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1. Introduction

In this chapter we talk about differential graded algebras, modules, categories, etc.
A basic reference is [Kel94]. A survey paper is [Kel06].

Since we do not worry about length of exposition in the Stacks project we first
develop the material in the setting of categories of differential graded modules.
After that we redo the constructions in the setting of differential graded modules
over differential graded categories.

2. Conventions

In this chapter we hold on to the convention that ring means commutative ring
with 1. If R is a ring, then an R-algebra A will be an R-module A endowed with an
R-bilinear map A x A — A (multiplication) such that multiplication is associative
and has a unit. In other words, these are unital associative R-algebras such that
the structure map R — A maps into the center of A.

Sign rules. In this chapter we will work with graded algebras and graded modules
often equipped with differentials. The sign rules on underlying complexes will
always be (compatible with) those introduced in More on Algebra, Section This
will occasionally cause the multiplicative structure to be twisted in unexpected ways
especially when considering left modules or the relationship between left and right
modules.

3. Differential graded algebras
Just the definitions.

Definition 3.1. Let R be a commutative ring. A differential graded algebra over
R is either

(1) achain complex A, of R-modules endowed with R-bilinear maps A, x A,, —
Apim, (a,b) — ab such that

dnsm(ab) = dp(a)b + (—1)"ady (b)

and such that @ A,, becomes an associative and unital R-algebra, or
(2) a cochain complex A® of R-modules endowed with R-bilinear maps A™ X
A™ — A"T™ (g, b) + ab such that

d"(ab) = d™(a)b + (—1)"ad™(b)
and such that @ A™ becomes an associative and unital R-algebra.

We often just write A = @ A,, or A = @ A™ and think of this as an associative
unital R-algebra endowed with a Z-grading and an R-linear operator d whose square
is zero and which satisfies the Leibniz rule as explained above. In this case we often
say “Let (A,d) be a differential graded algebra”.
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The Leibniz rule relating differentials and multiplication on a differential graded
R-algebra A exactly means that the multiplication map defines a map of cochain
complexes

Tot(A® ®p A®) — A*®
Here A® denote the underlying cochain complex of A.

Definition 3.2. A homomorphism of differential graded algebras f : (A,d) —
(B,d) is an algebra map f : A — B compatible with the gradings and d.

Definition 3.3. A differential graded algebra (A,d) is commutative if ab =
(=1)"ba for a in degree n and b in degree m. We say A is strictly commuta-
tive if in addition a? = 0 for deg(a) odd.

The following definition makes sense in general but is perhaps “correct” only when
tensoring commutative differential graded algebras.

Definition 3.4. Let R be a ring. Let (4,d), (B, d) be differential graded algebras
over R. The tensor product differential graded algebra of A and B is the algebra
A ®p B with multiplication defined by

(a ® b)(a/ ® b/) — (_1)deg(a/)deg(b)aa/ ® bb/
endowed with differential d defined by the rule d(a ® b) = d(a) @b+ (—1)™a ®@d(b)
where m = deg(a).

Lemma 3.5. Let R be a ring. Let (A, d), (B,d) be differential graded algebras
over R. Denote A®, B® the underlying cochain complexes. As cochain complexes
of R-modules we have

(A®g B)* = Tot(A® ®r B*).

Proof. Recall that the differential of the total complex is given by d*? + (—1)?d5?
on AP @ B?. And this is exactly the same as the rule for the differential on AQr B
in Definition [3.4] O

4. Differential graded modules

Our default in this chapter is right modules; we discuss left modules in Section [T1}

Definition 4.1. Let R be a ring. Let (A, d) be a differential graded algebra over
R. A (right) differential graded module M over A is a right A-module M which has
a grading M = @ M™ and a differential d such that M™A™ C M™+™ such that
d(M™) ¢ M™*! and such that

d(ma) = d(m)a + (—1)"md(a)
fora € Aandm € M™. A homomorphism of differential graded modules f : M — N

is an A-module map compatible with gradings and differentials. The category of
(right) differential graded A-modules is denoted Mod 4 q)-

Note that we can think of M as a cochain complex M?® of (right) R-modules.
Namely, for r € R we have d(r) = 0 and r maps to a degree 0 element of A, hence
d(mr) = d(m)r.

The Leibniz rule relating differentials and multiplication on a differential graded
R-module M over a differential graded R-algebra A exactly means that the multi-
plication map defines a map of cochain complexes

Tot(M® ®r A*) — M*
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Here A® and M*® denote the underlying cochain complexes of A and M.

Lemma 4.2. Let (A,d) be a differential graded algebra. The category Mod 4, 4y is
abelian and has arbitrary limits and colimits.

Proof. Kernels and cokernels commute with taking underlying A-modules. Sim-
ilarly for direct sums and colimits. In other words, these operations in Mod 4 q)
commute with the forgetful functor to the category of A-modules. This is not the
case for products and limits. Namely, if N;, ¢ € I is a family of differential graded
A-modules, then the product [T N; in Mod 4 q) is given by setting (J] N;)™ = [T N/
and [[N; = @,,(I[ Ni)". Thus we see that the product does commute with the
forgetful functor to the category of graded A-modules. A category with products
and equalizers has limits, see Categories, Lemma ([l

Thus, if (A,d) is a differential graded algebra over R, then there is an exact functor
Mod(4,qy — Comp(R)

of abelian categories. For a differential graded module M the cohomology groups
H™(M) are defined as the cohomology of the corresponding complex of R-modules.
Therefore, a short exact sequence 0 - K — L — M — 0 of differential graded
modules gives rise to a long exact sequence

(4.2.1) H"(K) — H"(L) — H"(M) — H""'(K)

of cohomology modules, see Homology, Lemma [13.12

Moreover, from now on we borrow all the terminology used for complexes of mod-
ules. For example, we say that a differential graded A-module M is acyclic if
HF(M) = 0 for all k € Z. We say that a homomorphism M — N of differential

graded A-modules is a quasi-isomorphism if it induces isomorphisms H*(M) —
HF(N) for all k € Z. And so on and so forth.

Definition 4.3. Let (A, d) be a differential graded algebra. Let M be a differential
graded module whose underlying complex of R-modules is M*®. For any k € Z we
define the k-shifted module M k] as follows

(1) the underlying complex of R-modules of M k] is M*[k], i.e., we have M [k]" =
M" ™ and dpp = (—1)%dpy and
(2) as A-module the multiplication
(ME])"™ x A™ — (M[k]))™ ™
is equal to the given multiplication M™% x A™ — Mrthtm,

For a morphism f : M — N of differential graded A-modules we let f[k] : M[k] —
NTk] be the map equal to f on underlying A-modules. This defines a functor
[k}] : MOd(A,d) — MOd(A7d).

Let us check that with this choice the Leibniz rule is satisfied. Let z € M[k]" =
M™% and a € A™ and denoting ‘mk) the product in Mk] then we see
duey (@ aapry @) = (1) das (wa)
= (-D*du(@)a + (1) ad(a)
=dyp(z)a+ (-1)"zd(a)

= duw(z) My a+ (=1)"2 -mp d(a)
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This is what we want as x has degree n as a homogeneous element of M[k]. We
also observe that with these choices we may think of the multiplication map as the
map of complexes

Tot(M*[k] @ A*) — Tot(M® @ A*)[k] — M°®[k]

where the first arrow is More on Algebra, Section which in this case does not
involve a sign. (In fact, we could have deduced that the Liebniz rule holds from
this observation.)

The remarks in Homology, Section apply. In particular, we will identify the
cohomology groups of all shifts M [k] without the intervention of signs.

At this point we have enough structure to talk about triangles, see Derived Cate-
gories, Definition In fact, our next goal is to develop enough theory to be able
to state and prove that the homotopy category of differential graded modules is a
triangulated category. First we define the homotopy category.

5. The homotopy category

Our homotopies take into account the A-module structure and the grading, but not
the differential (of course).

Definition 5.1. Let (A, d) be a differential graded algebra. Let f,g: M — N be
homomorphisms of differential graded A-modules. A homotopy between f and g is
an A-module map h: M — N such that

(1) h(M™) c N™! for all n, and

(2) f(x) —g(z) =dn(h(x)) + h(dp(z)) for all z € M.
If a homotopy exists, then we say f and g are homotopic.

Thus h is compatible with the A-module structure and the grading but not with
the differential. If f = ¢g and h is a homotopy as in the definition, then A defines a
morphism h : M — N[—1] in Mod 4 q).

Lemma 5.2. Let (A, d) be a differential graded algebra. Let f,g : L — M be
homomorphisms of differential graded A-modules. Suppose given further homomor-
phisms a : K — L, andc: M — N. If h : L — M is an A-module map which
defines a homotopy between f and g, then c o h o a defines a homotopy between
cofoaandcogoa.

Proof. Immediate from Homology, Lemma [13.7] ]

This lemma allows us to define the homotopy category as follows.

Definition 5.3. Let (A,d) be a differential graded algebra. The homotopy cat-
egory, denoted K(Mod(a,q)), is the category whose objects are the objects of
Mod4,q) and whose morphisms are homotopy classes of homomorphisms of dif-
ferential graded A-modules.

The notation K (Mod4,4)) is not standard but at least is consistent with the use
of K(—) in other places of the Stacks project.

Lemma 5.4. Let (A, d) be a differential graded algebra. The homotopy category
K(Moda,q)) has direct sums and products.
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Proof. Omitted. Hint: Just use the direct sums and products as in Lemma (4.2
This works because we saw that these functors commute with the forgetful functor
to the category of graded A-modules and because [] is an exact functor on the
category of families of abelian groups. O

6. Cones
We introduce cones for the category of differential graded modules.

Definition 6.1. Let (A, d) be a differential graded algebra. Let f: K — L be a
homomorphism of differential graded A-modules. The cone of f is the differential
graded A-module C(f) given by C(f) = L ® K with grading C(f)" = L™ @ K"+!

and differential
d _(dr f
chH=\Vo =d K

It comes equipped with canonical morphisms of complexes i : L — C(f) and
p: C(f) — K[1] induced by the obvious maps L — C(f) and C(f) — K.

The formation of the cone triangle is functorial in the following sense.

Lemma 6.2. Let (A, d) be a differential graded algebra. Suppose that

K]_HLl

f1
|
f2
K2 —— L2
is a diagram of homomorphisms of differential graded A-modules which is commu-

tative up to homotopy. Then there exists a morphism ¢ : C(f1) — C(f2) which
gives rise to a morphism of triangles

(a’7bac) : (Klaleo(fl)aflaihpl) — (K17L17C(f1)af2)i27p2)
mn K(MOd(A,d)).

Proof. Let h: K1 — Ly be a homotopy between fs oa and bo f;. Define ¢ by the
matrix

C:(g Z):Ll@KlﬁLQ@KQ

A matrix computation show that ¢ is a morphism of differential graded modules.
It is trivial that coiy = i3 0b, and it is trivial also to check that ppoc=aop;. O

7. Admissible short exact sequences

An admissible short exact sequence is the analogue of termwise split exact sequences
in the setting of differential graded modules.

Definition 7.1. Let (A,d) be a differential graded algebra.

(1) A homomorphism K — L of differential graded A-modules is an admissible
monomorphism if there exists a graded A-module map L — K which is left
inverse to K — L.

(2) A homomorphism L — M of differential graded A-modules is an admissible
epimorphism if there exists a graded A-module map M — L which is right
inverse to L — M.
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(3) A short exact sequence 0 - K — L — M — 0 of differential graded A-
modules is an admissible short exact sequence if it is split as a sequence of
graded A-modules.

Thus the splittings are compatible with all the data except for the differentials.
Given an admissible short exact sequence we obtain a triangle; this is the reason
that we require our splittings to be compatible with the A-module structure.

Lemma 7.2. Let (A, d) be a differential graded algebra. Let 0 - K — L —
M — 0 be an admissible short exact sequence of differential graded A-modules. Let
$s:M — L and 7 : L — K be splittings such that Ker(m) = Im(s). Then we obtain
a morphism

d=modpos: M — KJ[1]

of Mod(4,q) which induces the boundary maps in the long exact sequence of coho-
mology m

Proof. The map 7w o dy, o s is compatible with the A-module structure and the
gradings by construction. It is compatible with differentials by Homology, Lemmas
Let R be the ring that A is a differential graded algebra over. The equality of
maps is a statement about R-modules. Hence this follows from Homology, Lemmas

[[410 and [4.111 O
Lemma 7.3. Let (A, d) be a differential graded algebra. Let

K T) L
|,k
M—2>N
be a diagram of homomorphisms of differential graded A-modules commuting up to

homotopy.

(1) If f is an admissible monomorphism, then b is homotopic to a homomor-
phism which makes the diagram commute.

(2) If g is an admissible epimorphism, then a is homotopic to a morphism
which makes the diagram commute.

Proof. Let h : K — N be a homotopy between bf and ga, i.e., bf — ga = dh + hd.
Suppose that 7 : L — K is a graded A-module map left inverse to f. Take
b = b— dhm — hrd. Suppose s : N — M is a graded A-module map right inverse
to g. Take a’ = a + dsh + shd. Computations omitted. O

Lemma 7.4. Let (A, d) be a differential graded algebra. Let a : K — L be a
homomorphism of differential graded A-modules. There exists a factorization

K%l "o

in Mod 4 q) such that

(1) & is an admissible monomorphism (see Definition [71)),
(2) there is a morphism s : L — L such that wo s = idy, and such that s o is
homotopic to idj .
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Proof. The proof is identical to the proof of Derived Categories, Lemma

Namely, we set L = L ® C(lg) and we use elementary properties of the cone
construction. (]

Lemma 7.5. Let (A,d) be a differential graded algebra. Let Ly — Ly — ... —
L, be a sequence of composable homomorphisms of differential graded A-modules.
There exists a commutative diagram

Ly Lo . L,
M, M, . M,

n Mod(Ad) such that each M; — M;1+1 is an admissible monomorphism and each
M; — L; is a homotopy equivalence.

Proof. The case n =1 is without content. Lemma [7.4]is the case n = 2. Suppose
we have constructed the diagram except for M,,. Apply Lemma to the compo-
sition M,,_1 — Lp_1 — L,. The result is a factorization M, _; — M, — L, as
desired. 0

Lemma 7.6. Let (A, d) be a differential graded algebra. Let 0 — K; — L; —
M; — 0, i = 1,2,3 be admissible short exact sequence of differential graded A-
modules. Let b : Ly — Lo and V' : Ly — L3 be homomorphisms of differential
graded modules such that

K, ——L ——M; Ky —— Ly —— M>
ol bl ol and lo \Lb’ io
Ky —— Ly —— My K3 —— L3 —— M3

commute up to homotopy. Then b’ o b is homotopic to 0.

Proof. By Lemma we can replace b and b’ by homotopic maps such that the
right square of the left diagram commutes and the left square of the right diagram
commutes. In other words, we have Im(b) C Im(K> — Lo) and Ker((d')") D
Im(K5 — L3). Then bod’ =0 as a map of modules. O

8. Distinguished triangles
The following lemma produces our distinguished triangles.

Lemma 8.1. Let (A, d) be a differential graded algebra. Let0 — K — L — M — 0
be an admissible short exact sequence of differential graded A-modules. The triangle

(8.1.1) K—L— M2 K[

with 6 as in Lemma is, up to canonical isomorphism in K(Mod s, q)), indepen-
dent of the choices made in Lemma[7.3

Proof. Namely, let (s’,7') be a second choice of splittings as in Lemma Then
we claim that § and ¢’ are homotopic. Namely, write s’ = s+aoh and 7’ = 7+ go 3
for some unique homomorphisms of A-modules h : M — K and g : M — K of
degree —1. Then g = —h and g is a homotopy between § and §’. The computations
are done in the proof of Homology, Lemma [14.12 O
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Definition 8.2. Let (A4,d) be a differential graded algebra.

(1) f0 - K - L - M — 0 is an admissible short exact sequence of differ-
ential graded A-modules, then the triangle associated to 0 — K — L —

M — 0 is the triangle of K(Mod4,q4))-

(2) A triangle of K (Mod4,q)) is called a distinguished triangle if it is isomorphic
to a triangle associated to an admissible short exact sequence of differential
graded A-modules.

9. Cones and distinguished triangles

Let (A, d) be a differential graded algebra. Let f : K — L be a homomorphism of
differential graded A-modules. Then (K, L,C(f), f,,p) forms a triangle:

K—L—C(f)— K[1]

in Mod(4,q) and hence in K (Mod(4,q)). Cones are not distinguished triangles in
general, but the difference is a sign or a rotation (your choice). Here are two precise
statements.

Lemma 9.1. Let (A, d) be a differential graded algebra. Let f : K — L be a
homomorphism of differential graded modules. The triangle (L, C(f), K[1],4,p, f[1])
is the triangle associated to the admissible short exact sequence

0—-L—-C(f) > K[1] =0
coming from the definition of the cone of f.

Proof. Immediate from the definitions. O

Lemma 9.2. Let (4,d) be a differential graded algebra. Let oo : K — L and
B : L — M define an admissible short exact sequence

0->K—L—-M-—=0

of differential graded A-modules. Let (K,L,M,«,(3,0) be the associated triangle.
Then the triangles

(M[_l]v Ka Lv 6[_1}7 Q, ﬂ) and (M[_l]v K7 C(é[_l])a 5[_1]7 iap)
are isomorphic.

Proof. Using a choice of splittings we write L = K & M and we identify o and
with the natural inclusion and projection maps. By construction of § we have

_(dg ¢
= (5 a)
On the other hand the cone of §[—1] : M[-1] — K is given as C(§[-1]) = K ® M

with differential identical with the matrix above! Whence the lemma. O

Lemma 9.3. Let (A, d) be a differential graded algebra. Let f1 : K1 — Ly and
fo 1 Ko — Lo be homomorphisms of differential graded A-modules. Let

(a,b,c): (Ky1,L1,C(f1), fi,41,p1) — (K1, L1,C(f1), f2,i2,p2)

be any morphism of triangles of K(Mod4,q)). If a and b are homotopy equivalences
then so is c.
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Proof. Let a=! : Ky — K; be a homomorphism of differential graded A-modules
which is inverse to a in K(Mod4 4)). Let b=': Ly — Ly be a homomorphism of
differential graded A-modules which is inverse to bin K (Mod4,qy). Let ¢’ : C(fa) —
C(f1) be the morphism from Lemmaapplied to fioa~! = b lof,. If we can show
that coc’ and ¢’ oc are isomorphisms in K (Mod 4 qy) then we win. Hence it suffices
to prove the following: Given a morphism of triangles (1,1,¢) : (K, L,C(f), f,,p)
in K(Mod(4,q) the morphism c is an isomorphism in K (Mod 4 qy). By assumption
the two squares in the diagram

L——C(f) —— K][1]

R
L——0C(f) — K[1]

commute up to homotopy. By construction of C(f) the rows form admissible short
exact sequences. Thus we see that (¢ — 1) = 0 in K(Mod(4,q)) by Lemma (7.6 .
Hence c is an isomorphism in K (Mod (4 q)) with inverse 2 — c.

The following lemma shows that the collection of triangles of the homotopy category
given by cones and the distinguished triangles are the same up to isomorphisms, at
least up to sign!

09KF Lemma 9.4. Let (A, d) be a differential graded algebra.

(1) Given an admissible short eract sequence 0 — K < L — M — 0 of
differential graded A-modules there exists a homotopy equivalence C(a) —
M such that the diagram

1( I/ C(a) - K[1]
K-> " ]\l4 o K[1]

defines an isomorphism of triangles in K(Mod 4, q)).
(2) Given a morphism of complexes f : K — L there exists an isomorphism of

triangles
K L C(f) — K[1]

where the upper triangle is the triangle associated to a admissible short
exact sequence K — L — M.

Proof. Proof of (1). We have C(a) = L @ K and we simply define C(a) — M
via the projection onto L followed by 3. This defines a morphism of differential
graded modules because the compositions K1 — L"*1 — M"™*! are zero. Choose
splittings s : M — L and 7 : L — K with Ker(n) = Im(s) and set § = modpos
as usual. To get a homotopy inverse we take M — C(«) given by (s,—0). This
is compatible with differentials because §" can be characterized as the unique map
M™ — K™ such that do s™ — s"t! od = a 0 §7, see proof of Homology, Lemma
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14.10, The composition M — C(f) — M is the identity. The composition C(f) —
M — C(f) is equal to the morphism

sof 0
—dof8 0

To see that this is homotopic to the identity map use the homotopy h : C(a) —
C(«) given by the matrix

(g 8) .Cla)=LeK > LaK=Cla)

It is trivial to verify that

(b - o= )00 <)

To finish the proof of (1) we have to show that the morphisms —p : C(a) — K|[1]
(see Definition and C(a) = M — K]J1] agree up to homotopy. This is clear
from the above. Namely, we can use the homotopy inverse (s, —d) : M — C(«) and
check instead that the two maps M — K|[1] agree. And note that po (s, —0) = =9
as desired.

Proof of (2). Weletf:K%IN/,s:L%Zandﬂ:L%LbeasinLemma
By Lemmas and the triangles (K,L,C(f),i,p) and (K,L,C(f),i,p) are
isomorphic. Note that we can compose isomorphisms of triangles. Thus we may
replace L by L and f by f. In other words we may assume that f is an admissible
monomorphism. In this case the result follows from part (1). O

10. The homotopy category is triangulated
We first prove that it is pre-triangulated.

Lemma 10.1. Let (A, d) be a differential graded algebra. The homotopy category
K(Mod 4 qy) with its natural translation functors and distinguished triangles is a
pre-triangulated category.

Proof. Proof of TR1. By definition every triangle isomorphic to a distinguished
one is distinguished. Also, any triangle (K, K,0,1,0,0) is distinguished since
0 - K - K — 0 — 0 is an admissible short exact sequence. Finally, given
any homomorphism f : K — L of differential graded A-modules the triangle
(K,L,C(f), f,i, —p) is distinguished by Lemma

Proof of TR2. Let (X,Y,Z, f,g,h) be a triangle. Assume (Y, Z, X[1],g, h, —f[1])
is distinguished. Then there exists an admissible short exact sequence 0 — K —
L - M — 0 such that the associated triangle (K,L,M,a,(,0) is isomorphic
to (Y, Z,X[1],g,h,—f[1]). Rotating back we see that (X,Y,Z, f, g, h) is isomor-
phic to (M[-1], K, L,—[-1],a, 3). It follows from Lemma that the triangle
(M[-1], K, L,§[-1],«, B) is isomorphic to (M[-1], K,C(6[-1]),d[—1],%,p). Pre-
composing the previous isomorphism of triangles with —1 on Y it follows that
(X,Y, Z, f,g,h) is isomorphic to (M[-1], K, C(§[—1]),0[—1],4, —p). Hence it is dis-
tinguished by Lemma On the other hand, suppose that (X,Y,Z, f,g,h) is
distinguished. By Lemma [9.4] this means that it is isomorphic to a triangle of the
form (K, L,C(f), f,i,—p) for some morphism f of Mod(4 4). Then the rotated
triangle (Y, Z, X[1], g, h, — f[1]) is isomorphic to (L, C(f), K[1],4, —p, —f[1]) which
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is isomorphic to the triangle (L, C(f), K[1],4,p, f[1]). By Lemma this triangle
is distinguished. Hence (Y, Z, X[1], g, h, — f[1]) is distinguished as desired.

