw)t/(2R)]?

(79)
where

_ ple;) plei +A) 0 2
F(B)= Z eBlei—ur) 4 1 e—BleitA—pr) 4 1hwyi|<€i + A|%|€Z>| ’ (80)

and ¢ is a time sufficiently long so that the decay is no longer Gaussian but rather exponential so
that I is time independent.
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17.3 Electron Transfer

The rate of electron transfer from the initial state |i) = |v;)|e;) to the final state |f) = |vy)|ey)
of weakly coupled redox species can also be described according to the Golden rule expression
derived from first order perturbation theory:

2 a
i~ — Z (1A [PO(Er — h(w; 4+ w)),
. / (81)
~ g!Hiflz Z [(vslvi) PO(Ey — E; — AE),
f

where H;; = (e|Ale;) is the coupling between electronic states, assumed to be independent of
vibrational coordinates, and AF = hw is the change in vibrational energy.
For the harmonic potentials shown in Fig. (I7.3), it can be shown that

1

N2(Ep — B — AE) ~
S sl Fo(Ey — B~ AB) % 52)
when E;, E; > E*, with k* = \/2m(E; — E*)/h and x;; = \/2E)/(m£)2), giving

1
V2hEy\/my/2m(E; — E*)
1

hEW/(E, — EY)

Computing the thermal average over all initial states, we obtain the overall rate:

T, ~ 2|Hif|?

(83)
~ |Hif|?

! deiewp(—ﬁEi)\/ﬁ
WEy  [dEexp(—BE;)
S st
e
e b
By Py eap( - LT
h\/IE_Ae:cp(—BE*)\/ﬁ

\2mB/m .
~ |Hif|2hQ—:cicexp(_BE )

I~ |Hyl|?

~ |Hif|?

~ |Hif|?

~ |Hif|?
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Figure shows a schematic description of the energy diagram, assuming that the potential
energy surfaces along the vibronic coordinates are parabolas displaced in zy; = xy — x; with
frequency €2, we have V; = 1/2mQ?(x — z;)? and V; = 1/2mQ?(xz — x;)* — AE, which cross at
x* with energy

E* = (Ey — AE)?/(4E)). (85)
To derive Eq. (85), we observe that E* = 1/2mQ?(z* — z;)? = 1/2mQ?(2* — x; — x4;)* — AE.
Therefore, E* = 1/2mQ?(x* — x;)* + 1/2mQ%x3, — mQ*(x* — x;)xy; — AE which gives E* =
E* + E\ — mQ*(z* — x;)xy; — AE. Simplifying, we obtain: Ey, = mQ?(z* — x;)xy + AE =
mQ?\/2E* [ (mQ2)\/2E\/(mQ2) + AE.
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18 Problem Set

18.1 Exercise 11

Consider a distribution of charges ();, with coordinates r;, interacting with plane polarized radia-
tion. Assume that the system is initially in the eigenstate ¢; of the unperturbed charge distribution.
(A) Write the expression of the sinusoidal perturbation in terms of ();, r;, and the radiation fre-
quency w and amplitude €.

Solution: The dipole moment is defined as the sum of the product of charges and their correspond-
ing coordinates, as follows: 1 = > i Q);r;. Thus, the perturbation under the dipolar approximation
is W(t) = —p - E(t), with the electric field defined, as follows: £(t) = ee™! + c.c. Therefore,
W(t) = =32, Qjrj - €™ + c.c.

(B) Expand the time dependent wave function v of the charge distribution in terms of the eigen-
functions ¢y, of the unperturbed charge distribution.

Solution: ¢ (r,t) = >, c(t)e 7Py (r), with ¢ (0) = 64

(C) Find the expansion coefficients, according to first order time dependent perturbation theory.
Solution: ¢, (t) = — (4) fo dt' (| en Bt W (e wEit | ) = (£) (Dwlpe-€loy) fg dt' e~ (Pin—h)t’ 4

_i(pg. m 67%(E-k—hw)t7 e,%(E.kJrhw)ti
(& h,(Ejk"Ff ) ’Wlth Ejk = Ej_Ek S()’ Ck(t) = <¢k‘1u€|¢j> ({W} _ W}) .

(D) What physical information is given by the square of the expansion coefficients?

Solution: The square of the expansion coefficient c(t) gives the probability of observing the
system in state k at time ¢.

(E) What frequency would be optimum to populate state k? Assume Ej, > Ej.

Solution: The optimum frequency is w = E’“EEJ since it maximizes c () by bringing in resonance
the second square bracket in the expression of ¢ (t).

(F) Which other state could be populated with radiation of the optimum frequency found in term
(E)?

Solution: The other state that could be populated by a perturbation with frequency w is a state &
with ), < E; such that F;, = hw since it would blow up the first square bracket in the expression
of Cr. (t) .

(G) When would the transition 7 — k be forbidden?

Solution: A transition would be forbidden when (|1 - €|¢;) = 0 since ¢ (t) = 0 for all values of
w.

18.2 Exercise 12

A particle in the ground state of a square box of length |a| is subject to a perturbation w(t) =
—t2 /7
azxe .
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(A) What is the probability that the particle ends up in the first excited state after a long time
t>>T1?

Solution: We represent the time dependent wavefunction as a linear combination of eigenfunc-
tion ¢; of the particle in the box Hamiltonian: ¥ (z,t) = . ¢ (t)e~wFitp;(x), with ¢;(0) = §;
and ¢y (t) = — (1) [*__ dt'(¢]erP" awe="*/7e~ 7P| ;). Therefore, the probability that the par-

A
ticle ends up in the first excited state after a long time ¢ << 7 is Py = |limy_,o0 c2(t) 2 with
2

; [e’e) ’ A n Y i 7i7—
limy—ye0 C2(t) = — (1) (d]az|dr) [7 dt'e /e nEirt’ = — (1) (dalaz|gn)/mTe” 127,
(B) How does that probability depend on 77

B2
L

Solution: The probability depends on 7, as follows: Pa; = (75) [{¢2]az|¢1) |27T7'e_?j:2kT.

18.3 Exercise 13

Vo

Figure 1

(a) Compute the minimum energy stationary state for a particle in the square well (See Fig.1) by
solving the time independent Schrodinger equation.

Solution: A solution can be obtained analytically by solving the problem piecewise (for the regions
withz < 0,0 < =z < a, and x > a), and enforcing continuity at the boundaries of each piece as
described by

(b) What would be the minimum energy absorbed by a particle in the potential well of Fig.1?
Solution: Having found the eigenvalues F; in (a), the minimum energy absorbed by the particle
would be E = F, — E; where Ej is the ground energy and £ is the first excited state.

(c) What would be the minimum energy of the particle in the potential well of Fig.1?

Solution: The minimum energy of the particle would be FE; .

(d) What would be the minimum energy absorbed by a particle in the potential well shown in Fig.
27?7 Assume that ) is a small parameter give the answer to first order in .

Solution: Having found the eigenvalues E; and eigenfunctions ¢; for the unperturbed potential
in (a), the minimum energy minimum energy absorbed by a particle in the potential well shown
in Fig. 2 would be B = E, — By + By — E{Y, where E\" = (¢;|V|¢;), with V(z) = X for
0.5 <z < 1and V(xz) = 0 otherwise.
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18.4 Exercise 14 Figure 2

(a) Prove that P = e~ is a hermitian operator.
(b) Prove that P = Cos(H) is a hermitian operator.

18.5 Time Evolution Operator
18.5.1 Evolution in the basis of eigenstates:

Show that o .
e 1 ;) = em Pty (86)

when [1);) is an eigenstate of H with eigenvalue E;.

18.5.2 Trotter expansion of the time evolution operator:

Show that R
e~ tHT efiV(i)T/ZefiﬁQT/(Qm)efiV(aA:)T/Z + 0(7_3)_ (87)

Hint: Expand the exponential operators in both sides of Eq. and show that the Trotter expan-
sion is accurate to second order in powers of 7.
18.5.3 Numerical Comparison:

Consider a particle of unit mass (m=1) in a box of unit length (L=1), initially prepared in the

superposition state
1

\/5(9251(56) — ¢(2))

where ¢;(z) and ¢o(z) are the eigenstates with eigenvalues F; and F, obtained by solving the
time-independent Schrodinger equation

Hg;i(z) = E;¢)j(x)

U(x,0) =
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Compute the time evolved wavefunction at time ¢ = 107 (with 7 = 1) by analytically applying
the time evolution operator e~ o Y (z,0) term by term. Compare )(x,t) to the resulting wave-
function obtained by numerically applying the Trotter expansion of e~H7 10 times to the initial
superposition state.

19 Adiabatic Approximation

The goal of this section is to solve the time dependent Schrodinger equation,

oy
thr = Hy, (88)

for a time dependent Hamiltonian, [ = —%VQ + V(x,t), where the potential V' (z,t) undergoes
significant changes but in a very “large” time scale (e.g., a time scale much larger than the time
associated with state transitions).R2(496) Since V(x,t) changes very slowly, we can solve the time
independent Schrodinger equation at a specific time t’,

H(t)0,(2,t") = E,(t)®,(x,t).
Assuming that 8‘1’" ~ 0, since V(x,t) changes very slowly, we find that the function,
U, 1) = B (1, t)e 7 Jo En(E)dl

is a good approximate solution to Eq. . In fact, it satisfies Eq. . exactly when 8‘1’" =0.
Expanding the general solution (x, t) in the basis set @, (z, t) we obtain:

ZC’ n(z,t)e” i Jo En(tdt!

and substituting this expression into Eq. (88)) we obtain,

ih» (Co®, + C,d, — %Encnén)e*%fot Bet)dt = N B, e i Jo Er

where, ,
— "0 < By, > e i o BB (89)
Note that, 3
H . E .
— ¢, +HP, = —", + E,D,,
o n Tt ot ont
then,

OF
<q>k| |<1> >+ < Oy|H| b, >= 8tk

since < Oy |H|D, > = < &, |H|Dy >* .

6kn + F, < q)k|q)n >,
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Furthermore, if & # n then,
< (I)k‘ |q) >

E, — F
Substituting this expression into Eq. we obtain,

< Oy, >

<¢)k|%—lj|<bn >

o 3t (En ()= Er(t))
(En - Ek)

Ck = —Ck < (I)k|q)k > _ZC"
n#k

Let us suppose that the system starts with C),(0) = d,,;, then solving by successive approximations
we obtain that for k£ # j:

< (I)k|aa—1;[|q)3 >
(Ex — Ej)

Cp = e Jo dt' (Bj (1) —Ew(t))

Assuming that £;(t) and Ej(t) are slowly varying functions in time:

<(I)k| |(I) >

Com g S gy T i,
since le” #(Bi—Ep)t e*%(ErEk)to’ < 9.
Therefore,
Cuf2 ~ 4h2|<<1>k| g, > |2

(Ej — Ek)

The system remains in the initially populated state at all times whenever %

(E; — Ey)?
h ]

oH

%; 1s sufficiently small,

<<I>k] |<I> >| << (90)

even when such state undergoes significant changes. This is the so-called adiabatic approximation.
It breaks down when E; ~ Ej, because the inequality introduced by Eq. can not be satisfied.
Mathematically, the condition that validates the adiabatic approximation can also be expressed in
terms of the frequency v defined by the equation F; — £, = hv = é, (or the time period 7 of the
light emitted with frequency v) as follows,

L] < 281D, > | << (E; — Ey).

20 Two-Level Systems

There are many problems in Quantum Chemistry that can be modeled in terms of the two-level
Hamiltonian (i.e., a state-space with only two dimensions). Examples include electron transfer,
proton transfer, and isomerization reactions.
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Consider two states |¢; > and ¢, >, of a system. Assume that these states have similar
energies, F; and Ej5, both of them well separated from all of the other energy levels of the system,

ﬁoWh >= Fi|¢1 >,
ﬁ0‘¢2 >= E2|¢2 > .

0 A
v=(a5)

the total Hamiltonian becomes H = H, + W. Therefore, states |¢; > and |¢, > are no longer
eigenstates of the system.

The goal of this section is to compute the eigenstates of the system in the presence of the
perturbation W. The eigenvalue problem,

Hyy, Hy, VN _(E 0 ot
Hy  Hy 01(2) 0 E C’l(Q) ’

is solved by finding the roots of the characteristic equation, (Hq1 — E;)(Has — E;) — H12Ha = 0.
The values of Ej that satisfy such equation are,

2
EF@#(@) LAz

In the presence of a perturbation,

These eigenvalues Eli can be represented as a function of the energy difference (£, — Es), accord-
ing to the following diagram:

Note that F; and Fs cross each other, but E~ and E™ repel each other. Having found the eigen-
values E*, we can obtain the eigenstates | >= Cj(tl ) |p1) + Cf ) |2) by solving for C’(il ) and C(f)
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from the following equations:

CY(Hy — Bo) + CPHyy =0,

S ePey =1
We see that in the presence of the perturbation the minimum energy state [¢)_ > is always more
stable than the minimum energy state of the unperturbed system.

Example 1. Resonance Structure

= E1 == EQ = Em
b1 0

The coupling between the two states makes the linear combination of the two more stable than
the minimum energy state of the unperturbed system.
Example 2. Chemical Bond

2 i >
<
];+ [;Jr — [gg >

The state of the system that involves a linear combination of these two states is more stable than
E,, because < ¢1|H|po > 0.

Time Evolution

Consider a two level system described by the Hamiltonian H = Hy + W, with Hy | ¢; >= F |
¢1 >. Assume that the system is initially prepared in state | 1)(0) >=| ¢; >. Due to the presence
of the perturbation TV, state | ¢; > is not a stationary state. Therefore, the initial state evolves in
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time according to the time-dependent Schrodinger Equation,
oY >
ot
and becomes a linear superposition of states |¢; > and |¢py >,
[(t) >= Ci(t)[¢1 > +Ca(t)[d2 > .
State | ¥(t) > can be expanded in terms of the eigenstates |¢) > as follows,
() >= Ch(B)[vs > +C_(t)[1h- >,

where the expansion coefficients C'(¢) evolve in time according to the following equations,

ih

= (Ho+ W) [y >,

LOC(t

ih (gtmzbyc;(t),
LOC_(t)

th T =FE_C_(1).

Therefore, state |1)(t) > can be written in terms of |¢);. > as follows,
(1) >= CL(0)e gy > +C_ ()¢ # - >
The probability amplitude of finding the system in state |, > at time ¢ is,
Pro(t) = | < dolto(t) > [? = Co(t)"Co(t),
which can also be written as follows,
Pay(t) = |Cay C4(0) + |Co-C- () + 2Re[C3, O (0)Cy O () #F- 41,

where Coy =< ¢y | ¥ >. The following diagram represents P;5(t) as a function of time:

Pyy(t) Rabi Oscillations
|
0 h t
B

The frequency v = (E, — E_)/(wh) is called Rabi Frequency. 1t is observed, e.g., in the
absorption spectrum of H, (see Example 2). It corresponds to the frequency of the oscillating
dipole moment which fluctuates according to the electronic configurations of |¢; > and |pg >,
respectively. The oscillating dipole moment exchanges energy with an external electromagnetic
field of its own characteristic frequency and, therefore, it is observed in the absorption spectrum of

the system.
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21 Harmonic Oscillator

Many physical systems, including molecules with configurations near their equilibrium positions,
can be described (at least approximately) by the Hamiltonian of the harmonic oscillator :R4(483)
R1(62) click

In order to find the eigenfunctions of H we introduce two operators called creation a* and annihi-
lation a, which are defined as follows:

at = \1[( —ip),and a = f(x—l—zp) where 7 = & D

mwh

me and p =
Using these definitions of a* and a, we can write H as follows,
H = (a*a+ i)hw.
Introducing the number operator N, defined in terms of & and & as follows,
N = ata,
we obtain that the Hamiltonian of the Harmonic Oscillator can be written as follows,
H=(N+1/2)hw

21.1 Exercise 15

Show that if @, is an eigenfunction of H with ejgenvalue FE,, then ®, is an eigenfunction of N
with eigenvalue v = £z — 1 Mathematically, if H|®, >= E,|®, >, then N|®, >= v|®, >, with

y=L_1 ” A
Solution: If H|®, >= E, |<I> > then (Nhw + k)@, >= E,|®, > since H = (N + 1/2)hw
Therefore, Nfiw|®, >= (E, 2)|®, >, and N|®, >= (£ — )|, >.
Theorem I
The eigenvalues of N are greater or equal to zero, i.e., v > (.
Proof:

[ dz| < zla|®, > |* >0,
< P, |ata|®, >> 0,
v<®,|P, >>0.

As a consequence: a|<I>0 >= 0,

\1[[ e+ ]](IDO >=0,
p= _maaa;>
P () + n?w —aq)ao;x) =0,

Olndy(zr) = -2z,

mw
Do(x) = A exp(~ %),
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where A = /™. The wave function ®(x) is the eigenfunction of N with v = 0 (i.e., the ground
state wave function because v > 0).

Theorem II

Ifv > 0, state a|®, > is an eigenstate ofN with eigenvalue equal to (v -1).
Proof:

In order to prove this theorem we need to show that,

N&M)V >= (V - 1)€L|q)y > . 91)
We first observe that,
[N,a] = —a.

Therefore,

[N, 4] = a*aa — aa*a,

[N,4) = [a*, ala,

[N,a] = —1a, because [a*,a] = —1,

(%, 4] = & (2@ +idp — ipd + pp — (22 — idp + ipd + pp)).

[a*,a] = g—hQ[iﬁ>ﬁ] = -1, since [z, p| = ih.

Applying the operator —a to state |®, > we obtain,

(Na — aN)|®, >= —a|®, >,
and, therefore,

N&|<I>V > —av|®, >= —a|®P, >, which proves the theorem.
A natural consequence of theorems I and II is that v is an integer number greater or equal to zero.
The spectrum of N is therefore discrete and consists of integer numbers that are > 0. In order to
demonstrate such consequence we first prove that,

Na@P|®, >= (v — p)af|D, > . (92)

In order to prove Eq. we apply a to both sides of Eq. (91):
aNa|®, >= (v —1)a%|D, >,
and since [V, a] = —a we obtain,

(6 + Na)a|®, >= (v — 1)a%|®, >,

and R
Na?|®, >= (v —2)a*|®, > . (93)

Applying a to Eq. we obtain,

aNa?|®, >= (v — 2)a’|®, >,
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and substituting alN by a + Na we obtain,
N |®, >= (v — 3)a’|®, > .

Repeating this procedure p times we obtain Eq. (92).

Having proved Eq. (92) we now realize that if v = n, with n an integer number,
af|®,, >= 0,

when p > n. This is because state a"|®,, > is the eigenstate of N with eigenvalue equal to zero,
ie., a"|®, >= |®y >. Therefore a|®y >= a?|P,, >= 0, when p > n. Note that Eq. would
contradict Theorem I if v was not an integer, because starting with a nonzero function |®, > it
would be possible to obtain a function a?|®, > different from zero with a negative eigenvalue.

Eigenfunctions of N
In order to obtain eigenfunctions of N consider that,

N|®, >=v|®, >,
and )
Nd‘@l,+1 >= leq)y+1 > .

Therefore, a|®,,; > is proportional to |®,, >,

CAL|(DV+1 >= C]j+1|¢y > (94)
Applying a* to Eq. we obtain,
N|q)l,+1 >= Cy+1d+|q)y >,

C
1B, >= —_at|d, >,

(v+1)

C? "
<Py [Pyiy >=1= — < Q[N +1|D, >,

(v+1)
C,/+1 = \VV 1

Therefore,

1 mw . p Y
d, >= —272 — P, >,
S G
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| mw oo\

e ()
Oy (z) = 2h 2 ,/Whe B

The pre-exponential factor is the Hermite polynomial for v = 1.

For example,

Time Evolution of Expectation Values
In order to compute a time-dependent expectation value,

A =< T/Jt’AWt >

it is necessary to compute |ty > by solving the time dependent Schrodinger equation, iho|Yy, >
/ot = H |1, >. This can be accomplished by first finding all eigenstates of H, ®,, with eigenvalues
E,, and then computing [¢); > as follows,

(x|thy) = ZC’ e ik 2] D,,), (95)

where the expansion coefficients C), are determined by the initial state < x|¢)y >. The time depen-
dent expectation value < ;| A1), > is, therefore,

A, = Z C Creihe=mt = @ 1 4|®, > .

nm

21.2 Exercise: Analytical versus SOFT Propagation

1. Write a code to simulate the SOFT propagation of a wavepacket bouncing back and forth on a
harmonic well, as described by the Hamiltonian H = p?/(2*m) + V (z), withm = 1 and V (x) =
0.5 * 22 after initializing the state according to the ground state displaced from its equilibrium
position, as follows: ¢ (z,0) = exp(—(x — 1)?/2)/ /.

2. Compute the first 5 eigenvalues F,, and eigenstates ®,, with n =1-5 of the harmonic oscillator
by using imaginary time propagation.

3. Compare the quantum dynamics simulation based on the SOFT method to the corresponding
simulation based on the superposition of the first 5 eigenstates (Eq. (95) on p. 59 of the lecture
notes). Note that both methods agree with each other, although the SOFT method by-passes the
need of computing the eigenvalues and eigenfunctions of the Hamiltonian.

Solution:The link (http://ursula.chem.yale.edu/~batista/classes/vvv/HO570.tar) provides a Matlab
implementation of the SOFT method to the simulation of evolution of a wavepacket in a harmonic
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well in real time, as solved for Exercise 5. In addition, the Matlab code implements the SOFT
propagation method to find the lowest 5 eigenstates of the harmonic oscillator by ‘evolution’ in
imaginary time.

22 Problem Set

22.1 Exercise 16

(A) Show that, < @,/ |z|®,, >= (/5= [V/n + 16, 1 + V10w ).

Solution: Solving for x from a = %(f + ip) and a' = \%(i —ip), with Z = z,/™ and

h
P = py/ 7, we obtain: a + af = ﬂx 2 orx = y/5—(al + a). Therefore, (P, |z|®,) =
\/ 5= (@]l @) + (Prv|@|®P,)). Considering that a|®,,) = \/n|®,_1), and therefore af|®,,) =
V4 1] ®@,41), we obtain /51— (D |a| @) +(Ppr @] @) = /5= (VI + L6 1 H1/ N0 1)

(B) Show that, < @, [p|®,, >= i\/™22[\/n + 10, i1 — /16w 1.