Proof of TR3. Let (X,Y, Z, f,g,h) and (X', Y', Z' ', ¢', k') be distinguished trian-
gles of K(A) and let a: X — X’ and b: Y — Y’ be morphisms such that ' oa =
bo f. By Lemmawe may assume that (X,Y,Z, f,g,h) = (X,Y,C(f), f,i,—p)
and (X, Y, 7', f',¢',h) = (X, Y',C(f"), f',i',—p’). At this point we simply ap-
ply Lemma to the commutative diagram given by f, f/, a,b. O

Before we prove TR4 in general we prove it in a special case.

Lemma 10.2. Let (A, d) be a differential graded algebra. Suppose that a : K — L
and 8 : L — M are admissible monomorphisms of differential graded A-modules.
Then there exist distinguished triangles (K, L, Q1,c, p1,d1), (K, M, Q2, Boa, pa,ds)
and (L, M, Qs, 8, ps,ds) for which TR4 holds.

Proof. Say m; : L — K and 73 : M — L are homomorphisms of graded A-
modules which are left inverse to @ and 3. Then also K — M is an admissible
monomorphism with left inverse mo = w1 o 3. Let us write @1, Q2 and @3 for
the cokernels of K — L, K — M, and L — M. Then we obtain identifications
(as graded A-modules) Q1 = Ker(m), Q3 = Ker(mz) and Q2 = Ker(my). Then
L=K®Q: and M = LHQ3 as graded A-modules. This implies M = KB Q1 Q3.
Note that my = 7 o w3 is zero on both (1 and QX3. Hence Q2 = Q1 ® Q3. Consider
the commutative diagram

0O - K - L — @ — 0
1

I {
0 - K - M — Q@ — 0
A \ 1

0 - L - M — Q3 — 0

The rows of this diagram are admissible short exact sequences, and hence determine
distinguished triangles by definition. Moreover downward arrows in the diagram
above are compatible with the chosen splittings and hence define morphisms of
triangles

(K—L—->Q—K[l]) — (K= M— Q2 — KI[1))
and

(K—-M—Qy— K[1]) — (L > M — Q3 — L[1]).
Note that the splittings @3 — M of the bottom sequence in the diagram provides
a splitting for the split sequence 0 — @1 — Q2 — @3 — 0 upon composing with
M — Q2. It follows easily from this that the morphism 6 : Q3 — @Q1[1] in the
corresponding distinguished triangle

(@1 — Q2 — Q3 — Qu[1])
is equal to the composition Q3 — L[1] — Q1[1]. Hence we get a structure as in the

conclusion of axiom TRA4. O

Here is the final result.

Proposition| 10.3. Let (A, d) be a differential graded algebra. The homotopy
category K (Mod4,q)) of differential graded A-modules with its natural translation
functors and distinguished triangles is a triangulated category.
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Proof. We know that K (Mod4,q)) is a pre-triangulated category. Hence it suffices
to prove TR4 and to prove it we can use Derived Categories, Lemma Let
K — L and L — M be composable morphisms of K (Mod 4 4)). By Lemma we
may assume that K — L and L — M are admissible monomorphisms. In this case
the result follows from Lemma [I0.2 O

11. Left modules

Everything we have said sofar has an analogue in the setting of left differential
graded modules, except that one has to take care with some sign rules.

Let (A,d) be a differential graded R-algebra. Exactly analogous to right modules,
we define a left differential graded A-module M as a left A-module M which has
a grading M = @ M™ and a differential d, such that A"M™ C M™™™  such that
d(M™) Cc M™! and such that

d(am) = d(a)m + (—1)%°@ad(m)

for homogeneous elements a € A and m € M. As before this Leibniz rule exactly
signifies that the multiplication defines a map of complexes

Tot(A®* @r M*) — M*®
Here A® and M*® denote the complexes of R-modules underlying A and M.
Definition 11.1. Let R be a ring. Let (A,d) be a differential graded algebra
over R. The opposite differential graded algebra is the differential graded algebra
(A°PP d) over R where A°PP = A as a graded R-module, d = d, and multiplication
is given by
@ opp b= (—1)dc8(@) dee(®)pg
for homogeneous elements a,b € A.
This makes sense because
(@ opp b) = (1)@ 4 (ba)
= (—1)des(@) deg(®)q(p)q + (—1)desl@) deg®)+des(b)pq ()
= (‘Udeg(a)a ‘opp d(b) + d(a) -opp b

as desired. In terms of underlying complexes of R-modules this means that the
diagram

Tot(A® ® 5 A®) A*

multiplication of A°PP

commutativity constrainti id

multiplication of A

Tot(A® ®5 A®) A*

commutes. Here the commutativity constraint on the symmetric monoidal category
of complexes of R-modules is given in More on Algebra, Section

Let (A, d) be a differential graded algebra over R. Let M be a left differential graded
A-module. We will denote M°PP the module M viewed as a right A°’P-module with
multiplication -,p, defined by the rule

m “opp a = (71)d6g(a) deg(m)am
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for a and m homogeneous. This is compatible with differentials because we could
have used the diagram

. . °
TOt(M OR A ) multiplication on M °PP ]T
id

commutativity constraint i

multiplication on M

Tot(A®* @ M*®) M*

to define the multiplication -y, on M°PP. To see that it is an associative multipli-

cation we compute for homogeneous elements a,b € A and m € M that
™M opp (@ opp b) = (— 1)des(@)despy, ., pp (ba)

1)
( l)dcg(a) deg b)+dcg(ab) deg(m) bam
1)

= (-

— (_ )deg(a) deg(b)+deg(ab) deg(m)+deg(b) deg(am)+deg(a) deg(m)(

1)des(@) deg(®)-+deg(ab) deg(m)-+deg(8) deg(am) (g . b

m opp @)
= (1 opp @) “opp b

Of course, we could have been shown this using the compatibility between the

associativity and commutativity constraint on the symmetric monoidal category of
complexes of R-modules as well.

Lemma 11.2. Let (A, d) be a differential graded R-algebra. The functor M
MP°PP from the category of left differential graded A-modules to the category of right
differential graded A°PP-modules is an equivalence.

Proof. Omitted. O

Mext, we come to shifts. Let (A, d) be a differential graded algebra. Let M be a left
differential graded A-module whose underlying complex of R-modules is denoted
M?®. For any k € Z we define the k-shifted module M k] as follows

(1) the underlying complex of R-modules of M[k] is M*[k]
(2) as A-module the multiplication
A" (ME)™ — (M[K])"™
is equal to (—1)™* times the given multiplication A" x M™*k — pyntmtk,
Let us check that with this choice the Leibniz rule is satisfied. Let a € A™ and
x € M[k]™ = M™"* and denoting - () the product in M[k] then we see

Ay (@ arpwy ) = (1) dpr (az)
= ()" d(a)z + (—1)F " ady ()
= d(a) -y = + (1) " adpr (2)
=d(a) ‘pp z+ (=1)"a prpy darppy (@)
This is what we want as a has degree n as a homogeneous element of A. We also

observe that with these choices we may think of the multiplication map as the map
of complexes

Tot(A®* @r M*[k]) — Tot(A®* @ M®)[k] — M°®[k]
where the first arrow is More on Algebra, Section which in this case involves

exactly the sign we chose above. (In fact, we could have deduced that the Liebniz
rule holds from this observation.)

‘opp b
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With the rule above we have canonical identifications
(M[K])°PP = M°PP[k]

of right differential graded A°PP-modules defined without the intervention of signs,
in other words, the equivalence of Lemma [11.2]is compatible with shift functors.

Our choice above necessitates the following definition.

Definition 11.3. Let R be a ring. Let A be a Z-graded R-algebra.

(1) Given a right graded A-module M we define the kth shifted A-module M [k]
as the same as a right A-module but with grading (M[k])" = M"™*F.

(2) Given a left graded A-module M we define the kth shifted A-module M k]
as the module with grading (M[k])® = M"*¥ and multiplication A™ x
(M[k])™ — (M[k])"T™ equal to (—1)™* times the given multiplication A™ x
Mm-i-k N Mn—i—m—i—k'

Let (A,d) be a differential graded algebra. Let f,g : M — N be homomorphisms
of left differential graded A-modules. A homotopy between f and g is a graded
A-module map h : M — N[—1] (observe the shift!) such that

f(@) = g(z) = dy (h(x)) + h(dr (2))

for all z € M. If a homotopy exists, then we say f and g are homotopic. Thus
h is compatible with the A-module structure (with the shifted one on N) and the
grading (with shifted grading on N) but not with the differential. If f = g and h is
a homotopy, then h defines a morphism h : M — N[—1] of left differential graded
A-modules.

With the rule above we find that f,g : M — N are homotopic if and only if the
induced morphisms f°PP g°PP : M°PP — N°PP are homotopic as right differential
graded A°PP-module homomorphisms (with the same homotopy).

The homotopy category, cones, admissible short exact sequences, distinguished tri-
angles are all defined in exactly the same manner as for right differential graded
modules (and everything agrees on underlying complexes of R-modules with the
constructions for complexes of R-modules). In this manner we obtain the analogue
of Proposition [[0.3] for left modules as well, or we can deduce it by working with
right modules over the opposite algebra.

12. Tensor product

Let R be a ring. Let A be an R-algebra (see Section . Given a right A-module
M and a left A-module N there is a tensor product

M®q N

This tensor product is a module over R. As an R-module M ® 4 N is generated by
symbols z ® y with x € M and y € N subject to the relations

(1 +22) QY —T1 QY — 120 Y,
TR (Y1 +y2) —T @Y — T @ Ya,
rTa®y—r®ay

fora € A, x,x1,20 € M and y,y1,y2 € N. We list some properties of the tensor
product
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In each variable the tensor product is right exact, in fact commutes with direct
sums and arbitrary colimits.

The tensor product M ®4 N is the receptacle of the universal A-bilinear map
MxN—=M®aN, (z,y) = z®y. In a formula

Bilinear 4 (M x N, Q) = Homg(M ®4 N, Q)
for any R-module Q.

If A is a Z-graded algebra and M, N are graded A-modules then M ®4 N is a
graded R-module. Then nth graded piece (M ®4 N)™ of M ® 4 N is equal to

Coker (P, _ M orA'ox N >@  M'@xN?)

where the map sends s ® a @y to r @ ay —za®y for x € M", y € N*, and a € A
with 7 + s +¢ = n. In this case the map M x N — M ®4 N is A-bilinear and
compatible with gradings and universal in the sense that

GradedBilinearA(M X N, Q) = Homgraded R—modules(M ®a N, Q)
for any graded R-module @) with an obvious notion of graded bilinar map.

If (A,d) is a differential graded algebra and M and N are left and right differential
graded A-modules, then M ® 4 N is a differential graded R-module with differential
dz@y) =d(z) @y + (-1)*@z @ d(y)

for € M and y € N homogeneous. In this case the map M x N — M ®4 N is A-
bilinear, compatible with gradings, and compatible with differentials and universal
in the sense that

DifferentialGradedBilinear (M x N, Q) = Homcomp(r) (M ®a N, Q)

for any differential graded R-module ) with an obvious notion of differential graded
bilinar map.

13. Hom complexes and differential graded modules
We urge the reader to skip this section.

Let R be a ring and let M*® be a complex of R-modules. Consider the complex of
R-modules

E®* = Hom*(M*, M*)
introduced in More on Algebra, Section[71] By More on Algebra, Lemma there
is a canonical composition law

Tot(E®* @g E®) — E*

which is a map of complexes. Thus we see that E® with this multiplication is a
differential graded R-algebra which we will denote (E,d). Moreover, viewing M*
as Hom®(R, M*®) we see that composition defines a multiplication

Tot(E* @ M®) — M*
which turns M*® into a left differential graded E-module which we will denote M.

Lemmal 13.1. In the situation above, let A be a differential graded R-algebra. To
gwe a left A-module structure on M is the same thing as giving a homomorphism

A — FE of differential graded R-algebras.
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Proof. Proof omitted. Observe that no signs intervene in this correspondence. [

We continue with the discussion above and we assume given another complex N*®
of R-modules. Consider the complex of R-modules Hom®(M*®, N*) introduced in
More on Algebra, Section [71] As above we see that composition

Tot(Hom® (M*®,N°®) @ E*) — Hom®(M*, N*)

defines a multiplication which turns Hom®(M?®, N*®) into a right differential graded
E-module. Using Lemma [I3.1] we conclude that given a left differential graded A-
module M and a complex of R-modules N°® there is a canonical right differential
graded A-module whose underlying complex of R-modules is Hom®(M*®, N®) and
where multiplication
Hom"(M®, N®) x A™ — Hom" "™ (M* N*)

sends f = (fp.q)p+q=n With f,, € Hom(M~9, N?) and a € A™ to the element
f-a=(fp,q0a) where f, , 0a is the map

a

M- Y pma T N g f ) (az)
without the intervention of signs. Let us use the notation Hom(M, N*) to denote

this right differential graded A-module.

Lemma 13.2. Let R be a ring. Let (A, d) be a differential graded R-algebra. Let
M’ be a right differential graded A-module and let M be a left differential graded
A-module. Let N® be a complex of R-modules. Then we have

Hom rrod , 49 (M',Hom(M,N°*)) = Homcomp(R)(M’ ®a M,N°*)
where M ®4 M is viewed as a complez of R-modules as in Section[13

Proof. Let us show that both sides correspond to graded A-bilinear maps
M x M — N°*

compatible with differentials. We have seen this is true for the right hand side
in Section Given an element g of the left hand side, the equality of More on
Algebra, Lemma determines a map of complexes of R-modules ¢’ : Tot(M’' ®gr
M) — N°. In other words, we obtain a graded R-bilinear map ¢” : M’ x M — N*
compatible with differentials. The A-linearity of ¢ translates immediately into A-
bilinarity of g”. O

Let R, M*, E*, E, and M be as above. However, now suppose given a differential
graded R-algebra A and a right differential graded A-module structure on M.
Then we can consider the map

Tot(A® @ M*) 2 Tot(A®* @ M*) — M*

where the first arrow is the commutativity constraint on the differential graded
category of complexes of R-modules. This corresponds to a map

T:A* — E°
of complexes of R-modules. Recall that E™ =[]

7(a) = (Tp,q(@))ptq=n for a € A™. Then we see

Tpa(a) : M™7 — MP, s (—1)de8@dee@gg = (—1)""gq

ptq=n Homp (M~ MP) and write
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This is not compatible with the product on A as the readed should expect from the
discussion in Section [TI] Namely, we have
r(aa’) = (~1)%8@ 5 (¢ )r(a)
We conclude the following lemma is true
Lemmal 13.3. In the situation above, let A be a differential graded R-algebra. To

giwe a right A-module structure on M is the same thing as giving a homomorphism
T : A — E°PP of differential graded R-algebras.

Proof. See discussion above and note that the construction of 7 from the multi-
plication map M™ x A™ — M™ ™ uses signs. O

Let R, M*, E®, E, A and M be as above and let a right differential graded A-module
structure on M be given as in the lemma. In this case there is a canonical left differ-
ential graded A-module whose underlying complex of R-modules is Hom® (M®, N*®).
Namely, for multiplication we can use

Tot(A®* ® g Hom®(M*®, N*®)) LN Tot(Hom®(M*®, N®) @p A*®)

L Tot(Hom®(M*®, N*) @ g Hom®(M*®, M*))

— Tot(Hom®(M*®, N°®)
The first arrow uses the commutativity constraint on the category of complexes
of R-modules, the second arrow is described above, and the third arrow is the
composition law for the Hom complex. Each map is a map of complexes, hence
the result is a map of complexes. In fact, this construction turns Hom®(M*®, N*®)
into a left differential graded A-module (associativity of the multiplication can be

shown using the symmetric monoidal structure or by a direct calculation using the
formulae below). Let us explicate the multiplication

A" x Hom™(M®, N*) — Hom" ™™ (M* N*)
It sends a € A™ and f = (fp,q)ptq=m With fp 4 € Hom(M~9, NP) to the element
a - f with constituents

(71>nmfp,q OT—q,q+n(a) _ (71)nmfn(q+n)fp,q oaq = (71)np+nfp7q oa

in Hompg (M ~97", N?) where f, 4 © a is the map

M- L pe —)fp'q NP,z fpq(za)

Here a sign of (—1)"?*™ does intervene. Let us use the notation Hom(M, N*) to
denote this left differential graded A-module.

Lemma 13.4. Let R be a ring. Let (A, d) be a differential graded R-algebra. Let
M be a right differential graded A-module and let M’ be a left differential graded
A-module. Let N® be a complex of R-modules. Then we have

Homyest diff graded A-modutes(M', Hom(M, N*)) = Hom comp(r) (M @4 M', N*)
where M @ 4 M’ is viewed as a complex of R-modules as in Section [13
Proof. Let us show that both sides correspond to graded A-bilinear maps
Mx M — N°*

compatible with differentials. We have seen this is true for the right hand side
in Section [[2} Given an element g of the left hand side, the equality of More on
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Algebra, Lemma determines a map of complexes ¢’ : Tot(M' ®r M) — N°.
We precompose with the commutativity constraint to get

Tot(M @5 M') % Tot(M' ©r M) <5 N*

which corresponds to a graded R-bilinear map ¢” : M x M’ — N*® compatible with
differentials. The A-linearity of g translates immediately into A-bilinarity of g”.
Namely, say # € M¢ and 2’ € (M’)¢" and a € A”. Then on the one hand we have

(—1)* g/ (aa’ @ )
(~1)“ g (aa’) (w)
(-1)
— (-1)

g"(z,az")

D) (a - g(a')) ()

1)¢ (n+e’)+n(n+ete )+ng(xl)(l,a)

and on the other hand we have
g"(za,a") = (1) g (&' @ wa) = (=1)“Fg(a') (wa)
which is the same thing by a trivial mod 2 calculation of the exponents. (I
Remark|/ 13.5. Let R be a ring. Let A be a differential graded R-algebra. Let M
be a left differential graded A-module. Let N® be a complex of R-modules. The
constructions above produce a right differential graded A-module Hom (M, N*) and
then a leftt differential graded A-module Hom(Hom(M, N*®), N*®). We claim there
is an evaluation map
ev: M — Hom(Hom (M, N*®),N*®)
in the category of left differential graded A-modules. To define it, by Lemma [T32]
it suffices to construct an A-bilinear pairing
Hom(M,N®*) x M — N°*

compatible with grading and differentials. For this we take

(f,z) — f(2)
We leave it to the reader to verify this is compatible with grading, differentials, and
A-bilinear. The map ev on underlying complexes of R-modules is More on Algebra,

Item .
Remark|/13.6. Let R be a ring. Let A be a differential graded R-algebra. Let M
be a right differential graded A-module. Let N°® be a complex of R-modules. The
constructions above produce a left differential graded A-module Hom(M, N*®) and
then a right differential graded A-module Hom(Hom(M, N*®), N*®). We claim there
is an evaluation map

ev: M — Hom(Hom (M, N*®),N*®)
in the category of right differential graded A-modules. To define it, by Lemma [T3.2]
it suffices to construct an A-bilinear pairing

M x Hom(M,N®*) — N°*

compatible with grading and differentials. For this we take

(a, f) > (—1)teedeeld) p()
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We leave it to the reader to verify this is compatible with grading, differentials, and
A-bilinear. The map ev on underlying complexes of R-modules is More on Algebra,

Item .

Remark| 13.7. Let R be a ring. Let A be a differential graded R-algebra. Let
M*® and N°® be complexes of R-modules. Let k € Z and consider the isomorphism

Hom®(M®, N*)[—k] — Hom®(M°[k], N*®)

of complexes of R-modules defined in More on Algebra, Item . If M* has the
structure of a left, resp. right differential graded A-module, then this is a map
of right, resp. left differential graded A-modules (with the module structures as
defined in this section). We omit the verification; we warn the reader that the

A-module structure on the shift of a left graded A-module is defined using a sign,
see Definition 1.3

14. Projective modules over algebras

In this section we discuss projective modules over algebras analogous to Algebra,
Section [77] This section should probably be moved somewhere else.

Let R be a ring and let A be an R-algebra, see Section [2] for our conventions. It is
clear that A is a projective right A-module since Hom 4 (A, M) = M for any right
A-module M (and thus Homu4 (A, —) is exact). Conversely, let P be a projective
right A-module. Then we can choose a surjection €, ; A — P by choosing a set
{pi}ier of generators of P over A. Since P is projective there is a left inverse to the
surjection, and we find that P is isomorphic to a direct summand of a free module,
exactly as in the commutative case (Algebra, Lemma .

We conclude

(1) the category of A-modules has enough projectives,

(2) A is a projective A-module,

(3) every A-module is a quotient of a direct sum of copies of A,

(4) every projective A-module is a direct summand of a direct sum of copies of
A.

15. Projective modules over graded algebras

In this section we discuss projective graded modules over graded algebras analogous
to Algebra, Section

Let R be aring. Let A be a Z-graded algebra over R. Section [2]for our conventions.
Let Mod 4 denote the category of graded right A-modules. For an integer k let A[k]
denote the shift of A. For a graded right A-module we have

Homoq , (A[K], M) = M~

As the functor M + M~* is exact on Mod4 we conclude that A[k] is a projective
object of Mod 4. Conversely, suppose that P is a projective object of Mod 4. By
choosing a set of homogeneous generators of P as an A-module, we can find a

surjection
P Ak —P
i€l

Thus we conclude that a projective object of Mod 4 is a direct summand of a direct
sum of the shifts A[k].
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We conclude
(1) the category of graded A-modules has enough projectives,
(2) Alk] is a projective A-module for every k € Z,
(3) every graded A-module is a quotient of a direct sum of copies of the modules
Alk] for varying k,
(4) every projective A-module is a direct summand of a direct sum of copies of
the modules A[k] for varying k.