Solution: Analogously to (A), we solve for p from & = —5(7 + ip) and a' = (% — ip),

with # = &,/ and p = p/7—, to obtain: & — a = \2/—1'515 A orp = —iy/"2(a —

a'). Therefore, (®,/|p|®,) = —iy/222((D,|a|D,) — (P,|aT|®,)). Considering that a|®,) =
V/n|®,_1), and therefore a'|®,) = \/n + 1|®,41), we obtain iy /222 ((®,,/|a|P,) — (P, |al|P,,)) =

Z'\ / WTW(\/E(Sn/m_l —Vn -+ 15n’,n+1)-

(C) Show that, a'|®,) = Vv + 1|®,41); a|®,) = /v|P,_1).

Solution: a|®,) = C,|®, ;). Squaring, we obtain: (®,|a'a|®,) = C? = v. Therefore, C, = \/v.
In addition, a'a|®,,,) = (v + 1)|®,,,), or according to the result a®, ., = /v + 1®,, we obtain
a'vv+1|®,) = (v +1)|®,.1). Therefore, a'|®,) = Vv + 1|®,41).

(D) Compute the ratio between the minimum vibrational energies for bonds C-H and C-D, assuming
that the force constant & = mw? is the same for both bonds.

Solution: The minimum vibrational energy is Ly = ﬁ—“. Considering that &k = mcpwip, =
E 1 1 1

mCHwCH, we obtam \ /Zgg Egi = zg’f where vien = mo T ompe OTMep =

memp mcH __ mcmH(mC+mD _ (me+2myp) _ 14 Ecp _ T~ 1

mo+mp an mep  memp(me+myg) — 2(me+mpg) Therefore Ecxg 13 ™ 2°

(E) Estimate the energy of the first excited v1brat10na1 state for a Morse oscillator defined as follows:
V(R) = D.(1 — exp(—a(R — Re,)))>.
Solution: Expanding the Morse potential to second order around I? = R.,, we obtain:

V(R) = D1~ exp(~a(R ~ Rey)))’ & V(Reg) + V/(Ra)(R ~ Reg) + 5V (Req) (R — R
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where V(R.,) = 0, V'(R.y) = D.2(1 — exp(—a(Rey — Rey)))aexp(—a(Rey — Rey)) = 0, and
V"(Re,) = D.2a?. Therefore, near the equilibrium postion,

1
V(R) = D.a*(R — Re,)* = 5me(R — Rey)?,

2Dea2

with w = . So, the first excited state has energy F; = hy/22 E’“Q (5+1).

22.2 Exercise 17

Prove that < (I>k| |<I> >=(E, — Ey) < (I>k|%|<l>n >, when n # k and < ®y|P,, >= 0y, with
A(0)®;(2,1) = E;(1)0(x,1).

Solution: Starting with H(t)®,(z,t) = E; (t)(IJj (x,t), we compute the derivative with respect to

time of both sides of that equation to obtain: 1, Y+ H ]acb 2wh) ) = an ) 1D, (t)) + E;(1)] 8t(t)>'

Therefore, (|2 |D;) + <<I>k]H|d¢ iy dE (t) (O |D;(t)) + Ej(t><®k|dq) (t)>, which gives
(O %L|D, >+Ek<q)k|aq> >—E]( )((I)k|aat >,Whenk7é].

22.3 Exercise 18
Prove that V - j = 0, where j = 5 (¢/* 2% — w‘%*) andlp R( Ye

= 2mi ox

Solution: According to the continuity equation, V - j = af , with p = ¥*¢. Since, ¢y =
R(z)e"#F% then p = |R(z)|? and ap = 0. Thus, V-7 = 0.

22.4 Exercise 19

Consider a harmonic oscillator described by the following Hamiltonian,

- 1 1
Hy = %pQ + §mw2x2.

Consider that the system is initially in the ground state ®,, with

B 1

Compute the probability of finding the system in state ®, at time t after suddenly changing the
frequency of the oscillator to w'.

+ k).

Solution: The time dependent perturbation is W (t) = im(w? —w?)z?, whent > 0 and W (t) = 0,
otherwise. Therefore, co(t) = —+ fo dt' (po|ei P2 Lin(w? — w?)a?e 70 |gg) = — 1 (gy|im(w —
m%wkwﬁ&sz—x XMﬂ%>”““m
m t (enBos — emib3)
t = —— 2 — 2 2 hEQO .
02( ) 2 (UJ w )<¢2’x ’¢0>€ 2 2h EQO%
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Thus, the probability of finding the system in state ®, at time 7 is
2
*)2[(¢ala?|go) [*h*t sin’ (Eaot / (21)).

Pg(t) = CQ(t)*CQ(t) = T

22.5 [Exercise 20: Morse Oscillator

Show that the radial component of the two dimensional harmonic oscillator

2
. 1
a, =P % py + —mw?(2® 4+ 3?),
2m  2m 2 (96)

hw N - .
=5 B +5,+7+7),

can be mapped into the Morse oscillator,
' pP —2a —a,
H, = + D(e™ =% — 2e7%), 97
2m
as discussed by Berrondo, 1987 and Copper, 1993/, with ap = ln( ) D = K;h2a2, and r =
N 1 8 i
p / - mw a - a.’i.
)

V2 + 3%, where & = &,/%¥, § = §,/%, and p, =
Solution: Introducing the polar coordinates, & = rcos(f) and 7= rsm( and considering that
0 89 0 87‘ 0

ﬁx = _Z_~ - ~ )
o 9108 '9ror
L0 ord oY
Pv ="~ ""a500  'agor
sor = (7% +g*)"? and I = —(5724_?;2)1/2 z = cos(f), & = £ = sin(f), and tan(d) = £, so
@ 0 = O oy = 57 and Gt =~ or G = — %, Therefore
Dy = —ii = Z,sm(@) 9 icos(@)g,
0z r 00 or (99)
e cos(0) 0 (0)2
Py =" T T e T " e
and
o sin®(0) 0 sin(f)cos(0) O —0032(0)8—2 _ sin(f)cos(0) 0 sin?(0) O
Ps = r? 062 72 06 or? 72 00 r  or
23@'77,( Jcos(0) O*
o cos*(0) O N sin(f)cos(0) 0 cos*(0) O _2003(9)$in(9) o?
Py = r2 002 72 00 roor r 000r
9%  sin(f)cos(h) O
J— 2 s —
sin(6 )87"2 * 72 00
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Therefore,

giving the Hamiltonian,

H, =

and eigenvalue equation

H,®(0)U(r)

E:@(_
2

Therefore,

with ®(6) = e /\/27 and

T T
Pe TPy = r2002  or2  ror’

(10 P 10,
2 r200%2 or?2 ror ")
hw (WO 92U DOV,
'7<—ﬁaﬁ—®53‘?5?+TM”WW>>
1 0% 1 0?0 1 ov

72

where N is defined, as follows: £/ = %(N +1).

Equation (I03) is the eigenvalue equation for the radial part of the 2-dimensional harmonic
oscillator that can be rewritten as the eigenvalue equation for the Morse potential by introducing
the change of variables: * = 2Ke™ ", or In(r) = =& + In(2K), or R = —2In(r) + In(2K), so:

& 0RO

o~ or R
__28__2 R/28
= LR VAR OR

10 2 L0

cor T TR R

2 4 L0 2 .0

+ R

o~ 2K)C orz T 2K)° OR
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Or2 962 W orr  WUror

+T2).

20 19U 2
0 0 +(r2+l)\I/:(N+1)\II,

(101)

(102)

(103)

(104)

(105)

(106)



Therefore,

2 0%

l
—R o
—Ee @ + (2K€ + 2K€_R) \If (N+ 1)\11,
2\11 2
—% n (K%QR n ZZ) U= (N+ 1)%;%,
PV o o (N+1) 4 2
—@‘i‘K (6 — 2K (& )\I/——Z\I/,
2
]
—% + K? (e —2e7 ) U = €V,

where ¢ = —?/4 and K = (N + 1)/4. Completing squares, we obtain:

0*U
o TR (1) = (e KT
“amam Tl T V=Y

where D/a*> = K*h?/(2m), E/a* = (e + K?)h?/(2m). Therefore,

h2 82\11 —2a, —aq,
—%a—p2+D<6 p—26 p)\I/:E\I],

where R = ap.

23 Angular Momentum

(107)

(108)

(109)

The angular momentum operator L is obtained by substituting » and p by their corresponding
quantum mechanical operators 7 and —:hV,. in the classical expression of the angular momentum

L = r x p. The Cartesian components of L are:

0
Ly = —Zh(Z% — $&) ZPx P2,
0 0
L = — _— ) =
.= —ih(z oy Y ) = TPy = YPa
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These components satisfy the following commutation relations

[Ls, Ly) = [yp. — 2py, 20z — xp2),
= [yps, 2] — [Yp=, xp2] — [2Dy, 202) + [2Dy, 2P2),
= y[p., 2]ps — z[p-, 2]py,
= —ih(yp. — xpy),
= ihL,.

23.1 Exercise 21

Show that,

L x L =1hL\|

Hint: Show that, ihL, = [L,, L,].
Solution:
LxL=iL,L,— LzL,—jL,L.— LzL, + kL,L, — LyL,,
— 4ihLy — j(—ih)L, + kihL.,
— ih(1L, 4 j Ly + kL),
— ihL.

Note, that this expression corresponds to the cyclic permutation where y is substituted by z,
z by y, and z by z, in the commutation relation iAL, = [L,, L.]. Cyclic permutations can be
represented by the following diagram:

v Ly, L.] = ihL,,
-
( (L., L] =ihL,.
z \/ Y

Having obtained the commutation relations we can show that L? commutes with the Cartesian
components of L, e.g.,
[L?, L,] = 0.

‘We consider that,
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4L+ L2, Ly,
Ly, L] + [L2, L),
[L2, L,) = Ly[L,, Ls] + [Ly, L)Ly + L.[L., Ly + [L., L,]L.,  and
| = —ihL., [L,, Ly] = —ihL., [L., L,] = ihL,, then,

[L? L,] = 0.
Due to the cyclic permutations we can also conclude that,
[L?, L,] =0, and  [L* L] =0,

According to these equations both the magnitude of the angular momentum and one (any) of its
components can be simultaneously determined, since there is always a set of eigenfunctions that is
common to 2 and any of the three Cartesian components. Remember, however, that none of the
individual components commute with each other. Therefore, if one component is determined the
other two are completely undetermined.

Eigenvalues of L? and L.: Ladder Operators
In order to find eigenfunctions Y that are common to L? and L.,

L*Y =aY, (110)
and
L)Y =Y, (111)
we define the ladder operators,
L, =L,+1iL,,
L_=1L,—1iL,,

where L is the raising operator, and L_ is the lowering operator.
In order to show the origin of these names, we operate Eq. with L, and we obtain,
L, L)Y =0bL,Y.
Then, we substitute L, L, by [L,, L,] + L,L,, where
Ly, L, =[Ly +iLy, L] = [Ly, L.] + i[Ly, L,].
Since, [L,, L,] = —ihL,, and Ly, L.] =ihL,, then
L.L,—L,L,. =—ih(L,—iL,)=—hL,.
Consequently,
(=hL, + L.L.)Y =0L,Y,
and,
L.(LyY)=(b+h)(LyY).
Thus the ladder operator L. generates a new eigenfunction of L, (e.g., L,Y") with eigenvalue
(b 4+ h) when such operator is applied to the eigenfunction of L, with eigenvalue b (e.g., Y). The
operator L is therefore called the raising operator.
Applying p times the raising operation to Y, we obtain:

LIRY = (b+ lip)IPY.
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23.2 Exercise 22

Show that:
LzIPY = (b— hp)L’iY.

Solution:
L_L)Y =bL_Y.

Then, we substitute L_L, by [L_, L,] + L,L_, where
[L_,L,|=[L,—iLy, L,|=[L,,L,] —i[Ly,, L.].

Since, [L,,L.| = —ihL,, and [L,, L, =ihL,, then
L L,—L,L_=—ih(L,+iL,)=hL_.

Consequently,
(hL_+ L,L_)Y =0bL_Y,

and,
L(L.Y)=(b—-h)(L.Y).

Therefore L, and L_ generate the following ladder of eigenvalues:
..b—3h b—2h b—h b b+h b+ 2h b+ 3h..
Note that all functions LAY generated by the ladder operators are eigenfunctions of L? with eigen-

value equal to a (see Eq. (L10)).
Proof:

LPILY = IR LY = [XaY,
since [L?, L,] = [L?, L,] = [L? L] = 0, and therefore, [L?, L% ] = 0.
Note that the ladder of eigenvalues must be bound:

L.Yy = bpYy,
with Y, = LAY, and b, = b + kh.
Therefore,
LY, = b2Y;,
L2Yk = aYk,

(L2 + L)Yy = (a — b)Yy
N———’

non-negative physical quantity => (a — b?) has to be positive:

a> by, = az > ||,

(NI
N

a? > b, > —a

In order to avoid contradictions,
LY =0, and L_Y,.., =0.
L+L—Ymin =0,
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LiL_ = (L, +iLy)(Ly —iLy),
LiL_ = L?: - Z'(LmLy B LyLI) + LZ?
——

ithl,

L.L_ = Li + Lz +hL,=1L1?*— Lz + hL,.

Therefore,
a— b2, + Abpin =0, (112)
because,
Lgymin = bgm‘nymhu L2Ymm - aYmm; Lzszn - bminYmin-

Analogously,

L_L.,Y; .. =0.

X8
(L? — L? — RL.)Y ez = 0, and

a—0b%  — Bbmas = 0. (113)

max

Eqgs. (IT2) and (I13) provide the following result:

(b72nm - bfnax) - h(bmm + bmax) =0 = ’bmm = _bma:c .

Furthermore, we know that b,,,,, = b,,;, + nh, because all eigenvalues of L, are separated by units
of h. Therefore,

20maz = N = biyae = 5h = jh, where j = 1,

a="b%, —hbpin = j?R> +h%j =h?j(j +1), and b= —jh,(—j+ 1)k, (—j+2)A,..., jh.

Note that these quantization rules do not rule out the possibility that 7 might have half-integer
values. In the next section we will see that such possibility is, however, ruled out by the requirement
that the eigenfunctions of L? must be 27-periodic.

Spherical Coordinates
Spherical coordinates are defined as follows,
z = rCosb,
y = rSinfSing,
x = rSinfCoso,
where 60, and ¢ are defined by the following diagram,

_)Qb

68




23.3 Exercise 23

Write the Cartesian components of the linear momentum operator p: p,, p, and p, in spherical
coordinates.

Hint:
dg - 06 af 0¢ of or af

where g = g(z,y,2),and [ = f(r(z,y,2),0(x,y, 2), p(z,y, 2)).
r— @t ),
4 = tang,

Cos=2=—2 .
T (@)

0Cosl 00 , 1 2 2w 00 r2CosfSinfCos¢
=—| — Sinf = —— = | — =+ 8 ,
Ox Ox 2 (22 + 42 4 22)2 Ox r3Sind
Y.z Y.z Y.z
dang) 1 (00\ _ y _ (06} _ _ rSinfSingCos*¢
ox "~ Cos?p \ Ox g2 ox ~ 72Sin%0Cos%¢p
y’z y?z

@ 12 N @ _ rSinfCos¢
ox 2 or N r '
Y,z Y,

23.4 Exercise 24

Show that,
. ., 0 Cos# 0
L, =1h (Slmﬁ% + Sind COS¢6_¢> ,
. 0 Cosf . 0
L, = —ih (Cosgb% ~ Sing S1n¢a—¢) ,
and 5
L, =—ih—.
. Zh&b

Squaring L,, L, and L, we obtain,

0*> Cosf 0 1 0?2
2 g2 - i -
L7==h (am T Sin6 90 Sin% aqs?) ‘
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Eigenfunctions of >
Since L? does not depend ont, = Y = Y (0, ¢). Furthermore, if Y is an eigenfunction of L, then,

L)Y =Y.
Y InY 10Y
gy o O _1ov b
99 o6 Y 9¢ ih
ibo
Y=A —
exp< . )
Since Y (¢ + 27) = Y (¢), we must have
-27h b .
e =1, = 27Tﬁ = 2mm, with m=0,+1,+2,...

Therefore, , where m is an integer.

In order to find eigenfunctions that are common to L. and L? we assume A to be a function of
theta, A = A(0):

0*A  Cost 0A 1 b? ibo ibo
2 _ 2 - _ = —_—
Ly==n (092 Sing 90 Sin%0 ( h2) A) eXp( B ) “A(Q)CXP< h ) |

0?A oA V?
2 ( q. 2 - _ .9
—h (Sm GW + Sm@CosH% — ﬁA) = aA(0)Sin*6. (114)
Making the substitution x = Cosf we obtain,
d’A dA a m?
1—2?)— —2x— = — A=0. 11
( m)de wdx+<h2 1—:1:2) 0 (15
23.5 Exercise 25
Obtain Eq. (IT5) from Eq. (114).
Solution: Since z = cosf, then sinf = (1 — 2*)Y/? and 92/00 = —sind = —(1 — 2212
Therefore,
o o
00 00 0x’
0
— —ginf = —(1 — )12
sin (1 —2%) E
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and

9  0x 0 b1/
w—@a[* -7) a_]

0? 1 _
_ (1 1'2)1/2 |:(1 2)1/2@+§(1 2) 1/2(_2$) I
0? 0
_ 2
=(1-=z )8962 B

In addition,

» 9 _ 2y1/2 9
SZTLQCOS@% =z(1—z%) ETL
=—z(l - x2)%

Eq. (113) is the associated Legendre equation, whose solutions exist only for a = R2[(l + 1),
and b = —lh, (=1 + 1)h, ..., [k (i.e., the quantum number [ is an infeger greater or equal to zero,
with |m| < [). The solutions of the associated Legendre equations are the associated Legendre

polynomials , A(l,m) = Pl‘m‘(COSQ),

For example, the normalized polynomials for various values of [ and m are:
A(Ov O) = 1/\/5,
A(1,0) = 1/3/2Cosb,
A(1,41) = /3/4Sind,

The eigenstates that are common to L? and L, are called spherical harmonics and are defined as
follows,

Y™ (6,¢) = B (Cosf)e™ |
The spherical harmonics are normalized as follows,

2 1
/ do [ dCosf Y™ (0, 0)Y,™ (0, ¢) = 61Oy
0

-1

Rotations and Angular Momentum
A coordinate transformation that corresponds to a rotation can be represented by the following
diagram:
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This diagram shows that vector 7 can be specified either relative to the axes (x, y, z), or relative
to the axes (x’, y’, z’), where these two sets of coordinates are defined relative to each other as
follows,

7 = R(a, 2)F), (116)

where, 7 is the same vector 7 but with components expressed in the primed coordinate system.

a : Angle, z : Rotation axis
x = rCoso,
y = rSing,
' = rCos(¢ — a) = r(Cos¢pCosa + SingSina),
y' = rSin(¢ — o) = r(SingCosa — CospSina),
7 =z,
x' = zCosa + ySina,

y' = yCosar — xSinav.
Therefore, the coordinate transformation can be written in matrix representation as follows,

x Cosa Sina 0 T
y | = | —Sinae Cosar 0 Yy
Z 0 0 1 z

The operator associated with the coordinate transformation is Pg(«), defined as follows:

~

PR(a7 Z)f(f) - f[R_l(a7 Z)f],

Cosav —Sina 0
where R~ is the transpose of R, i.e., R~ = | Sina Cosa 0
0 0 1

Therefore, Pr(cv, 2) f(7) = f(xCosa — ySina, 2Sina 4 yCosa, 2).
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An infinitesimal rotation is defined as follows,
Pr(6,2)f(T) = f(z — yd, 20 + y, 2),
Pr(0,2)f(7) = f(z,y,2) — yé% + xé%,
Pp(6,2)f(F) = f(x,y,2) + 6(z 2 — y2) f(z,y,2)
recall that, —ih(ma% - ya%) = L, therefore,
Pp(6,2)f(r) = (14 £6L.) f(7).
A finite rotation through an angle « can be defined according to n infinitesimal rotations, after
subdividing « into n angle increments, o = nd, and taking the limit n — oo, and § — 0.

. 5o\" .
Palo )= iy (10i78) <ol

In general, a finite rotation through an angle « around an arbitrary axis specified by a unit vector n
is defined as follows,

Ppla,p) = eno™l|

This equation establishes the connection between the operator associated with a coordinate trans-
formation and the angular momentum operator.

Note:

It is important to note that if coordinates are transformed according to 7 = R7, the Hamiltonian is
transformed according to a similarity transformation, which is defined as follows:

i = Pail Py
Proof:
Consider, fA(r) = F[A(r)qé(r) = E¢(r),
Prf(r) = PoH(r) Py Ba(r) = B(R-7),
PrH(r)Pr'¢(R7'r) = E¢(R™'r) = H(R™'r)¢(R~r).
Therefore, H(R™'r) = PrH(r)Pg".
It is, therefore, evident that the Hamiltonian is an invariant operator (i.e., H(r) = H(R™'r)) un-

der a coordinate transformation, 7 = R7, whenever the operator associated with the coordinate
transformation commutes with the Hamiltonian, [Pg, H| = 0.

24 Spin Angular Momentum

The goal of this section is to introduce the spin angular momentum S, as a generalized angular
momentum operator that satisfies the general commutation relations . The main dif-
ference between the angular momenta S, and L, is that S can have half-integer quantum numbers.
Note: Remember that the quantization rules established by the commutation relations did not rule
out the possibility of half-integer values for j. However, such possibility was ruled out by the
periodicity requirement, Y (0 + 27) = Y (), associated with the eigenfunctions of L, and L.
Since the spin eigenfunctions (i.e., the spinors) do not depend on spatial coordinates, they do not
have to satisfy any periodicity condition and therefore their eigenvalues can be half-integer.
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Electron Spin:

A particular case of half-integer spin is the spin angular momentum of an electron with [ = 1/2
(see Goudsmit’s historical recount of the discovery of the electron spin). In discussing the spin
properties of a particle we adopt the notation [ = S, and m = m.