16. Projective modules and differential graded algebras

If (A,d) is a differential graded algebra and P is an object of Mod 4 q) then we say
P is projective as a graded A-module or sometimes P is graded projective to mean
that P is a projective object of the abelian category Mod 4 of graded A-modules as
in Section

Lemma 16.1. Let (A, d) be a differential graded algebra. Let M — P be a
surjective homomorphism of differential graded A-modules. If P is projective as a
graded A-module, then M — P is an admissible epimorphism.

Proof. This is immediate from the definitions. O
Lemma 16.2. Let (A,d) be a differential graded algebra. Then we have
Hom o, , ) (Alk], M) = Ker(d: M~ — M~*+1)
and
Hom ¢ (nsod 4 ) (AlK], M) = H*(M)
for any differential graded A-module M.

Proof. Immediate from the definitions. O

17. Injective modules over algebras

In this section we discuss injective modules over algebras analogous to More on
Algebra, Section This section should probably be moved somewhere else.

Let R be a ring and let A be an R-algebra, see Section [2] for our conventions. For
a right A-module M we set

MY = Homgz(M,Q/Z)

which we think of as a left A-module by the multiplication (af)(z) = f(za).
Namely, ((ab)f)(x) = f(xab) = (bf)(xa) = (a(bf))(z). Conversely, if M is a
left A-module, then MV is a right A-module. Since Q/Z is an injective abelian
group (More on Algebra, Lemma , the functor M +— MV is exact (More on
Algebra, Lemma . Moreover, the evaluation map M — (MVY)V is injective for
all modules M (More on Algebra, Lemma |55.7)).

We claim that AV is an injective right A-module. Namely, given a right A-module
N we have

Hom 4 (N, AY) = Hom4(N,Homgz(A,Q/Z)) = NV
and we conclude because the functor N — NV is exact. The second equality holds
because

Homz(N,Homz(A4,Q/Z)) = Homz(N ®z A, Q/Z)
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by Algebra, Lemma Inside this module A-linearity exactly picks out the
bilinear maps ¢ : N x A — Q/Z which have the same value on z ® a and za ® 1,
i.e., come from elements of NV.

Finally, for every right A-module M we can choose a surjection @, .; A — M"Y to

get an injection M — (MY)Y — [[,c; AY.

iel

We conclude

(1) the category of A-modules has enough injectives,
(2) AV is an injective A-module, and
(3) every A-module injects into a product of copies of AV.

18. Injective modules over graded algebras

In this section we discuss injective graded modules over graded algebras analogous
to More on Algebra, Section

Let R be aring. Let A be a Z-graded algebra over R. Section [2]for our conventions.
If M is a graded R-module we set

W, o, Q/7) = B,

nez

as a graded R-module (no signs in the actions of R on the homogeneous parts).
If M has the structure of a left graded A-module, then we define a right graded
A-module structure on MY by letting a € A™ act by

(M~ = (M), [ foa
as in Section[I3] If M has the structure of a right graded A-module, then we define
a left graded A-module structure on MV by letting a € A™ act by

(M™™)Y = (M~ fe ()" foa

as in Section [13| (the sign is forced on us because we want to use the same formula
for the case when working with differential graded modules — if you only care
about graded modules, then you can omit the sign here). On the category of (left
or right) graded A-modules the functor M — MV is exact (check on graded pieces).
Moreover, there is an injective evaluation map

ev: M — (MY)Y, ev™ = (—1)" the evaluation map M™ — (M™)¥)¥

of graded R-modules, see More on Algebra, Item . This evaluation map is a
left, resp. right A-module homomorphism if M is a left, resp. right A-module, see
Remarks and [I3.6] Finally, given k € Z there is a canonical isomorphism

MY[—k] — (M[K])*

of graded R-modules which uses a sign and which, if M is a left, resp. right A-
module, is an isomorphism of right, resp. left A-modules. See Remark [I3.7]

We claim that AV is an injective object of the category Mod4 of graded right
A-modules. Namely, given a graded right A-module N we have

HomModA (N7 Av) = HomComp(Z)(N ®a A7 Q/Z)) = (NO)V

by Lemma (applied to the case where all the differentials are zero). We conclude
because the functor N + (N°)V = (NV)? is exact.
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Finally, for every graded right A-module M we can choose a surjection of graded

left A-modules

@EI Alk;) — MY
where A[k;] denotes the shift of A by k; € Z. We do this by choosing homogeneous
generators for MV. In this way we get an injection

M — (MY)Y = [[Ak]Y = [ A" [k

Observe that the products in the formula above are products in the category of
graded modules (in other words, take products in each degree and then take the
direct sum of the pieces).
We conclude that

(1) the category of graded A-modules has enough injectives,

(2) for every k € Z the module AY[k] is injective, and

(3) every A-module injects into a product in the category of graded modules
of copies of shifts AY[k].

19. Injective modules and differential graded algebras

If (A,d) is a differential graded algebra and I is an object of Mod 4 q) then we say
1 is injective as a graded A-module or sometimes I is graded injective to mean that
I is a injective object of the abelian category Mod s of graded A-modules.

Lemma 19.1. Let (A, d) be a differential graded algebra. Let I — M be an
injective homomorphism of differential graded A-modules. If I is graded injective,
then I — M is an admissible monomorphism.

Proof. This is immediate from the definitions. O

Let (A,d) be a differential graded algebra. If M is a left, resp. right differential
graded A-module, then

MY = Hom*(M*, Q/Z)
with A-module structure constructed in Section [18]is a right, resp. left differential
graded A-module by the discussion in Section[I3] By Remarks and [13.6] there
evaluation map of Section [I§]

M —s (M)
is a homomorphism of left, resp. right differential graded A-modules
Lemma 19.2. Let (A, d) be a differential graded algebra. If M is a left differential
graded A-module and N is a right differential graded A-module, then
Hom ufod s o, (N, M) = Hom comp(zy (N @4 M, Q/Z)
= DifferentialGradedBilinear ,(N x M,Q/Z)

Proof. The first equality is Lemma and the second equality was shown in
Section [[2 0

Lemma 19.3. Let (A, d) be a differential graded algebra. Then we have
Hom o, , (M, AV[k]) = Ker(d: (MY)* — (MY)**1)

and
HomK(MOd(Ayd))(M’ A\/ [k]) = Hk(MV)
as functors in the differential graded A-module M.
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Proof. This is clear from the discussion above. O

20. P-resolutions

This section is the analogue of Derived Categories, Section

Let (A, d) be a differential graded algebra. Let P be a differential graded A-module.
We say P has property (P) if it there exists a filtration

0=F ,PCFKHPCHPC...CP

by differential graded submodules such that

(1) P=UFR,P,

(2) the inclusions F; P — F; 1P are admissible monomorphisms,

(3) the quotients Fjy1P/F;P are isomorphic as differential graded A-modules

to a direct sum of A[k].

In fact, condition (2) is a consequence of condition (3), see Lemmal[16.1] Moreover,
the reader can verify that as a graded A-module P will be isomorphic to a direct
sum of shifts of A.

Lemma 20.1. Let (A, d) be a differential graded algebra. Let P be a differen-
tial graded A-module. If Fy is a filtration as in property (P), then we obtain an
admissible short exact sequence

0-EPrrP-EPFP->P—0
of differential graded A-modules.

Proof. The second map is the direct sum of the inclusion maps. The first map
on the summand F; P of the source is the sum of the identity F; P — F;P and the
negative of the inclusion map F; P — F; 1 P. Choose homomorphisms s; : F; 41 P —
F; P of graded A-modules which are left inverse to the inclusion maps. Composing
gives maps s;; : F;P — F;P for all j > 4. Then a left inverse of the first arrow
maps ¢ € FjP to (sjo(x),sj1(x),....s-1(),0,...) in @ F,P. O

The following lemma shows that differential graded modules with property (P) are
the dual notion to K-injective modules (i.e., they are K-projective in some sense).
See Derived Categories, Definition [31.1

Lemma 20.2. Let (A, d) be a differential graded algebra. Let P be a differential
graded A-module with property (P). Then

HomK(MOd(A’d))(P3 N) = 0
for all acyclic differential graded A-modules N.

Proof. We will use that K (Mod(4 q)) is a triangulated category (Proposition[10.3).
Let F, be a filtration on P as in property (P). The short exact sequence of Lemma
[20.7] produces a distinguished triangle. Hence by Derived Categories, Lemma [£.2] it
suffices to show that
Hom ¢ (Mod( 4 4y) (5P, N) =0

for all acyclic differential graded A-modules N and all i. Each of the differential
graded modules F;P has a finite filtration by admissible monomorphisms, whose
graded pieces are direct sums of shifts A[k]. Thus it suffices to prove that

HomK(Mod(A,d))(A[k}vN) = 0
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for all acyclic differential graded A-modules N and all k. This follows from Lemma
16.2 ([

Lemma 20.3. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism P — M of differential graded
A-modules with the following properties
(1) P — M is surjective,
(2) Ker(dp) — Ker(dyr) is surjective, and
(3) P sits in an admissible short exact sequence 0 — P’ — P — P” — 0 where
P, P" are direct sums of shifts of A.

Proof. Let Py be the free A-module with generators x,y in degrees k and k + 1.
Define the structure of a differential graded A-module on Py by setting d(z) = y
and d(y) = 0. For every element m € M" there is a homomorphism P, — M
sending x to m and y to d(m). Thus we see that there is a surjection from a direct
sum of copies of P to M. This clearly produces P — M having properties (1) and
(3). To obtain property (2) note that if m € Ker(dys) has degree k, then there is a
map A[k] — M mapping 1 to m. Hence we can achieve (2) by adding a direct sum
of copies of shifts of A. O

Lemma 20.4. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism P — M of differential graded
A-modules such that

(1) P — M is a quasi-isomorphism, and
(2) P has property (P).
Proof. Set M = M. We inductively choose short exact sequences
0—>Mi+1—)Pi—>Mi—>0

where the maps P; — M; are chosen as in Lemma This gives a “resolution”

PP Mo

Then we set
P = P,

i>0
as an A-module with grading given by P" = @, ,_, PY, and differential (as in
the construction of the total complex associated to a double complex) by

dp(z) = f-a() + (=1)*dp_, (x)

for x € P®,. With these conventions P is indeed a differential graded A-module.
Recalling that each P; has a two step filtration 0 — P} — P, — P} — 0 we set

FoP = @izjzo P; C @120 P=Pr

and we add P/ 1 to I P to get 5 1. These are differential graded submodules
and the successive quotients are direct sums of shifts of A. By Lemma [16.1] we
see that the inclusions F; P — F;;1 P are admissible monomorphisms. Finally, we
have to show that the map P — M (given by the augmentation Py — M) is a
quasi-isomorphism. This follows from Homology, Lemma [26.2 (]
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21. I-resolutions

This section is the dual of the section on P-resolutions.

Let (A,d) be a differential graded algebra. Let I be a differential graded A-module.
We say I has property (I) if it there exists a filtration

I=FID>DFKRIDKID...D0

by differential graded submodules such that
(1) I =limI/F,I,
(2) the maps I/F;11I — I/F;I are admissible epimorphisms,
(3) the quotients F;I/F; I are isomorphic as differential graded A-modules to
products of the modules AY[k] constructed in Section

In fact, condition (2) is a consequence of condition (3), see Lemma The reader
can verify that as a graded module I will be isomorphic to a product of A [k].

Lemma 21.1. Let (A, d) be a differential graded algebra. Let I be a differen-
tial graded A-module. If F, is a filtration as in property (I), then we obtain an
admissible short exact sequence

0—=1I—[[1/F1—][1/FI—0
of differential graded A-modules.
Proof. Omitted. Hint: This is dual to Lemma 20.11 O

The following lemma shows that differential graded modules with property (I) are
the analogue of K-injective modules. See Derived Categories, Definition [31.1

Lemma 21.2. Let (4, d) be a differential graded algebra. Let I be a differential
graded A-module with property (I). Then

HomK(MOd(A,d))(N? I) = O
for all acyclic differential graded A-modules N.

Proof. We will use that K (Mod 4 q)) is a triangulated category (Proposition.
Let F, be a filtration on I as in property (I). The short exact sequence of Lemma
produces a distinguished triangle. Hence by Derived Categories, Lemma it
suffices to show that
HomK(Mod(Ayd))(N, I/F;I)=0

for all acyclic differential graded A-modules N and all i. Each of the differential
graded modules I/F;I has a finite filtration by admissible monomorphisms, whose
graded pieces are products of AV [k]. Thus it suffices to prove that

HOHl}{(l\/[Od(A,d))(]\/v7 Av[/f]) =0

for all acyclic differential graded A-modules N and all k. This follows from Lemma
and the fact that (—)Y is an exact functor. O

Lemma 21.3. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism M — I of differential graded
A-modules with the following properties

(1) M — I is injective,

(2) Coker(dys) — Coker(dy) is injective, and
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(3) I sits in an admissible short exact sequence 0 — I' — I — I" — 0 where
I', I" are products of shifts of AV.

Proof. We will use the functors N — NV (from left to right differential graded
modules and from right to left differential graded modules) constructed in Section
and all of their properties. For every k € Z let Qj be the free left A-module
with generators z, y in degrees k and k4 1. Define the structure of a left differential
graded A-module on @y, by setting d(z) = y and d(y) = 0. Arguing exactly as in
the proof of Lemma we find a surjection

@iel Qk; — MY

of left differential graded A-modules. Then we can consider the injection
VAV vV _
M_>(M ) %(@ieIQki) _HieIIki

where I, = QV, is the “dual” right differential graded A-module. Further, the
short exact sequence 0 — A[—k — 1] — Qr — A[—k] — 0 produces a short exact
sequence 0 — AY[k] — I, — AV[k+ 1] — 0.

The result of the previous paragraph produces M — I having properties (1) and
(3). To obtain property (2), suppose m € Coker(d,s) is a nonzero element of degree
k. Pick a map A : M*¥ — Q/Z which vanishes on Im(M*~! — M*) but not on m.
By Lemma this corresponds to a homomorphism M — AY[k] of differential
graded A-modules which does not vanish on m. Hence we can achieve (2) by adding
a product of copies of shifts of AV. O

Lemma 21.4. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism M — I of differential graded
A-modules such that

(1) M — I is a quasi-isomorphism, and
(2) I has property (I).

Proof. Set M = M. We inductively choose short exact sequences
0—+M,—1I, - M1 —0
where the maps M; — I; are chosen as in Lemma [21.3] This gives a “resolution”
(Y VN ARELI FRELR N
Denote I the differential graded A-module with graded parts
I”:Hizolin—z
and differential defined by
dr(z) = fi(x) + (=1)'dp, (z)

for z € Ifﬁi. With these conventions I is indeed a differential graded A-module.
Recalling that each I; has a two step filtration 0 — I} — I; — I/’ — 0 we set

m_ n—j n—i _ n
&Ifﬂmg CH@Q =1
and we add a factor IZ{+1 to Fo;I to get Fp;411. These are differential graded sub-

modules and the successive quotients are products of shifts of AV. By Lemma m
we see that the inclusions F;1] — F;I are admissible monomorphisms. Finally,
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we have to show that the map M — I (given by the augmentation M — I) is a
quasi-isomorphism. This follows from Homology, Lemma [26.3] (]

22. The derived category

Recall that the notions of acyclic differential graded modules and quasi-isomorphism
of differential graded modules make sense (see Section [4]).

Lemma 22.1. Let (A, d) be a differential graded algebra. The full subcategory
Ac of K(Moda,q)) consisting of acyclic modules is a strictly full saturated tri-
angulated subcategory of K(Mods, qy). The corresponding saturated multiplicative
system (see Derived Categories, Lemma of K(Mod s, qy) is the class Qis of
quasi-isomorphisms. In particular, the kernel of the localization functor

Q : K(MOd(Avd)) — Qis_lK(MOd(AVd))
is Ac. Moreover, the functor H° factors through Q.

Proof. We know that HY is a homological functor by the long exact sequence of
homology . The kernel of H? is the subcategory of acyclic objects and the
arrows with induce isomorphisms on all H* are the quasi-isomorphisms. Thus this
lemma is a special case of Derived Categories, Lemma [6.11

Set theoretical remark. The construction of the localization in Derived Categories,
Proposition [5.6| assumes the given triangulated category is “small”, i.e., that the
underlying collection of objects forms a set. Let V,, be a partial universe (as in
Sets, Section containing (A,d) and where the cofinality of « is bigger than
Ng (see Sets, Proposition . Then we can consider the category Mod (4 q4),o Of
differential graded A-modules contained in V. A straightforward check shows that
all the constructions used in the proof of Proposition @Work inside of Mod(4,4),a
(because at worst we take finite direct sums of differential graded modules). Thus
we obtain a triangulated category QisglK(Mod(Ayd)’a). We will see below that if
£ > «, then the transition functors

Qis,, ' K (Mod(4,q),0) — Qisg ' K (Mod,q),5)
are fully faithful as the morphism sets in the quotient categories are computed
by maps in the homotopy categories from P-resolutions (the construction of a P-
resolution in the proof of Lemma [20.4] takes countable direct sums as well as direct

sums indexed over subsets of the given module). The reader should therefore think
of the category of the lemma as the union of these subcategories. O

Taking into account the set theoretical remark at the end of the proof of the pre-
ceding lemma we define the derived category as follows.

Definition 22.2. Let (A,d) be a differential graded algebra. Let Ac and Qis be
as in Lemma The derived category of (A, d) is the triangulated category

D(A,d) = K(Mod4,4))/Ac = Qis™" K (Mod4.a))-

We denote H° : D(A,d) — Modpg the unique functor whose composition with the
quotient functor gives back the functor H° defined above.

Here is the promised lemma computing morphism sets in the derived category.

Lemma 22.3. Let (A, d) be a differential graded algebra. Let M and N be differ-
ential graded A-modules.
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(1) Let P — M be a P-resolution as in Lemma[20.4 Then
Hompa,q)(M,N) = HomK(Mod(A,d))(P, N)
(2) Let N — I be an I-resolution as in Lemma[21.4] Then
Hompa,q)(M, N) = Homg (nod, , ) (M, I)
Proof. Let P — M be as in (1). Since P — M is a quasi-isomorphism we see that
Hompa,ay(P, N) = Homp(a,q4y(M, N)
by definition of the derived category. A morphism f : P — N in D(A,d) is equal

to s~ ! f/ where f' : P — N’ is a morphism and s : N — N’ is a quasi-isomorphism.
Choose a distinguished triangle

N — N —Q— N[1]

As s is a quasi-isomorphism, we see that @ is acyclic. Thus HomK(Mod(AYd))(R Qlk]) =
0 for all £ by Lemma Since HomK(Mod(Avd))(P, —) is cohomological, we con-
clude that we can lift f’ : P — N’ uniquely to a morphism f : P — N. This
finishes the proof.

The proof of (2) is dual to that of (1) using Lemma in stead of Lemma[20.2 O

Lemma 22.4. Let (A, d) be a differential graded algebra. Then

(1) D(A, d) has both direct sums and products,
(2) direct sums are obtained by taking direct sums of differential graded modules,
(3) products are obtained by taking products of differential graded modules.

Proof. We will use that Mod4 4y is an abelian category with arbitrary direct sums
and products, and that these give rise to direct sums and products in K (Mod 4 q4)).
See Lemmas (2] and 5.4

Let M; be a family of differential graded A-modules. Consider the graded direct
sum M = @ M; which is a differential graded A-module with the obvious. For
a differential graded A-module N choose a quasi-isomorphism N — I where [ is
a differential graded A-module with property (I). See Lemma Using Lemma
223l we have

Hompa,q)(M, N) = Homp(a,a)(M, I)
= [ [ Homg (a,a)(M;, 1)
= [[Homp(a,a)(M;, N)
whence the existence of direct sums in D(A,d) as given in part (2) of the lemma.

Let M; be a family of differential graded A-modules. Consider the product M =
[[M; of differential graded A-modules. For a differential graded A-module N
choose a quasi-isomorphism P — N where P is a differential graded A-module

with property (P). See Lemma Using Lemma we have
HOHID(A_’d) (N7 M) = HOIHK(Ad) (,P7 M)

= H Hom g (a,a)(P, M)
= H Homp,q)(N, M;)

whence the existence of direct sums in D(A, d) as given in part (3) of the lemma. O
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OFQE Remark 22.5. Let R be a ring. Let (A,d) be a differential graded R-algebra.
Using P-resolutions we can sometimes reduce statements about general objects of
D(A,d) to statements about A[k]. Namely, let T be a property of objects of D(A,d)
and assume that
(1) if K, @ € I is a family of objects of D(A,d) and T(K;) holds for all ¢ € I,
then T(P K;),
(2) it K - L - M — KJ[1] is a distinguished triangle of D(A,d) and T holds
for two, then T holds for the third object, and
(3) T(A[k]) holds for all k € Z.

Then T holds for all objects of D(A,d). This is clear from Lemmas and

23. The canonical delta-functor

09KZ Let (A,d) be a differential graded algebra. Consider the functor Mod(4q) —
K(Mod4,4y). This functor is not a o-functor in general. However, it turns out
that the functor Mod 4,4y — D(A,d) is a 0-functor. In order to see this we have to
define the morphisms § associated to a short exact sequence

0KSL5M-0

in the abelian category Mod 4 qy. Consider the cone C(a) of the morphism a. We
have C(a) = L & K and we define g : C'(a) — M via the projection to L followed
by b. Hence a homomorphism of differential graded A-modules

q:C(a) — M.
It is clear that g o i = b where i is as in Definition Note that, as a is injective,

the kernel of ¢ is identified with the cone of idx which is acyclic. Hence we see that
q is a quasi-isomorphism. According to Lemma [9.4] the triangle

(Ka L7 C(a)7 a, ia 7p)
is a distinguished triangle in K'(Mod (4 q)). As the localization functor K (Mod(a q)) —
D(A,d) is exact we see that (K,L,C(a),a,i,—p) is a distinguished triangle in
D(A,d). Since g is a quasi-isomorphism we see that ¢ is an isomorphism in D(A, d).
Hence we deduce that
(K7La Ma a7b7 —po qil)
is a distinguished triangle of D(A,d). This suggests the following lemma.

09L0 |Lemma 23.1. Let (A, d) be a differential graded algebra. The functor Mod 4, q) —
D(A, d) defined has the natural structure of a d-functor, with

Sk LM =—pogq !
with p and q as explained above.