The spin functions « and [ are eigenfunctions of .S, with eigenvalues +%h and —%h, respectively.
These eigenfunctions are normalized according to,

1/2 1/2

> Jam)P =1, > 1BmIP =1, (117)

ms=—1/2 me=—1/2

since m, can be either %, or —%. Also, since the eigenfunctions « and [ correspond to different
eigenvalues of S, they must be orthogonal:

1/2

> at(m)B(m.) = 0. (118)

ms=—1/2

In order to satisfy the conditions imposed by Eqs. (117)) and (118)),

a(ms) = 5ms,1/2, and, ﬁ(ms) = §m_9,—1/2-

It is useful to define the spin angular momentum ladder operators,| S, = S, + S, |and| S_ = S,

—iS,|

Here, we prove that the raising operator S, satisfies the following equation:

525 ="a}

Proof:
Using the normalization condition introduced by Eq. ([117) we obtain,
1/2 1/2 5 5
Z o (ms)a(ms) = Z (S+E)*(S+Z) =1,
ms=—1/2 ms=—1/2

and

e = (848)"(SuB +i5,8).

ms

Now, using the hermitian property of .S, and S,,
D [1Sag =) 95",

we obtain:

e =32, BSH(S48)" +iBS;(S+8)",

where,

e =32, B*S2S4B — i8S, 8,
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e =32, B°S-5.B,
e =32, B°(8% = 82 = hS.)B,
o =32, 830 = 5 + )8,
c|* = h2.
Since the phase of c is arbitrary, we can choose c=h.
Similarly, we obtain|S_« = hfS |.
Since « is the eigenfunction with highest eigenvalue, the operator S, acting on it must annihilate
it as follows,

S,a=0, and S_6=0.

1
Sy = (S4 4+ 5-)¢ =1p, = &a:aw.

1.
S,8=(S; — S_)ﬁ. = %a, = Sy = —Ezha.

1 1
Similarly, we find | S, 5 = 57104 ;and| Sya = éihﬁ )
<|Szl>] a p <|Syl>| « B <|S:] >| « g
a 0 h/2 a 0 —ih/2 o R/2 0
B h/2 0 B +ih/2 0 B 0 —h/2

Therefore, S = %ho, where ¢ are the Pauli matrices defined as follows,

(01 (0 —i (10
=\ 1ro0) = \io) 70 -1)

where, 02 = o2

— 52—
, =0;=1

24.1 Exercise 26

Prove that the Pauli matrices anti-commute with each other, i.e.,
005+ 00, =0,

where i # j, and i,j = (x,y, 2).
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In order to find the eigenfunctions of S, called eigenspinors, consider the following eigenvalue

problem:

()= ()

V4 2 V4
1 0 U+ o U+
(o 2) () ==(),
U4 - U4 U4 _ Uy _ _

()==(x) = (%)=(2) = F=9 =7
Similarly we obtain, , and . Therefore, electron eigenspinors satisfy the eigen-

value problem,
h

Sin = iiXi?

() (1)

Any spinor can be expanded in the complete set of eigenspinors as follows,

(a)=ee(a) e (V).

where |a|?, and |a_|?, are the probabilities that a measurement of S, yields the value +3, and

with,

—3h, respectively, when the system is described by state ( Zf ) )

24.2 Exercise 27

2

Prove that, 5%y, = 2 (3 + 1)x4-

24.3 Exercise 28

Consider an electron localized at a crystal site. Assume that the spin is the only degree of freedom
of the system and that due to the spin the electron has a magnetic moment,

M=--Yg
2me

where g ~ 2, m is the electron mass, e is the electric charge and c is the speed of light. Therefore,
in the presence of an external magnetic field B the Hamiltonian of the system is,

H=-M:B.
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Assume that B points in the z direction and that the state of the system is,

¢@:gm(?>,

Consider that initially (i.e., at time ¢ = 0) the spin points in the x direction (i.e., the spinor is an
eigenstate of o, with eigenvalue %h).
Compute the expectation values of S, and S, at time ¢.

Addition of Angular Momenta
Since L depends on spatial coordinates and S does not, then the two operators commute (i.e.,
[L, S| = 0). It is, therefore, evident that the components of the total angular momentum,

J=L+5§,

satisfy the commutation relations,
J x J=1hJ.

Eigenfunctions of J? and J, are obtained from the individual eigenfunctions of two angular mo-
mentum operators L, and Ly with quantum numbers (1, m1) and (I, ms), respectively, as follows:

Y = Z C(im, limy lyms) &7 ¢,

l1,mq,l2,m2

Clebsch-Gordan Coefficients

where,
S i = 125 (j + 1)jm,
szjm - hm%m

24.4 Exercise 29

Show that, @ZJ;"H/ ? = C1Y"x, + CY/" "y _, is a common eigenfunction of J? and J, when,

_ I+m+1 _ l—m _ l—m _ [ l4m41
Ci =4/ T ,and Cy = ,/—ZHl,orwhen, ) = ,/—QZH,andCQ ==/ 55T

Hint: Analyze the particular case j = [ — 1/2, and j = [ + 1/2. Note that,
JP=L*+8*+2LS=L*+S5*+2L,S.+L,S_ +L_Sy,
JZ = Lz + Sza
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25 Central Potential

Consider a two-particle system represented by the following diagram,R1(123) R3(168)

N>

21

=l

Y1

<>

where'z, y and z represent distances between the two particles along the three Cartesian axes,
where 77 = (z,y, z) = 75 — 71, with 7] and 7% the position vectors of particles 1 and 2, respectively.

The central potential V (z,y, z) is a function of |7| = /22 + y? + 22, rather than a function of the
individual Cartesian components. Assuming that such function defines the interaction between the

two particles, the Hamiltonian of the system has the form,
H=-L 42 4 V(i —il) =T+ V(- i),
where, T' = L] |2 + %2|%|?, with |7 ]2 = 77 - 7.

Changing variables 77, and 75, by the center-of-mass coordinates R, and the relative coordinates,
¥ = 1y — 71, Where,

= my T+ malh S
R=——-—=; ¥ =17y —11,
my + Mo
we obtain,
S = ) o o S my S
m=R— —r, =R+ —-—r.
my1 + Mo mi1 + mao
Therefore,

=

r-""(p_ "™ X\(g__™M2 Sy, "(p, ™ =5 ﬁ+L7'ﬁ’
2 my + mo my + mo 2 my + mo my + me

mq+mo = 1 mme - 1 = 1 -
——|Rf? T [71° = SMIRP + SpuliT’,
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where M = m; + my is the total mass of the system, and 1 = % is the reduced mass of the

two-particle system. Therefore, the total Hamiltonian of the system can be written as follows,

= o L e v - e v
) ia oM o ’

where the first term corresponds to the kinetic energy of a particle of mass M, and the second
and third terms constitute the Hamiltonian of a single particle with coordinates r. Therefore, the
time-independent Schrodinger equation for the system is,

B, P
TRETRaA )

m 2 w(vaJ) = Ew( 77?)

Trying a factorizable solution, by separation of variables,

W (7, R) = (M (R),
we obtain,
¢M¢M
770,1177/}M‘

_h2¢uvR2?/)M _ B2V, 210, N ¢M¢MV

D bazn | b’ V=

-~

depends on R depends on r
Therefore, each one of the parts of the Hamiltonian have to be equal to a constant,

L Velyy =E (119)

IN wM R WM — LM,

R1_, ,
—@—Vr Y, + V() = E,, with Ey + E,=FE. (120)
“w

Eq. (120) is the Schrodinger equation for a free particle with mass M. The solution of such equation

is, _

-3/2 ikR |k5|2h2

Yu(R) = (27h)~%/2e™,  where i Ey. (121)

According to Eq. (121), the energy £, is found by solving the equation,

h2
_@Vﬂ@/}“ + V(m)@/}u = u¢u . (122)

Equations ((I21)) and ((122))) have separated the problem of two particles interacting according to
a central potential V(|72 — 7|) into two separate one-particle problems that include:

(1) The translational motion of the entire system of mass M.

(2) The relative (e.g., internal) motion.

These results apply to any problem described by a central potential (e.g., the hydrogen atom, the
two-particle rigid rotor, and the isotropic multidimensional harmonic-oscillator).

Consider Eq. (122)), with V2 = (;d—; - g—; + 88—222, and V' (|7|) a spherically-symmetric potential, i.e.,
a function of the distance ~ = |7|. It is natural to work in spherical coordinates.
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25.1 Exercise 30

Prove that the Laplacian V? can written in spherical coordinates as follows,

V=

9?2 290 J A 9%  Cosh 0 1 02
G 29 i2 where 2= —1? [ 2 g, -2
o2 Tror g Where (802 ot sin®0 8¢2)

It is important to note that the commutator

2
(V2 L% = [a—+ 29 EQ} — {LLQ LQ] =0,

or2 ' ror r2h2

because L2 does not involve r, but only 6 and ¢. Also, since L2 does not involve r,and V is a
function of r,
[V, L?] =0.

Consequently,
[H ) LQ] =0,

whenever the potential energy of the system is defined by a central potential. Furthermore, [H, L,| =
0, because ﬁz = —ih%.
Conclusion: A system described by a central-potential has eigenfunctions that are common to the
operators H, L?and Ly:

Hiy = By,

LQw# RAL(L+ 1), [=0,1,2, ...

L., = hmy,, m=—l,—l+1,..1L

Substituting these results into Eq. (I22)) we obtain,

* 290 h2 h?
5 <87’2 7“87‘) ¢u th (l—i—l)iﬁu—i-‘/(‘ |) Eﬂwu-
Since the eigenfunctions of L? are spherical harmonics Y™ (0, ¢), we consider the solution,

Y = R(r)Y,"(0,9),

and we find that R(r) must satisfy the equation,

h2 82 20R h2 _
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26 Two-Particle Rigid-Rotor

The rigid-rotor is a system of two particles for which the distance between them |7| = d is constant.
The Hamiltonian of the system is described by Eq. (I23)), where the first two terms are equal to zero,
and £, = 5 d2l(l—|— 1)+ V(d), with ¢, = Y™(6, ¢).

The moment of inertia of a system of particles is I = Zf . m;r#, where m; is the mass of particle
¢ and r; is the particle distance to the ( axis.

26.1 Exercise 31

Prove that I = ud? for the two-particle rigid rotor, where ;i = i, d =19 — 11, and ¢ is an axis
with the center of mass of the system and is perpendicular to the axis that has the center of mass of
both particles. Assume that the center of mass lies at the origin of coordinates, and that the = axis
has the center of mass of both particles in the system.

The rotational energy levels of the rigid rotor are:

h2
By = o7l +1), with 1 =0,1,2, .. (124)

These energy levels usually give a good approximation of the rotational energy levels of di-
atomic molecules (e.g., the HCl molecule).

27 Problem Set

27.1 Exercise 32

32.1. Solve problems 6.5 and 6.6 of reference 1.
32.2. Prove that the angular momentum operator L. = r X p is hermitian.

27.2 Exercise 33

Prove that, A
U(z + a) = /WPy (z),

where p = —ihd/0x, and a is a finite displacement.

27.3 Exercise 34

Let H be the Hamiltonian operator of a system. Denote ¢, the eigenfunctions of H with eigenval-
ues Ey. Prove that < ¢,|[Q, H]|1x >= 0, for any arbitrary operator ), when n = k.
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27.4 Exercise 35

Prove that,
[z, H| = ihp/m,

where, H = p?/(2m) + V(x).

27.5 Exercise 36

Prove that,

LY™ = /(L +m)(l —m+ 1Y,
where L.Y;™ = mhY;™, and L*Y" = R*I(l + 1)Y,™.

27.6 Exercise 37

Consider a system described by the Hamiltonian matrix,
_(—Ey A
H= ( A EO) :

where the matrix elements Hj;, =< 1/1j|]:] |t >. Consider that the system is initially prepared in
the ground state, and is then influenced by the perturbation W (¢) defined as follows,

0 e—tQ/TQ—iwt
W(t) = (e—t2/72+iwt 0 > :

Calculate the probability of finding the system in the excited state at time ¢ >> 7.

28 Hydrogen Atom

Consider the hydrogen atom', or hydrogen-like ions (e.g., He™, Li*T, ... etc.), with nuclear charge
+ze, and mass M, and the electron with charge —e, and mass m. The potential energy of the
system is a central potential (e.g., the Coulombic potential),

ze?k

V:_ )
r

1 in a.u.

where r is the electron-nucleus distance and k = ] )
1/4mey in SI units

The total Hamiltonian is,

- h? .  h?_,
H= - - =
Q(me + mn) VR 2NVT + V(r>’
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where p = -2<me Note that , since m, << m,,. The Hamiltonian that includes only

the second and third terms of H is represented by the symbol He and is called the electronic
Hamiltonian because it depends only on the electronic coordinate 7. In order to find the electronic
eigenvalues, we must solve the equation,

H% o = Eatha. (125)

Eq. (125)) is the eigenvalue problem of a one particle central-potential. We consider the factorizable
solution,

e = R(r)Y,™(0, ¢), with, [1=0,1,2,... Im| <,
where R(r) satisfies the equation,
h? [0°R  20R  k? Ze’R
—— == 4+ -——— - I+ 1)R| — = FER. 126
24 | Or? * ror  hr? (t+1) r (126)

This equation could be solved by first transforming it into the associated Laguerre equation, for
which solutions are well-known. Here, however, we limit the presentation to note that Eq. ([T126)
has solutions that are finite, single valued and square integrable only when
72 et Z%e?

——, or F=—

2h2n2’ 2an?’
wheren =1,2,3,...,and a = %22 is the Bohr radius.

These are the bound-state energy levels of hydrogen-like atoms responsible for the discrete nature
of the absorption spectrum. In particular, the wavenumbers of the spectral lines are

E2 - E1 . 22u64 1 1
he  he2h? '

2 2
ny Ny
The eigenvalues can be represented by the following diagram:

E=— (127)

w =

E

A

n=4
//
n=3 g
n = y
/
/
/
/
//
//
,l
n=1

Degeneracy: Since the energy E depends only on the principal quantum number n, and the wave
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function 1); depends on n, [ and m, there are n? possible states with the same energy. States with
the same energy are called degenerate states. The number of states with the same energy is the
degeneracy of the energy level.

n=1,2,3, ...

1=0, 1,2, ... n-1  } these are n states

m=-1, -1+1,...,0, 1,2, ..1  } these are 21+ 1 states

28.1 Exercise 38

Prove that the degeneracy of the energy level E,, is n?.

The complete hydrogen-like bound-state wave functions with quantum numbers n, [ and m are,

im0, 6) = Rm<r>ﬂm<e>%2_ﬂefm¢,

where P"(0) are the associated Legendre polynomials and R,;(r) are the Laguerre associated
polynomials,

n—I{—1 )

] —zr

h
Ry (r)=r'e na Z br where a——2—0529177A
je

and,
2z j+l+1-—n

na(G+1)(G+20+2) 7

bjy1 =

Example 1: Consider the ground state wave function of the H atom withn =1,/ =0,m =0:

ng(T) = 6_§Tb0 s

where, b3 = 1/ [ drr?e="" and by = 2(2)/.

Therefore,
1 1 2
r0,0) =2(2)———ea".
bun0.) =200 T 7

Note: An alternative notation for wave functions with orbital quantum number [ = 0,1, 2, ... is
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Example 2: The possible wave functions with n = 2 are:
2s 2po 2p 2p_1,
Ya00 V210, P11 Yo1-1,

28.2 Exercise 39

Show that,
s = L(_)S/Z(l ﬁ)e*ﬂ‘/?a Yoy, = L(E)5/2ré”’””‘sin@e*i‘Zﬁ
> VT 2a 2a ’ P 8/ a ’
Yapy = L(_)5/27”6 2Cos0, iy, = L(E)5/27"‘37”/2(1Sineem
Po \/— D1 8\/7_1' a ’

28.3 Exercise 40

Compute the ionization energy of He™.

28.4 [Exercise 41

Use perturbation theory to first order to compute the energies of states 1919, Y211, and 1971 when
a hydrogen atom is perturbed by a magnetic field B = B3, according to w = —ﬁf.é, where
£ = ;ZC , due to the perturbation of a magnetic field, is called
Zeeman effect)).

Radial Distribution Functions
The probability of finding the electron in the region of space where r is between r to r + dr, 0
between 6 to 6 + df) and ¢ between ¢ and ¢ + d¢ is,

P = R*(r)R(r)Y;"(0)*Y;™(0)r*sinfdrdfde.
Therefore, the total probability of finding the electron with r between r and r + dr is,
™ 2
- [ / 4 / oY (0)"Y™ (0)sing| B* (r)R(r)rdr,
0 0
where [ df f dpY;™(0)*Y;™(6)sind = 1. For example, the radial probability for m=0 and I=1,

can be visualized as follows:
Pictures of atomic orbitals with n < 10 are available here|.
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Real Hydrogen-like Functions
Any linear combination of degenerate eigenfunctions of energy [ is also an eigenfunction of

the Hamiltonian with the same eigenvalue E. Certain linear combinations of hydrogen-like wave-
functions generate real eigenfunctions. For example, when [ = 1,

1 .
NG (Vn11 + Yn1-1) = Rp1(r)sindCos¢ = ¢p,

ﬁ (Y11 — Yp1-1) = Ry (r)sindSing = ¢p,

P10 = Vop,,

are real and mutually orthogonal eigenfunctions.

Function v p, is zero in the xy plane, positive above such plane, and negative below it. Func-
tions ¢y p, and 1), p, are zero at the zy and xz planes, respectively. 1op_, and 1 p, are eigenfunctions
of L2 with eigenvalue 2h2. However, since 1), p_, and Y9 p, are eigenfunctions of ﬁz with different
eigenvalues (e.g., with eigenvalues 7 and —h, respectively), linear combinations ;p,, and sp,,
are eigenfunctions of L? but not eigenfunctions of L.

28.5 Exercise 42

(A) What is the most probable value of r, for the ground state of a hydrogen atom? Such value is
represented by 7.

(B) What is the total probability of finding the electron at a distance r < r,?

(C) Verify the orthogonality of functions 2P, 2P, and 2P,.

(D) Verify that the ground state of the hydrogen atom is an eigenstate of H, but that such state is
not an eigenstate of T,orV.
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29 Helium Atom

The helium atom is represented by the following diagram,

—e 12 —e

) (&
28+

This diagram represents two electrons with charge —e, and a nucleus with charge +2.
The Hamiltonian of the Helium atom is,
R _, 2e* h'_, 2% ¢
" T2 1o
Note that the term % couples two one-electron hydrogenlike Hamiltonians. In order to find a
solution to the eigenvalue problem,
Hy = E,

we implement an approximate method. We first solve the problem by neglecting the coupling term.
Then we consider such term to be a small perturbation, and we correct the initially zeroth-order
eigenfunctions and eigenvalues by using perturbation theory.
Neglecting the coupling term, the Hamiltonian becomes,
2 2 2 2
HO — _h_VQ — h_v2 _ 2 27

2,u " 2/,6 "2 T1 9 ’
the sum of two independent one-electron Hamiltonians. The eigenfunctions of such Hamiltonian
are,
maesz

1 . 1
V= Rnl(rl)le(@l)—elmqbanl(Tz)sz(@z)E@ )

V2r

and the eigenvalues are,

2, 4 2, 4
) :_z,ue_z,ue'
mn2 2h2n?  2h2n,

Exercise 43 Prove that,

2
e 5 oz
< Y100] — [100 >= =€*=.
T12 8 a
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In order to illustrate how to correct the zeroth order solutions by implementing perturbation theory,
we compute the first order correction to the ground state energy as follows,

2

2,4
e z4ue D o2
E = ES)"‘ < ¢100‘—r 9100 >= — 2
12

+ -e'—.

h? 8

Alternatively, the variational method could be implemented to obtain better results with simple
functions 1), e.g., products of hydrogenlike orbitals with an effective nuclear charge z':

G = Ao Hin,

According to the variational theorem, the expectation value < @]ﬁ |1Z > is always higher than the
ground state energy. Therefore, the optimum coefficient z’ minimizes the expectation value,

E(z") =< )|H|¢ >, where

ﬁ——hQVQ e WP, e (2-2) (2-2)* €

1 BEYRES :
20 r1 2u T9 T1 T9 712

Computing the expectation value of H analytically we obtain,

~ 2.2 o (9 — 22 (r ) 4ry),.2,2,.2
E(%) - _Z° —2A2/d7”6_ a T2< Z)€2+A2/d7”1/d7‘26 r2¢ 7"17

a T T —T9

~ 12,2 2 _ 5 2
E(Z) -z —22'( Z)62+§z’e—.
a a a

SIS

(%)

oo | Ut

5 - 57 e 5 e
0,2 =22 B )= (2-2) S22 2)28
9 Fom 160~ Elon) ( 16) 2 ( 16) a

30 Spin-Atom Wavefunctions

The description of atoms can be formulated to a very good approximation under the assumption
that the total Hamiltonian depends only on spatial coordinates (and derivatives with respect to
spatial coordinates), but not on spin variables. We can, therefore, separate the stationary-state wave
function according to a product of spatial and spin wavefunctions.

Example 1: The spin-atom wavefunction of the hydrogen atom can be approximated as follows,

wel = ¢(l’, Y, Z)g<m8)7
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where g(ms) = «, 5, when mg = 1/2,—1/2, respectively. Since the Hamiltonian operator is
assumed to be independent of spin variables, it does not affect the spin function, and the eigenvalues
of the system are the same as the energies found with a wave function that did not involve spin
coordinates. Mathematically,

~

Hip(2,y, 2)g(m,)] = g(my)Hi(z,y, 2) = Eg(my)v(x,y, 2).

The only consequence of modeling the hydrogen atom according to a spin-atom wavefunction is
that the degeneracy of the energy levels is increased.

Example 2: The ground electronic state energy of the helium atom has been modeled according
to the zeroth-order wave function 1S(1) 1S(2). In order to take spin into account we must multiply
such spatial wavefunction by a spin eigenfunction. Since each electron has two possible spin states,
there are in principle four possible spin functions:

a(Da(2),  a()B2),  Ba(2)., and  B1)BQ).

Functions «(1)5(2), and (1)« (2), however, are not invariant under an electron permutation (i.e.,
these functions make a distinction between electron 1 and electron 2). Therefore, such functions
are inadequate to describe the state of a system of indistinguishable quantum particles, such as
electrons. Instead of working with functions a(1)5(2) and 5(1)a(2), it is necessary to construct
linear combinations of such functions, e.g.,

1
7 [a(1)B(2) + B(1)a(2)],

with correct exchange properties associated with indistinguishable particles,

]5121/1(1,2) = +Y(2,1)-

The two linear combinations, together with functions (1)« (2) and 5(1)5(2), form the basis of
four normalized two-electron spin eigenfunctions of the helium atom.

31 Pauli Exclusion Principle

Pauli observed that relativistic quantum field theory requires that particles with half-integer spin
(s=1/2, 3/2, ...) must have antisymmetric wave functions and particles with integer spin (s=0, 1,
...) must have symmetric wave functions. Such observation is usually introduced as an additional
postulate of quantum mechanics: The wave function of a system of electrons must be antisymmetric
with respect to interchange of any two electrons.

As a consequence of such principle is that two electrons with the same spin cannot have the
same coordinates, since the wavefunction must satisfy the following condition:

77D(:c1,:c2) - _¢(x2,x1) s
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and, therefore, ¢, »,;) = 0. For this reason the principle is known as the Pauli Exclusion Principle.
Another consequence of the Pauli Principle is that since the ground state wave function of the
He atom must also be anti-symmetric, and since the spatial part of the zeroth order wave function
is symmetric, ¥ = 15(1)15(2), then the spin wave function x must be anti-symmetric,
1

ve o 8
V2la2) )|

and the overall zeroth-order wave function becomes,

1
¥ = 1S(1)15(2)—= [a(1)B(2) - B(1)a(2)]. (128)
V2
Note that this anti-symmetric spin-atom wave function can be written in the form of the Slater
determinant,

b — L [18Ma()) 15181
T V2 [18(2)a(2) 15(2)8(2)|

32 Lithium Atom

The spin factor affects primarily the degeneracy of the energy levels associated with the hydrogen
and helium atoms. To a good approximation, the spin factors do not affect the energy levels of such
atoms.

The lithium atom, however, has three electrons. An antisymmetric spin wave function of three
electrons could in principle be written as the Slater determinant,

O‘g% gg; O‘g; (129)
X = —= |« « .
Vo la3) 83) a3)

Such Slater determinant, however, is equal to zero because two of the columns are equal to
each other. This fact rules out the possibility of having a zero order wave function that is the Fock
product of three hydrogenlike functions:

P =15(1) 1S(2) 15(3) (130)

Only if the construction of an antisymmetric spin wave function was possible, we could proceed
in analogy to the Helium atom and compute the perturbation due to repulsive coupling terms as
follows,

1 e? e? e?
EW =< yp|— >+ <p|— | > + < ¢|—[¢ >
T12 23 13

where 1) is the product of hydrogenlike functions of Eq. (130).
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Having ruled out such possibility, we construct the zeroth order ground-state wave function for
lithium in terms of a determinant similar to Eq. (47), but where each element is a spin-orbital (i.e.,
a product of a one electron spatial orbital and one-electron spin function),

1S(H)a(l) 1S(1)p(1) 25(1)a(l)
P = — 115(2)a(2) 1S(2)(2) 25(2)a(2)], (131)

V6 115(3)a(3) 15(3)3(3) 25(3)a(3)
where the third column includes the spatial orbital 2.5, instead of the orbital 15, because the Pauli
exclusion principle rules out the possibility of having two electrons in the same spin-orbital. It is
important to note that Eq. is not simply a product of spatial and spin parts as for the /7 and

He atoms. In contrast, the wave function of L involves a linear combination of terms which are
products of non-factorizable spatial and spin wavefunctions.

32.1 Exercise 44

Show that for the lithium atom, treating the electron-electron repulsion interaction Hrep as a per-
turbation, " " 0
0 0 0 0
E():Els + Eig + Egg,s

and,

EW =2 < 15(1)25(2)|ﬁ|15(1)25(2) >+ < 15(1)15(2)|€—2|1S(1)15(2) >

T12 T12

o 18(1)25(2)1 = 25(1)15(2) >

T12

33 Spin-Orbit Interaction

Although neglected up to this lecture, the interaction between the electron-spin and the orbital
angular momentum must also be included in the atomic Hamiltonian. Such interaction is described
according to the spin-orbit Hamiltonian defined as follows,

. 11 o
Hso <8V>L-S:g .9, (132)

B 2m.c2 r\ or
where V' is the Coulombic potential of the electron in the field of the atom. Note that the spin-orbit

interaction is proportional to L-S. A proper derivation of Eq. 1} requires a relativistic treatment
of the electron which is beyond the scope of these lectures.
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Note: A classical description of such interaction also gives a perturbation proportional to LS.
This is because from the reference frame of the electron, the nucleus is a moving charge that gen-
erates a magnetic field B, proportional to L. Such magnetic field interacts with the |spin magnetic
moment my; = —e/ meS’ . Therefore, the interaction between B and my is proportional to L-8S.
Unfortunately, however, the proportionality constant predicted by such classical model is incorrect,
and a proper derivation requires a relativistic treatment of the electron as mentioned earlier in this
section.

In order to compute the spin-orbit Hamiltonian of a many-electron atom, it is necessary to
compute first an approximate effective potential V; for each electron 7 in the total electric field of
electrons and nuclear charges. Then, we can compute the sum over all electrons as follows,

fgom —— S LVif 6 S e, 8, (133)

; T 87”1'

The correction of eigenfunctions and eigenvalues, due to the spin-orbit coupling, is usually
computed according to perturbation theory after solving the atomic eigenvalue problem in the ab-
sence of the spin-orbit interaction. For example, the spin-orbit correction to the eigenvalue of state
| ) for a one-electron atom is,

B, ~ (U]l S|w). (134)

Note that the L - S product can be written in terms of .J?, L* and S? as follows,L - S = $(J* — L* —
S?%), because, J2 = J-J = (L+ S)(L+S) = L*+ 5%+ 2L - S, and, since the unperturbed wave
function is an eigenfunction of L?, S? and J?,

LS| >= %hz(J(J )= L(L4+1) =SS+ 1)) > .

Therefore, .
Ego. =~ §h2 <&>[J(J+1) = L(L+1)—S(S+1)].

It is important to note that, due to the spin-orbit coupling, the total energy of a state depends
on the value of the total angular momentum quantum number J. Furthermore, each of the energy
levels is (2J+1) times degenerate, as determined by the possible values of M ;. For example, when
L=1, and S=1/2, then the possible values of J are 1/2 and 3/2, since (J=L+S, L+S-1, ..., L-S).

The spin orbit interaction is, therefore, responsible for the splitting of spectroscopic lines in
atomic spectra.

It is possible to remove the degeneracy of energy levels by applying an external magnetic field

that perturbs the system as follows, Hg = —m - B, where m = mp + mg, withm = —ﬁL, and
mg = —;=5. The external perturbation is, therefore, described by the following Hamiltonian,
Hp=————(L+25) B=——(J+S)-B
5= T om, - 2m, '
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The energy correction according to first-order perturbation theory is:

e

Ep=—
B 2me

B(hM;+ < S, >) = ABM,,

where < S, >= hM; J(”l)_;](f]ill))JrS (5+1) and A is a proportionality constant. Therefore, the
perturbation of an external magnetic field splits the energy level characterized by quantum number
J into 2J+1 energy sub-levels. These sub-levels correspond to different possible values of M, as

described by the following diagram:

25 +1 J Levels States My

lp thy 1

(S=0)/ -

// 3PO

'I ) 0

/ i/ 1

3P1 /ﬂwvzi 0

(S 1)// \\Mw:] —1

T ] 1

0

-1

1s2p -2
ﬁO ﬁO—i_H’r‘ep ﬁO_f—]:ITep—l_Hso ﬁ0+ﬁrep+Hso+HB

33.1 Exercise 45

(A). Calculate the energy of the spectroscopic lines associated with transitions 3S — 3P for Na in
the absence of an external magnetic field. (B). Calculate the spectroscopic lines associated with
transitions 3S — 3P for Na atoms perturbed by an external magnetic field B, as follows:

Hp=—m-B=B.Bh'(J.+85.),

and Eg =< ¢|ﬁ3|¢ >= 3,BM,g, with g = 1 + J(J+1)—2LJ((LJ—:11))+S(S+1).

34 Periodic Table

Previous sections of these lectures have discussed the electronic structure of H, He and Li atoms.
The general approach implemented in those sections is summarized as follows. First, we neglect
the repulsive interaction between electrons and write the zeroth order ground state wave functions
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as antisymmetrized products of spin-orbitals (Slater determinants), e.g.,

o _ 1 [15(Ma(l) 1S(1)A(1)] _ R 31
He — \/5 15(2)04(2) 13(2)6(2 _15(1)15(2)\/5[ (1)6(2) ﬁ(l) (2)]:

)
| [1sMa) 15181 25(1)a(1)
1= —=1S(2)a(2) 1S(2)B(2) 25(2)a(2)|,
VB 1153)a(3) 1S(3)8(3) 25(3)a(3)

with zeroth order energies,
EW —2E1S), and  EY =2E(1S) + E(25),

represented by the following diagram:

Energy * Energy

28 28 ]

s 11 s 11

Helium Lithium

It is important to note that these approximate wave functions are found by assuming that the elec-

trons do not interact with each other. This is, of course, a very crude approximation. It is, nonethe-

less, very useful because it is the underlying approximation for the construction of the periodic

table. Approximate zeroth order wave functions can be systematically constructed for all atoms in

the periodic table by considering the energy order of hydrogenlike atomic orbitals in conjunction

with Hund’s Rules.

Hund’s First Rule: Other things being equal, the state of highest multiplicity is the most stable.

Hund’s Second Rule: Among levels of equal electronic configuration and spin multiplicity, the

most stable level is the one with the largest angular momentum.

These rules establish a distinction between the zeroth order wave functions of ground and excited

electronic state configurations. For example, according to Hund’s rules the lithium ground state

wave function is,

1S(Ma(l) 1S(1)B(1) 25(1)a(1)

= —=115(2)a(2) 15(2)5(2) 25(2)a(2)|, (135)
VB 115(3)a(3) 1S(3)3(3) 25(3)a(3)
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and the first excited state wave function is,

1 1S(Ma(l) 1S(1)B(1) 2P(1)a(1)
= — [15(2)a(2) 15(2)B(2) 2P(2)a(2)].
VB 11S3)a(3) 15(3)8(3) 2P(3)a(3)
Note that the energy order of hydrogenlike atomic orbitals, F),, = — gjf;, is not sufficient to distin-
guish between the two electronic configurations. According to such expression, orbitals 2p and 2s
have the same energy F5. However, Hund’s second rule distinguishes the ground electronic state
as the one with higher angular momentum. This is verified by first order perturbation theory, since
the perturbation energy of 1)°*“ is higher than the perturbation energy computed with )9".

34.1 Exercise 46

Prove that according to first order perturbation theory, the energy difference AE between the two
states 1s

AEW9" — ) = 2(J1s2p — J1s25) — (Kis2p — Kis2s),

where Jy, 4, =< ||l 6l >= Coulomb Intergral,

and Ky, 4, =< AR )|§j|¢§“¢§j ) >= Exchange Integral.

34.2 Exercise 47

Use Hund’s Rules to predict that the ground states of nitrogen, oxygen and fluorine atoms are
1S, 3P and 2P, respectively.

35 Problem Set

35.1 Exercise 48

Use the variational approach to compute the ground state energy of a particle of mass m in the
potential energy surface defined as follows, V (z) = A X
Hint: Use a Gaussian trial wave-function,

From tables,
o0 oo o0
o 3 s o2 s 2 1 s
/ drate " = —5\/ = dre " = \/j; / dra’e ™ = — [ —.
oo 4oV o J_o a ) o 2\ «
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35.2 Exercise 49

Compute the eigenvalues and normalized eigenvectors of o = o, + o, where,
(0 =) (1 0
o=\, o) =19 _1/"

35.3 Exercise 50

Construct two excited state wavefunctions of He that obey the Pauli Exclusion principle, with one
electron in a 1S orbital and the other electron in the 2S orbital. Explain the symmetry of spin and
orbital wave-functions?

35.4 Exercise 51

Consider a spin 1/2 represented by the spinor,

[ Cosa
X~ \sina e#)"

What is the probability that a measurement of .S, would yield the value —g when the spin is de-
scribed by y?

36 LCAO Method: H] Molecule

The Hy molecule can be represented by the following diagram :

TB, —
Mp

Rp
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where A and B represent two hydrogen nuclei and e represents the electron. The Hamiltonian of

the system is,R1(376)
h _, h?

H=— Vi — —V% +H, 136
oM, AT oM, Ry T el (136)
where, , , , )
X fi
7 AT v (137)
2m ra re Ruap

This is another three-body Hamiltonian, similar to the Helium atom Hamiltonian, where instead of
having two electrons and one nucleus we have two nuclei and one electron. In order to compute
the eigenstates, we assume that the kinetic energy of the nuclei can be neglected when compared
to the other terms in the Hamiltonian (Born-Oppenheimer approximation). The electronic energy

is computed at various internuclear distances R 45, by considering that the term < in Eq. (137

Rap’
is a constant factor parametrized by R 4. (In practice, this constant factor is ignored when solving
the eigenvalue problem, since it can be added at the end of the calculation).

According to the linear combination of atomic orbitals (LCAO) method, a convenient trial state

for H, can be written as follows,

| U >=Cy| da>+Cg | dp >,

where | ¢4 >, and | ¢ >, are 1S atomic orbitals of atoms A and B, respectively.
According to the variational theorem, the optimum coefficients C'4 and C'z can be found by
minimizing the expectation value of the energy,

cEo. = GIH gl >  CiHaa +204CpHap + CHpp
<hp > C3544+2C4CpSap+ C3Sep

with respect to C'4 and C'z. Here, Hj;, =< gzﬁj]j':l’el|gz5k >, Sjk =< ¢j|¢r >, and

A h? e? e?
2
H,=———

2m " ry4  rp
36.1 Exercise 52
Show that the condition,
o= = 0 implies (Hqp— < E > Sp44)Cu + (Hap— < E > Syp)Cp =0,
Cp
and
(%) =0 implies (HAB_ < E > SAB)CA + (HBB_ < E > SBB)CB =0,
Ca

with Sj; = (d;]¢;) = 1.
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In matrix form, these equations (called secular equations) can be written in compact form, as
follows:
(H - ES)C =0, (138)

where H is the Hamiltonian matrix, C is the matrix of column eigenvectors, E is the diagonal
matrix of eigenvalues, and S is the overlap matrix.

The secular equations have a nontrivial solution (i.e., a solution different from the trivial solu-
tion Cy = 0, Cp = 0), when the determinant of (H — ES) (i.e., the so-called secular determinant)

vanishes:
Hip— < EF > Hip— Sap < E >

Hgi—Sgi<E>  Hppg— < E > =0

Since | ¢4 > and | ¢pp > are 1S orbitals, Hy4 = Hpp, and Syp = Spa = S. Therefore,
(Han— < E>)? — (Hayp— S < E>)* =0,

and
_ Huya+ Hap

) —
* 1+5
Substituting < F > in the secular equations we obtain,

Cay = +Cphy.

Therefore,

i = Cay(da+ ¢p), where Cay = o,

. =Cy_(da— ¢B), where Cy_ = \/ﬁ
The strategy followed in this section for solving the eigenvalue problem of H, can be summarized
as follows:
1. Expand the solution | ¥ > according to a linear combination of atomic orbitals (LCAO).
2. Obtain a set of n secular equations according to the variational approach.
3. Solve the secular determinant by finding the roots of the characteristic equation, a polynomial
of degree n in E.
4. Substitute each root into the secular equations and find the eigenvectors (e.g., the expansion
coefficients in the LCAO) that correspond to such root.

The energies < F >, are functions of Hx4, Hap and S. The integral H 44 is defined as the
sum of the energy of an electron in a 1S orbital and the attractive energy of the other nucleus:

h? e? e e’
Haa = /dT¢Z [—%V?« —— = —|¢a=Eis(H) - /dT‘bZEm- (139)

A T
As the nuclei A and B are brought closer together, the second term in Eq. (I139) (i.e., the term
2 . . . ey
[ dr¢? f—qu 1) tends to make the energy of H, more negative, increasing the stability of the molecule.
2
€
Rap )
two nuclei get closer together, counteracting the stabilization caused by —f—B. Therefore, the sum

The term is responsible for the repulsion between nuclei and increases monotonically as the
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Haq + Re_; is not responsible for the stabilization of the system as the nuclei are brought closer
together.
The integral H 45 defined as follows,

72 02 o2
Hup = /chﬁZ (——Vf - —) ¢B, (140)
2m T4 TB

is called resonance integral and takes into account the fact that the electron is not restricted to any
of the two 15 atomic orbitals, but it can rather be exchanged between the two orbitals.

At large values of R 4p, the resonance integral H 45 goes to zero. Decreasing R4p, H 45 becomes
more negative and stabilizes the molecule relative to the asymptotically separated atoms. The
eigenvalues < E > can be represented as a function of R 4p by the following diagram:

Energy

E(A)+ E(B)

/ s
- < F >, is always larger or equal than F

Exact answer for FE

62
Rap

At short distances I? 45 the internuclear repulsion dominates

Note that < E > is lower than < £/ >_ because H 44 and H 4p are negative.

In analogy to the variational approach implemented to study the Helium atom, one could further im-
prove the variational solution of H by optimizing the exponents ¢ (e.g., effective nuclear charges)
in the functions that represent ¢4 and ¢p,

(%)3/2 _ﬁr;#

$a/B = NG e

Such variational correction of the effective nuclear charge is known as scaling.

(141)

36.2 Exercise 53

According to the quantum mechanical description of H," explain:
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(1) Why do molecules form? What is a chemical bond?

(2) Consider state ¢, = (2+25)7"/2(x 4 + x5) where nucleus A is at R4 = (£,0,0) and nucleus
Bisat Rg = (—}52, 0,0). Compute ¢)*t) at the coordinate (0,0,0), and compare such probability
density to the sum of probability amplitudes due to ¢4 and ¢ .

37 H-, Molecule

The H- molecule can be represented by the following diagram:

TA, ! :H

eI W

Rap

The diagram includes two electrons, represented by e; and e,, and two protons A and B. The
Hamiltonian of the system is,

H= - \ " V2 +H
T 2My P opy Re T
Where h2 2 2 h2 2 2 2 2
~ e e e e e e
Hy=——Vio — = V2 — = 4~ 4
2m ! T A1 B1 2m 2 T A2 B2 T12 RAB

In analogy to the He atom, it is possible to identify one-electron Hamiltonians (i.e., associated with

electrons 1 and 2),

h? e? e?

Hf l)=——V?—- — - —
2 (1) om ' ra rm
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and,

h? e? e?
Hf @)= -7 V- - =
2m TA2 TR
A zeroth order solution is obtained by neglecting the repulsion between electrons. Since RejB

contributes only with a constant value to the energy (e.g., a constant parametrized by Rsp), we
can make use of the theorem of separation of variables and obtain the solution of the eigenvalue
problem, R

H|p>=E|¢>,

as the product
| >=A| &y >| Py >, (142)

where | ®; > and | ¢, > are eigenstates of the H, Hamiltonian and A is the anti-symmetrizing

spin wave function, .
A= 5 5R) ~AD)a(2)].

Note that the hydrogen molecule occupies the same place in the theory of molecular electronic
structure as the helium atom in the theory of atomic electronic structure. Therefore, the correction
due to electronic repulsion can be calculated according to first order perturbation theory as follows,

2 2

e €
E = 2EH2+(RAB)+ < w‘r—lz‘w > —RAB.

Note that the last term discounts the repulsion between nuclei that has been over-counted.

The equilibrium distance, R(Ae%), is obtained by minimizing £ with respect to R 4p. Substituting
such value into Eq. (I43), we obtain the minimum energy of the H, molecule.

The complete ground state of H5 is described as follows,

(143)

N NLﬁ @(1)8(2) — B1)a(2)] [154(1)184(2) + 184(1)185(2) + 155(1)154(2) + 1S5(1)155(2)],
(144)

where N is a normalization factor, obtained by substituting | ®; > and | ®, > in Eq. (144), by the
ground state wave function of H. 2+ ,

¥

) = = [154(3) + 18(7)]- (145)
According to Eq. (T145), the probability of finding both electrons close to nucleus A (i.e., the proba-
bility of finding the electronic configuration H; H}), is determined by the square of the expansion
coefficient associated with the term 154(1)154(2). Analogously, the probability of finding both
electrons close to nucleus B is proportional to the square of the expansion coefficient associated
with the term 155(1)155(2). Therefore, terms 154(1)154(2), 155(1)155(2) describe ionic con-
figurations, while terms 154(1)1S55(2) and 1.55(1)154(2) describe covalent structures.
Unfortunately, the LCAO wavefunction, introduced by Eq. (I43), predicts the same probability
for ionic and covalent configurations, H;{Hg, Hy H;F, and H4Hp, respectively. This is quite
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unsatisfactory since it is contrary to the chemical experience. The LCAO model predicts that upon
dissociation half of the H, molecules break into ions H~ and H™". Contrary to such prediction, the
H, molecule dissociates almost always into two hydrogen atoms.

37.1 Heitler-London(HL) Method:

The Heitler-London approach aims to correct the shortcomings of the LCAO description by ne-
glecting the ionic terms altogether. Therefore, the HL. wave function of H, includes only covalent
terms as follows,

1
N'\/2

This wave function gives a better description of the energy as a function of R 45 and predicts the
proper asymptotic behavior at large internuclear distances.

Vur =

[(1)5(2) = B(1)a(2)] [154(1)155(2) + 155(1)154(2)] .

37.2 Exercise 54

Prove that, according to the HL approach,

J+ K
P=1re
with
J =< 154(1)1S5(2)|H|154(1)155(2) >,
and

K =< 184(1)185(2)|H|1S5(1)184(2) > .

38 Homonuclear Diatomic Molecules

Other homonuclear diatomic molecules (e.g., Liy, Oo, Hes, F5, N, ...) can be described ac-
cording to the LCAO approach introduced with the study of the H; molecule. A general feature
of the LCAO method is that a combination of two atomic orbitals on different centers gives two
molecular orbitals (MO). One of these molecular orbitals is called bonding and the other one is
called antibonding. The bonding state is more stable than the system of infinitely separated atomic
orbitals. On the other hand, the antibonding state is less stable than the isolated atomic orbitals. The
description of the H, molecule discussed in previous sections can be summarized by the following
diagram:
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OO =
W

(o

:t

This diagram introduces the nomenclature of states of homonuclear diatomic molecules, which is
determined by the following aspects:

1. Nature of the atomic orbitals in the linear combination (e.g., 1S orbitals in the study of the
H molecules).

2. Eigenvalue of j}z, with z the internuclear axis (e.g., such eigenvalue is zero for the Hj
molecule and, therefore, the orbital is called o).