Proof. We have already seen that this choice leads to a distinguished triangle
whenever given a short exact sequence of complexes. We have to show functorial-
ity of this construction, see Derived Categories, Definition This follows from
Lemma 6.2 with a bit of work. Compare with Derived Categories, Lemma[12:1] O

0CRL |Lemma 23.2. Let (A,d) be a differential graded algebra. Let M, be a system
of differential graded modules. Then the derived colimit hocolimM,, in D(A, d) is
represented by the differential graded module colim M, .
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Proof. Set M = colim M,,. We have an exact sequence of differential graded
modules

0= P, - P M, —M-0

by Derived Categories, Lemma (applied the underlying complexes of abelian
groups). The direct sums are direct sums in D(A) by Lemmam Thus the result
follows from the definition of derived colimits in Derived Categories, Definition [33.1]
and the fact that a short exact sequence of complexes gives a distinguished triangle

(Lemma [23.1]). O
24. Linear categories
Just the definitions.

Definition 24.1. Let R be a ring. An R-linear category A is a category where
every morphism set is given the structure of an R-module and where for x,y,z €
Ob(A) composition law

Hom 4(y, z) X Hom4(x,y) — Hom 4(z, 2)
is R-bilinear.
Thus composition determines an R-linear map
Homy(y, z) ® g Hom 4 (z,y) — Hom 4(z, 2)
of R-modules. Note that we do not assume R-linear categories to be additive.

Definition 24.2. Let R be a ring. A functor of R-linear categories, or an R-
linear functor is a functor F' : A — B where for all objects x,y of A the map
F : Hom4(z,y) — Hompg(F (z), F(y)) is a homomorphism of R-modules.

25. Graded categories

Just some definitions.

Definition 25.1. Let R be a ring. A graded category A over R is a category
where every morphism set is given the structure of a graded R-module and where
for x,y,z € Ob(A) composition is R-bilinear and induces a homomorphism

HOI’II_A(y, Z) ®R HOHI_A(I’, y) — HomA(xv Z)
of graded R-modules (i.e., preserving degrees).

In this situation we denote Homi‘(aﬁ,y) the degree i part of the graded object
Hom 4 (z,y), so that

Hom A(,3) = ), _, Hom'y (a,1)
is the direct sum decomposition into graded parts.

Definition 25.2. Let R be a ring. A functor of graded categories over R, or a
graded functor is a functor F' : A — B where for all objects =,y of A the map
F :Hom4(z,y) — Hom4(F(z), F(y)) is a homomorphism of graded R-modules.

Given a graded category we are often interested in the corresponding “usual” cat-
egory of maps of degree 0. Here is a formal definition.
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Definition 25.3. Let R be a ring. Let A be a graded category over R. We let
AY be the category with the same objects as A and with

Hom o (2, y) = HomJ (x,y)
the degree 0 graded piece of the graded module of morphisms of A.

Definition 25.4. Let R be a ring. Let A be a graded category over R. A direct
sum (z,v, 2,1, j,p, q) in A (notation as in Homology, Remark is a graded direct
sum if i, j, p, ¢ are homogeneous of degree 0.

Example 25.5 (Graded category of graded objects). Let B be an additive cat-
egory. Recall that we have defined the category Gr(B) of graded objects of B in
Homology, Definition In this example, we will construct a graded category
Gr?"(B) over R = Z whose associated category Gr?"(B)° recovers Gr(B). As ob-
jects of Gr?"(B) we take graded objects of B. Then, given graded objects A = (A?)
and B = (B?) of B we set

Homg,or(5)(4, B) = EB”EZ Hom" (A, B)

where the graded piece of degree n is the abelian group of homogeneous maps of
degree n from A to B. Explicitly we have

Hom"(A, B) = H Homp(A™9, BP)
n

p+q=
(observe reversal of indices and observe that we have a product here and not a
direct sum). In other words, a degree n morphism f from A to B can be seen as
a system f = (fpq) where p,q € Z, p+ ¢ = n with f, , : A~? — BP a morphism
of B. Given graded objects A, B, C of B composition of morphisms in Gr?"(B) is
defined via the maps

Hom™ (B, C) x Hom™ (A, B) — Hom™ ™" (A, C)

by simple composition (g, f) — g o f of homogeneous maps of graded objects. In
terms of components we have

(9o flpr =Gpq© f-qr
where ¢ is such that p+q¢=m and —q¢+r = n.

Example 25.6 (Graded category of graded modules). Let A be a Z-graded algebra
over a ring R. We will construct a graded category Mod? over R whose associated
category (Mod%")? is the category of graded A-modules. As objects of Mod? we
take right graded A-modules (see Section . Given graded A-modules L and M

we set

Homyjoqs7 (L, M) = @nez Hom" (L, M)

where Hom" (L, M) is the set of right A-module maps L — M which are homoge-
neous of degree n, i.e., f(L') C M**™ for all i € Z. In terms of components, we
have that

Hom" (L, M H L™ MP
om"(L, M) C Hp+q=n omp(L™9, MP)
(observe reversal of indices) is the subset consisting of those f = (fp ) such that

fp,q(ma) = fp—i7q+i(m)a
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for a € A* and m € L=97%. For graded A-modules K, L, M we define composition
in Mod? via the maps

Hom™ (L, M) x Hom"(K, L) — Hom" "™ (K, M)
by simple composition of right A-module maps: (g, f) — go f.

Remark| 25.7. Let R be a ring. Let D be an R-linear category endowed with a
collection of R-linear functors [n] : D — D, x + z[n] indexed by n € Z such that
[n] o [m] = [n+m] and [0] = idp (equality as functors). This allows us to construct
a graded category D9" over R with the same objects of D setting

Hompgr ("E, y) = ®nez Homp (.’E, y[nD

for ,y in D. Observe that (DY) = D (see Definition [25.3). Moreover, the graded
category D9" inherits R-linear graded functors [n] satisfying [n] o [m] = [n+m] and
[0] = idper with the property that

Hompsr (x, y[n]) = Homper (z, y)[n]
as graded R-modules compatible with composition of morphisms.

Conversely, suppose given a graded category A over R endowed with a collection
of R-linear graded functors [n] satisfying [n] o [m] = [n + m] and [0] = id 4 which
are moreover equipped with isomorphisms

Hom 4(z,y[n]) = Homa(x,y)[n)

as graded R-modules compatible with composition of morphisms. Then the reader
easily shows that A = (A%)9".

Here are two examples of the relationship D <> A we established above:

(1) Let B be an additive category. If D = Gr(B), then A = Gr"(B) as in
Example

(2) If A is a graded ring and D = Mod 4 is the category of graded right A-
modules, then A = Mod?, see Example m

26. Differential graded categories

Note that if R is a ring, then R is a differential graded algebra over itself (with
R = R of course). In this case a differential graded R-module is the same thing as
a complex of R-modules. In particular, given two differential graded R-modules M
and N we denote M ®g N the differential graded R-module corresponding to the
total complex associated to the double complex obtained by the tensor product of
the complexes of R-modules associated to M and N.

Definition 26.1. Let R be a ring. A differential graded category A over R is a
category where every morphism set is given the structure of a differential graded
R-module and where for z,y, 2z € Ob(A) composition is R-bilinear and induces a
homomorphism

Hom 4(y, 2) ©r Homa(z, y) — Homa(z, 2)

of differential graded R-modules.
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The final condition of the definition signifies the following: if f € Hom(z,y) and
g € Hom'} (y, z) are homogeneous of degrees n and m, then

d(ge f) =d(g) o f + (=1)"ged(f)
in Hom%‘"”’l(ac7 z). This follows from the sign rule for the differential on the total
complex of a double complex, see Homology, Definition [I8.3]

Definition 26.2. Let R be a ring. A functor of differential graded categories over
R is a functor F' : A — B where for all objects z,y of A the map F : Hom4(z,y) —
Hom 4(F(z), F(y)) is a homomorphism of differential graded R-modules.

Given a differential graded category we are often interested in the corresponding
categories of complexes and homotopy category. Here is a formal definition.

Definition 26.3. Let R be a ring. Let A be a differential graded category over
R. Then we let
(1) the category of complexes offlﬂ be the category Comp(.A) whose objects
are the same as the objects of A and with

HomComp(A) (.’L‘, y) = Ker<d : Hom&(m, y) - Homil(x, y))

(2) the homotopy category of A be the category K(A) whose objects are the
same as the objects of A and with

Hom g ()(z,y) = HO(HomA(x7 Y))

Our use of the symbol K(A) is nonstandard, but at least is compatible with the
use of K(—) in other chapters of the Stacks project.

Definition 26.4. Let R be a ring. Let A be a differential graded category over
R. A direct sum (x,y,2,4,4,p,q) in A (notation as in Homology, Remark is
a differential graded direct sum if i, j, p, g are homogeneous of degree 0 and closed,
ie., d(i) =0, etc.

Lemma 26.5. Let R be a ring. A functor F' : A — B of differential graded
categories over R induces functors Comp(A) — Comp(B) and K(A) — K(B).

Proof. Omitted. O

Example 26.6 (Differential graded category of complexes). Let B be an additive
category. We will construct a differential graded category Comp?? (B) over R =17
whose associated category of complexes is Comp(B) and whose associated homo-
topy category is K (B). As objects of Comp®(B) we take complexes of B. Given
complexes A® and B*® of I3, we sometimes also denote A® and B*® the corresponding
graded objects of B (i.e., forget about the differential). Using this abuse of notation,
we set

HOmcompdg(B) (A., B.) = HOmGrgr(B) (A., B.) = ®n€Z Hom" (A, B)

as a graded Z-module with notation and definitions as in Example In other
words, the nth graded piece is the abelian group of homogeneous morphism of
degree n of graded objects

Hom"(A®, B®) = H Homp(A™9, BP)

p+q=

LThis may be nonstandard terminology.
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Observe reversal of indices and observe we have a direct product and not a direct
sum. For an element f € Hom"(A®, B®) of degree n we set

d(f)=dpof—(-1)"fods
The sign is exactly as in More on Algebra, Section To make sense of this we
think of dp and d4 as maps of graded objects of B homogeneous of degree 1 and

we use composition in the category Gr?"(B) on the right hand side. In terms of
components, if f = (f, ) with f, ,: A9 — BP we have

(26.6.1) d(fp.q) = dp o fpg — (17T fpq0da
Note that the first term of this expression is in Homg(A~9, BP*!) and the second
term is in Homp(A~971, BP). The reader checks that

(1) d has square zero,

(2) an element f in Hom"(A®, B®) has d(f) = 0 if and only if the morphism
f: A®* — B®[n] of graded objects of B is actually a map of complexes,

(3) in particular, the category of complexes of Compdg(B) is equal to Comp(5),

(4) the morphism of complexes defined by f as in (2) is homotopy equivalent
to zero if and only if f = d(g) for some g € Hom" ' (A®, B*).

(5) in particular, we obtain a canonical isomorphism

Hom g (5)(A®, B*) — H°(Homgmpas 5y (A®, B*))

and the homotopy category of Comp?(B) is equal to K (B).
Given complexes A®, B®, C'* we define composition
Hom™(B*,C*) x Hom"™(A®, B®*) — Hom" " (A®,C*)
by composition (g, f) — g o f in the graded category Gr?"(B), see Example [25.5]
This defines a map of differential graded modules

Hom gy ppds (B)(B°, C*)®r Homcompdg(g)(A', B*) — Homcompdg(g)(A', C*)
as required in Definition because
d(gof)=dcogof—(-1)""go foda
=(dcog—(=1)"godp)o f+(=1)"ge(dpo [~ (=1)"foda)
=d(g)o f+(=1)"god(f)
as desired.

Lemmal 26.7. Let F : B — B’ be an additive functor between additive categories.
Then F induces a functor of differential graded categories

F : Comp®(B) — Comp™(B')

of Fxample inducing the usual functors on the category of complexes and the
homotopy categories.

Proof. Omitted. (]

Example 26.8 (Differential graded category of differential graded modules). Let
(A, d) be a differential graded algebra over a ring R. We will construct a differential

graded category Mod‘(ig a) over R whose category of complexes is Mod4 4y and

whose homotopy category is K (Mod(4,q)). As objects of Modii 4 we take the


https://stacks.math.columbia.edu/tag/09LB
https://stacks.math.columbia.edu/tag/09LC

DIFFERENTIAL GRADED ALGEBRA 36

differential graded A-modules. Given differential graded A-modules L and M we
set

HomModdQ (L7 M) = HomModf}; (L7 M) = @ HOm"(L7 M)

(4,4)
as a graded R-module where the right hand side is defined as in Example In
other words, the nth graded piece Hom" (L, M) is the R-module of right A-module
maps homogeneous of degree n. For an element f € Hom™ (L, M) we set

d(f) =dpof—(=1)"fody

To make sense of this we think of dy; and dj as graded R-module maps and we
use composition of graded R-module maps. It is clear that d(f) is homogeneous of
degree n + 1 as a graded R-module map, and it is A-linear because

d(f)(za) = du(f(2)a) = (=1)" f(dL(2a))
= dy(f(x))a+ (~1)* T f(2)d(a) — (~1)" f(dr(@)a — (~1)"4E f(2)d(a)
= d(f)(z)a
as desired (observe that this calculation would not work without the sign in the
definition of our differential on Hom). Similar formulae to those of Example

hold for the differential of f in terms of components. The reader checks (in the
same way as in Example [26.6]) that

(1) d has square zero,

(2) an element f in Hom" (L, M) has d(f) = 0 if and only if f : L — M|n] is a
homomorphism of differential graded A-modules,

(3) in particular, the category of complexes of Mod‘(ii’d) is Mod4,q4),

(4) the homomorphism defined by f as in (2) is homotopy equivalent to zero if
and only if f = d(g) for some g € Hom™ (L, M).

(5) in particular, we obtain a canonical isomorphism

Hom g (vod 4 4)) (L, M) — H°(Hom,,_ ats (L, M))

and the homotopy category of Mod‘(ii’d) is K(Mod(a,q))-
Given differential graded A-modules K, L, M we define composition
Hom™ (L, M) x Hom" (K, L) — Hom" ™™ (K, M)

by composition of homogeneous right A-module maps (g, f) — g o f. This defines
a map of differential graded modules

HomModfde) (L, M) ®p HOmMOd(df‘Yd) (K,L) — HomMOdffx,@ (K, M)

as required in Definition [26.1] because
d(gof)=dpogof—(-1)"""go fodk
=(dmog—(=1)"godr)o f+(=1)"go(drof—(-1)"fodk)
=d(g)of+(=1)"god(f)
as desired.

09LD Lemmal 26.9. Let ¢ : (A, d) — (E,d) be a homomorphism of differential graded
algebras. Then ¢ induces a functor of differential graded categories

F Mod((igd) — Mod?fl,d)
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of Ezample[26.8 inducing obvious restriction functors on the categories of differen-
tial graded modules and homotopy categories.

Proof. Omitted. O

Lemmal 26.10. Let R be a ring. Let A be a differential graded category over R.
Let x be an object of A. Let
(E, d) = Hom g (z, x)
be the differential graded R-algebra of endomorphisms of . We obtain a functor
A— Mod?f;’d), y — Hom 4 (z,y)

of differential graded categories by letting E act on Hom 4(z,y) via composition in
A. This functor induces functors

Comp(A) = Mod(a,qy and K(A)— K(Moda,a))
by an application of Lemma |26.5,

Proof. This lemma proves itself. [

27. Obtaining triangulated categories

In this section we discuss the most general setup to which the arguments proving
Derived Categories, Proposition and Proposition [10.3] apply.

Let R be a ring. Let A be a differential graded category over R. To make our
argument work, we impose some axioms on A:

(A) A has a zero object and differential graded direct sums of two objects (as
in Definition [26.4]).

(B) there are functors [n] : A — A of differential graded categories such that
[0] =id4 and [n + m] = [n] o [m] and given isomorphisms

Hom 4 (z, y[n]) = Hom4(x,y)[n)
of differential graded R-modules compatible with composition.
Given our differential graded category A we say

(1) a sequence x — y — z of morphisms of Comp(.A) is an admissible short
exact sequence if there exists an isomorphism y = x & z in the underlying
graded category such that © — z and y — z are (co)projections.

(2) amorphism & — y of Comp(.A) is an admissible monomorphism if it extends
to an admissible short exact sequence r — y — 2.

(3) a morphism y — z of Comp(A) is an admissible epimorphism if it extends
to an admissible short exact sequence x — y — z.

The next lemma tells us an admissible short exact sequence gives a triangle, pro-
vided we have axioms (A) and (B).

Lemma 27.1. Let A be a differential graded category satisfying azioms (A) and
(B). Given an admissible short exact sequence x — y — z we obtain (see proof) a
triangle

x—y—z— x[l]
in Comp(A) with the property that any two compositions in z[—1] >z — y — z —
z[1] are zero in K(A).
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7N

Zz—>Z

Proof. Choose a diagram

giving the isomorphism of graded objects y = z @ 2z as in the definition of an
admissible short exact sequence. Here are some equations that hold in this situation

(1) 1 = ma and hence d(m)a = 0,
1 = bs and hence bd(s) =0,
1 = am + sb and hence ad(w) 4+ d(s)b =0,
ms = 0 and hence d(7)s + wd(s) =
d(s) = and(s) because d(s) = (am + sb)d(s) and bd(s) =0
d(m) = d(7)sb because d(7) = d(7)(ar + sb) and d(7)a = 0,
d(mwd(s)) = 0 because if we postcompose it with the monomorphism a we
get d(amd(s)) = d(d(s)) =0, and
(8) d(d(m)s) =0 as by (4) it is the negative of d(wd(s)) which is 0 by (7).
We’ve used repeatedly that d(a) = 0, d(b) = 0, and that d(1) = 0. By (7) we see
that

(2)
(3)
(4)
()
(6)
(7)

0 =nd(s) = —=d(m)s : z — x[1]
is a morphism in Comp(.A). By (5) we see that the composition ad = ard(s) = d(s)
is homotopic to zero. By (6) we see that the composition 6b = —d(7)sb = d(—n) is
homotopic to zero. (I

Besides axioms (A) and (B) we need an axiom concerning the existence of cones.
We formalize everything as follows.

Situation| 27.2. Here R is a ring and A is a differential graded category over R
having axioms (A), (B), and

(C) given an arrow f : x — y of degree 0 with d(f) = 0 there exists an
admissible short exact sequence y — ¢(f) — z[1] in Comp(A) such that
the map z[1] — y[1] of Lemma is equal to f[1].

We will call ¢(f) a cone of the morphism f. If (A), (B), and (C) hold, then cones
are functorial in a weak sense.

Lemma 27.3. In Situation suppose that
T T> Y1
.
f2
T2 —=> Y2

is a diagram of Comp(A) commutative up to homotopy. Then there exists a mor-
phism c : ¢(f1) — c(f2) which gives rise to a morphism of triangles

(O’?b’ C) : (331,y1,8(f1)) - ('rlvyhc(fl))
in K(A).
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Proof. The assumption means there exists a morphism h : 1 — ys of degree —1
such that d(h) = bf; — foa. Choose isomorphisms ¢(f;) = y; x;[1] of graded objects
compatible with the morphisms y; — ¢(f;) — x;[1]. Let’s denote a; : y; — ¢(f;),
bi : c(fi) = x;[l], s; = xi[l] — <(fi), and m; : e(f;) — y; the given morphisms.
Recall that z;[1] — y;[1] is given by m;d(s;). By axiom (C) this means that

fi = Wid(si) = *d(ﬂi)si

(we identify Hom(z;,y;) with Hom(z;[1],y;[1]) using the shift functor [1]). Set
¢ = agbmy 4 saaby + azhb. Then, using the equalities found in the proof of Lemma
27.1l we obtain

d(C) = agbd(m) —+ d(sz)abl + (ZQd(h)bl

= —asbfib1 + aa faaby + az(bfi — faa)by
=0

(where we have used in particular that d(m) = d(m)s1b1 = fib1 and d(sq) =
agmed(s2) = azfa). Thus cis a degree 0 morphism ¢ : ¢(f1) — ¢(f2) of A compatible
with the given morphisms y; — ¢(f;) — x;[1]. O

In Situation we say that a triangle (z,y, z, f,g,h) in K(A) is a distinguished
triangle if there exists an admissible short exact sequence ' — 3’ — 2z’ such that
(x,y,2, f,g,h) is isomorphic as a triangle in K (.A) to the triangle (2/,y, 2/, 2" —
Y,y — 2’',0) constructed in Lemma We will show below that

’ K(A) is a triangulated category‘

This result, although not as general as one might think, applies to a number of
natural generalizations of the cases covered so far in the Stacks project. Here are
some examples:

(1) Let (X,Ox) be a ringed space. Let (A, d) be a sheaf of differential graded
Ox-algebras. Let A be the differential graded category of differential
graded A-modules. Then K (A) is a triangulated category.

(2) Let (C,0) be a ringed site. Let (A,d) be a sheaf of differential graded
O-algebras. Let A be the differential graded category of differential graded
A-modules. Then K (.A) is a triangulated category. See Differential Graded
Sheaves, Proposition [22.4

(3) Two examples with a different flavor may be found in Examples, Section
69

The following simple lemma is a key to the construction.

Lemma 27.4. In Sz’tuation given any object x of A, and the cone C(1,) of
the identity morphism 1, : © — x, the identity morphism on C(1,) is homotopic to
zero.

Proof. Consider the admissible short exact sequence given by axiom (C).

a b
x <:7T> C(1,) ? x[1]

Then by Lemma identifying hom-sets under shifting, we have 1, = wd(s) =
—d(m)s where s is regarded as a morphism in Hom'(z,C(1,)). Therefore a =
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ard(s) = d(s) using formula (5) of Lemma and b = —d(m)sb = —d(r) by
formula (6) of Lemma Hence

leq,) = am + sb = d(s)m — sd(m) = d(sT)
since s is of degree —1. O

A more general version of the above lemma will appear in Lemma The
following lemma is the analogue of Lemma [7.3]

Lemma 27.5. In Sz’tuation given a diagram
_—

/
€T )
g
Z——w

in Comp(A) commuting up to homotopy. Then

(1) If f is an admissible monomorphism, then b is homotopic to a morphism
b which makes the diagram commute.

(2) If g is an admissible epimorphism, then a is homotopic to a morphism a’
which makes the diagram commute.