3. Eigenvalue of the inversion operator through the center of the molecule (e.g., g when the
eigenvalue is 1, and u when the eigenvalue is -1).

4. Stability with respect to the isolated atoms (e.g., an asterisk indicates that the state is unstable
relative to the isolated atoms).

Other homonuclear diatomic molecules involve linear combinations of p orbitals. Such linear
combinations give rise to o type orbitals when there is no component of the angular momentum
in the bond axis (e.g., we choose the bond axis to be the z axis). An example of such linear
combination is represented by the following diagram:

ars (Op (D

Py

00,

2R(4)  2R(B)

7,2P T3 @@@



In order to classify molecular states according to eigenvalues of L., we make linear combinations
of eigenfunctions of L, with common eigenvalues. There are four possible states:

——

m= I: 2P41(A) £2P4(B), 2Py, 2P,

m=-1: 2P,1(A) + 2P,1<B), 7Tu2P,1, 7T;2P,1.
All of these linear combinations are 7 states, because A = |m| = 1 for all of them. In order to

justify their symmetry properties with respect to inversion we analyze the following particular case,

B 1 =z
= 5/7'a

which is represented by the following diagram:

mu2P 1 = 2P 1(A) + 2P, (B) )3/2(e"4e 2 r psinfl4 + €9Pe” 20 1 sindp),
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m,2P,1 orbital

(@92 e,
TA; . TB
C )
.."-5"0;... 'QIB--.._ .....
L ’ > 2z nodal line
A"""",QA', --------------- 8'3./.5:..3'- .
( e )
T A : __.'
lllllllllll (_:r.j _y, _Z)

This diagram shows that under inversion through the origin, coordinates are transformed as follows,
rTA — TB, 04— 0 B,

rB —T4a, 93 — QA,

$a = 0 = ¢,

¢ — ¢+,

eHetm) — citeim — _ 10 pecause e = Cosw +i SinT .
\\T/ \0,-/

The states constructed with orbitals P_; differ, relative to those constructed with orbitals p.;, only
in the sign of phase ¢ introduced by the following expression,

1 =z
87

This function has a nodal xy plane and is described by the following diagram:

b, A _p
2P = )5/2€Z¢(€ 20 r48inf4 + e 2o rpsinfp).

nodal xy plane

5

219
O G



Since atomic orbitals 2p,, and 2p, are linear combinations of atomic orbitals 2p.; and 2p_; molec-
ular orbitals 7,2p, and 7,2p_; can be combined to construct molecular orbitals 7, 2p,, and 7,2p,
as follows,

Tu2py = 2py(A) + 2py(B).
Note, however, that molecular orbitals ,2p,, and m,2p, are not eigenfunctions of f}z.
The order of increasing energy for homonuclear diatomic orbitals is described by the following
diagram:

Tu2p
0,25
2s 0,25 2s
o,ls
1s o,ls 1s

The electronic structure of homonuclear diatomic molecules can be approximated to zeroth order
by filling up the unperturbed states according to the Pauli exclusion principle. However, we should
always keep in mind that we are using the H; molecular orbitals (i.e., the unperturbed states) and,
therefore, we are neglecting the repulsive interaction between electrons.

This is the same kind of approximation implemented in the construction of zeroth order wave func-
tions of atoms according to hydrogenlike atomic orbitals, where the repulsion energy between elec-
trons was disregarded and the electronic configuration was constructed by filling up hydrogenlike
atomic orbitals according to the Pauli exclusion principle.

38.1 Exercise 55

(A) Predict the multiplicity of the ground state of O.
(B) Show that the ground electronic state of C’; is a singlet.
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39 Conjugated Systems: Organic Molecules
The Hamiltonian of a molecule containing n electrons and N nuclei can be described according to
the Born-Oppenheimer approximation as follows,

. h? N e
Ha = Z (_Q_Wv’% - ; ;jz'

i=1

) 2

i k>
This Hamiltonian includes terms that describe both 7 and o electrons. However, the distinctive
chemistry of conjugated organic molecules is usually relatively independently of o-bonds, and
rather correlated with the electronic structure of m-electrons. For example, the spectroscopy of
conjugated organic molecules, as well as ionization potentials, dipole moments and reactivity, can
be described at least qualitatively by the electronic structure of the m-electron model. Therefore,
we make the approximation that the solution of the eigenvalue problem of a conjugated system can
be factorized as follows,

1/} - A¢a¢7r7

where A is an antisymmetrization operator upon exchange of o and 7 electrons.
The potential due to the nuclei and the average field due to o electrons, can be described by the
following Hamiltonian:

[:[71' = Zﬂﬁcore(é) _'_Zﬁzﬁ:i; (146)
i=1 i=1 k>i K

where fzme includes kinetic energy of 7 electrons, interaction of 7 electrons with o electrons,
and shielding of nuclear charges. An approximate solution can be obtained by disregarding the
repulsion between 7 electrons in Eq. (146), and by approximating the Hamiltonian of the system
as follows,

2,2

A T ] h2 N
H7(T0) ~ Z Hegr(1), where Hew(j) = _Qm.vzj B Z
— J k=1

(147)

rkj

The effective nuclear charge z;, incorporates the average screening of nuclear charges due to o and
7 electrons.

Since [:[eff( Jj) depends only on coordinates of electron j, we can implement the separation of vari-
ables method and solve the eigenvalue problem,

I:L(rO)|¢7r >= EWW)W >,
according to the factorizable solution |, >= H?; |p; >, where,

Her(j) | ¢ >=¢; | ¢; > . (148)

The energy E; is obtained by using the Pauli exclusion principle to fill up the molecular orbitals,
after finding the eigenvalues ;.
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Eq. (148) is solved by implementing the variational method, assuming that | ¢; > can be written
according to a linear combination of atomic orbitals,

N
65 >= Y Cielxx >,
k=1

where |y > represents a 2p, orbital localized in atom % and the sum extends over all atoms in the
conjugated system.

Example:

Consider the ethylene molecule represented by the following diagram:

ToNoY

C

H H

The diagram shows o bonds in the equatorial plane of the molecule, and 7 orbitals 1 and 2 that are
perpendicular to such plane.
The LCAO for ethylene is,

’ ¢j >=Cj1 ’ X1 > +Cj2 | X2 > . (149)

Therefore, the secular equations can be written as follows,
(Hn - 511€j) cj1 + (le - 512€j) Cjo = 0,
(Hy — 521€j) cj1 + (Haz — Saz¢;) ¢jo = 0.

Hiickel Method:
The Hiickel Method is a semi-empirical approach for solving the secular equations. The method
involves making the following assumptions:

1. Hy, = a, where « 1s an empirical parameter (vide infra).

2. Hj, = 8, when j = k £ 1; and Hj;, = 0, otherwise. The constant 3 is also an empirical
parameter (vide infra).

3. Sjr =1, when k = j £ 1; and Sj;, = 0, otherwise.
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According to the Hiickel model, the secular determinant becomes,

a—€; I5;

5 ale|=O

Therefore, the eigenvalues of the secular determinant are €; = « &= 3 and can be represented by the
following diagram:

Energy *

Ey =a—p, |¢2>=\/%(|X1>—|X2>)

#"\7 Ei=a+p8, |d>=F(xi>+][x2>)

E,=2E=2a+28, |¢:>=75[61(1) >|¢1(2) > (af — Ba).

The energy difference between ground and excited states is AE = Fy, — E; = —23. Parameter
is usually chosen to make AFE coincide with the peak of the experimental absorption band of the
molecule.

An interactive program to perform electronic structure calculations within the ”Simple Huckel
Molecular Orbital” approximation can be found here .

A tutorial to perform electronic structure calculations and simulations of electronic dynamics
within the "Extended Huckel Molecular Orbital” method approximation can be found here .

40 Self-Consistent Field Hartree-Fock Method

The self-consistent field (SCF) Hartree-Fock (HF) method is a variational approach for finding the
Slater determinant of a system of n-electrons,

that minimizes the expectation value of the energy:

(D[®)

o (o)
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for a fixed nuclear configuration.

The one-electron basis functions y; are typically expressed as linear combinations of spin or-
bitals ¢y, as follows:

Xi =Y Cridh, (151)
k

allowing for the variational approach to minimize £ with respect to the expansion coefficients c;.

The energy is computed according to the usual Hamiltonian of a system of N nuclei and n
electrons, with a fixed nuclear configuration:

ez—Zh +ZZE (152)

i k>i

where the spin-orbit coupling interactions are neglected. The first term in Eq. (152)) is the sum of
1-electron core Hamiltonians,

o — I e
2me. , Tji
J_

5 (153)

describing a system of n non-interacting electrons in the electrostatic potential of the nuclei. The
second term in Eq. (152)) is the sum of electron-electron interactions.
As a simple example, we consider the H; molecule with n = 2, N = 2 and (r;, ry|®) =

2712 ((r1]x1) (ralx2) — (r1lx2) (ralx1)),

<r17r2|ﬁel|@> =271/ [<r2|X2><r1’71(1)!X1> - (1‘2|X1><1“1|il(1)!><2> + <1’1|X1><1"2’71(2)!X2>
—<r1\X2><F2!iL(2)|X1> r12[<1‘1|X1><r2|X2> <1“1\X2><F2IX1>]}

(154)
and the energy expectation value
= (D] Ho|P)
=3 [<X1|h(1)|X1> + (x2[PMx2) + (X2l AW x2) + (xa [ xa)+
+Hoaxel = (axall S lxaxe) - rmm} (155)
<X1|h(1)|X1> <X2\h D\Xz) [<X1X2|E\X1X2>
<X1X2|@|X2X1> <X2X1|@\X1X2> + <X2X1|@|X2X1>]
since hM) = h®, according to Eq. (153). In general,
o2
E= Z Xilh V) + 5 ZZ x]xk\ \ijw <X3Xk‘ — ) (156)
J=1 k#j
or
02
E= Z Ol ) + 5 ZZ xjxkl Ixjxk) (xjxkl i), (157)
] 1 k=1
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. 62 62 .
since (x;xk|755 XGxk) — OGXkl; IXex;) = 0, when j = k.
To minimize £ with respect to ;, subject to the constraint of orthonormal orbitals, we apply
the Lagrange multiplier method for the following functional:

L(xtsoxn) = B4+ > erl(x1xe) — 0, (158)
] k

where ¢, are the Lagrange multipliers. Varying the spin orbitals ; in an infinitesimal amount ¢,
with respect to the expansion coefficients cj;, we obtain:

SL(X1, - Xn) = OB+ Y > el (x51xa) + (x510xx)], (159)

j=1 k=1

where

0F = Z] 1<5Xy|h(1)|Xj> <X1m |5Xj>
5o 1Zk 1<5X3Xk|T12|XJXk> (OGO X XE)
<nyk!m 05Xk + XXkl ) |X;50Xk) (160)
<<5Xj><k|r12 IXkXG) — (X; Xk|5 XEX;)
— (Xl S 10xrxg) — (xgxkhm\xk X;)
Substituting Eq. (160) into Eq. (I59) and simplifying, we obtain:

OL = 3770 (xR xg) + 207y Do hea (Oxaxk iS5 xxa) — (Ol xax;) (161)
+ 23:1 > ket €k 0XG I XR) + cc

which gives,
0L =3 5 (0x; (1) [h(”\xj(l)> + 2o O (215 e (2)) s (1)
— @15 G @) (D) + 35 Y 6jk|xk>} +ee =0
Since §; is arbitrary, it must be that the expression in square brackets is equal to zero for all j:

1’+Z (xr(2 |—1—P121|><k< ]m ZZegkm (163)

7=1 k=1

(162)

where the operator P, permutes the states of electrons 1 and 2.
To write Eq. (I63) in the canonical eigenvalue form, we change the basis set according to the
unitary transformation,

X5 =D i) T, (164)
k

with TTT = 1. Considering that the Lagrange multipliers matrix ¢ is Hermitian (since the func-
tional L is real), it is always possible to find a I' that diagonalizes € according to the similarity

transformation:
¢ =TTl (165)
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Such a transformation defines the set of canonical spin orbitals |x’;) for which
FOIG) = €51x). (166)
for j = 1 — n, where f( is the Fock operator,
FO Z {0 4pE (167)
where VlH ¥ is the Hartree-Fock potential describing the electron-electron interactions, as follows:
VI = Iy (r1) = Xa(r), (168)

where J;(r1) is the Coulomb mean-field potential,

n

2
A = S 0GE— ). (169)

k=1

The matrix elements in Eq. are integrals over the spatial and spin coordinates of electron 2.
Analogously, X (r) is defined as the exchange operator,

n

A~ 2 A~
Xy (r) = Z<xz<2>|%Plg|xz<2>>. (170)
k#j

Equation li defines a self-consistent field (SCF) problem since the operator f (1), required
to find the solutions X, depends on those functions through J; and X;. To solve this SCF prob-

lem, we first obtain approximate solutions X’; by approximating f M) by A (e., neglecting the
electron-electron interactions introduced by .J; and X1), or by using a semiempirical method (like
the Hueckel method described later in these lectures). These approximate functions x’; are then

used to compute J; and X1, giving an approximate f (1) that can be used to obtain improved func-
tions x’;. The process is repeated until convergence.

To solve the Hartree-Fock Eq. (166) by solving a set of matrix equations, we substitute x'; by
a linear combination of atomic orbitals, analogous Eq. (151): |x';) = >_, Ck;ltx). Making the
substitution and multiplying from the left with (¢4/|, we obtain:

D | FG)R)Crs = €55 {thwe|13)Ci, (171)
k k

or, in matrix form,
FC = SC¢ (172)

where we have introduced the overlap matrix S, = (1;]t).), the Fock matrix Fi;, = (1); f|4y,), and
the matrix of column eigenvectors Cy; defining the canonical molecular orbitals x';, with energies
€5, expressed in the basis of atomic orbitals |¢).
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40.1 Restricted Closed Shell Hartree-Fock

The so-called closed-shell restricted Hartree-Fock method is essentially the Hartree-Fock approach
implemented for systems with an even number n of electrons, with each orbital j populated by 2
electrons with opposite spins (one with spin «, described by v;, and the other one with spin /3,
described by 1/_1j). It is called restricted to indicate that the spin states are restricted to be either «
or 3, and closed shell to indicate that each shell 1); is full with 2 electrons. The system is described
by the Slater determinant,
) = [xixz-Xn)
I XTI 4

where x1 = Y1, X2 = V1, v Xno1 = Yny2, Xn = ¢n/2-

The energy of this closed-shell restricted Hartree-Fock wave function is computed, according
to Eq. (157), by replacing the sums over n spin-orbitals x; by sums over n/2 spin-orbitals with
spin «, v; and n/2 spin-orbitals with spin (3, @j, as follows:

E =Y AWy + 15203 ”%meﬁJ%ww (Wytn] =

1 Zn/z /2 <%¢k!r12|¢a¢k> (U OeEET;) (174)

Z”/2<¢g|h“ ) + A S xwkrmwm (TRt
%—ZW ”H%W|wwm (D] & [ouidy),

where we can cross out the terms that cancel upon integration over the spin variable to obtain:

B =250 (sl b0l + 030 SRA 20050l S ) — Wl ). (175)

T12

|¢k¢]>

T12

Analogously to the general case, we minimize £ with respect to t;, subject to the constraint of
orthonormal orbitals by applying the Lagrange multiplier method for the following functional:

Ly, o) = E+ ) > el (slvn) — 6l (176)
ik

where ¢, are the Lagrange multipliers. Varying the spin orbitals ¢/; in an infinitesimal amount ¢,
with respect to expansion coefficients c;;, we obtain:

SL(1, s thn) = 6B+ > eiul(00h510hk) + (1b5(0¢%)]. (177)

=1 k=1

Varying the spatial orbitals v/; in an infinitesimal amount J; with respect to the expansion coef-
ficients ¢;, we obtain:

OB = 2350 (uslhD(ug) + S50 SR 200uun o lwsn) — (el £ es)
+Z”/2 ) (%Mklmwg%) <¢j5¢k|7~12|¢k¢]>
+2Z”/Q<%|h 0s) + 5230 TR0 20t 1000} — (el £ 100ks)
+Z"/2 W2 20 n] £ b0k — <¢j¢k\m|wk5wﬂ>
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which gives

OB =23 50051 y) + 2 35705 SR 20000kl - [ oe) — (00bstbkl s lubunty) + eec.

(179)
Substituting Eq. into Eq. (I'77)), we obtain:
n/2 X n/2 o2 2 .
6L =2 (3wl | RVl + 3 20—l ) = (Wl = Praln)ls) + egelibe) | + . =0,
j=1 k=1
(180)
which is satisfied when
A n/2 62 .
WO 4D (el —[2 = Pullvn) | 1) = enlide). (181)
k=1

To write Eq. (181)) in the canonical eigenvalue form, we change the basis set according to the
unitary transformation,

[05) = [e) Ty, (182)
k

with TTT = 1. Considering that the Lagrange multipliers matrix ¢ is Hermitian (since the func-
tional L is real), it is always possible to find a I' that diagonalizes e according to the similarity
transformation:

¢ =Tl (183)
Such a transformation defines the set of canonical orbitals |1/;) for which
Fap ) = €145, (184)

for j = 1—n/2, where f;,ll} is the closed-shell restricted Hartree-Fock operator,
Jiay =h® 4 V7, (185)

where ‘A/jrhf is the restricted Hartree-Fock potential describing the interactions between electrons
of the same spin, as follows:
Vi = 201(m) = Xa(n), (186)

where .J;(r;) is the Coulombic mean-field potential due to the presence of other electrons of the

same spin,
n/2

him) = YW@ 442). (187

k=1

Analogously, X 1(r1) is defined as the exchange operator,

R n/2 9 A
Xy(ry) = Z(%(?)I%Rz!%@)% (188)
k=1
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where the permutation operator Py interchanges electrons 1 and 2.
Equation (184])) defines a self-consistent field (SCF) problem since ff,ll)f depends on 7); through

V{hf . To solve this SCF problem, we first obtain approximate solutions v; by approximating fr(,ll}

by ﬁj (i.e., neglecting the electron-electron interactions introduced by .J; and X)), or by using a
semiempirical method (like the Hiickel method described in these lectures). The resulting approx—
imate solutions 1); are then used to compute J; and X1, giving a better approximation to f M that
can be used to obtain improved functions v/;. The process is repeated until convergence.

In practice, the restricted Hartree-Fock eigenvalue problem, introduced by Eq. (184), is solved
with a set of matrix equations, obtained by substituting ¢)’; by a linear combination of atomic

orbitals, analogous Eq. (151): |[¢',) = Zi 21 Cy;|Ck). Making the substitution and multiplying
from the left with (|, we obtain:
n/2 n/2
D (Gl | Cos = i3 Y (w16 Ci. (189)
k=1 k=1
or, in matrix form,
FC = SC¢ (190)
where we have introduced the overlap matrix S;;, = ((;|(x). the restricted Hartree Fock matrix
Fit = (G, (191)

and the matrix of column eigenvectors C}; defining the canonical orbitals ¢';, with energies ¢;;, in
the basis of atomic orbitals |(y).

The electronic density p(r) of the system with 2 electrons per orbital, populating the lowest n /2
states (i.e., closed-shell Hartree-Fock density) can be computed, as follows:

p(r) =230 0 () (r)

=25 G (x ( ) < ) S0 Cr o (192)
where
n/2
Py =Y CryCru (193)

define the elements of the electronic density matrix P.

The elements of the density matrix, F,,, are thus computed from the solution of the eigenvalue
problem, introduced by Eq. (190). The resulting elements of the density matrix P, can be used to
compute not only the density, according to Eq. (192), but also the restricted Hartree-Fock matrix,
according to Eq. (191)) since f(l) = 2 + V™M with V' = 2.7, (r;) — X (ry), where

) = S S drad i (r) S (xa)
S S dr Z“” S G (r2) = O ()
= ?/izzﬂl 58 CiCin [ G (r2) ()
= S SN2 Py [ draG( ry) G (r2)
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and

O _ n/2
alr) = 2 <wi‘/£kpkjw’“> (195)
= Zui= 12 mlde'zC 1'2) P12Cl(1”2)
Therefore,
R n/2 n/2 o2 2.
Fpr) =aM+>"3" B, { (Gm(r2 \—|<’l<r2)> — (Gmlr2) = PulGr)) |, (196)
=1 m=1
and "y -
Frk = <C’fv-hf’Ck>7
o ij e (197)
with X
Hre = (G (1)]hY|G (1), (198)
and
n/2 n/2 o2 o2 .
Gik=> Y Pu [ (Gi(re Cm(rz)|—\Cz(r2)Ck(1°1)> - <Cj(r1)Cm(1’2)|EP12|Q(Y2)C1¢(Y1)>
=1 m=1
(199)

To solve Eq. (190), we first diagonalize the overlap matrix by computing the matrix X = S~1/2

that transforms the overlap matrix into the identity matrix, as follows: X'SX = 1. Then, we
introduce the matrix C, as follows:

C = XC, (200)
that, according to Eq. (190), satisfies the eigenvalue problem:
F"XC = SXC¢ (201)
or o
F"C=Cé (202)
with _
Frif = XTF /X, (203)

These equations allow for the implementation of the self-consistent-field restricted Hartree-
Fock (SCF RHF) method, for a fixed nuclear configuration, as follows:

1. Calculate the matrix elements Sjy., Hj;"® and the 2-electron integrals (;(r1)(m(r2)[ ;- 216 (r2) (1))
and (G (r1)Gn (r2)] ]G (r1)G(r2)).

2. Diagonalize S;j, to obtain X,

3. Obtain an approximate density matrix Pj, according to Eq. (I93), by solving Eq. (190) with

FO ~ bW or fO ~ b, where A\, is the semiempirical extended-Hiickel Hamiltonian
of the system.
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4. Compute the matrix elements G, according to Eq. (199), using Pj; and the 2-electron
integrals.

5. Compute the Fock matrix F;hf , according to Eq. ll by using H{™, Pj; and the 2-
electron integrals.

6. Compute the transformed Fock matrix ﬁ;,ff by using F;,ff and X, according to Eq. (203).

7. Obtain C and ¢ by solving Eq. (202).
8. Calculate C by using Eq. (200).
9. Compute a new density matrix P, according to Eq. (193)), based on C obtained in (8).

10. If P has changed more than a given tolerance, relative to the previous iteration, go to (4).
Otherwise, the SCF calculation has converged and the solution is given by the current eigen-
vectors C and eigenvalues e.

The total energy provided by Hartree-Fock theory is usually satisfactory since it is dominated
by high-density inner-shell electrons that are well described by HE. However, the description of
low-density valence electrons provided by HF theory is usually unsatisfactoy since it neglects im-
portant correlation energy terms. While correlation effects can be addressed through configuration-
interaction corrections, the complexity of the corrections, their sensitivity to the choice of basis
functions, and the increase in effort required with the decrease in spacing between energy lev-
els, preclude application to large systems. In addition, the long range of the Coulomb interaction
produces unrealistic features in the HF energy eigenvalues, such as vanishing density of states at
the Fermi level in metals, and unphysically large band gaps in insulators. The density-functional
theory, described in the following section, provides an alternative approach.

40.2 Configuration Interaction

Improvement over the one-determinant trial wave function can be achieved by using a trial wave
function that involves a linear combination of Slater determinants. This method is known as con-
figuration interaction. The energy correction over the Hartree-Fock energy,

Ecor = E_EHF>

is known as correlation energy.

40.3 Supplement: Green’s Function

The goal of this supplementary section is to explain how to compute a function f(A) of a hermitian
matrix A and subsequently introduce the Green’s function. Analogously to the function f(x) of
simple variable z, f(A) can be expanded in powers of A:

f(A) =) a,A" (204)
n=0
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with a,, = % %E:) . Equation (204)) shows how to compute a function of a matrix as a sum of
’ =0

products of such matrix.
Note that when the matrix is diagonal

ap 0 0
R e
0 0 an
then
ay 0 0
T A (206)
0 0 - ay

When A is not diagonal, it can be diagonalized by the similarity transformation a = cfAc,
where a is the diagonal matrix of eigenvalues a1, as, - - - , ay and c is the matrix of column eigen-
vectors of A. Therefore,

A" = [cac']",

ot (207)
=ca'c
since c'c = 1. Substituting Eq. (207) into Eq. (204), we obtain:
f(A) = cf(a)c. (208)

Optional Exercise: (A) Show that the matrix elements of the Green’s function Go = (E1 —
H;)~! can be computed, according to Eq. (208)), as follows:

XN: C(z)c(lc)*
Golix = ), "% (209)
(0)°
J=1 E— Ej
where £ 7 18 the j-th eigenvalue of Hg associated with the eigenvector c; = (¢, ¢ 7, , Cs
h E](O). he j-th eig I fH iated with the eig ; 51) 52) §N)
(B) Show that the Green’s function

G=(E1—(Hy+ V), (210)

obeys the Dyson equation:
G =Gy + GoVG. (211)

Hint: Note that by multiplying both sides of Eq. (210) by Go(E1 — (Hy + V)), we obtain:
Go(E1 - (Hy + V))G = Go. (212)
As an application of the Green’s function, we consider the eigenvalue problem:
o+ V] vn(a) = Byi(a), 213)
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which can be re-written, as follows:

(E — Ho)(z) = ¢(x), (214)
with ¢(x) = Vg (x). Expanding ¢g(z) and ¢(x) in the basis of eigenfunctions of Hy:
Hypa(z) = B a(x), (215)
we obtain:
=Y o pta(a), 216)
and
= Z boﬂ/)oz(x)y (217)
where
bo = [ dwi@)ola). @18)
In addition, substituting Egs. and (217) into Eq. (214), we obtain:
ZaﬁE (E - EP)s(a Zbﬁw (219)

and multiplying both sides of Eq. (219) by ¢ (z) and integrating over =, we obtain:

a b
B = g
b b (220)
= m /d$/¢2($,)¢($,)~
Substituting Eq. (220) into Eq. (216)), we obtain:
* /
T) = /dxfzwdja(é)x)wx/),
E—FE
a a (221)

:/w%mﬁmwwwwx

where G(z, 2, E) =), %E E(Q) ) has poles at values of E equal to the eigenvalues of Hj,.

As a by-product of Eq. - we note that in the particular case of ¢(z') = §(a’ — 2”), we
obtain:

Vo (") ha(x)
Ko

= Go(z,2"; E).

(222)
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Substituting Eq. (222)) into Eq. (214)), we obtain:
(E = Ho)Go(z,2"; E) = 6(x — 2"), (223)
or in matrix form,
(E1—H,)Go(E) = 1. (224)

Equation (222)) shows that the Green’s function can be computed in terms of the eigenfunctions
Yo (z) and eigenvalues E, of H,. A A A
Analogously, we obtain the Green’s function of H = Hy + V:

(E— Hy—V)G(z,2";E) = 6(z — "), (225)

or in matrix form,
(E1-Hy,—-V)G(F) =1, (226)

which, according to Eq. (2TT])), obeys the Dyson integral equation:
G(x,2"; E) = Go(z,2"; E) + /dac/Go(x,x/; E)V(2"G(«', 2", E), (227)

and has poles at values of F equal to the eigenvalues of H.
It is important to note that the Green’s function can be used to compute several functions,
including the density matrix p(z,2") = ) na¥k(2")a(2), as follows:

p(z,z") = : /00 dE n(E)G(z,2"; E). (228)

@ 00

To prove Eq. (228)), we compute the integral

I(z,2") = /00 dE n(FE)G(z,2"; E). (229)

o0

Substituting Eq. (222)) into Eq. (229), we obtain:

" * " > (E)
I(x,a") = Y w(a")ale) | dE -2 -
= /oo E—-EY (230)
~ [ ap )

with f(E) = > Vi@ ) o (x)n(E)/(E — EY). Note that the argument f(E) of this integral,
introduced by Eq. , has singularities (poles) at the energy values £ = EQ. To evaluate that
integral we introduce the complex ’energy’ Z = Z, 4+ 1Z;, with Z, = E, and the Cauchy principal
value P[f(Z)] (i.e., integral over the real axis excluding each singularity with an exclusion radius
€), which converges to the desired integral in the limit with ¢ — 0 (see Fig. (I)). We note that
according to the residue theorem, fc dZ f(Z) = 0, since the overall integration contour C' (i.e.,
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Figure 1: Poles of the integrand of Eq. || at E = E and integration contour.

including the real axis excluding the singularities, the half-circles around the singularities and the
big half-circle C'r) encloses an area without singularities. In addition,

1
¢ az2) = PIR(2)+ 5 Y § 212+ § azi(2) @31)
C o Ca CR
Since the full-circle contour integrals around the poles are:

f(2)dZ = 2mi Res[f, E.), (232)
Ca

with Res|f, E,] = n(E,)Yk (2")1)q(x) and the integral over C'r vanishes for R — oo, we obtain:

/ T AE n(B)G (. 2 E) = PLF(Z)]

—0o0

a (233)

which is equivalent to Eq. (228].
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41 Second Quantization Mapping

The goal of this section is to introduce the single-particle basis {1, (r), 1., (r), ¥, (r), - - } for
representation of the N-particle state W(ry,ra,--+ ,ry) in terms of symmetrized product states
Sy H;VZI 1y, (r;), and its correspondence to the occupation number representation [1,,,, 1., , My, = = - ),
where n,,, is the number of particles in state ¢, (r) in the product state representation. Furthermore,
we introduce the creation CAL}L- and anihilation a; operators (i.e., operators that raise or lower the occu-
pation numbers n,,; by one unit) and we show that any single particle operator A can be expressed

Ay, atar, with A, = (v;|Alw).

: At A
in terms of a; and aj, as follows: A =} j

Vi,V

41.1 Single-Particle Basis

The state of the N-particle system W(ry, ro, - -+ ,ry) can be represented in a complete orthonormal
basis composed of single-particle states {1, (r)}, satisfying that

DU, (1), (1) = 8" —x), (234)
and
/dr Uy, (v)* Yy, (r) = 60, - (235)
To represent W(ry, 1y, - - -, ry), we first project the state along the basis set of ry, as follows:
U(ry, vy, Tn) =Y, (1) / dr' 11, (2'1) U (r'y, e, 1), (236)
and then we proceed analogously with the other coordinates, so we obtain:
N
T(r,ro, o IN) = D G || U, (1), (237)
Vi, , UN 7j=1
with
Cupyo vy = /drllwyl (rll)* T / dI'IquN (rIN)*‘P(rllv r/27 U 7r/N)- (238)

While the product states vazl ., (r;) form a complete basis for the N-particle Hilbert space, they
do not necessarily fulfill the indistinguishability requirement of bosons (or fermions) so they need to
be symmetrized (or anti-symmetrized). Applying the bosonic symmetrization §+ (or the fermionic
anti-symmetrization S0) operator, we obtain linear combinations of product states with the proper
symmetry to describe systems of N-bosons (or fermions), according to the following normalized
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permanents (or Slater determinants):

N %1 (rl) %1 (rQ) to le (rN)
5 TL o 1) = e e | V) ar2) o)

wVN(rl) wl/N(rQ) wVN(rN):t

= ([t Yoy - ¢VN>7

which are linear combinations of product states corresponding to all possible permutation on the
set of N coordinates. Each term of the Slater determinant has a sign (—1)?, corresponding to the
number of permutations p, while the bosonic permanent terms are all sing-less.

)

1 (239)

41.2 Occupation Number Basis

The product states, introduced by Eq. (239)), are linear combinations of occupied single-particle
states. The occupation number representation |n,,, n,,, n,,, - - - ), simply lists the number of par-
ticles n,; in each occupied state v;, with > i, = N. Such states are eigenstates of the number
operators,

ﬁVk’nVU Tygs Mgy © > = nd|nV1vnV2>nV3a T > (240)

For fermions, n,, = 0,1 while for bosons n,, = 0,1,2,--- is a positive integer.

41.3 Creation and Anihilation Operators

Bosons: The creation and anihilation operators of bosons, i); and Ej, are defined to ensure that the
number operator n,,; = lA)j l;j gives the number of bosons in state v; as follows:

nl/]-|nul7nl/27 t 'nl/j7 e > = nl/j|nl/17nljz7 o 'nl/]'7 e >) (241)
and raise or lower the occupation of that state, as follows:

Btnl/pnljm'“nl/w'” =B Ny )My Mgy = - nu+1 s

bjlnl/17ny2, e nyj7 e > — B_(nyj)lny17ny27 e (nyj — 1)7 e >’
where B, (n,,) and B_(n,,) are normalization constants. We further demand that the occupation
number of an unoccupied state (e.g., n,, = 0) cannot be further reduced, which is equivalent

to demand that Bj|n,,1, Ny, -+ 0,+-+) = 0. Furthermore, we define the normalization constants
B.(0) =1and B_(1) = 1 so that

- B
ljj|n’/l7n’/2"”07..'> — |ny17ny2,...1’...>7 (243)
bj|nl,1,n,,2,-~1,~~~) — ‘nyl’ny27...0,...>_

Therefore,

Lot _
?ﬁ,j,nyl7ny27...07...> = |npy, Ty, -0, -+ ), oa)
bjbj|nl/17nug7”'07"'> =Y



which can be summarized as l;le)} = f,,; + 1 and [b;, bj] — 1. When j # k, however, [b;,bl] = 0.

The normalization constants for other states are found from Eq. (241), as follows:

(nyl,nuz,---nyj,---Ilgjl;jlnyl,nm---nyj,---)ij, 045)
<ny17ny27...nyj7... |b;bj|nl/1’ny27...nyj)...) — _B_(,n/l/j>27
so B_(n,,) = /My, Analogously, we obtain
Ty Mgyt " Myyy * o Z)ET My s Mgy =t " Mgy = 0 =B Ny, 2a
(P Ty 5o 1030 [ jr ) = Bal ])2 (246)
(nV; +1) :B+(nvj) )
By (ny,) = \/ny, + 1. Therefore,
(l;;r')ny‘nuunzxz?"'oa"') = \/n_v!’nvlanl/27”'n1/7”'>' (247)
or
| ) H@)% 0,0,0,--+) (248)
Ny s Mgy Mgy = 1) = y Uy Uy mm )
|
V!

Fermions: The creation and anihilation operators of fermions, éj and ¢;, are defined to ensure that
the number operator 7, = é;éj gives the number of fermions n,, = 0, 1 in state v;. This requires
A SEOY — 1) 4000 — St — 5 Aty — 5 ATy —
that ¢! \1) = 0, ¢;|0) = [1), ¢;]0) = 0, and ¢}|0) = |1). Therefore, ¢;¢;|0) = |0) and ¢;¢;|0) = |0),

or cjc +él 56 =0,

41.4 Operators in Second Quantization
In this subsection we show that any single particle operator A can be expressed in terms of l;;r and
bj, as follows: A = 3°

~ A 52
operator, we consider the kinetic energy T = E vy T, with Tj, = 2

2my,

<r|T|¢V1¢V2 e ¢VN> = Z<r|¢Vj><,¢)Vj |T|wv1¢u2 e ¢VN>

vj

blby, with Ay = (v;|Al). As an example of a single particle

yukV’/k]

N
= Z<r|wu Z wVJ|Tk|¢V1wV2 to 7vbl/N>
v k=1
N ~
= Z<r|wu] Z ¢uj ‘Tk’¢uk ’buk ’wulwug o ‘wuN> (249)
vj k=1

N
= Z Z<r|¢Vj>5Vl»VkTVjaVl <r|i)wc|wu1¢u2 o 'wVN>

k=1 Vi,V

N
= Z Z 6Vl7VkTVj1Vl <r|bj;j ka |¢V1¢V2 o '1/}VN>

k=1 Vi,V
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Therefore,

[bT ] Z Z 5ul vk 1/] 7 by bl/kbil o BJLN‘())

k=1 vj,y
_Zzé’ﬁ V= V5 1/ kakalz' [;:[/N|0>
k=1 l/] 14
N AL A
bT by, .
- Z Z 6l/l,I/kTI/j,l/l |:bT ka bll blT/N |O>i|
k=1 Vi,V
= Z Ty] 2] Z 51/1 v~ |: V1 e Bl-l;N‘O>:| (250)
Vi,V V
Al
= > Tl by [0, -+ 01,10}
I/j,l/l k=1 Vi
N
- ZTVJ I/lby b n_ Z 6I/l,l/k |:bi1 e bj’N|0>i|
Vi,V VI k=1
= ST bl b [, 81, 10)]
Vi,V

where p is the number of particles in state state 1, for the N-particle system described by state

|V, Yy -+ ) = l;il e IA),T/N|0> so according to Eq. lb (W, 1y, - - -¢Z,N|b,,k ykwylwyg e thy) =
(n,, + 1). Therefore,

T=>"T,u,b (251)

Vi,V

Analogously, any 2-particle operator V such as the pair-wise additive potential,

N
ZZ (zj,x1), (252)
=1 kg

can be written in second quantization, as follows:

bt
Z Vl/j,llz Vi,V bz/ buzb b (253)

Vj,Vi,V|,Vk

V(.’ﬂl, x2)’¢ulwuk>-

l\DIH

where Vyj,yi,l/l,l/k = <wl/jwl/i
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41.5 Change of basis in Second Quantization

We consider two different complete and ordered single-particle basis sets {[1,,) } and {[t,,) } with
j = 1-N. Using the completeness relationship we can write any element of one basis set as a linear
combination of elements of the other basis set, as follows:

) = > 1) (W, [¥,) (254)
k
where ¢, ) = af, |0) and ¢,,;) = af, |0). Therefore,
dﬂj‘()) = Z<w1jk|wﬂj>&l’k’0>7 (255)
k
or
Gy = Y (W V)i (256)
k
and
dLj = Z<ka|ww>*&ikv (257)
k

41.6 Mapping into Cartesian Coordinates

Introducing the Cartesian operators 7, = \/Lﬁ [ZBZT,J + Eyj] and p,, = \/Li[?)i] — l;Vj], with [T, py,| = i,
since 7, = /"%, Dy, = p/Vmwh and [Z,,, p,,] = ih, for the harmonic oscillator Hamiltonian

H = ];Vj + émw2x2,
m
~ 2
v 1 h
= Z—meh + §mw2—xl,j2, (258)
m mw
hw o .
=5 1+ 7]
Considering that
= bl b,
J J J
B =1 15, — ]
EERVO (259)
. 1 _
bVJ - _2 [x’/j + Zpl/]:|
we obtain,
. L. N .
Ny = 5(36’0' o Zp”j)(x’/j + Zpl/j>
L. e . _
= 5 (@, + il pu,] +B,) (260)
L o
= 5(903]- +p, — 1)
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and

R 1
thcu(nyj+§)

Substituting the Cartesian expressions of b,; and b} into Eq. (251), we obtain:

I 1 =, .~ ~ .~
T = 3 Z Ty [xl,j — zp,,j} [Ty, + iPy,]

Vi,V
1 - . 1 - R .
= 5 ZTVj7Vj(ij +p12/] - 1) + 5 Z Z TVj,Vz [ﬂjljj - ,prj] [xw + lpw]
v Vi VF#U;
1 . . 1 L L.
9 TVjv”j(xzj +p12/j -+ 92 Z Z T [Ilﬁ'xw +ijle]
vj vi Wn#vj

since [7,,, p,,] = i0,,,, while [T,,7,,] = 0and [p,,, p,] = 0.
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42 Density Functional Theory

In the Kohn-Sham formulation of density functional theory (DFT), the total electronic energy is
expressed as a sum of electronic kinetic energy 7', electron-nuclear interaction V', Coulomb self-
interaction U of the electron density p and the remaining part of the electron-electron repulsion
energy due to exchange-correlation EX¢, all expressed as functionals of the density p, as follows:

E=T+V+U+ EX°. (263)

Considering a spin-unrestricted format, as described by Pople/, o and 3 electrons are assigned
to sets of orthonormal orbitals ¢{* with¢ = 1, .., n,, and ¢f with ¢ = 1, .., ng, respectively, defining
a single Slater determinant. The corresponding total density is then obtained as the sum of the «
and [ densities,

p=r"+0r (264)

with

Na
= [
=1

ng (265)
ps =Y W17
j=1
The energies T, V and U are defined, as follows:
1 & 1 &
T=—5 > (WIV2ef) — 5 D_ () IV2I5), (266)

i—1 j=1

ffl / ‘ dr, (267)

// dr drs. (268)
Ity — r1|

EXC

The exchange-correlation energy is typically approximated by a functional f of the den-

sities and their gradients, as follows:

= /f(paapB77aaa'7aﬂ»756)dr7 (269)
where
Yik = Vpj + Vpg. (270)
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Expanding the orthonormal orbitals 15" in the basis of atomic orbitals (AOs) ¢,,,

= o, (271)
W
we obtain:

=22 2 (G el

=1 pu v

=22 FLoib
nw v

and similarly for p?, where PP, in Eq. 1} is the AO density matrix of « electrons. Substituting
these expressions into Eq. and then minimizing with respect to the expansion coefficients, as
done for the Hartree-Fock method, we obtain the equations,

> (Fg, = €Su)es; =0, (273)

v

(272)

analogous to the Roothaan-Hall Eqs. (I90) of Hartree-Fock theory. The only difference is that the
Fock matrix is replaced by the Fock-type matrices,

o core XCa
FW—HW —i—JW—i—FW ,

(274)
B __ rycore XCpB
Fo,=H + Ju+F,~".

Here, S, and H L are the overlap and bare nucleus Hamiltonian matrices, J,,, is the Coulomb
matrix

T =3 (P + P ) (wvlho). 275)
Ao
and Flff,ca are given, as follows:
af (9f af
FXC& = / v o . v .

Expressions and Fortran codes for various versions of proposed f, defining popular functionals
such as LDA, PBE, B3LYP, etc., and the corresponding derivatives af ~ 83f and 5~ ﬂ are available
at the CCLRC DFT repository . The Fortran codes were automatlcally generated w1th dfauto from
Maple expressions.

Once the equations have been solved to find the expansion coefficients ¢; through an iterative

self-consistent procedure, the Kohn-Sham energy is obtained from Eq. (263)), as follows:

E=>) PuHZ + - Z > PPy {u|ro) + EXC. (277)

uy o Ao
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42.1 Hohenberg and Kohn Theorems

The underlying concept, introduced by Eq. (263)), is that the minimum energy is a unique functional
of the ground state density (i.e., the minimum energy of a non-degenerate state is uniquely deter-
mined by the ground state density). Such concept is a consequence of the Hohenberg and Kohn
first theorem : ’For any system of interacting particles in an external potential V, the ground state
density is uniquely determined (i.e., the potential is a unique functional of the density, to within an
additive constant)’.

The theorem is demonstrated by considering two external potentials V' and V', differing by
more than a constant, giving the same ground state density p:

E' = (W [H') < (H ) = W[H + (V! = V)[¥),

278
E' < E+/drp(r)(V’(r) —V(r)), (278)
where the inequality is strict because v and ¢’ are different (i.e., eigenstates of different Hamilto-
nians). Exchanging the primed and unprimed quantities, and assuming p = p/, we obtain:

E = (@) < WH[P) = @H + (V= VI)[Y),

E<FE + / drp(r)(V(r) — V'(r)), 279)
Summing Egs. and (279), we obtain: E’ + E < E + E’ which is an absurd. Therefore, two
potentials that differ in more than a constant value cannot define the same density, so the density
defines a unique potential (except for a constant).

As mentioned above, a straightforward consequence of the first theorem is Hohenberg and Kohn
second theorem stating that the ground state energy E is uniquely determined by a functional of
the density, as follows:

E = Flp]+ /drp(r)V(r), (280)

where F'[p| is a a universal functional valid for any number of particles and any external potential
V. The second theorem can be proved by using the variational theorem with a trial state 1, as
follows:

(WIH) = Flo] + / drp(r)V(v) > Ey. (281)

where the equality holds only when v is the ground state for V' (r). Note that one can write the
energy as a functional of the density because the external potential is uniquely determined by
the density and since the potential in turn uniquely (except in degenerate situations) determines
the ground state wavefunction, all the other observables of the system such as kinetic energy are
uniquely determined.
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42.2 Kohn Sham Equations

Kohn and Sham mapped the system of interacting electrons onto a fictitious system of non-interacting
“electrons’, and wrote the variational problem for the Hohenberg-Kohn density-functional by intro-
ducing a Lagrange multiplier ;. that constrains the number of electrons to /N, as follows:

6{ﬂd+/ﬂm&Wﬁj—u(/MMﬂ—N>]:0 (282)

Fp] is separated into the kinetic energy 7'[p] of the non-interacting electron gas with density p, the
classical electrostatic potential, and the non-classical term due to exchange-correlation accounting
for the difference between the kinetic energies of the interacting and non-interacting electrons, as
follows:

FM=TM+%/@/¢%%%$+EWM. (283)

The first two terms are simple and ’classical” while the third term describes the complex behaviour
of correlated electrons and is usually approximated by using proper interpolation between asymp-
totic limits.