Proof. To prove (1), observe that the hypothesis implies that there is some h €
Hom 4(z,w) of degree —1 such that bf — ga = d(h). Since f is an admissible
monomorphism, there is a morphism 7 : y — x in the category A of degree 0. Let
b =b—d(hm). Then
Vf=0bf —d(hm)f =bf —d(hwf) (since d(f)=0)

=bf —d(h)

:ga
as desired. The proof for (2) is omitted. O
The following lemma is the analogue of Lemma [7.4]

Lemmal 27.6. In Situation let a: x — y be a morphism in Comp(A). Then
there exists a factorization in Comp(A):

such that

(1) @ is an admissible monomorphism, and 7é = a.
(2) There exists a morphism s : y — § in Comp(A) such that ms = 1, and sm
is homotopic to 1;.

Proof. By axiom (A), we may let § be the differential graded direct sum of y and
C(1,), i.e., there exists a diagram

S

Y y@ C(la:) C(la:)

where all morphisms are of degree zero, and in Comp(A). Let § = y@® C(1;). Then

15 = sm 4 tp. Consider now the diagram

[e] ~
T—=Y<—=Y
s
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where @ is induced by the morphism = < y and the natural morphism = — C(1,)
fitting in the admissible short exact sequence

r—=C(1;) =—= z[1]

So the morphism C(1,) — z of degree 0 in this diagram, together with the zero
morphism y — x, induces a degree-0 morphism 3 : § — x. Then & is an admissible
monomorphism since it fits into the admissible short exact sequence

Furthermore, m& = o by the construction of &, and ms = 1, by the first diagram.
It remains to show that sm is homotopic to 1. Write 1, as d(h) for some degree
—1 map. Then, our last statement follows from

1y — sm=tp
=t(dh)p (by Lemma
=d(thp)
since dt = dp = 0, and t is of degree zero. O

The following lemma is the analogue of Lemma [7.5

Lemma 27.7. In Situation let 11y — 29 — ... = x, be a sequence of
composable morphisms in Comp(A). Then there exists a commutative diagram in

Comp(A):

X1 To In
n Y2 Yn

such that each y; — y;+1 is an admissible monomorphism and each y; — x; is a
homotopy equivalence.

Proof. The case for n = 1 is trivial: one simply takes y; = x; and the identity
morphism on x; is in particular a homotopy equivalence. The case n = 2 is given
by Lemma [27.6] Suppose we have constructed the diagram up to x,—;. We apply
Lemma to the composition y,_1 — 1 — =, to obtain y,. Then y,_1 — yn
will be an admissible monomorphism, and y,, — =,, a homotopy equivalence. [

The following lemma is the analogue of Lemma [7.6]

Lemma 27.8. In Situation let x; — y; — z; be morphisms in A (i=1,2,3)
such that To — yo — 29 is an admissible short exact sequence. Let b :y; — yo and
b i ya — y3 be morphisms in Comp(A) such that

IlﬂyIHZ\d $2*>y2*>22
T —=> Y2 —> 22 T3 —>Ys —>2Z3

commute up to homotopy. Then b’ o b is homotopic to 0.
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Proof. By Lemma we can replace b and ¥’ by homotopic maps b and ¥, such
that the right square of the left diagram commutes and the left square of the right
diagram commutes. Say b= b+ d(h) and b’ = b’ 4 d(h’) for degree —1 morphisms
h and b’ in A. Hence

Vb =00+ d(b'h+h'b+ ' d(h))
since d(b) = d(b') = 0, i.e. b'b is homotopic to b'b. We now want to show that

Vb = 0. Because x ER Y2 95 25 is an admissible short exact sequence, there exist
degree 0 morphisms 7 : Yo — 2 and s : 29 — y2 such that id,, = fr+sg. Therefore

Vb="0(fr+s9)b=0
since gE =0and ¥ f =0 as consequences of the two commuting squares. ([l
The following lemma is the analogue of Lemma [8:1]

Lemmal 27.9. In Situation let 0 - x — y — 2z — 0 be an admissible short
exact sequence in Comp(A). The triangle

x y z x[1]

with 6 : z — z[1] as defined in Lemma is up to canonical isomorphism in
K(A), independent of the choices made in Lemma [27.1]

Proof. Suppose 4 is defined by the splitting
Py —>

and ¢’ is defined by the splitting with 7/, s in place of 7, s. Then

s’ —s=(am + sb)(s' — s) = ans’
since bs’ = bs = 1, and 7s = 0. Similarly,

' —m = (7" —7)(am + sb) = 7’'sb
Since 6 = wd(s) and ¢’ = 7'd(s’) as constructed in Lemma we may compute

§ =7'd(s") = (m + n’'sb)d(s + ans’) = 6 + d(7s)

using ma = 1, ba = 0, and 7'sbd(s’) = 7’'sbard(s’) = 0 by formula (5) in Lemma
O

The following lemma is the analogue of Lemma [0.1]

Lemmal 27.10. In Situation let f:x — y be a morphism in Comp(A).
The triangle (y, c(f), z[1],4,p, f[1]) is the triangle associated to the admissible short
exact sequence

y c(f) (1]
where the cone c(f) is defined as in Lemma |27.1]
Proof. This follows from axiom (C). O

The following lemma is the analogue of Lemma [9.2]
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Lemma 27.11. In Situatz'on leta:x — yand B :y— z define an admissible
short exact sequence

r——y—>2z

in Comp(A). Let (z,y,z,a,8,0) be the associated triangle in K(A). Then, the
triangles

(Z[—l},l’,y,(s[—l],a,ﬂ) and (Z[—l],‘%c((s[—l}%5[—1],1',]?)
are isomorphic.

Proof. We have a diagram of the form

6[—1] [e] B
z[-1] ——== - y . z
@ B
il 1 1
§[—1] i v P
2=l ——= 1 ——=c(0[-1]) =—= =
7 P

with splittings to «, 3,4, and p given by &, 3,7, and p respectively. ~Deﬁ}le a mor-
phism y — ¢(6[—1]) by i@ + pS and a morphism ¢(6[—1]) — y by ai + Op. Let us
first check that these define morphisms in Comp(A). We remark that by identities
from Lemma we have the relation 6[—1] = ad(f) = —d(@)5 and the relation
d[—1] = ¢d(p). Then
@) = d(@)35
= —o[-1]p
where we have used equation (6) of Lemma for the first equality and the
preceeding remark for the second. Similarly, we obtain d(p) = i6[—1]. Hence
(i + 56) = d()a +id(@) + d(7)5 + p(9)

=id(a) +d(p)B

= —i6[-1]p +id[-1]p

=0
so i@ + pf is indeed a morphism of Comp(A). By a similar calculation, ai + Bp

is also a morphism of Comp(.A). It is immediate that these morphisms fit in the
commutative diagram. We compute:

(ia + pB)(ai + Bp) = iGai + iafp + pBai + pBLp
=i+ pp
= Legsf-1))
where we have freely used the identities of Lemma 27.1] Similarly, we compute

(ai + Bp)(ia + pB) = 14, so we conclude y = ¢(6[—1]). Hence, the two triangles in
question are isomorphic. O

The following lemma is the analogue of Lemma [0.3]

Lemma 27.12. In Situatz'on let f1:x1 — y1 and fa : x9 — yo be morphisms
in Comp(A). Let

(aaba C) : (xlvylac(fl)aflaihpl) - (.’£2,y2,0(f2),f2,i17p1)
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be any morphism of triangles in K(A). If a and b are homotopy equivalences, then
S0 S C.

Proof. Since a and b are homotopy equivalences, they are invertible in K(.A) so
let a=! and b~! denote their inverses in K (A), giving us a commutative diagram

T2 L> Y2 i> C(fz)

ial lbl icl
fi i1

ry ——=Yy1 ——>= C(fl)

where the map ¢’ is defined via Lemma [27.3| applied to the left commutative box of
the above diagram. Since the diagram commutes in K (A), it suffices by Lemma
to prove the following: given a morphism of triangle (1,1,¢) : (z,y,c(f), f,4,p) —
(x,y,¢(f), f,i,p) in K(A), the map c¢ is an isomorphism in K(A). We have the
commutative diagrams in K (A):

y c(f) z[1] y c(f) z[1]
NN
y c(f) z[1] Y c(f) z[1]

Since the rows are admissible short exact sequences, we obtain the identity (c—1)? =
0 by Lemma from which we conclude that 2 — ¢ is inverse to ¢ in K(A) so
that ¢ is an isomorphism. ([l

The following lemma is the analogue of Lemma
09QU Lemmal 27.13. In Situation [27.3

(1) Given an admissible short exact sequence © > y B, 2. Then there exists a
homotopy equivalence e : C(a) — z such that the diagram

o2y C(a) x[1]
09QV  (27.13.1) l L ) l
a B v §
x Yy z x[1]

defines an isomorphism of triangles in K(A). Here y LN C(a) S z[1] is
the admissible short exact sequence given as in aziom (C).

(2) Given a morphism o : x — y in Comp(A), let x LR J — y be the factoriza-
tion given as in Lemma where the admissible monomorphism x LN Y
extends to the admissible short exact sequence

a ~
r—y —>2

Then there exists an isomorphism of triangles
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where the upper triangle is the triangle associated to the sequence x —» §j —
z.

Proof. For (1), we consider the more complete diagram, without the sign change
on c:

a b [ a
x y Cle) z[1] yl1]
s p A o T
a B \ 5
r—y——=z——> z[l]

where the admissible short exact sequence z = y E> z is given the splitting 7, s,

and the admissible short exact sequence y ENYG] (o) 5 z[1] is given the splitting p,
o. Note that (identifying hom-sets under shifting)

a=pd(c) =—d(p)o, §=md(s)=—d(n)s
by the construction in Lemma

We define e = p and f = bs — 0d. We first check that they are morphisms in
Comp(A). To show that d(e) = Bd(p) vanishes, it suffices to show that Sd(p)b and
Bd(p)o both vanish, whereas

Bd(p)b = Bd(pb) = pd(1,) =0, Bd(p)o =—Ba =0
Similarly, to check that d(f) = bd(s) — d(0)d vanishes, it suffices to check the
post-compositions by p and ¢ both vanish, whereas

pbd(s) — pd(0)d =d(s) — ad = d(s) — and(s) =0
cbd(s) — cd(0)d = — cd(0)d = —d(co)d =0
The commutativity of left two squares of the diagram 27.13.1] follows directly from

definition. Before we prove the commutativity of the right square (up to homotopy),
we first check that e is a homotopy equivalence. Clearly,

ef = Pplbs —ad) =PBs=1,
To check that fe is homotopic to 1¢(q), we first observe
ba = bpd(a) = d(o), ac= —d(p)oc=—d(p), d(m)p=d(n)sBp=—8p
Using these identities, we compute
lo(a) =bp +oc  (from y KN C(a) S z[1])
=b(ar + sB)p + o(ra)c (from z =y LN 2)
=d(o)mp + bsPBp — owd(p) (by the first two identities above)
=d(o)mp + bsfp — cdBp + c6Bp — ond(p)
=(bs — 06)Bp + d(o)mp — od(m)p — owd(p) (by the third identity above)
=fe+ d(omp)
since o € Hom™!(x, C(a)) (cf. proof of Lemma. Hence e and f are homotopy

inverses. Finally, to check that the right square of diagram [27.13.1] commutes up
to homotopy, it suffices to check that —cf = §. This follows from

—cf = —c(bs —0d) =cod =0
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since ¢b = 0.

For (2), consider the factorization x LN ¥ — y given as in Lemma 27.6L so the
second morphism is a homotopy equivalence. By Lemmas [27.3| and [27.12] there
exists an isomorphism of triangles between

r 5y —Cla) = 2[l] and = RaNg C(a) — z[1]
Since we can compose isomorphisms of triangles, by replacing « by &, y by g, and
C(a) by C(&), we may assume « is an admissible monomorphism. In this case, the
result follows from (1). O

The following lemma is the analogue of Lemma [10.1]

09QW |Lemma 27.14. In Situatz’on the homotopy category K(A) with its natural
translation functors and distinguished triangles is a pre-triangulated category.

Proof. We will verify each of TR1, TR2, and TR3.

Proof of TR1. By definition every triangle isomorphic to a distinguished one is
distinguished. Since

1y
r——sx——>0

is an admissible short exact sequence, (z,z,0,1,,0,0) is a distinguished trian-
gle. Moreover, given a morphism « : © — y in Comp(A), the triangle given by

(x,y,c(a), a, i, —p) is distinguished by Lemma

Proof of TR2. Let (x,y, 2z, o, 8,7) be a triangle and suppose (y, z, z[1], 5,7, —a[1])

is distinguished. Then there exists an admissible short exact sequence 0 — 2’ —

y — z/ — 0 such that the associated triangle (z',3y', 7', o/, 5’,~') is isomorphic to

(y, z,z[1], 8,7, —a[l]). After rotating, we conclude that (z,y, z, a, 5,7) is isomor-

phic to (2'[-1],2",y/,7'[-1],¢/, 8’). By Lemma[27.11] we deduce that (2'[—1],2’,y/,7'[-1], o/, #)
is isomorphic to (2'[—1], 2', ¢(+'[-1]),~'[-1], 4, p). Composing the two isomorphisms

with sign changes as indicated in the following diagram:

_1z/[—11i
’

1 ey [-1]) ——
We conclude that (x,y,z,«,3,7) is distinguished by Lemma (2). Con-
versely, suppose that (z,y,z,a,3,v) is distinguished, so that by Lemma
(1), it is isomorphic to a triangle of the form (2'; vy, (o), &, i, —p) for some mor-
phism o' : 2’ — ¢’ in Comp(A). The rotated triangle (y,z,z[1], 3,7, —a[l])
is isomorphic to the triangle (', c(a’), 2’[1],4, —p, —a[1]) which is isomorphic to
(y',c(a),2'[1],4,p,a[1]). By Lemma this triangle is distinguished, from
which it follows that (y, z, z[1], 8,7, —a[l1]) is distinguished.

Proof of TR3: Suppose (z,y,z,a,8,7) and (z',y',2',a/,8',7") are distinguished
triangles of Comp(A) and let f : # — 2’ and ¢ : y — ¥ be morphisms such
that o/ o f = go a. By Lemma [27.13] we may assume that (z,y,z,a,8,7) =
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(IE, Y, C(Oé), @, i7 _p) and (Ilv ylv Z/a alv Bl7 ’}/) = (J?l, y/a C(O/)a O/a il; _p/)' NOW aJpply
Lemma [27.3l and we are done. O

The following lemma is the analogue of Lemma [10.2]

09QX Lemmal27.15. In Situation given admissible monomorphisms © =y, y i z
in A, there exist distinguished triangles (x,y,q1,a,p1,01), (T, 2, g2, B, p2, 62) and
(y,2,q3, B, p3,03) for which TR/ holds.

Proof. Given admissible monomorphisms z < y and y LR z, we can find distin-
guished triangles, via their extensions to admissible short exact sequences,

@ p1 61
I<Ty-$q1 Hfﬂ[l]
1 1

Ba P2 5o
173 S92

b3 5
Y= 2> g3 —> x[1]
T3 83
In these diagrams, the maps d; are defined as d; = m;d(s;) analagous to the maps
defined in Lemma They fit in the following solid commutative diagram

« p1 5
x y 1]
T S1
Ba
T3 B
173
z p2Bs1
p2
$3 || P3
S2
\
q3 < Dass 42
5
83 2
y(1] (1]

where we have defined the dashed arrows as indicated. Clearly, their composition
p3sapafs1 = 0 since sops = 0. We claim that they both are morphisms of Comp(.A).
We can check this using equations in Lemma [27.1

d(p2f3s1) = p2fd(s1) = p2Bamid(s;) =0
since poSa = 0, and
d(p3s2) = p3d(s2) = p3Bamimzd(sz) =0

since p3f = 0. To check that ¢; — g2 — g3 is an admissible short exact sequence,
it remains to show that in the underlying graded category, g2 = ¢1 @ g3 with the
above two morphisms as coprojection and projection. To do this, observe that in
the underlying graded category C, there hold

y=xdq, z2=y0O@p=2Dq Dgs
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where 773 gives the projection morphism onto the first factor: x@® ¢ ® g3 — 2. By
axiom (A) on A, C is an additive category, hence we may apply Homology, Lemma
[3.I0/ and conclude that

Ker(mm3) = q1 ® g3

in C. Another application of Homology, Lemma to z = x®qs gives Ker(mms) =
q2- Hence g2 = ¢1 @ g3 in C. It is clear that the dashed morphisms defined above
give coprojection and projection.

Finally, we have to check that the morphism § : g3 — ¢1[1] induced by the admissible
short exact sequence q; — g2 — q3 agrees with p;3. By the construction in Lemma
27.1] the morphism § is given by
p1m352d(p2ss) =p1m3sapad(ss)
=p1m3(1 — Bamms)d(s3)
=pimsd(s3) (since w38 = 0)
=p103

as desired. The proof is complete. [l
Putting everything together we finally obtain the analogue of Proposition [10.3]

09QY Proposition| 27.16. In Situation the homotopy category K(A) with its nat-
ural translation functors and distinguished triangles is a triangulated category.

Proof. By Lemma [27.14] we know that K (A) is pre-triangulated. Combining Lem-
mas 27.7] and [27.15| with Derived Categories, Lemma we conclude that K (.A)
is a triangulated category. O

OFQF Lemma 27.17. Let R be a ring. Let F : A — B be a functor between differential
graded categories over R satisfying axioms (A), (B), and (C) such that F(z[1]) =
F(x)[1]. Then F induces an exact functor K(A) — K(B) of triangulated categories.

Proof. Namely, if x — y — z is an admissible short exact sequence in Comp(.A4),
then F'(z) — F(y) — F(z) is an admissible short exact sequence in Comp(B).
Moreover, the “boundary” morphism 6 = wd(s) : z — z[1] constructed in Lemma
27.1| produces the morphism F(0) : F(z) — F(z[1]) = F(x)[1] which is equal to
the boundary map F(w)d(F(s)) for the admissible short exact sequence F(x) —
F(y) — F(2). O

28. Bimodules
OFQG We continue the discussion started in Section [121

0FQH Definition 28.1. Bimodules. Let R be a ring.
(1) Let A and B be R-algebras. An (A, B)-bimodule is an R-module M equip-
pend with R-bilinear maps
AxM — M, (a,x) = ax and M x B— M,(x,b) — xb

such that the following hold

(a) a/(az) = (d'a)x and (zb)b' = z(bV'),

(b) a(zb) = (ax)b, and

(¢) 1z =z =zl.
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(2) Let A and B be Z-graded R-algebras. A graded (A, B)-bimodule is an
(A, B)-bimodule M which has a grading M = @ M"™ such that A" M™ C
M™ ™ and M™B™ C M"t™.

(3) Let A and B be differential graded R-algebras. A differential graded (A, B)-
bimodule is a graded (A, B)-bimodule which comes equipped with a differ-
ential d : M — M homogeneous of degree 1 such that d(az) = d(a)x +
(—1)dee(@)gd(x) and d(xb) = d(z)b + (—1)&®) zd(b) for homogeneous ele-
ments a € A, x € M, b € B.

Observe that a differential graded (A, B)-bimodule M is the same thing as a right
differential graded B-module which is also a left differential graded A-module such
that the grading and differentials agree and such that the A-module structure com-
mutes with the B-module structure. Here is a precise statement.

Lemma 28.2. Let R be a ring. Let (A, d) and (B, d) be differential graded al-
gebras over R. Let M be a right differential graded B-module. There is a 1-to-1
correspondence between (A, B)-bimodule structures on M compatible with the given
differential graded B-module structure and homomorphisms

A— HomMode;d) (M, M)
of differential graded R-algebras.

Proof. Let p: A x M — M define a left differential graded A-module structure
on the underlying complex of R-modules M*® of M. By Lemma the structure
i corresponds to a map v : A — Hom®(M*®, M*) of differential graded R-algebras.
The assertion of the lemma is simply that g commutes with the B-action, if and
only if «v ends up inside

HomMod?gyd) (M, M) C HOm'(M"Mo)

We omit the detailed calculation. O

Let M be a differential graded (A, B)-bimodule. Recall from Section [11] that the
left differential graded A-module structure corresponds to a right differential graded
A°PP-module structure. Since the A and B module structures commute this gives
M the structure of a differential graded A°PP ® r B-module:

z-(a®b) = (_1)deg(a) deg(z) 1
Conversely, if we have a differential graded A°PP ® g B-module M, then we can use
the formula above to get a differential graded (A, B)-bimodule.
Lemma 28.3. Let R be a ring. Let (A, d) and (B, d) be differential graded algebras
over R. The construction above defines an equivalence of categories
differential graded JEN right differential graded
(A, B)-bimodules A°PP @ p B-modules

Proof. Immediate from discussion the above. O

Let R be a ring. Let (A,d) and (B, d) be differential graded R-algebras. Let P be
a differential graded (A, B)-bimodule. We say P has property (P) if it there exists
a filtration

0=F,PCFKPCFPC...CP

by differential graded (A, B)-bimodules such that
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(1) P=UF,P,
(2) the inclusions F; P — F; 1 P are split as graded (A, B)-bimodule maps,

(3) the quotients F; 1 P/F; P are isomorphic as differential graded (A, B)-bimodules

to a direct sum of (A ®g B)[k].

Lemma 28.4. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let M be a differential graded (A, B)-bimodule. There exists a homomor-
phism P — M of differential graded (A, B)-bimodules which is a quasi-isomorphism
such that P has property (P) as defined above.

Proof. Immediate from Lemmas [28.3] and [20.4] O

Lemma 28.5. Let R be a ring. Let (A, d) and (B, d) be differential graded R-
algebras. Let P be a differential graded (A, B)-bimodule having property (P) with
corresponding filtration F, then we obtain a short exact sequence

0-EPFrrP-EPFP-+P—0

of differential graded (A, B)-bimodules which is split as a sequence of graded (A, B)-
bimodules.

Proof. Immediate from Lemmas 28.3 and 20.1] O

29. Bimodules and tensor product

Let R be a ring. Let A and B be R-algebras. Let M be a right A-module. Let NV
be a (A, B)-bimodule. Then M ® 4 N is a right B-module.

If in the situation of the previous paragraph A and B are Z-graded algebras, M is
a graded A-module, and N is a graded (A, B)-bimodule, then M ® 4 N is a right
graded B-module. The construction is functorial in M and defines a functor

—®4 N : Mod¥y" — Mod¥;

of graded categories as in Example Namely, if M and M’ are graded A-
modules and f : M — M’ is an A-module homomorphism homogeneous of degree
n, then f®idy : M@ N — M’ ®4 N is a B-module homomorphism homogeneous
of degree n.

If in the situation of the previous paragraph (A, d) and (B, d) are differential graded
algebras, M is a differential graded A-module, and N is a differential graded (A, B)-
bimodule, then M ®4 N is a right differential graded B-module.

Lemma 29.1. Let R be a ring. Let (A, d) and (B, d) be differential graded algebras
over R. Let N be a differential graded (A, B)-bimodule. Then M — M® 4N defines
a functor

—®aN: Mod?f"d) — Mod?g,d)
of differential graded categories. This functor induces functors
MOd(A,d) — MOd(Byd) and K(MOd(Awd)) — K(MOd(B’d))

by an application of Lemma [26.5.
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Proof. Above we have seen how the construction defines a functor of underlying
graded categories. Thus it suffices to show that the construction is compatible with
differentials. Let M and M’ be differential graded A-modules and let f : M — M’
be an A-module homomorphism which is homogeneous of degree n. Then we have
d(f)=dprof—(—1)"fodpy
On the other hand, we have
d(f ®idy) =dmrgan o (f @idy) — (=1)"(f ®idy) o dyg,n
Applying this to an element z ® y with x € M and y € N homogeneous we get
d(f @idy)(z @ y) =dar (f(2)) @y + (=1)"T4¢) f(2) © dn (y)
— (=1)"f(du(2) @ y = (=1)" 95 f(2) @ d (y)
=d(f)(z ®y)
Thus we see that d(f) ® idy = d(f ® idy) and the proof is complete. O
Remark 29.2. Let R be a ring. Let (A,d) and (B,d) be differential graded
algebras over R. Let N be a differential graded (A, B)-bimodule. Let M be a right
differential graded A-module. Then for every k € Z there is an isomorphism
(M ®a N)k| — M[k] ®4 N
of right differential graded B-modules defined without the intervention of signs, see
More on Algebra, Section

If we have a ring R and R-algebras A, B, and C, a right A-module M, an (A, B)-
bimodule N, and a (B, C)-bimodule N’, then N ® g N’ is a (A, C')-bimodule and
we have

(M®sN)@pN' =M®a (N@pN')
This equality continuous to hold in the graded and in the differential graded case.
See More on Algebra, Section [72] for sign rules.

30. Bimodules and internal hom

Let R be a ring. If A is an R-algebra (see our conventions in Section [2)) and M,
M’ are right A-modules, then we define

Homa(M,M')={f: M — M'| f is A-linear}
as usual.
Let R-be a ring. Let A and B be R-algebras. Let N be an (A, B)-bimodule. Let
N’ be a right B-module. In this situation we will think of

Homp(N,N')

as a right A-module using precomposition.
Let R-be a ring. Let A and B be Z-graded R-algebras. Let N be a graded (A, B)-
bimodule. Let N’ be a right graded B-module. In this situation we will think of

the graded R-module
Homygoasy (N, N')

defined in Example as a right graded A-module using precomposition. The
construction is functorial in N’ and defines a functor

Homyjoqer (N, —) : Modg — Mod?
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of graded categories as in Example 25.6] Namely, if N; and N, are graded B-
modules and f : Ny — Ny is a B-module homomorphism homogeneous of degree
n, then the induced map Homyyoqsr (N,Ny) — Homyjoq97 (N, Ny) is an A-module
homomorphism homogeneous of degree n.

Let R be a ring. Let A and B be differential Z-graded R-algebras. Let N be a
differential graded (A, B)-bimodule. Let N’ be a right differential graded B-module.
In this situation we will think of the differential graded R-module

!
HomModzzg‘d) (N,N"

defined in Example 26.8]as a right differential graded A-module using precomposi-
tion as in the graded case. This is compatible with differentials because multipli-
cation is the composition

HomMOdng (N,N"®@rA — HomModdB,g (N, N’)@RHomMod%g (N,N) — HomMOd%g (N,N")

The first arrow uses the map of Lemma@and the second arrow is the composition
in the differential graded category Mody > A

0FQQ Lemma 30.1. Let R be a ring. Let (A, d) and (B, d) be differential graded algebras
over R. Let N be a differential graded (A, B)-bimodule. The construction above
defines a functor

— Modd

g
HomMOdzzng.’d)(N, )+ Mod” (A.d)

(B,d)
of differential graded categories. This functor induces functors
Mod(p,qy = Mod(a,qy and K(Modp,q) — K(Mod(s,a))
by an application of Lemma [26.5.
Proof. Above we have seen how the construction defines a functor of underlying

graded categories. Thus it suffices to show that the construction is compatible with
differentials. Let N7 and Ny be differential graded B-modules. Write

Hip = HomModed) (N1, N2), Hy= HomMOd?gﬂd) (N,Ny), Hy= HomModfgm (N, N)
Consider the composition

c: Hia®pr H — Hy
in the differential graded category Mod?gyd). Let f : N; — Ny be a B-module
homomorphism which is homogeneous of degree n, in other words, f € H{,. The

functor in the lemma sends f to ¢y : Hy — Ha, g+ ¢(f,g). Simlarly for d(f). On
the other hand, the differential on

HomMOd?z’d) (Hy, Hs)

sends ¢y to dp, ocy —(—1)"cyodp,. As cis a morphism of complexes of R-modules
we have dc(f,g) = c(df,g) + (—1)"¢(f,dg). Hence we see that

(deg)(g) = de(f,g) — (=1)"c(f, dg)
= c(df,g) + (=1)"c(f,dg) — (=1)"c(f,dg)
=c(df,g) = cas(9)
and the proof is complete. O
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Remark 30.2. Let R be a ring. Let (A,d) and (B,d) be differential graded

algebras over R. Let N be a differential graded (A, B)-bimodule. Let N’ be a right

differential graded B-module. Then for every k € Z there is an isomorphism
HomMod'g (N7 N/) [k] — HomMongr (N7 Nl [k])

of right differential graded A-modules defined without the intervention of signs, see

More on Algebra, Section

Lemmal 30.3. Let R be a ring. Let A and B be R-algebras. Let M be a right A-
module, N an (A, B)-bimodule, and N’ a right B-module. Then we have a canonical
isomorphism
Homp(M ®4 N,N’) = Hom(M,Homg(N, N"))
of R-modules. If A, B, M, N, N’ are compatibly graded, then we have a canonical
isomorphism
HomMod%r (M XA N7 NI) = HomMOdir (M, HomModﬁl’; (Na N/))

of graded R-modules If A, B, M, N, N' are compatibly differential graded, then we

have a canonical isomorphism

N — ’
HomMOd?g,d) (M®4N,N) = HomMod?Zd) (M, HomMod‘jgyd) (N, N%))

of complezes of R-modules.

Proof. Omitted. Hint: in the ungraded case interpret both sides as A-bilinear
maps ¢ : M x N — N’ which are B-linear on the right. In the (differential)
graded case, use the isomorphism of More on Algebra, Lemma and check it
is compatible with the module structures. Alternatively, use the isomorphism of
Lemma and show that it is compatible with the B-module structures. (I

31. Derived Hom

This section is analogous to More on Algebra, Section

Let R be a ring. Let (A,d) and (B,d) be differential graded algebras over R. Let
N be a differential graded (A, B)-bimodule. Consider the functor

(31.0.1) HOmMOdd (N,—): MOd(B’d) — MOd(A’d)

g
(B,d)

of Section

Lemma 31.1. The functor (31.0.1) defines an exact functor K(Mod(p 4) —
K(Mod4,q4)) of triangulated categories.

Proof. Via Lemma and Remark this follows from the general principle
of Lemma R7.17 O

Recall that we have an exact functor of triangulated categories
HomMOdl(i;’d) (N, =) : K(Modp,q4y) = K(Mod(a,q))
see Lemma [31.1} Consider the diagram
K(MOd(B’d)) see above K(MOd(A’d))

T

D(B’d) >D(A,d)
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We would like to construct a dotted arrow as the right derived functor of the com-
position F. (Warning: in most interesting cases the diagram will not commute.)
Namely, in the general setting of Derived Categories, Section [14] we want to com-
pute the right derived functor of F' with respect to the multiplicative system of
quasi-isomorphisms in K (Mod4 q)).

09LI |Lemma 31.2. In the situation above, the right derived functor of F exists. We
denote it RHom(N,—) : D(B, d) — D(A, d).

Proof. We will use Derived Categories, Lemma to prove this. As our collec-
tion Z of objects we will use the objects with property (I). Property (1) was shown
in Lemma Property (2) holds because if s : I — I’ is a quasi-isomorphism of
modules with property (I), then s is a homotopy equivalence by Lemma O

0BYV Lemma 31.3. Let R be a ring. Let (A,d) and (B,d) be differential graded
R-algebras. Let f : N — N’ be a homomorphism of differential graded (A, B)-
bimodules. Then f induces a morphism of functors

—o f: RHom(N’,—) — RHom(N, —)
If f is a quasi-isomorphism, then f o — is an isomorphism of functors.

Proof. Write B = Mod?%’ q) the differential graded category of differential graded
B-modules, see Example Let I be a differential graded B-module with prop-
erty (I). Then f o — : Homg(N’,I) — Hompg(N, I) is a map of differential graded
A-modules. Moreover, this is functorial with respect to I. Since the functors
RHom(N’, —) and RHom(N, —) are computed by applying Homp into objects with
property (I) (Lemma we obtain a transformation of functors as indicated.

Assume that f is a quasi-isomorphism. Let F, be the given filtration on I. Since

I =lim I/F,I we see that Hompg(N’, I) = lim Homg(N’, I/F,I) and Homg(N, I) =

lim Homp (N, I/F,I). Since the transition maps in the system I/F,I are split as

graded modules, we see that the transition maps in the systems Homp(N’, I/F,I)

and Homp(N, I/F,I) are surjective. Hence Homp (N, I), resp. Hompg(N, I) viewed

as a complex of abelian groups computes R lim of the system of complexes Hompg(N', I/F,I),
resp. Homp(N,I/F,I). See More on Algebra, Lemmal[86.1} Thus it suffices to prove

each

Homp(N',1/F,I) — Homp(N,I/F,I)

is a quasi-isomorphism. Since the surjections I/F, 11 — I/F,I are split as maps
of graded B-modules we see that

0 — Homp(N’, F,I /Fyy1I) — Homp(N', I/F,1T) — Homp(N',I/F,I) — 0

is a short exact sequence of differential graded A-modules. There is a similar
sequence for N and f induces a map of short exact sequences. Hence by induc-
tion on p (starting with p = 0 when I/FyI = 0) we conclude that it suffices
to show that the map Hompg(N', F,I/F,+1I) — Homg(N, F,I/F,1I) is a quasi-
isomorphism. Since F,I/F,111I is a product of shifts of AY it suffice to prove
Hompg(N', BY[k]) — Homp(N, BY[k]) is a quasi-isomorphism. By Lemma it
suffices to show (N')¥Y — NV is a quasi-isomorphism. This is true because f is a
quasi-isomorphism and ( )V is an exact functor. O
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Lemma 31.4. Let (A, d) and (B, d) be differential graded algebras over a ring R.
Let N be a differential graded (A, B)-bimodule. Then for every n € Z there are
isomorphisms

H"(RHom(N, M)) = Extpp, 4(N, M)
of R-modules functorial in M. It is also functorial in N with respect to the operation
described in Lemma [31.3
Proof. In the proof of Lemma we have seen

RHom(N,M) = HomMOd?g‘d) (N, I)

as a differential graded A-module where M — I is a quasi-isomorphism of M into a
differential graded B-module with property (I). Hence this complex has the correct
cohomology modules by Lemma[22.3] We omit a discussion of the functorial nature
of these identifications. O

Lemma 31.5. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let N be a differential graded (A, B)-bimodule. If Hompp, ¢ (N,N') =
Hom g (Mod s 1) (N, N') for all N' € K(B, d), for example if N has property (P) as
a differential graded B-module, then

RHom(N, M) = Hom (N, M)
)

Modzig,d
functorially in M in D(B, d).

Proof. By construction (Lemma [31.2)) to find RHom(N, M) we choose a quasi-
isomorphism M — I where I is a differential graded B-module with property (I)
and we set RHom(N, M) = Hom, ,as (N, I). By assumption the map

(B,a)

HomMod7g7d) (N,M) — HomMOdl(ig’d) (N, I)

induced by M — I is a quasi-isomorphism, see discussion in Example [26.8] This
proves the lemma. If N has property (P) as a B-module, then we see that the
assumption is satisfied by Lemma [22.3 (]

32. Variant of derived Hom

Let A be an abelian category. Consider the differential graded category Comp?? (A)
of complexes of A, see Example Let K*® be a complex of A. Set

(E,d) = Homggppas ) (K*, K*)
and consider the functor of differential graded categories
Comp®(A) — Mod'(iéd),

of Lemma 26.10,

Lemma 32.1. In the situation above. If the right derived functor R Hom(K*, —)
of Hom(K*, —) : K(A) — D(Ab) is everywhere defined on D(A), then we obtain a
canonical exact functor

RHom(K*®,—): D(A) — D(E, d)

X® — Homcompdg(A) (K., X.)

of triangulated categories which reduces to the usual one on taking associated com-
plexes of abelian groups.
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Proof. Note that we have an associated functor K (A) — K(Modg qy) by Lemma
[26.10] We claim this functor is an exact functor of triangulated categories. Namely,
let f: A* — B*® be a map of complexes of A. Then a computation shows that

HomCOrﬂpd-"(A) (K.7 O(f).) =C (HomCOmpdg(A) (K.7 A.) - HomCompdg(A) (K.u B.))

where the right hand side is the cone in Mod g q) defined earlier in this chapter.
This shows that our functor is compatible with cones, hence with distinguished tri-
angles. Let X* be an object of K(.A). Consider the category of quasi-isomorphisms
s: X* — Y*. We are given that the functor (s : X* — Y*®) — Homu4(K°*,Y*)
is essentially constant when viewed in D(Ab). But since the forgetful functor
D(E,d) — D(Ab) is compatible with taking cohomology, the same thing is true in
D(E,d). This proves the lemma. |

Warning: Although the lemma holds as stated and may be useful as stated, the
differential algebra E isn’t the “correct” one unless H"(E) = Extlp 4 (K*, K*) for
alln € Z.

33. Derived tensor product
This section is analogous to More on Algebra, Section

Let R be a ring. Let (A,d) and (B, d) be differential graded algebras over R. Let
N be a differential graded (A, B)-bimodule. Consider the functor

(3301) MOd(A,d) — 1\/10(1(}37(1)7 M+— M ®a N
defined in Section

Lemma 33.1. The functor (33.0.1|) defines an exact functor of triangulated cat-
egories K(Mod 4, q)) — K(Modp,a)).

Proof. Via Lemma and Remark this follows from the general principle
of Lemma R7.17 O

At this point we can consider the diagram

K(MOd(Ad)) T K(MOd(B7d))

| T
D(4,d) > D(B,d)

The dotted arrow that we will construct below will be the left derived functor of the
composition F. (Warning: the diagram will not commute.) Namely, in the general
setting of Derived Categories, Section we want to compute the left derived
functor of F' with respect to the multiplicative system of quasi-isomorphisms in
K(MOd(Aﬂ) ) .

Lemma 33.2. [In the situation above, the left derived functor of F exists. We
denote it — ®@% N : D(A, d) — D(B, d).

Proof. We will use Derived Categories, Lemma to prove this. As our collec-
tion P of objects we will use the objects with property (P). Property (1) was shown
in Lemma m Property (2) holds because if s : P — P’ is a quasi-isomorphism of
modules with property (P), then s is a homotopy equivalence by Lemma m [
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Lemma 33.3. Let R be a ring. Let (A,d) and (B,d) be differential graded
R-algebras. Let f : N — N’ be a homomorphism of differential graded (A, B)-
bimodules. Then f induces a morphism of functors

19f:—®% N — -4 N
If f is a quasi-isomorphism, then 1 ® f is an isomorphism of functors.

Proof. Let M be a differential graded A-module with property (P). Then 1® f :
M ®as N - M ®4 N’ is a map of differential graded B-modules. Moreover, this
is functorial with respect to M. Since the functors — ®4 N and — ®4 N’ are
computed by tensoring on objects with property (P) (Lemma we obtain a
transformation of functors as indicated.

Assume that f is a quasi-isomorphism. Let F, be the given filtration on M. Observe
that M ®4 N = colim F;(M) ®4 N and M ® 4 N’ = colim F;(M) ® 4 N'. Hence
it suffices to show that F,(M) ®4 N — F,(M) ®4 N’ is a quasi-isomorphism
(filtered colimits are exact, see Algebra, Lemma. Since the inclusions F,, (M) —
F,+1(M) are split as maps of graded A-modules we see that

0= Fu(M)®4 N = Foi1 (M) @4 N — Foyy(M)/F(M)®4 N =0

is a short exact sequence of differential graded B-modules. There is a similar
sequence for N’ and f induces a map of short exact sequences. Hence by induction
on n (starting with n = —1 when F_;(M) = 0) we conclude that it suffices to
show that the map Fj,11(M)/F(M)®a N — Fi1(M)/F,(M)®4 N’ is a quasi-
isomorphism. This is true because F,,11(M)/F,(M) is a direct sum of shifts of A
and the result is true for A[k] as f: N — N’ is a quasi-isomorphism. O

Lemma 33.4. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let N be a differential graded (A, B)-bimodule which has property (P) as
a left differential graded A-module. Then M &% N is computed by M @4 N for all
differential graded A-modules M.

Proof. Let f : M — M’ be a homomorphism of differential graded A-modules
which is a quasi-isomorphism. We claim that f ® id : M @4 N — M’ ®4 N is a
quasi-isomorphism. If this is true, then by the construction of the derived tensor
product in the proof of Lemma we obtain the desired result. The construction
of the map f ® id only depends on the left differential graded A-module structure
on N. Moreover, we have M @4 N = N Q@ gor» M = N ®ﬁapp M because N has
property (P) as a differential graded A°PP-module. Hence the claim follows from
Lemma [33.3 O

Lemma 33.5. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let N be a differential graded (A, B)-bimodule. Then the functor

—®% N :D(A, d) — D(B,d)
of Lemma[33.9 is a left adjoint to the functor
RHom(N,—): D(B,d) — D(A, d)
of Lemma [31.3

Proof. This follows from Derived Categories, Lemma and the fact that —® 4 N
and HomMOd?g’d) (N, —) are adjoint by Lemma W O
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0BYX Example 33.6. Let R be a ring. Let (A,d) — (B,d) be a homomorphism of

09R9

0BYZ

differential graded R-algebras. Then we can view B as a differential graded (A, B)-
bimodule and we get a functor
—®a B:D(A,d) — D(B,d)

By Lemma the left adjoint of this is the functor R Hom(B, —). For a differential
graded B-module let us denote N4 the differential graded A-module obtained from
N by restriction via A — B. Then we clearly have a canonical isomorphism

Hom,;  as (B,N) — N4, fr—— f(1)
(B.,d)

functorial in the B-module N. Thus we see that RHom(B, —) is the restriction
functor and we obtain
Hom p(4,4)(M, Na) = Hompp,q) (M @5 B,N)

bifunctorially in M and N exactly as in the case of commutative rings. Finally,
observe that restriction is a tensor functor as well, since Ny = N ®p gB4 =
N ®@% pB4 where gBa is B viewed as a differential graded (B, A)-bimodule.
Lemma 33.7. With notation and assumptions as in Lemma . Assume

(1) N defines a compact object of D(B, d), and

(2) the map H*(A) — Hompp,q (N, N[k]) is an isomorphism for all k € Z.
Then the functor — @% N is fully faithful.
Proof. Our functor has a left adjoint given by R Hom(N, —) by Lemma [33.5] By
Categories, Lemma it suffices to show that for a differential graded A-module
M the map

M — RHom(N, M @% N)
is an isomorphism in D(A,d). For this it suffices to show that
H"™(M) — Extpp.4)(N, M @4 N)

is an isomorphism, see Lemma [31.4] Since N is a compact object the right hand
side commutes with direct sums. Thus by Remark 2277 it suffices to prove this
map is an isomorphism for M = A[k]. Since (A[k] ®4 N) = N[k] by Remark
assumption (2) on N is that the result holds for these. O

Lemma 33.8. Let R — R’ be a ring map. Let (A, d) be a differential graded
R-algebra. Let (A’, d) be the base change, i.e., A’ = A®r R'. If A is K-flat as a
complex of R-modules, then
(1) —@% A": D(A,d) — D(A’, d) is equal to the right derived functor of
K(A,d) — K(A',d), M+~ M@gR
(2) the diagram

D(A, d) —— D(A, d)

—eL A’
restrictionl lrestriction
_®L R/
D(R) — D(R/)

commutes, and
(3) if M is K-flat as a complex of R-modules, then the differential graded A’-
module M ®@p R’ represents M @Y A’.
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Proof. For any differential graded A-module M there is a canonical map
CM:M®RR/*>M®AA/

Let P be a differential graded A-module with property (P). We claim that cp is an
isomorphism and that P is K-flat as a complex of R-modules. This will prove all
the results stated in the lemma by formal arguments using the definition of derived
tensor product in Lemma [33.2] and More on Algebra, Section

Let F, be the filtration on P showing that P has property (P). Note that ¢4 is an
isomorphism and A is K-flat as a complex of R-modules by assumption. Hence the
same is true for direct sums of shifts of A (you can use More on Algebra, Lemma
to deal with direct sums if you like). Hence this holds for the complexes
F,+1P/F,P. Since the short exact sequences

0— F,P — F, P — F,; P/F,P =0

are split exact as sequences of graded modules, we can argue by induction that cr, p
is an isomorphism for all p and that F, P is K-flat as a complex of R-modules (use
More on Algebra, Lemma [59.5). Finally, using that P = colim F,, P we conclude
that cp is an isomorphism and that P is K-flat as a complex of R-modules (use
More on Algebra, Lemma . O

Lemma 33.9. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let T be a differential graded (A, B)-bimodule. Assume
(1) T defines a compact object of D(B, d), and
(2) S =Hom,, 5 (T,B) represents RHom(T, B) in D(A, d).
(B,d)

Then S has a structure of a differential graded (B, A)-bimodule and there is an
isomorphism

N @% S — RHom(T, N)
functorial in N in D(B, d).

Proof. Write B = Mod?éd). The right A-module structure on S comes from
the map A — Hompg(T,T) and the composition Homg(T, B) ® Homg(T,T) —
Homp(T, B) defined in Example Using this multiplication a second time
there is a map

ey N®p S =Homg(B,N)®p Homg(T, B) — Homp(T, N)

functorial in N. Given N we can choose quasi-isomorphisms P — N — I where P,
resp. I is a differential graded B-module with property (P), resp. (I). Then using cy
we obtain a map P ®p S — Homp(T, I) between the objects representing S @& N
and RHom(7T, N). Clearly this defines a transformation of functors ¢ as in the
lemma.