Substituting Eq. (283)) into Eq. (282), we obtain:

oT'[p] B
5o + Vis(r) = p, (284)

where the Kohn-Sham potential Vi ¢(r) is defined, as follows:

/
Vis(r) = /dr’% + Vxel(r) + V(r). (285)
Here, we have introduced the exchange-correlation potential Vy o (r) = 5%;((‘;:)[” 1,

Equation (284) is equivalent to the description of a system of non-interacting electrons in an
external potential Vg (r) for which the ground state can be found by solving the one-electron
Schrodinger equation:

Hys;(r) = Ej;(r), (286)
where we have introduced the Kohn-Sham orbitals 1); that are eigenstates of the DFT Hamiltonian,
1
Hgs = —§v2 + Vigs(r). (287)
The density can be computed, as follows:
N/2
p(r) =2 hj(r)"a(r), (288)
j=1

after obtaining the Kohn-Sham orbitals. However, to obtain the Kohn-Sham orbitals we need the
density since, according to Eq. (285)), Vks(r) depends on the density p(r). So, it is necessary to
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solve Eq. (286) self-consistently. Having an initial guess for the density, approximate Kohn-Sham
orbitals 1; are found by solving Eq. and the density p(r) is updated according to Eq. (288).
The procedure is repeated multiple times until the input and output densities are the same.

The total energy of the system of interacting electrons,

1 /

+3 / dr / dr/% + /drp(r)V(r) + Exclpl, (289)

can be computed from the energy E™°"~ ‘" of the non-interacting system,

N/2
Enon—int QZ E _ T +/ VKS
(290)
,p )p(r) |
dr pryTa drp(r)[Vxc(r) + V(r)],
as follows:
) 1 /

E = Enon—mt — 5/dI‘/dr/% — /dI‘p(I‘)ch(I’> +Exc[p] (291)

42.3 Thomas-Fermi Functional

The Thomas-Fermi model functional assumes a uniform distribution of electrons in phase space,
with 2 electrons per element of phase-space volume h3. According to such uniform phase-space
distribution, the number of electrons AN(r) in a volume AV at r is

2 3
AN(r) = ﬁAvgpr( r)°, (292)
where pp(r) is the maximum value of momentum for electrons in AV, as determined by the local
density p(r), as follows:

24

p(r) =5~

3 37Tpp(r)3. (293)

The local density p(r) also determines the Wigner-Seitz radius r(r), defined as the radius of a
sphere with the mean volume per electron (or, mean volume per atom in metals where each atom
contributes with a single electron to the electronic structure of interest), as follows:

4 3

3T = p(r). (294)
The fraction of electrons with momentum between p and p + dp is 4mp*dp/(57pp(r)?), since 4mp?
is the surface of a sphere of momentum p, while 4wp3dp is the volume between the surfaces of
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momentum p and p + dp and 4/37p?. is the total volume of mometum in the element of phase-
space volume h3. Therefore, the kinetic energy per unit volume is
2

PFr 2

p~  Amp
T(r) = r / dp T
( ) p( ) 0 2me %ﬂ_pF(r):;

:/‘pF dp p2 87Tp2
0 2m, h3 "’
5
_ Pr 8_7T
= 0m, 1B (295)
_ (30%p(x) 1 s
8w 10m, h3’
—(2) 2 e
8 10m,
giving the total kinetic energy as a functional of the density,
3\ 3n2
T=|— drp(r)®3. 296
(SW) 2 [ aroto (296)
The complete energy, can now be written as a functional of the density, as follows:
3\ 3n? 1 po)pr) N, [ pl)
Elp)=( — d 5/3—/d/d’—— Z-/ dr+ EX1p].
% (87r> 10me/ )T A ] 2_; 3] oy
(297)

The Thomas-Fermi model functional neglects the Exc term in Eq (297). However, such an ap-
proximation usually introduces significant errors. For example, in the one-electron limit (1.e., for
one-electron systems), £ = 0. Therefore, Exc = Ex, with Ex = —U according to Hartree-Fock
theory (see, Eq. (??)). Neglecting F'x¢ would thus introduce error since the self-interaction energy
U would no longer cancel out with the exchange term. Self-interaction corrections (SIC) can be
introduced to avoid that error. The earliest SIC was proposed by E. Fermi and E. Amaldi [Accad.
Ital. Rome 6, 119 (1934)], who replaced Ulp| by Ulp] — NU|[p/N|, where N is the number of
electrons in the system, giving the so-called Thomas-Fermi-Amaldi (TFA) functional:

3\ 3n IN -1 p(r)p(r') p(r)
ETFA = [ = /d 5/3 ——/d /d’—— Z/ dr.
(87T> 10m, ep(r)" 4 2 N e Ir — 1/ ; A '
(298)

42.4 Local Density Approximation

The local density approximation (LDA) states that if the charge density is sufficiently slowly vary-
ing, the exchange correlation energy is approximately

Exclp) = [ duple) ELES (o(r). (299)
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where FXEC (p(r)) is the exchange-correlation energy of a homogeneous electron gas (HEG) with
the same local charge density p(r).
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43 Quantum Mechanics/Molecular Mechanics Methods

A practical approach for describing the electronic structure of a molecular fragment in a complex
molecular environment is the so-called quantum mechanics/molecular mechanics (QM/MM) ap-
proach, where the environment (represented by sticks in the figure) is described in terms of a sum
of classical potentials V), described by a molecular mechanics (MM) force field, while the molec-
ular fragment ([?; in the Figure below) is described by quantum chemistry (QM) methods, as for
example by a Slater determinant obtained according to the Hartree-Fock method. The interaction

between the molecular fragment and the environment is usually defined as the sum of the elec-
trostatic interaction between the atomic charges of the environment and the nuclear and electronic
charges in molecular fragment. If the fragment is covalently bound to the environment, the bond is
broken and the covalency is completed with a link atom (usually a H atom).

The interaction between the fragment and the environment is included as an additional term in
the one-electron core Hamiltonian (Y, as follows:

7 (i 2 Z;€ Z:i1Z5€e
(@) _ _ 2 J 3’ <5 7 (3)
= om Vi Z r +ZZ hQM/MM’ (300)
e j=1 Ji j=1j'=1 ]
with
S (4 2,e2 22 €
hé))M/MM - Z . Z Z = + Z Vodw(Tri), (301)

k=1 ki j=1 k=1

where we have considered a molecular fragment with N nuclei embedded in an environment with
N, electrostatic potential atomic charges. The third term in Eq. (301) is a van der Waals potential
that accounts for the interaction of the electrons in the molecular fragment with electrons in the
environment that are not explicitly considered. Implementing the Hartree-Fock method with the
one-electron core-Hamiltonian, introduced by Eq. (300), we obtain the Hartree Fock energy g
of the molecular fragment in the electrostatic field of the surrounding environment yielding the
total QM/MM energy of the system, as follows:

EQMMM — o 4 Vi (302)
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In this simple form, the molecular fragment is polarized by the surrounding environment. Polariza-
tion of the environment due to the distribution of charges in the molecular fragment can be included
by using a polarizable molecular mechanics force field, or a moving domain QM/MM approach,
where the charges in the environment are obtained self-consistently.

Another QM/MM approach is the ONIOM methodology, as implemented in Gaussian, where
the total energy is computed, as follows:

EONIOM — EQM + V]\s/[y]f}em o V]\Jj[?}\t}gment’ (303)

where V25" and V™" are the energies of the complete system and the fragment as described
by the molecular mechanics force field.

The force fields are usually parametrized to match the experimental or ab-initio ground state
potential energy surfaces as a function of nuclear coordinates. The following section illustrates the
parametrization of the potential energy surface for diatomic molecules.

44 Empirical Parametrization of Diatomic Molecules

The main features of chemical bonding by electron pairs are properly described by the HL model
of H,. According to such model, the covalent bond is described by a singlet state,

Wrp = Ma(1)8(2) = B(1)a(2)][xa(1)xs(2) + xa(2)xs(1)],

with energy
J+ K
lE _ 1 H 1 —
+ =< Yur|H|["YnL > 1752
where H = h(1) + h(2) + €*/r12, with
A1) = ~ 25— 2
K2 2 e? e?
J =< va(D)xs@2)|Hxa(1)y5(2) >  Coulomb integral
K =<xa)xs(2)|H|xa(2)xs(1) > Exchange integral
5% =< xa(D)x5(2)xa(2)xp(1) > .
Similarly, the triplet state is described as follows,

[(1)B(2) + B(1)(2)]
ur = Na[xa(1)xs(2) — xs(1)xa(2)] § a()a(2) )
B(1)B(2)
and has energy ( )
3, (J—K
E_ = m

The energies of the singlet and triplet states are parametrized by the internuclear H-H distance and
can be represented by the following diagram,
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Energy

H-H bond length

The energies ! £ and ?E can be approximated by the following analytical functions:

"By D [l _ gemelR-Ro)] = M(R),
3 D —2a(R—Ryp) —a(R—Ro)] — *
E_zg[e 0 4 2e V] = M*(R).

Parameters D and a can be obtained by fitting M(R) to the actual (experimental or ab-initio) ground
state potential energy surface. Such parametrization allows us to express the Coulombic and Reso-
nance integrals J and K in terms of available experimental (or ab initio) data as follows,

J =~ =[(M+ M*)+ S*(M — M*)],

K~ —[(M — M*)+ S*(M + M*)).

N — NI

This parametrization of Hamiltonian matrix elements illustrates another example of semi-empirical
parametrization that can be implemented by using readily available experimental information (re-
member that in the previous section we described the semiempirical parametrization of the Hiickel
model according to the absorption spectrum of the molecule).

The covalent nature of the chemical bond significantly changes when one of the two atoms in
the molecule is substituted by an atom of different electronegativity. Under those circumstances,
the wave function should include ionic terms, e.g.,

W = Nxa(1)xa(2)a(1)5(2) — S(1)a(2)],

and

gt = Nxp(1)xp(2)[a(1)5(2) - S(La(2)).
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The complete wave function (with both covalent and ionic terms) can be described as follows,
1 = Ch1P1 + Cy1bs, where the covalent wave function is

U1 = [a(1)B(2) = B(L)a(2)](xa(L)x5(2) + xa(2)xB),
and the ionic wave function is

v = [a(1)8(2) - B(Da@)]xa(Dxa(2)& + xs(L)xs2)(1 - &),
where the parameter &; is determined by the relative electronegativity of the two atoms. For exam-
ple, consider the HF molecule. For such molecule &; =1, A represents the F atom, and B represents
the H atom (i.e., due to the electronegativity difference between the two atoms, the predominant
ionic configuration is H*F'~). Therefore, the ground state energy E, is obtained as the lowest
eigenvalue of the secular equation,

Hy —FE His
His Hy — FE
Here we have neglected 512, assuming that such approximation can be partially corrected according

to the parametrization of H5. The semiempirical parametrization strategy can be represented by
the following diagram:

= 0. (304)

Energy

Ry_p

This diagram represents the following curves:

Hyy = M = D[e2¢(R=Fo=0) _ 9p=alR=Fo=9)] jg 3 covalent state represented by a Morse poten-
tial M.

Hy =1 — EA— 22 4 Ae ™ 4 CR™, is the potential energy surface of the ionic state,
where the difference between the H ionization energy and the F electron affinity, I-EA, corresponds
to the energy of forming the ion pair H* F~. The term —%2 is the Coulombic interaction and
Ae™"F + C'R™? is the short range repulsive potential.

The ground state potential energy surface £, = M = D[e~2a(E~Fo) _9e=alf=Fo)] i5 represented

by a Morse potential M. Parameters D and R, can be obtained from the experimental bond-energy
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and bond-length. The parameter a can be adjusted to reproduce the vibrational frequency of the
diatomic molecule. The parameter Dyr = /Dy Drprandd = 0.05A4. Parameters A and C are
adjusted so that the minimum energy of Hyy corresponds to the H-F bond-length (i.e., the sum of
ionic radii of H and F). This empirical parametrization allows us to solve Eq. (66) for H,,

Hyy = /(Hyy — M)(Ha — M),

and obtain the Hamiltonian matrix elements in terms of empirical parameters.
Conclusion: Potential energy surfaces parametrized by a few empirical parameters are able to
describe bonding properties of molecules associated with atoms of different electronegativity.

Dipole Moment
The dipole moment is one of the most important properties of molecules and can be computed as
follows,

Mg =< ¢g|ﬂ|¢g >,

— Z er; + Z ez; R;.
i J

The first term of this equation involves electronic coordinates r; and the second term involves
nuclear coordinates I7;.
For example, the dipole moment of H F' can be computed as follows,

where

i

ftg = C3 < | i[thy > +C3F < hy|fithy > +2C1Cy < | jafthg >,
— T T
eRp

since 1, represents a covalent state and the overlap between v, and v, is assumed to be negligible.
The dipole moment is usually reported in Debye units, where 4.803 Debye is the dipole moment
of two charges of 1 a.u. with opposite sign and separated by 1 A, from each other.

44.1 Exercise 56

Evaluate the dipole moment for HF using the following parameters for the semiempirical model of
HF potential energy surfaces (energies are expressed in kcal/mol, and distances in A),

D=134; D=61; Ry=0.92; a=2.27,

A=640; b=2.5; C=20; [=313; EA=83.

Polarization
The electric field of an external charge 2 located at coordinate R along the axis of the molecule
does not affect the energy of the covalent state /1, but affects the energy of the ionic state Hos as
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follows,
zZe zZe

Rpy+c Rp ¢

Therefore, the presence of an external charge perturbs the ground state energy of the molecule.
Such perturbation can be computed by re-diagonalizing Eq. (66), using HY, instead of Hys. Solving
for the ground state energy we obtain,

1
By = ) [(H}y + Hi1) — ((H}y — Hy) + 4H73,)?] .

44.2 Exercise 57

(1) Plot E,, as a function of the internuclear distance R, for the HF molecule in the presence of an
external charge located in the axis of the molecule at 10 A, to the left of the F atom.

(2) Compare your results with the analog Gaussian98 calculation by using the scan keyword.
Hint: The Gaussian98 input file necessary to scan the ground state potential energy surface of H,
is described as follows,

#ht/6-31G scan

potential scan for H,

0 1

H

H1 R

R 09 5 0.1

This input file scans the potential energy of [, by performing single point calculations at 5
internuclear distances. The output energies are represented by the following diagram:
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e

09 10 1.1 12 1.3 R(H-H)
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45 Discrete Variable Representation

The goal of this section is to introduce a generic discrete variable representation (DVR) method,
introduced by Colbert and Miller [J. Chem. Phys. (1992) 96:1982-1991] to solve the time-
independent Schrodinger equation,

HC; — C;E; = 0. (305)

The method obtains the eigenstates x;(z) in a grid-based representation: x(z) = > . Cjé(z —
z;) and the corresponding eigenvalues E; by simple diagonalization of the Hamiltonian matrix
H by using standard numerical diagonalization methods —e.g., TRED2, TQLI and EIGSRT, as
described in Numerical Recipes (Ch. 11, Numerical Recipes), or Lanczos-type (iterative linear
algebra methods) that exploit the sparsity of H. The representation is based on delta functions
d(x — x;), equally spaced at coordinates z; as follows:

Tj = Tmin + JA, With A = (Za0 — Timin) /N, (306)

with 7 = 1-N.
The rest of this section shows that the Hamiltonian matrix elements can be written in such a
discrete (grid-based) representation, as follows:

h2 Y 7T2 2
<. —
HOJ)—V@ﬂ%f+§Ezﬂ—UJJ(®W§+(Lﬂ%ﬂgj7ﬁ), (307)
when the delta functions d(z — x;) are placed on a grid x; = j * A that extends over the interval
r = (—o0,00) with j = 1,2,.... Furthermore, we show that for the particular case of a radial
coordinate, defined in the interval x = (0, 00), the Hamiltonian matrix elements are:

Sy h2 =5’ ’ —1 2 2
H(j,J') = V()85 (1) (%" (% - 2j2) 1= 0) ((j —7? +jf>2)) ‘
(308)

To derive Eq. (307) and Eq. (308)), we consider the Hamiltonian,

H=T+V(&), (309)

where V() and T = % are the potential energy and kinetic energy operators, respectively. The
potential energy matrix V(9 is diagonal, with matrix elements defined as follows:

VO, k) = (GV(E)|k) = /dxé*(x eV (@)5(x — ),
= V(%k)(SLk

(310)

The kinetic energy matrix 7°) is expressed in the same grid-based representation, by first obtaining
the kinetic energy matrix 7'?) in the representation of eigenstates ¢,, () of the particle in the box
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T = (Zmin, Tmaz), and then rotating T to the representation of delta functions by using the

following similarity transformation:

7@ = p-t7@r, (311)
where I is the transformation matrix defined by the linear combinations,
= T(j, k)o(z — ;) A, (312)
J
where
F(J} k) = or(z;). (313)
Considering that 1 = [ dz¢j(x)¢y(x V[ n()d(x —x5) 305 dr(y)0 (2 — wy0) we
obtain that A’ = /A since 1 = (A/)? /A Z] A (xj)pr(z;).
The eigenstates of the particle in the box are:
2 - Ldmain
¢r(z) =/ ————Sin (k:—ﬂx Tmin) ) : (314)
Tmazr — Tmin (xmax - $min)
with ¢ (min) = 0 and ¢g(Zymaez) = 0. Therefore,
hﬂ'k‘
Pouw) = P, o), G15)
and T'?) is diagonal with matrix elements,
R R hk)? w2
T3, k) = (6| Flow) — & 8 k- 316
G:0) = @ilTlon) = 5 - Tl (316)
Therefore, substituting Eq. (316) and Eq. (313)) into Eq. (311)) we obtain,
N-1 N-1
=Y T HTOk =Y T(HTO G k)T(k, 1),
j,k:l ] k=1
Ar® & (hk) 2 = 2
N (xmax - mmin)2 Z ¢j(x1) Jk¢k( ) (wmax xmzn 2 ¢k (xl)7
Jk=1 k=1
9 9 N—-1
_ Ah*m k Sin ( Z; l'mm) Sin [ krx (xz xmm)
Qm(xmaaz - xmin)z (xmaz xmzn 1 (xmam - xmzn) (xmaz - xmin)
(317)
Finally, substituting Eq. (306) into Eq. (317) we obtain:
h2m? kmj’
T4, ) = k2Si Si : 318
G:7) 2m(Tmaz — Tmin)? Z v G18)
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To calculate the finite series introduced by Eq. (3I8) we first note that,

s () s (A7) con (B0} _ i (5L7)
— Re {Exp ( —kﬂ(jN_j )) Exp (i—kﬁ(é\j— j/))} .

so that Eq. (318)) can be written as follows:

ReZkQEx( =7_9> ReZkQE (k”NJr]))

(320)

(319)

R

Then, we consider the geometric series Sy = Zk 0 x* and we note that Sy — zSy = 1 — 2V,

therefore Sy = (1 — 2V) /(1 — ). Also, we note that

5 V= N-1
(9_ Z zF = kx*,
onE o2
8_ $k = kb — kak,
k=0 k=0 k=0
Therefore,
N-1
82 (1—2M) o ((1—aN)
k2l = — . 22
2 K (u—x>)+%n(<r—m) 322

=1

We evaluate the sums over & in Eq. (320) analytically to obtain:

- R2(—1)7" g2 [ 1 1 1
70) _ m _ 323
5T = i — o 2 S0~ 1)/ @N)] sG] O
for j # j' and
- h? (2N? +1) 1
6)(5 5} — T _
m™0.0) = 2 Tomae — Tmin)? 2 { 3 Sin2[7rj/N]] (324

Equation is obtained from Eq. (323) and Eq. (324), by taking the limit z,,;, — —o0,
Tmaz — 00, at finite A. This requires N — oo. Furthermore, since A(j + j') = z; + £ — 2% pmin
and A(j — j') = x; — ;, this limit implies (j + j') — oo while (j — j’) remains finite.

Equation (308) is obtained from Eq. (323) and Eq. (324), by making x,,,;, = 0, and taking the
limit 2,4, — 00, at finite A. This requires N — oo. In this case, A(j + j') = x; + x;» and
A(j —j") = xj — xs, and therefore both (j + ;') and (j — j) remain finite.
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45.1 Multidimensional DVR

The multidimensional version of the DVR is straightforward. For example, for three Cartesian
degrees of freedom (x,y,z), the Hamiltonian matrix is defined, as follows:

H{(ijk,i'j'k") = Tii0;500pnr + TyjrOiir Opr + Thpr 0ir 0550 + V (5, 35, T3 ) O3ir 00 Oper - (325)

A simple implementation of the multidimensional Hamiltonian, introduced by Eq. (325)), reduces
the three indices i, j, k to a single index [ = (j — 1)ngn; + (i — 1)ng +k and the three indices 7', j', k'
to a single index I’ = (j" — 1)ngn; + (i' — 1)ny + k’. The three indices 4, j, k can be calculated from
[, by using the modulo function em mod, as follows: k = mod(l, (ny * n;), giving the remainder
after division of [ by ny*n;. Analogously, i = 14+mod(l—k,n;) and j = 1+abs(l— (i —1)ng—k)
where n;, n; and n;, are the number of grid points representing x, y and z, respectively.

45.2 Computational Problem 15

15.1 Write a program to solve the time independent Schrodinger equation by using the DVR method
and apply it to find the first 4 eigenvalues and eigenfunctions of the Harmonic oscillator introduced
by Eq. withm = 1 and w = 1. Verify that the eigenvalues are E(v) = (1/2+v)hw, v = 0-10.
15.2 Change the potential of the code written in 15.1 to that of a Morse oscillator V' (#) = De(1 —
exp(—a(z — x.)))?, with z, = 0, De = 8, and a = \/k/(2D.), where k = mw?, and recompute
the eigenvalues and eigenfunctions.