To prove that ¢ is an isomorphism of functors, we may assume N is a differential
graded B-module which has property (P). Since T defines a compact object in
D(B,d) and since both sides of the arrow define exact functors of triangulated
categories, we reduce using Lemma to the case where N has a finite filtration
whose graded pieces are direct sums of B[k]. Using again that both sides of the
arrow are exact functors of triangulated categories and compactness of T we reduce
to the case N = B[k]. Assumption (2) is exactly the assumption that ¢ is an
isomorphism in this case. [
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34. Composition of derived tensor products

We encourage the reader to skip this section.

Let R be a ring. Let (A,d), (B,d), and (C,d) be differential graded R-algebras.
Let N be a differential graded (A, B)-bimodule. Let N’ be a differential graded
(B,C)-module. We denote Np the bimodule N viewed as a differential graded
B-module (forgetting about the A-structure). There is a canonical map

(34.0.1) Np @5 N' — (N®p N')¢

in D(C,d). Here (N ®p N')c denotes the (A4, C)-bimodule N ®p N’ viewed as
a differential graded C-module. Namely, this map comes from the fact that the
derived tensor product always maps to the plain tensor product (as it is a left
derived functor).

Lemma 34.1. Let R be a ring. Let (A, d), (B, d), and (C, d) be differential graded
R-algebras. Let N be a differential graded (A, B)-bimodule. Let N’ be a differential
graded (B, C)-module. Assume (34.0.1]) is an isomorphism. Then the composition

_ L _ oL ar’
SN pB,d) —22 L pe,d)

D(A,d)
is isomorphic to — ®% N with N = N @ N’ viewed as (A, C)-bimodule.
Proof. Let us define a transformation of functors

(- N)ek N — — % N”
To do this, let M be a differential graded A-module with property (P). According

to the construction of the functor — ®% N’ of the proof of Lemma the plain
tensor product M ®4 N represents M ®@% N” in D(C,d). Then we write

M@AN"=M®s (NogN')=(M®s N)@g N’

The module M ®4 N represents M ®% N in D(B,d). Choose a quasi-isomorphism
Q — M ®4 N where Q is a differential graded B-module with property (P). Then
Q ®p N’ represents (M @% N)®@% N’ in D(C,d). Thus we can define our map via

(MY N)@E N =Qes N - M@s Nog N =M% N

The construction of this map is functorial in M and compatible with distinguished
triangles and direct sums; we omit the details. Consider the property T of objects
M of D(A,d) expressing that this map is an isomorphism. Then
(1) if T holds for M; then T holds for @ M;,
(2) if T holds for 2-out-of-3 in a distinguished triangle, then it holds for the
third, and
(3) T holds for A[k] because here we obtain a shift of the map which

we have assumed is an isomorphism.

Thus by Remark 22.5] property T' always holds and the proof is complete. (I

Let R be a ring. Let (A,d), (B,d), and (C,d) be differential graded R-algebras.
We temporarily denote (A ® g B)p the differential graded algebra A @ B viewed
as a (right) differential graded B-module, and g(B ®pg C)¢ the differential graded
algebra B ®@p C viewed as a differential graded (B, C)-bimodule. Then there is a
canonical map

(34.1.1) (A®r B)p®% p(B®rC)o — (A®r BRrC)c
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in D(C,d) where (A®pr B®gr C)c denotes the differential graded R-algebra A @p
B®p C viewed as a (right) differential graded C-module. Namely, this map comes
from the identification

(A®rB)p®p g(BRQrC)c = (A®r B®rC)c

and the fact that the derived tensor product always maps to the plain tensor product
(as it is a left derived functor).

Lemma 34.2. Let R be a ring. Let (A,d), (B,d), and (C,d) be differential
graded R-algebras. Assume that is an isomorphism. Let N be a differential
graded (A, B)-bimodule. Let N’ be a differential graded (B, C)-bimodule. Then the
composition

L

—-@LN L

D(4, d) e

D(B, d)

D(C, d)
is isomorphic to — ®Y N" for a differential graded (A, C)-bimodule N described
in the proof.

Proof. By Lemma we may replace N and N’ by quasi-isomorphic bimodules.
Thus we may assume N, resp. N’ has property (P) as differential graded (A4, B)-
bimodule, resp. (B, C)-bimodule, see Lemma We claim the lemma holds with
the (A, C)-bimodule N = N ® g N’. To prove this, it suffices to show that

N @E N' — (N ®@p N')c
is an isomorphism in D(C,d), see Lemma [34.1]

Let F, be the filtration on N as in property (P) for bimodules. By Lemma
there is a short exact sequence

0= EPFrN-EPFN-N-0

of differential graded (A, B)-bimodules which is split as a sequence of graded (A, B)-
bimodules. A fortiori this is an admissible short exact sequence of differential graded
B-modules and this produces a distinguished triangle

@FiNB —)@FiNB —)NB _>®F2NB[1]

in D(B,d). Using that — ®% N’ is an exact functor of triangulated categories
and commutes with direct sums and using that — ® g N’ transforms admissible
exact sequences into admissible exact sequences and commutes with direct sums
we reduce to proving that

(F,N)p @% N — (F,N)p ®p N’
is a quasi-isomorphism for all p. Repeating the argument with the short exact
sequences of (A, B)-bimodules
0— F,N— F,;+N = F,;uN/F,N =0

which are split as graded (A, B)-bimodules we reduce to showing the same state-
ment for F,11N/F,N. Since these modules are direct sums of shifts of (A®g B)p
we reduce to showing that

(A®r B)p @8 N' — (A®r B)gp ®5 N’

is a quasi-isomorphism.
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Choose a filtration Fy on N’ as in property (P) for bimodules. Choose a quasi-
isomorphism P — (A ®pr B)p of differential graded B-modules where P has prop-
erty (P). We have to show that P®p N’ — (AQrB)p®p N’ is a quasi-isomorphism
because P ®p N’ represents (A ®r B)p ®% N’ in D(C,d) by the construction in
Lemma As N’ = colim F,, N’ we find that it suffices to show that P@g F,N' —
(A®r B)p ®p F,N' is a quasi-isomorphism. Using the short exact sequences
0 - F,N' — F,;1N' — Fp41N'/F,N’ — 0 which are split as graded (B, C)-
bimodules we reduce to showing P& g Fp 1 N'/F,N' = (A®rB)p®@pFp+1N'/F,N’
is a quasi-isomorphism for all p. Then finally using that F,11N'/F,N’ is a direct
sum of shifts of (B ®r C)c we conclude that it suffices to show that

P®p(B®rC)c = (A®rB)p®p B(B®rC)c

is a quasi-isomorphism. Since P — (A®pg B) s is a resolution by a module satisfying
property (P) this map of differential graded C-modules represents the morphism

(34.1.1) in D(C,d) and the proof is complete. O

Lemma 34.3. Let R be a ring. Let (A,d), (B,d), and (C,d) be differential
graded R-algebras. If C is K-flat as a complex of R-modules, then (34.1.1]) is an
isomorphism and the conclusion of Lemma[5].3 is valid.

Proof. Choose a quasi-isomorphism P — (A ®r B)p of differential graded B-
modules, where P has property (P). Then we have to show that

P®p (BRrC) — (A®r B)®p (B®gC)
is a quasi-isomorphism. Equivalently we are looking at
PRrC — AQr BRrC

This is a quasi-isomorphism if C' is K-flat as a complex of R-modules by More on
Algebra, Lemma [59.2 O

35. Variant of derived tensor product
Let (C,O) be a ringed site. Then we have the functors
Comp(0) — K(O) — D(0)

and as we've seen above we have differential graded enhancement Comp?(0).
Namely, this is the differential graded category of Example [26.6] associated to the
abelian category Mod(Q). Let K*® be a complex of O-modules in other words, an
object of Comp™(0O). Set

(E7 d) = HomCompd-‘?(O) (K.7 K.)

This is a differential graded Z-algebra. We claim there is an analogue of the derived
base change in this situation.

Lemma 35.1. In the situation above there is a functor

— @ K*: Mod¥

(Bd) Comp™(O)

of differential graded categories. This functor sends E to K® and commutes with
direct sums.
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Proof. Let M be a differential graded E-module. For every object U of C the
complex K*(U) is a left differential graded F-module as well as a right O(U)-
module. The actions commute, so we have a bimodule. Thus, by the constructions
in Sections [12| and [28 we can form the tensor product

M ep K*(U)
which is a differential graded O(U)-module, i.e., a complex of O(U)-modules. This
construction is functorial with respect to U, hence we can sheafify to get a complex
of O-modules which we denote
Mep K*
Moreover, for each U the construction determines a functor Mod'égJ 4~ Comp™ (O(U))

of differential graded categories by Lemma[29.1] It is therefore clear that we obtain
a functor as stated in the lemma. (Il

09LW |Lemma 35.2. The functor of Lemma defines an exact functor of triangulated
categories K(Mod g, q)) — K(O).

Proof. The functor induces a functor between homotopy categories by Lemma
[26.5] We have to show that — ®p K*® transforms distinguished triangles into dis-
tinguished triangles. Suppose that 0 - K — L — M — 0 is an admissible short
exact sequence of differential graded E-modules. Let s : M — L be a graded
FE-module homomorphism which is left inverse to L — M. Then s defines a map
M ®g K* — L ®g K* of graded O-modules (i.e., respecting O-module structure
and grading, but not differentials) which is left inverse to L @ g K* — M ®p K°.
Thus we see that

0>KQpK®* > LR K*—> Mg K®*—0

is a termwise split short exact sequences of complexes, i.e., a defines a distinguished
triangle in K(O). O

09LX Lemma 35.3. The functor K(Mod g, q)) — K(O) ofLemma has a left derived
version defined on all of D(E, d). We denote it — ®@% K*: D(E, d) — D(O).

Proof. We will use Derived Categories, Lemma to prove this. As our collec-
tion P of objects we will use the objects with property (P). Property (1) was shown
in Lemma m Property (2) holds because if s : P — P’ is a quasi-isomorphism of
modules with property (P), then s is a homotopy equivalence by Lemma m ([

0CS6 Lemma 35.4. Let R be a ring. Let C be a site. Let O be a sheaf of commutative
R-algebras. Let K® be a complex of O-modules. The functor of Lemma has
the following property: For every M, N in D(E,d) there is a canonical map
RHom(M, N) — RHomp(M &% K*, N @% K*)
in D(R) which on cohomology modules gives the maps
Extp g, (M, N) = Exth o) (M ©F K*, N ©p K*)
induced by the functor — @% K*.

Proof. The right hand side of the arrow is the global derived hom introduced in
Cohomology on Sites, Section [36] which has the correct cohomology modules. For
the left hand side we think of M as a (R, A)-bimodule and we have the derived
Hom introduced in Section [3I] which also has the correct cohomology modules.
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To prove the lemma we may assume M and N are differential graded E-modules
with property (P); this does not change the left hand side of the arrow by Lemma
BI3] By Lemma [31.5] this means that the left hand side of the arrow becomes
HomMOd((ig’d) (M,N). In Lemmas 35.1|7 35.2|, and [35.3| we have constructed a functor

— ®p K*: Mod¥

(B Compdg(O)

of differential graded categories and we have shown that — ®% K*® is computed by
evaluating this functor on differential graded E-modules with property (P). Hence
we obtain a map of complexes of R-modules

Homlvlodf(zge d)(M, N) — Homcgmpas (o) (M @p K*, N ®@p K*)

For any complexes of O-modules F*, G*® there is a canonical map
Homggppas (o) (F*,G%) = I'(C, Hom®(F*,G*)) — RHomo(F*,G*).
Combining these maps we obtain the desired map of the lemma. (Il

Lemma 35.5. Let (C,0) be a ringed site. Let K*® be a complex of O-modules.
Then the functor
— % K*: D(E,d) — D(O)
of Lemma [35.9 is a left adjoint of the functor
RHom(K*®,—): D(O) — D(E,d)
of Lemma [52.1]

Proof. The statement means that we have
Homp(p.q)(M, RHom(K*, L*)) = Homp(oy(M @5 K*, L*)

bifunctorially in M and L°®. To see this we may replace M by a differential graded
E-module P with property (P). We also may replace L® by a K-injective complex
of O-modules I°®. The computation of the derived functors given in the lemmas
referenced in the statement combined with Lemma 22.3] translates the above into

HomK(MOd(E,d))(R Homp(K*,1°%)) = Homg o) (P ®p K°*,1°)

where B = Compdg((’)). There is an evaluation map from right to left functorial
in P and I* (details omitted). Choose a filtration F, on P as in the definition
of property (P). By Lemma and the fact that both sides of the equation are
homological functors in P on K (Modg qy) we reduce to the case where P is replaced
by the differential graded E-module @ F;P. Since both sides turn direct sums in
the variable P into direct products we reduce to the case where P is one of the
differential graded E-modules F;P. Since each F; P has a finite filtration (given by
admissible monomorphisms) whose graded pieces are graded projective E-modules
we reduce to the case where P is a graded projective F-module. In this case we
clearly have

HomMod’(ig)d) (P’ Homp (K.7 I.)) = HomCompdg((’)) (P 93] K.a I.)

as graded Z-modules (because this statement reduces to the case P = E[k] where
it is obvious). As the isomorphism is compatible with differentials we conclude. O

Lemma 35.6. Let (C,0) be a ringed site. Let K*® be a complex of O-modules.
Assume
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(1) K* represents a compact object of D(O), and
(2) E = Hom gypas o) (K*, K*®) computes the ext groups of K* in D(O).
Then the functor
- ®% K*: D(E,d — D(O)
of Lemma is fully faithful.

Proof. Because our functor has a left adjoint given by R Hom(K*, —) by Lemma
[35.5] it suffices to show for a differential graded E-module M that the map

H°(M) — Homp o) (K*, M ®F K*)

is an isomorphism. We may assume that M = P is a differential graded F-module
which has property (P). Since K* defines a compact object, we reduce using Lemma
to the case where P has a finite filtration whose graded pieces are direct sums
of E[k]. Again using compactness we reduce to the case P = E[k]. The assumption
on K is that the result holds for these. d

36. Characterizing compact objects

Compact objects of additive categories are defined in Derived Categories, Definition
In this section we characterize compact objects of the derived category of a
differential graded algebra.

Remark 36.1. Let (A,d) be a differential graded algebra. Is there a characteri-
zation of those differential graded A-modules P for which we have

HomK(A,d) (P, M) = HOIIID(A,d) (P, M)

for all differential graded A-modules M? Let D C K(A,d) be the full subcate-
gory whose objects are the objects P satisfying the above. Then D is a strictly
full saturated triangulated subcategory of K(A,d). If P is projective as a graded
A-module, then to see where P is an object of D it is enough to check that
Homp(4,q)(P, M) = 0 whenever M is acyclic. However, in general it is not enough
to assume that P is projective as a graded A-module. Example: take A = R = k[e]
where k is a field and k[e] = k[z]/(2?) is the ring of dual numbers. Let P be the
object with P* = R for all n € Z and differential given by multiplication by e.
Then idp € Homg(4,4)(P, P) is a nonzero element but P is acyclic.

Remark 36.2. Let (4, d) be a differential graded algebra. Let us say a differential
graded A-module M is finite if M is generated, as a right A-module, by finitely many
elements. If P is a differential graded A-module which is finite graded projective,
then we can ask: Does P give a compact object of D(A,d)? Presumably, this is
not true in general, but we do not know a counter example. However, if P is also
an object of the category D of Remark then this is the case (this follows from
the fact that direct sums in D(A,d) are given by direct sums of modules; details
omitted).

Lemma 36.3. Let (A, d) be a differential graded algebra. Let E be a compact object
of D(A, d). Let P be a differential graded A-module which has a finite filtration

0=F ,PCFPCHPC..CF,P=P
by differential graded submodules such that

Fi\P/FP = ®jEJ- Alk; ;]
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as differential graded A-modules for some sets J; and integers k; j. Let E — P be
a morphism of D(A,d). Then there exists a differential graded submodule P' C P
such that F; 1P N P'/(F;P N P') is equal to GBjEJ; Alk; ;] for some finite subsets
J! C J; and such that E — P factors through P'.

Proof. We will prove by induction on —1 < m < n that there exists a differential
graded submodule P’ C P such that
(1) F,PC P,
(2) fori > m the quotient Fjy1 PNP'/(F;PNP') is isomorphic to P 5 Alki ;]
for some finite subsets J! C J;, and Z
(3) E — P factors through P’.

The base case is m = n where we can take P’ = P.

Induction step. Assume P’ works for m. For ¢ > mand j € J/ let z; ; € F;41 PNP’
be a homogeneous element of degree k; ; whose image in F; 1 PN P'/(F;PNP’) is
the generator in the summand corresponding to j € J;. The z; ; generate P'/F,, P
as an A-module. Write

il '
d(wig) =Y wijeay? +ui

with y; ; € F,, P and aii}jl € A. There exists a finite subset J/, _; C J,,—1 such that
each y; ; maps to an element of the submodule @jef Alkm-1,4] of F;,P/Fp,_1 P.
Let P"” C F,, P be the inverse image of @je‘];nil Alkpm—1,;] under the map F,, P —
F,,P/F,,_1P. Then we see that the A-submodule

P+ in’jA

is a differential graded submodule of the type we are looking for. Moreover

P'/(P"+ i A) = @jeJm_l\J, Alkm—1,]

m—1

Since F is compact, the composition of the given map F — P’ with the quotient
map, factors through a finite direct subsum of the module displayed above. Hence
after enlarging J),_; we may assume E — P’ factors through P” + Y x; ;A as
desired. (]

It is not true that every compact object of D(A,d) comes from a finite graded
projective differential graded A-module, see Examples, Section

Proposition| 36.4. Let (A, d) be a differential graded algebra. Let E be an object
of D(A, d). Then the following are equivalent

(1) E is a compact object,

(2) E is a direct summand of an object of D(A, d) which is represented by a
differential graded module P which has a finite filtration Fy by differential
graded submodules such that F;P/F;_1 P are finite direct sums of shifts of
A.

Proof. Assume F is compact. By Lemma we may assume that E is repre-
sented by a differential graded A-module P with property (P). Consider the distin-

guished triangle
PFEP—~PFEP—PSEPFEP
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coming from the admissible short exact sequence of Lemma[20.1] Since E is compact
we have 6 = 37,  ; for some &; : P — F;P[1]. Since the composition of § with
the map @ F;P[1] — @ F;P[1] is zero (Derived Categories, Lemma it follows
that 6 = 0 (follows as @ F; P — @ F; P maps the summand F; P via the difference
of id and the inclusion map into F;_1 P). Thus we see that the identity on F factors
through @ F; P in D(A,d) (by Derived Categories, Lemma. Next, we use that
P is compact again to see that the map E' — P F; P factors through @,_, , FiP
for some n. In other words, the identity on E factors through @, , , F;P. By
Lemma [36.3] we see that the identity of E factors as E — P — E where P is as in
part (2) of the statement of the lemma. In other words, we have proven that (1)
implies (2).

Assume (2). By Derived Categories, Lemma it suffices to show that P gives a
compact object. Observe that P has property (P), hence we have

Hompa,a)(P, M) = Hompg(a,q)(P, M)

for any differential graded module M by Lemma As direct sums in D(A, d) are
given by direct sums of graded modules (Lemma [22.4]) we reduce to showing that
Hom g (a,q)(P, M) commutes with direct sums. Using that K (A,d) is a triangulated
category, that Hom is a cohomological functor in the first variable, and the filtration
on P, we reduce to the case that P is a finite direct sum of shifts of A. Thus we
reduce to the case P = A[k] which is clear. O

Lemma 36.5. Let (A,d) be a differential graded algebra. For every compact
object I of D(A, d) there exist integers a < b such that Hompa, q)(E, M) = 0 if
HY(M) =0 fori € [a,b].

Proof. Observe that the collection of objects of D(A,d) for which such a pair
of integers exists is a saturated, strictly full triangulated subcategory of D(A,d).
Thus by Proposition it suffices to prove this when F is represented by a dif-
ferential graded module P which has a finite filtration F, by differential graded
submodules such that F;P/F;_1 P are finite direct sums of shifts of A. Using the
compatibility with triangles, we see that it suffices to prove it for P = A. In this
case Homp4,q)(A, M) = H°(M) and the result holds with a = b = 0. O

If (A,d) is just an algebra placed in degree 0 with zero differential or more gener-
ally lives in only a finite number of degrees, then we do obtain the more precise
description of compact objects.

Lemma 36.6. Let (A, d) be a differential graded algebra. Assume that A™ =0 for
|n| > 0. Let E be an object of D(A, d). The following are equivalent

(1) E is a compact object, and

(2) E can be represented by a differential graded A-module P which is fi-
nite projective as a graded A-module and satisfies Hompg(a,q)(P, M) =
Hompa,q)(P, M) for every differential graded A-module M.

Proof. Let D C K(A,d) be the triangulated subcategory discussed in Remark
Let P be an object of D which is finite projective as a graded A-module.
Then P represents a compact object of D(A,d) by Remark

To prove the converse, let E be a compact object of D(A,d). Fix a < b as in
Lemma After decreasing a and increasing b if necessary, we may also assume
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that H'(E) = 0 for i ¢ [a, b] (this follows from Proposition and our assumption
on A). Moreover, fix an integer ¢ > 0 such that A" =0 if |n| > c.

By Propositionwe see that F is a direct summand, in D(A,d), of a differential
graded A-module P which has a finite filtration F, by differential graded submod-
ules such that F;P/F;_1P are finite direct sums of shifts of A. In particular, P
has property (P) and we have Hompa q)(P, M) = Homg (a,q)(P, M) for any dif-
ferential graded module M by Lemma In other words, P is an object of the
triangulated subcategory D C K(A,d) discussed in Remark Note that P is
finite free as a graded A-module.

Choose n > 0 such that b + 4c — n < a. Represent the projector onto E by
an endomorphism ¢ : P — P of differential graded A-modules. Consider the
distinguished triangle

Pl p oo P
in K(A,d) where C' is the cone of the first arrow. Then C is an object of D, we have
C = E®E[l]in D(A,d), and C is a finite graded free A-module. Next, consider a
distinguished triangle

Cll]—»C—C —C2]
in K(A,d) where C’ is the cone on a morphism C[1] — C representing the compo-
sition

Cl]=ZE]1|®E2—- E]ll—-E®E[l]=C

in D(A,d). Then we see that C’ represents E @ E[2]. Continuing in this manner
we see that we can find a differential graded A-module P which is an object of D,
is a finite free as a graded A-module, and represents E @ E[n].