15.3 Generalize the program developed in 15.1 to solve the 2-dimensional Harmonic oscillator
V(x,y) = 1/2mw?(2* + y*) and apply it to find the first 4 eigenvalues and eigenfunctions of the
Harmonic oscillator introduced by Eq. (28)) with m = 1 and w = 1. Verify that the eigenvalues are
E(V) = (1 + v+ VQ)hw.

15.4 Change the potential of the code written in 15.3 to that of a 2-dimensional Morse oscillator
V(Z,9) = De(1 —exp(—a(z — z.)))* + De(l — exp(—a(j — z.)))?, with z, = 0, De = 8, and
a=+/k/(2D.), where k = mw?, and recompute the eigenvalues and eigenfunctions.

15.5 Propagate a 1-d or 2-d wavepacket, initialized as a superposition of ground vy and first excited
state 11, ¥(0) = 1/\/5% — 1/\/51/)1 of the 1-d or 2-d Morse oscillator defined in 15.2 and 15.3,
by using the DVR Hamiltonian of item 15.4 and the Lanczos propagation scheme in the Krylov
basis as implemented in Expokit . Compare your results with the analytic solution, based on the
eigenvalues and eigenvectors: ¢(t) = 1/v/2¢gexp(—iEot) — 1/v/211exp(—iEt).
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46 Tunneling Current: Landauer Formula

We consider a 1-dimensional electron tunneling

- n* 92
Hip= |- 4oy 326
b= g V@) |, (326)
problem described by the Hamiltonian
- R 2
H=———+¢€V 327
where e is the charge of the electron and
Vi if z <0,
V(izg)=¢ WV if 0<z<a, (328)
V. if x> a,

where V}, defines the tunneling barrier, and AV = (V; — V,.) defines the voltage drop across the
barrier. Outside the tunneling interval x; < x < z,., the solutions of the Schrodinger equation are
superpositions of plane waves since the potential is constant. For energy £/ > eV and F > eV,
there are two independent solutions 1; and 1), for incident electrons from the left and from the
right, respectively.

Considering the solution for incidence from the left, we obtain:

&+ gy if 2 <0
P(x) = { Ae® 4 Be=he if 0 <z <a (329)
Lo if ©>a

where ¢f = k;l/ eEikiT are defined divided by the square root of %; so they are normalized to
carry the unit of current density //m, as shown below). The labels j = [, r indicate the left () and
right (r) side of the barrier, k; = \/2m(E — €V})/h? and k, = \/2m(E — eV,)/h2.

Applying the continuity conditions for ¢; and 9v;/0z at x = 0 and x = a, we obtain:

ke 1/2+k:_1/2 _A+B,
Aezkba + Be—zkba _ kr_l/2tr€ikra,
k> (1 — 1) = ky(A - B),
kb(Aeikba . Be*'ikba> — k’i/Qtreikra.

(330)

The transmission amplitude ¢,., reflection amplitude 7; and coefficients A and B can be obtained by
solving for them from Eq. (330).

The probability flux (or current density ) of incoming electrons from the left, described by the
incident wave ;(z, t) = k; /eik==v1) with momentum k; and energy E(k;) = Vi + h2k2/(2m),

is:
i) = g (it 220 a2 @)

2msi ox
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or

Ji(z) = ( )@/J,xt)—kcc
= —¢ (x, t)%wl(x t)+c.c., (332)
)oY

Gl )] = L.

= Re[y; (z, -

The flux of transmitted electrons described by transmitted wave ¢, (z,t) = ¢k, V2 gilkra—wt) | yith
momentum k, and energy E(k,) = eV, + h?k?/(2m), is:

1, h o
Ji(x) = =) (z,t) | —i——= | Yu(x,t) + c.c.,
2 m Ox (333)
h
= |tr,2_-
m

Therefore, the transmission coefficient 7, = j;/j;, defined as the transmitted flux j; over the inci-
dent flux at energy F is: T = |t,.|?. The reflection coefficient R; = 1 — T is the reflected flux over
the incident flux.

Analogously, we consider incidence from the right of the tunneling barrier, as follows:

o +rof if ©>a
Up(z) = Ae™® 4 Bemhe if 0 <z <a (334)
tp it <0

Solving for ¢;, we obtained the transmission coefficient 7, = |¢;|?, due to incidence from the right.

More generally, we can consider incoming waves from both left and right (¢;" and ¢, , r
) r)

in Z’VL

spectively) with amplitudes c;,, = c; that generate outgoing waves to the left and right (gbl

and ¢.", respectively) with amplitudes c,,; = cﬁzt, ;}t The amplitudes of outgoing and incoming

waves are related by the linear transformation defined by the scattering matrix (or, ’S-matrix’) S,

as follows: c,: = Sc;p:
! !
Cout _ T tl Cin
()= () () =

Due to the conservation of probability, the S-matrix must be unitary: S~! = Sf. Therefore,
SSf =1: -
T tl ’I“l tr .
(tr n) (tj ri) =1 (336)

rrl 4t = 1. (337)

which gives
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In addition, STS = 1:

Toa
r, tl rot\
o)) =

thty +rir, =1 (339)

Therefore, according to Egs. 1' and lb we obtain: 1 — tlt; = rlr; = rirr. For our 1-
dimensional case, we obtain:

which gives

Ir> = |r,|? = R. (340)

Under stationary state, dp/0dt = 0, with p = |1)*1|. Then, according to the continuity equation
Op/0t = —0j/0x, we obtain: 0j/0x = 0. Therefore, j; for z < 0 must be equal to j; for x > a.
Also, j, for x < 0 must be equal to j,. for z > a:

(1= nl?) = It (341)
and
1= |r,?) = [t]*. (342)
Dividing Eq. (341) by Eq. (342) and using (340), we obtain:
t=t,. (343)
Therefore,
T(E) = |t,|?,
= [ul* =T.(E),

so the transmission coefficient is the same for both directions of incidence and R + 71" = 1.
Considering that the number of electrons with energy £ incident from the left and right of the
barrier are n;(E) and n,(E), respectively, the net flux of charge from left to right is:

I = 26/ dkml(k:l)@Tl — 26/ dkmr(kr)%Tr,
0 m 0 m

2 [ hk; | Ok, hk, |0k,
=5 i dET(E) (m(E)E 9B n,(E) m | OF ) ’ (345)
2 [ Rk, | m k.| m
2 oo
— f dET(E) (n(E) — n,.(E)),
0

where factor of 2 accounts for the two possible spin states, the first term on the r.h.s. accounts
for the forward flux (i.e., from left to right) and the second term accounts for the backward flux
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(i.e., from right to left). Note that in the second row of Eq. (345]) we used the following equality:
1= [dE|E)(E| = 2r [ dk|k)(k|.
At equilibrium, the population of energy levels is determined by the Fermi-Dirac distribution:
1

~ AEE 1
where Fr is the Fermi level and the factor of 2 in the numerator accounts for the 2 possible spin
states. Considering the potentials for electrons at either side of the barrier, we obtain n;(E) =
n(E —€eV;) and n,.(E) = n(E — eV,). Therefore, we can expand these distributions, as follows:

on(E)

oFE

on(E
no(8) = (8~ Br) + Py, i

and write the Landauer formula, giving the current in the form of the Ohm’s law, as follows:

7= 2—he Ooo dET(E) (m(E) —n.(E)),
2¢?

h
= G(E)AV,

n(E) (346)

€W+ S
(347)

dE T(E)%AM

(348)

where G(E) = R™' =Gy [dET(E) 8?)(5) is the conductance, or inverse of the resistance R, with

Gy = % = [12.906 k]! the quantum unit of conductance. Note that G, defines the maximum
conductance (minimum resistance) per conduction channel with perfect transmission, 7'(E) = 1
(i.e., if the transport through the channel is ballistic and therefore the probability for transmitting
the electron that enters the channel is unity), as observed in experiments .

Atlow temperature (i.e., 5 — 00), the Fermi-Dirac distributions become step functions n;(E) =
2H(Er — (E —eV))) and n.(E) = 2H(Er — (E — €V,.)), with H(x) the Heaviside function equal
to 1 for z > 0, and O for = < 0. Therefore, on(E) _ )(Er — F), and

OF
2e?
1= [ dET(B)S(Er — E)AV,
o (349)
- % T(Ep)AV.

In this low-temperature limit, the conductance is the transmission times the quantum of conduc-
2
tance, G(E) = 2= T(Ep).

46.1 WKB Transmission

The goal of this subsection is to show that the transmission coefficient 7'(E) can be estimated,
under the WKB approximation, as follows:

T(E) = ¢~2J6 de/2mE—@I/R (350)
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Fig. 1. (A) Schematic diagram of the experi-
mental setup. QPC conductance is measured as
a function of AFM tip position. (B) Point con-
tact conductance G versus gate voltage V, with
no tip present at temperature T = 1.7 K. Pla-
teaus at integer multiples of 2 e?/h are clearly
seen. The inset shows a topographic image of
the point contact device.

where () = V}, describes the tunneling barrier according to Eq. (328).
To derive Eq. (350), we consider the WKB approximate solution of Eq. (327), with the follow-

ing functional form: .
() = e’ o KO, (351)

where k(z) = +/2m[E — V(z)]/h?. Note that when V(z) is constant, ¢)(z) corresponds to a
particle moving to the right with constant momentum k. Substituting ¢/(z) as defined in Eq. (351,
into Eq. (327), we obtain:

W 0*(x)

2m  Ox?

+ V(z)p(z) = EY(z) — A, (352)

with A = ik’ (a:)%w(x) Therefore, the WKB solution is a good approximation when |£'(x)| <<
k(z).

According to the WKB solution, the probability density |¢(x)|* remains constant on the left of
the tunneling barrier, when E > V}, since )(2) = ¢)(—o0)e ™"/~ 4% for 1 < 0. Inside the barrier,
however, the probability density decays exponentially:

(x) = (0)e o &VEMIEZEEIE, (353)
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since ' < &(x). In particular, at z = a, the probability density is

‘z/;(g;)‘z = ‘w(0)|26*2f0{1 da' k(") (354)
In the region with 2 > a, the probability density remains constant again since 1(z) = tp(a)e =" Ja @'kr
and | (z)|? = |[¢(a)|*. Therefore, estimating the transmission coefficient as the ratio of the proba-
bility densities to the right and to the left of the barrier, we obtain

()
() = [(0)[2 (355)

— 2 I dm\/2m|E—§(J:)\/h2.
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47 Solutions to Computational Assignments

47.1 Problem 1

Computational Problem 1: Write a computer program to represent the wave-packet, introduced
by Eq. on a grid of equally spaced coordinates z; = T, + (j — 1)A with finite resolution
A = (Tpaz — Tmin)/(n — 1) and visualize the output. Choose zq = 0 and py = 0, in the range
x=(-20,20), with « = wm, where m = 1 and w = 1.

To visualize the output of this program, cut the source code attached below save it in a file
named Probleml.f, compile it by typing

gfortran Probleml.f -o Probleml
run it by typing
./Probleml
Visualize the output as follows: type
gnuplot
then type
plot Y‘arch.0000"'

That will show the representation of the Gaussian state, introduced in Eq. (6) in terms of an array
of numbers associated with a grid in coordinate space. To exit, type

quit
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P1/Problem1.t) ,

PROGRAM Problem_1

call Initialize()

CALL SAVEWF (0)

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccceccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax,dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCctccccccccccccccccccccccceccccecececcecece
SUBROUTINE SAVEWF (3)

c Save Wave-packet in coordinate space

IMPLICIT NONE

INTEGER nptx,npts, kk, j

COMPLEX chi,EYE

REAL RV, omega, xmin, xmax,dx,pi,mass, xk, pk, x,alpha, Vpot, RKE
character+«9 B

PARAMETER (npts=10, nptx=2xxnpts)

COMMON / wfunc/ chi (nptx)

common /xy/ xmin,xmax

common /packet/mass, xk, pk

write(B, ' (A,14.4)") "arch.’, jJ
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OPEN (1, FILE=B)
dx= (xmax—-xmin) /real (nptx)
do kk=1,nptx
x=xmin+kk*dx
WRITE (1,22) x,chi(kk)
end do
CLOSE (1)
22 FORMAT (6 (el13.6,2x))
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCcCccccccccccecececececce
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47.2 Problem 2

Computational Problem 2: Write a computer program to represent the initial state, introduced by
Eq. (22), in the momentum space by applying the FFT algorithm to the grid-based representation
generated in Problem 1 and visualize the output. Represent the wave-packet amplitudes and phases
in the range p=(-4,4) and compare your output with the corresponding values obtained from the
analytic Fourier transform obtained by using:

/dx exp(—ax® + a1 + ag) = \/7/as exp(ag + a3 /(4ay)).

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem?2.f, compile it by typing

gfortran Problem2.f -o Problem?2
run it by typing
./Problem2
Visualize the output as follows: type
gnuplot
then type
plot Y ‘nume.0000’’

That will show the representation of the amplitude of the Fourier transform of the Gaussian state,
introduced in Eq. (6), in terms of an array of numbers associated with a grid in momentum space.
In order to visualize the analytic results on top of the numerical values type

replot ‘‘anal.0000"’

In order to visualize the numerically computed phases as a function of p type
plot ‘‘nume.0000 u 1:3"7

and to visualize the analytic results on top of the numerical values type
replot ‘‘'anal.0000"'

To exit, type

quit
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P2/Problem?2.t)|,

PROGRAM Problem?2

call Initialize()

CALL SAVEFT ()

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCccccccccccececceececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,rmass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/rmass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=5.0
rmass=1.0
alpha=rmass+*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccccccccceceece
subroutine SAVEFT ()

C Save wave-packet in momentum space

IMPLICIT NONE

INTEGER nptx, kx,nx, npts, j

REAL theta,wm,p, xmin, xmax, rmass, xk,pi,alenx, pk, rm,re, ri
COMPLEX eye,chi,Psip

character+«9 B1l,B2

parameter (npts=10, nptx=2xxnpts)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx)

3=0
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write(B1, ' (A,i4.4)’) ’'anal.’, J
OPEN (1, FILE=B1)
write(B2, ' (A,1i4.4)’) 'nume.’, J
OPEN (2, FILE=B2)
CALL fourn(chi,nptx,1,-1)
pi acos (-1.0)
alenx=xmax—-xmin
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if (nx.ne.0) p = real (nx)+*2.*pi/alenx
c Numerical Solution
chi (kx)=chi (kx) ralenx/sqrt (2.0*pi) /nptx
re=chi (kx)
ri=imag (chi (kx))
IF (re.NE.O) theta=atan(ri/re)
rm=abs (chi (kx))
IF (abs(p) .LE. (4.)) WRITE(2,22) p,rm,theta
IF(nX.EQ.(nth/Z)) WRITE (2,22)
c Analytic Solution
CALL FT_analy(Psip,p)
re=Psip
ri=imag (Psip)
IF (re.NE.O) theta=atan(ri/re)
rm=abs (Psip)

IF (abs(p) .LE. (4.)) WRITE(1,22) p,rm,theta
IF (nx.EQ. (nptx/2)) WRITE(1,22)
end do

CALL fourn(chi,nptx,1,1)
22 FORMAT (6 (el3.6,2x))
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcceccccee
subroutine FT_analy (Psip,p)

c Analytic Fourier Transform of the initial Gaussian wave-packet

IMPLICIT NONE

REAL p,pi,alpha, rmass, xk, pk, omega
COMPLEX Psip,c0,cl,c2,eye

common /packet/ rmass, xk,pk
eye=(0.0,1.0)

omega=1.

alpha = rmass*omega

pi=acos (-1.0)

c2=alpha/2.
cl=alphaxxk+eyex (pk-p)
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cO0=-alpha/2.xxkx*2-eye*pk*xk
Psip=sqrt (pi/c2) /sqgrt (2.0xpi) x (alpha/pi)**0.25

1 xexp (clx*2/(4.0xc2) ) xexp (c0)
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccccececece
c Subroutines from Numerical Recipes

CCCCCCCCCcCccceceeeeeeeceeceeeececeeececeeeeeceeeceecceceecececeeecececececececcececececcececcecececcecececcecececceccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL+8 WR,WI,WPR,WPI,WIEMP, THETA
DIMENSION NN (NDIM),DATA (x)

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11  CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+NPREV)
IP1=2+NPREV
IP2=IP1#N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-1I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1) =TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF (IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN*6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0O*DSIN (0.5DO*THETA) **2

WPI=DSIN (THETA)
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WR=1.DO

WI=0.DO

DO 17 I3=1,IFP1,IP1

DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2

K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) +DATA (K2) —~SNGL (WI) «DATA (K2+1)
TEMP I=SNGL (WR) *DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) —-TEMPR
DATA (K2+1) =DATA (K1+1) —-TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1) +TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+WPI+WR
WI=WI+WPR+WTEMP+WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE
RETURN
END
ccccecceccececeecccececceecccccccecccccccececccccccceccccccecccceccceccceceecccecccecccecece
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47.3 Problem 3

Computational Problem 3: Write a computer program to compute the expectation values of the
position z(0) = (¥o|Z| V) and the potential energy V = (Vo|V(2)| V), where V() is defined
according to Eq. (28) for the initial wave-packet, introduced by Eq. (22), with various possible
values of xy and pg, with & = wm, where m = 1 and w = 1.

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem3.f, compile it by typing

gfortran Problem3.f -o Problem3
run it by typing
./Problem3

The printout on the screen includes the numerically expectation values (U,|V |¥,) and (U, || T,).
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P3/Problem3.t)|,

PROGRAM Problem3

IMPLICIT NONE

REAL x, VENERGY

CALL Initialize()

CALL PE (VENERGY)

CALL Px(x)

PRINT %, "<Psi|V|Psi>=",VENERGY

PRINT x, "<Psi|x|Psi>=",x

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass~*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCcCCCCcCcCCcctcccccccccccccccccccccccccccccecceccececcecee
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, k

COMPLEX chi

REAL Vpot, RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2x*npts)
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COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1, nptx
x=xmin+k*dx
CALL VA (Vpot, x)
RV=RV+chi (k) *Vpotxconjg(chi (k) ) xdx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccceccccecece
SUBROUTINE Px (RV)

c Expectation Value of the position

IMPLICIT NONE
INTEGER nptx,npts, k
COMPLEX chi
REAL RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2xxnpts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1,nptx
x=xmin+k*dx
RV=RV+chi (k) *x*xconjg (chi (k) ) *dx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccccccccccccececee
SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

IMPLICIT NONE

REAL V, x,mass, xk, pk, rk, omega

common /packet/ mass, xk, pk

omega=1.0

rk=massx*omega2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccecee
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47.4 Problem 4

Computational Problem 4: Write a computer program to compute the expectation values of the
initial momentum p(0) = (¥, |p|¥,) and the kinetic energy T' = (U,|p?/(2m)|¥,) by using the
Fourier transform procedure, where W, is the initial wave-packet introduced by Eq. (22), with
x9 = 0, pp = 0, and @« = wm, where m = 1 and w = 1. Compute the expectation value of the
energy E = (Uo|H|W,), where H = ?/(2m) + V (2), with V(z) defined according to Eq. (28)
and compare your result with the zero-point energy Fy = w/2.

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem4.f, compile it by typing

gfortran Problem4.f -o Problem4
run it by typing
./Problem4

The printout on the screen includes the numerically expectation values (W, |p|y), (T|T|¥,) and
(U;|H|¥,). Note that the analytic value of (V,|T'|¥,) is iw/2 = 0.5 in agreement with the numer-
ical solution.
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Download from |(http://ursula.chem.yale.edu/~batista/classes/summer/P4/Problem4.f),

PROGRAM Problem4

CALL Initialize()

CALL Pp(p)

PRINT %, "<Psi|p|Psi>=",p

CALL KE (RKE)

PRINT x, "<Psi|T|Psi>=",RKE

CALL PE (RV)

PRINT *, "<Psi|H|Psi>=",RKE+RV

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass~*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCcCCCCcCcCCcctcccccccccccccccccccccccccccccecceccececcecee
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, k

COMPLEX chi

REAL Vpot, RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2x*npts)
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COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1, nptx
x=xmin+k*dx
CALL VA (Vpot, x)
RV=RV+chi (k) *Vpotxconjg(chi (k) ) xdx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee
SUBROUTINE KE (RKE)

c Expectation value of the kinetic energy

IMPLICIT NONE
INTEGER kk,nptx, kx, nx, npts
REAL dp,RKE, p, xmin, xmax, pi,alenx, dx,mass, xk, pk
COMPLEX eye,chi,Psip,chic
parameter (npts=10, nptx=2x*npts)
DIMENSION chic (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
COMMON / wfunc/ chi (nptx)
RKE=0.0
pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
do kk=1,nptx

chic (kk)=chi (kk)
end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx

if (kx.le. (nptx/2+1)) then

nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)xdp
chic (kx)=p**2/(2.0+mass) *chic (kx) /nptx
end do

CALL fourn(chic,nptx,1,-1)
do kk=1,nptx
RKE=RKE+conjg (chi (kk)) xchic (kk) xdx

end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee

SUBROUTINE Pp (pe)
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c Expectation value of the momentum

IMPLICIT NONE
INTEGER kk,nptx, kx,nx,npts
REAL dp, pe,p,xmin, xmax, pi,alenx,dx,mass, xk, pk
COMPLEX eye,chi,Psip,chic
parameter (npts=10, nptx=2xxnpts)
DIMENSION chic (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
COMMON / wfunc/ chi (nptx)
pre=0.0
pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
do kk=1,nptx
chic (kk)=chi (kk)
end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p=*chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,-1)
do kk=1,nptx
pe=pe+conjg(chi (kk)) xchic (kk) »dx
end do
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccccccceecee
SUBROUTINE VA (V, x)

c
c Potential Energy Surface: Harmonic Oscillator
c

implicit none

REAL V, x,mass, xk, pk, rk, omega

common /packet/ mass, xk, pk

omega=1.0

rk=mass*omegax*2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccece
c Subroutines from Numerical Recipes
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CCCCcCccCccCcccecceceeceececeececeecceceececeecceceececececeeececeecceceeceeececeececeecceeecceceeccecececcecececcecececcecececccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM), DATA ()

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11 CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+xNPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,1IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV) =TEMPR
DATA (I3REV+1)=TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF(IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN#6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0*DSIN (0.5D0+THETA) % %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.