Choose a basis x;, ¢ € I of homogeneous elements for P as an A-module. Let
d; = deg(x;). Let P, be the A-submodule of P generated by z; and d(x;) for
di < a—c—1. Let P, be the A-submodule of P generated by x; and d(z;) for
d; > b—n+ c. We observe

(1) Py and P, are differential graded submodules of P,

(2) Pl =0 fort>a,

(3) Pf =Pt fort<a-2c

(4) Pt=0fort <b—mn,

(5) Pt = P! fort>b—n+2c
As b—n+ 2¢c > a — 2¢ by our choice of n we obtain a short exact sequence of
differential graded A-modules

0P NP —>P &P, P—0

Since P is projective as a graded A-module this is an admissible short exact sequence
(Lemma [16.1]). Hence we obtain a boundary map ¢ : P — (P N P2)[1] in K(A4,d),
see Lemma 7.2l Since P = E @ E[n] and since P; N P; lives in degrees (b—n,a) we
find that Hom p(4,q4)(E® E[n], (Py N P,)[1]) is zero. Therefore § = 0 as a morphism
in K(A,d) as P is an object of D. By Derived Categories, Lemma we can find
amap s: P — P, ® P, such that mos = idp +dh+ hd for some h : P — P of degree
—1. Since P; & P, — P is surjective and since P is projective as a graded A-module
we can choose a homogeneous lift h:P — P, &P, of h. Then we change s into
s+ dh + hd to get w0 s = idp. This means we obtain a direct sum decomposition
P =s"1P)®s }(P). Since s~}(P,) is equal to P in degrees > b —n + 2c we see
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that s~1(P,) — P — E is a quasi-isomorphism, i.e., an isomorphism in D(A4,d).
This finishes the proof. ([

37. Equivalences of derived categories

Let R be a ring. Let (A4, d) and (B, d) be differential graded R-algebras. A natural
question that arises in nature is what it means that D(A, d) is equivalent to D(B, d)
as an R-linear triangulated category. This is a rather subtle question and it will
turn out it isn’t always the correct question to ask. Nonetheless, in this section we
collection some conditions that guarantee this is the case.

We strongly urge the reader to take a look at the groundbreaking paper [Ric89] on
this topic.

Lemma 37.1. Let R be a ring. Let (A,d) — (B,d) be a homomorphism of
differential graded algebras over R, which induces an isomorphism on cohomology
algebras. Then

—o% B:D(A,d) — D(B,d)
gives an R-linear equivalence of triangulated categories with quasi-inverse the re-
striction functor N — N4.

Proof. By Lemma the functor M — M ®h B is fully faithful. By Lemma
the functor N — RHom(B,N) = N4 is a right adjoint, see Example m
It is clear that the kernel of RHom(B, —) is zero. Hence the result follows from
Derived Categories, Lemma g

When we analyze the proof above we see that we obtain the following generalization
for free.

Lemma 37.2. Let R be a ring. Let (A, d) and (B, d) be differential graded algebras
over R. Let N be a differential graded (A, B)-bimodule. Assume that

(1) N defines a compact object of D(B, d),

(2) if N' € D(B,d) and Hompp,q)(N,N'[n]) =0 forn € Z, then N' =0, and

(3) the map H*(A) — Homp(p,q) (N, N[k]) is an isomorphism for all k € Z.
Then

—®% N :D(A, d) — D(B,d)

gives an R-linear equivalence of triangulated categories.

Proof. By Lemma m the functor M —— M ®% N is fully faithful. By Lemma
the functor N’ — RHom(N, N') is a right adjoint. By assumption (3) the
kernel of RHom(N, —) is zero. Hence the result follows from Derived Categories,
Lemma [7.21 O

Remark|37.3. In Lemma we can replace condition (2) by the condition that
N is a classical generator for Deompact(B, d), see Derived Categories, Proposition
Moreover, if we knew that R Hom (N, B) is a compact object of D(A,d), then
it suffices to check that N is a weak generator for D ompact(B,d). We omit the
proof; we will add it here if we ever need it in the Stacks project.

Sometimes the B-module P in the lemma below is called an “(A, B)-tilting com-
plex”.
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Lemma 37.4. Let R be a ring. Let (A, d) and (B, d) be differential graded R-
algebras. Assume that A = H°(A). The following are equivalent

(1) D(A,d) and D(B, d) are equivalent as R-linear triangulated categories, and
(2) there exists an object P of D(B, d) such that
(a) P is a compact object of D(B, d),
(b) if N € D(B, d) with Hompg 4 (P, N[i]) =0 for i € Z, then N =0,
(c) Hompp, q)(P, P[i]) = 0 for i # 0 and equal to A fori = 0.
The equivalence D(A, d) — D(B, d) constructed in (2) sends A to P.

Proof. Let F': D(A,d) — D(B,d) be an equivalence. Then F' maps compact ob-
jects to compact objects. Hence P = F(A) is compact, i.e., (2)(a) holds. Conditions
(2)(b) and (2)(c) are immediate from the fact that F' is an equivalence.

Let P be an object as in (2). Represent P by a differential graded module with
property (P). Set

(E,d) = Hom )(P, P)

d
Mod(é’d

Then H(E) = A and H*(E) = 0 for k # 0 by Lemma and assumption (2)(c).
Viewing P as a (F, B)-bimodule and using Lemma and assumption (2)(b) we
obtain an equivalence

D(BE,d) — D(B,d)
sending F to P. Let E' C E be the differential graded R-subalgebra with

E? ifi <0
(E") = Ker(E* = E') ifi=0
0 ifi>0

Then there are quasi-isomorphisms of differential graded algebras (A,d) < (E’,d) —
(E,d). Thus we obtain equivalences

D(A,d) + D(E',d) — D(E,d) — D(B,d)
by Lemma |37.1 ([

Remark 37.5. Let R be a ring. Let (A,d) and (B,d) be differential graded
R-algebras. Suppose given an R-linear equivalence

F:D(A,d) — D(B,d)

of triangulated categories. Set N = F(A). Then N is a differential graded B-
module. Since F' is an equivalence and A is a compact object of D(A,d), we
conclude that N is a compact object of D(B,d). Since A generates D(A,d)
and F is an equivalence, we see that N generates D(B,d). Finally, H*(A) =
Hompa,qa)(A, A[k]) and as F' an equivalence we see that F' induces an isomor-
phism H*(A) = Hompp,q)(IN, N[k]) for all k. In order to conclude that there is
an equivalence D(A,d) — D(B,d) which arises from the construction in Lemma
all we need is a left A-module structure on N compatible with derivation and
commuting with the given right B-module structure. In fact, it suffices to do this
after replacing IV by a quasi-isomorphic differential graded B-module. The module
structure can be constructed in certain cases. For example, if we assume that F'
can be lifted to a differential graded functor

d d d
F*9 . MOd(f},d) — Mod(éd)
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(for notation see Example [26.8) between the associated differential graded cate-
gories, then this holds. Another case is discussed in the proposition below.

Proposition| 37.6. Let R be a ring. Let (A, d) and (B, d) be differential graded
R-algebras. Let F : D(A,d) — D(B, d) be an R-linear equivalence of triangulated
categories. Assume that

(1) A= H°(A), and

(2) B is K-flat as a complex of R-modules.
Then there exists an (A, B)-bimodule N as in Lemma[37.4

Proof. As in Remark above, we set N = F(A) in D(B,d). We may assume
that N is a differential graded B-module with property (P). Set

(E,d) = HomMOd((z;d) (N,N)

Then H°(E) = A and H*(E) = 0 for k # 0 by Lemma Moreover, by the
discussion in Remark [37.5|and by Lemma [37.2 we see that N as a (E, B)-bimodule
induces an equivalence —®% N : D(E,d) — D(B,d). Let E' C E be the differential
graded R-subalgebra with

E' ifi <0
(E")' = {Ker(E® = E') ifi=0
0 ifi>0

Then there are quasi-isomorphisms of differential graded algebras (A,d) « (E’,d) —
(E,d). Thus we obtain equivalences

D(A,d) « D(E',d) — D(E,d) — D(B,d)

by Lemma[37.1] Note that the quasi-inverse D(A,d) — D(E’,d) of the left vertical
arrow is given by M +— M ®% A where A is viewed as a (A, E')-bimodule, see
Example On the other hand the functor D(E’,d) — D(B,d) is given by
M — M ®p, N where N is as above. We conclude by Lemma 0

Remark| 37.7. Let A,B,F,N be as in Proposition m It is not clear that
F and the functor G(—) = — ®% N are isomorphic. By construction there is an
isomorphism N = G(A) — F(A) in D(B,d). It is straightforward to extend this to
a functorial isomorphism G(M) — F(M) for M is a differential graded A-module
which is graded projective (e.g., a sum of shifts of A). Then one can conclude that
G(M) = F(M) when M is a cone of a map between such modules. We don’t know
whether more is true in general.

Lemma 37.8. Let R be a ring. Let A and B be R-algebras. The following are
equivalent
(1) there is an R-linear equivalence D(A) — D(B) of triangulated categories,
(2) there exists an object P of D(B) such that
(a) P can be represented by a finite complex of finite projective B-modules,
(b) if K € D(B) with Extp(P, K) =0 fori € Z, then K =0, and
(c) Extpz(P,P) =0 fori#0 and equal to A for i =0.
Moreover, if B is flat as an R-module, then this is also equivalent to
(3) there exists an (A, B)-bimodule N such that — @% N : D(A) — D(B) is an
equivalence.
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Proof. The equivalence of (1) and (2) is a special case of Lemma combined
with the result of Lemma characterizing compact objects of D(B) (small detail
omitted). The equivalence with (3) if B is R-flat follows from Proposition[37.6] O

09SD Remark 37.9. Let R be a ring. Let A and B be R-algebras. If D(A) and D(B)
are equivalent as R-linear triangulated categories, then the centers of A and B
are isomorphic as R-algebras. In particular, if A and B are commutative, then
A = B. The rather tricky proof can be found in [Ric89, Proposition 9.2] or [KZ98|
Proposition 6.3.2]. Another approach might be to use Hochschild cohomology (see
remark below).

09ST Remark| 37.10. Let R be a ring. Let (A,d) and (B,d) be differential graded
R-algebras which are derived equivalent, i.e., such that there exists an R-linear
equivalence D(A,d) — D(B,d) of triangulated categories. We would like to show
that certain invariants of (A,d) and (B, d) coincide. In many situations one has
more control of the situation. For example, it may happen that there is an equiva-
lence of the form

—®4Q:D(A,d) — D(B,d)

for some differential graded (A, B)-bimodule € (this happens in the situation of
Proposition [37.6] and is often true if the equivalence comes from a geometric con-
struction). If also the quasi-inverse of our functor is given as

- ®% Q' : D(B,d) — D(A,d)
for a differential graded (B, A)-bimodule Q' (and as before such a module ' often
exists in practice). In this case we can consider the functor
D(AP? @ A,d) — D(B°? ®g B,d), M +— Q' @5 M a4 Q

on derived categories of bimodules (use Lemma to turn bimodules into right
modules). Observe that this functor sends the (A, A)-bimodule A to the (B, B)-
bimodule B. Under suitable conditions (e.g., flatness of A, B, € over R, etc) this
functor will be an equivalence as well. If this is the case, then it follows that we
have isomorphisms of Hochschild cohomology groups

HH’L(A, d) = HOmD(Aopp®RA7d) (A, A[’L]) — HOmD(Bop;LJ@RB,d) (B, B[Z]) = HHZ(B, d)

For example, if A = H(A), then HH°(A,d) is equal to the center of A, and this
gives a conceptual proof of the result mentioned in Remark If we ever need
this remark we will provide a precise statement with a detailed proof here.

38. Resolutions of differential graded algebras

0BZ6 Let R be a ring. Under our assumptions the free R-algebra R(S) on a set S is the
algebra with R-basis the expressions

S§182...8n

where n > 0 and s1,...,s, € S is a sequence of elements of S. Multiplication is
given by concatenation
(5182...8n) (8185 ...80,) =81...5,8]...50,
This algebra is characterized by the property that the map
Mor g-alg (R(S), A) = Map(S, 4), ¢ — (s ©(s))

is a bijection for every R-algebra A.
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In the category of graded R-algebras our set S should come with a grading, which
we think of as a map deg : S — Z. Then R(S) has a grading such that the
monomials have degree
deg(s1s2...8,) =deg(s1) + ...+ deg(sn)
In this setting we have
Morgraded R—'dlg(R<S>7 A) — Mapgradcd scts(Sa A)a e (5 = 90(5))
is a bijection for every graded R-algebra A.

If Ais a graded R-algebra and S is a graded set, then we can similarly form A(S).
Elements of A(S) are sums of elements of the form

aps1a182 ...0pn—-18p0y

with a; € A modulo the relations that these expressions are R-multilinear in
(ag,...,an). Thus for every sequence si,...,s, of elements of S there is an in-
clusion

A®R®RACA<S>
and the algebra is the direct sum of these. With this definition the reader shows
that the map
Morgraded R—alg(A<S>7 B) — Morgraded R—alg(A; B) X Mapgraded sets(Sa B)7

sending ¢ to (¢|a, (s — @(s))) is a bijection for every graded R-algebra A. We
observe that if A was a free graded R-algebra, then so is A(S).

Suppose that A is a differential graded R-algebra and that S is a graded set. Sup-
pose moreover for every s € S we are given a homogeneous element f; € A with
deg(fs) = deg(s) + 1 and dfs = 0. Then there exists a unique structure of differ-
ential graded algebra on A(S) with d(s) = fs. For example, given a,b,c € A and
s,t € S we would define

d(asbtc) = d(a)sbte + (—1)9 D qfbte + (—1)38@+dee) g5 (b)tc
+ (71)deg(a)+deg(s)+deg(b) asbftc + (71)deg(a)+deg(s)+deg(b)+deg(t) asbtd(c)

We omit the details.

Lemma 38.1. Let R be a ring. Let (B,d) be a differential graded R-algebra.
There exists a quasi-isomorphism (A, d) — (B, d) of differential graded R-algebras
with the following properties

(1) A is K-flat as a complex of R-modules,

(2) A is a free graded R-algebra.

Proof. First we claim we can find (4p,d) — (B,d) having (1) and (2) inducing
a surjection on cohomology. Namely, take a graded set S and for each s € S a
homogeneous element bs € Ker(d : B — B) of degree deg(s) such that the classes
bs in H*(B) generate H*(B) as an R-module. Then we can set Ay = R(S) with
zero differential and Ay — B given by mapping s to bs.

Given Ay — B inducing a surjection on cohomology we construct a sequence
A()*)Al *)AQ%B

by induction. Given A, — B we set S, be a graded set and for each s € S,, we let
as € Ker(A,, — A,) be a homogeneous element of degree deg(s) + 1 mapping to a


https://stacks.math.columbia.edu/tag/0BZ7

0BZ8

DIFFERENTIAL GRADED ALGEBRA 74

class @s in H*(A,,) which maps to zero in H*(B). We choose S,, large enough so
that the elements @, generate Ker(H*(A,) — H*(B)) as an R-module. Then we
set

An+1 = An<Sn>

with differential given by d(s) = as see discussion above. Then each (4, d) satisfies
(1) and (2), we omit the details. The map H*(A,) — H*(B) is surjective as this
was true for n = 0.

It is clear that A = colim A,, is a free graded R-algebra. It is K-flat by More
on Algebra, Lemma The map H*(A) — H*(B) is an isomorphism as it is
surjective and injective: every element of H*(A) comes from an element of H*(A,,)
for some n and if it dies in H*(B), then it dies in H*(A,41) hence in H*(A). O

As an application we prove the “correct” version of Lemma [34.2

Lemma 38.2. Let R be a ring. Let (A, d), (B, d), and (C, d) be differential graded
R-algebras. Assume A @p C represents A ®@% C in D(R). Let N be a differential
graded (A, B)-bimodule. Let N’ be a differential graded (B, C)-bimodule. Then the

composition

DA, d) —AY  p(B,d) —22Y . p(e, d)

is isomorphic to — @% N" for some differential graded (A, C)-bimodule N".

Proof. Using Lemma we choose a quasi-isomorphism (B’,d) — (B, d) with
B’ K-flat as a complex of R-modules. By Lemma the functor — ®%, B :
D(B’,d) — D(B,d) is an equivalence with quasi-inverse given by restriction. Note
that restriction is canonically isomorphic to the functor — ®% B : D(B,d) —
D(B’,d) where B is viewed as a (B, B’)-bimodule. Thus it suffices to prove the
lemma, for the compositions

D(A) - D(B) - D(B'), D(B')— D(B)— D(C), D(A)— D(B')— D(C).

The first one is Lemma, because B’ is K-flat as a complex of R-modules. The
second one is true because B @% N’ = N’ = B ®p N’ and hence Lemma
applies. Thus we reduce to the case where B is K-flat as a complex of R-modules.

Assume B is K-flat as a complex of R-modules. It suffices to show that
is an isomorphism, see Lemma Choose a quasi-isomorphism L — A where
L is a differential graded R-module which has property (P). Then it is clear that
P = L ®g B has property (P) as a differential graded B-module. Hence we have
to show that P — A ® g B induces a quasi-isomorphism

Pep(BRrC)— (A®r B)®p (B®grC)
‘We can rewrite this as
PRrB®Rr(C — ARr BRgrC

Since B is K-flat as a complex of R-modules, it follows from More on Algebra,
Lemma that it is enough to show that

PRrC—A®rC

is a quasi-isomorphism, which is exactly our assumption. [
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The following lemma does not really belong in this section, but there does not seem
to be a good natural spot for it.

Lemma 38.3. Let (A, d) be a differential graded algebra with H'(A) countable for
each i. Let M be an object of D(A, d). Then the following are equivalent

(1) M = hocolimFE,, with E,, compact in D(A, d), and
(2) HY(M) is countable for each i.

Proof. Assume (1) holds. Then we have H*(M) = colim H*(E,,) by Derived Cat-
egories, Lemma Thus it suffices to prove that H!(E,,) is countable for each n.
By Proposition we see that F,, is isomorphic in D(A,d) to a direct summand
of a differential graded module P which has a finite filtration F, by differential
graded submodules such that F; P/F;_; P are finite direct sums of shifts of A. By
assumption the groups H'(F;P/F;_1 P) are countable. Arguing by induction on the
length of the filtration and using the long exact cohomology sequence we conclude
that (2) is true. The interesting implication is the other one.

We claim there is a countable differential graded subalgebra A’ C A such that the
inclusion map A’ — A defines an isomorphism on cohomology. To construct A" we
choose countable differential graded subalgebras

A1CA2CA3C...

such that (a) H'(A;) — HY(A) is surjective, and (b) for n > 1 the kernel of
the map H(A,_1) — H%(A,) is the same as the kernel of the map H*(A,_1) —
H(A). To construct A; take any countable collection of cochains S C A generating
the cohomology of A (as a ring or as a graded abelian group) and let A; be the
differential graded subalgebra of A generated by S. To construct A,, given A, _;
for each cochain a € A!_; which maps to zero in H*(A) choose s, € A"~1 with
d(s,) = a and let A,, be the differential graded subalgebra of A generated by A,,_1
and the elements s,. Finally, take A’ =] A,,.

By Lemma the restriction map D(A,d) — D(A’,d), M — M, is an equiv-
alence. Since the cohomology groups of M and M4, are the same, we see that it
suffices to prove the implication (2) = (1) for (4’,d).

Assume A is countable. By the exact same type of argument as given above we see
that for M in D(A,d) the following are equivalent: H®(M) is countable for each
1 and M can be represented by a countable differential graded module. Hence in
order to prove the implication (2) = (1) we reduce to the situation described in
the next paragraph.

Assume A is countable and that M is a countable differential graded module over A.
We claim there exists a homomorphism P — M of differential graded A-modules
such that

(1) P — M is a quasi-isomorphism,
(2) P has property (P), and
(3) P is countable.
Looking at the proof of the construction of P-resolutions in Lemma [20.4] we see

that it suffices to show that we can prove Lemma [20.3] in the setting of countable
differential graded modules. This is immediate from the proof.
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Assume that A is countable and that M is a countable differential graded module
with property (P). Choose a filtration

O=F .PCIKPCFPC...CP
by differential graded submodules such that we have
(1) P=UF,P,
(2) F;P — F; 1P is an admissible monomorphism,

(3) isomorphisms of differential graded modules F;P/F; 1P — @
some sets J; and integers ;.

e Alk;] for
Of course J; is countable for each i. For each ¢ and j € J; choose z; ; € F;P of
degree k; whose image in F;P/F;_1 P generates the summand corresponding to j.

Claim: Given n and finite subsets S; C J;, ¢ = 1,...,n there exist finite subsets
S; Cc T, C J;, i = 1,...,n such that P’ = 691'571 @jeTi Az; ; is a differential
graded submodule of P. This was shown in the proof of Lemma [36.3] but it is also
easily shown directly: the elements x; ; freely generate P as a right A-module. The
structure of P shows that

d(wig) =), wwjan

where of course the sum is finite. Thus given Sy, ...,S, we can first choose Sy C
545+ s Sn—1 C Sy with d(zn;) € Dyieyy jreg, vy A for all j € S, Then
by induction on n we can choose S C Tp,...,S,_; C Tn—1 to make sure that

@i/<n’j,eT_, xy A is a differential graded A-submodule. Setting 7, = S, we find
that P’ =

From the claim it is clear that P = (J P}, is a countable rising union of P/, as above.
By construction each P/ is a differential graded module with property (P) such that
the filtration is finite and the succesive quotients are finite direct sums of shifts of
A. Hence P/, defines a compact object of D(A, d), see for example Proposition
Since P = hocolimP/ in D(A,d) by Lemma the proof of the implication (2)
= (1) is complete. O

i<n jet; TijA is as desired.

39. Other chapters

Preliminaries (15) [More on Algebral
(16) [Smoothing Ring Maps|
(1) (17) |Sheaves of Modules|
(2) (18) [Modules on Sites|
(3) (19) [Injectives|
(4) (20) [Cohomology of Sheaves|
(5) (21) [Cohomology on Sites|
(6) [Sheaves on Spaces] (22) [Differential Graded Algebral
(7) [Sites and Sheaves| (23) [Divided Power Algebral
(8) [Stacks (24) |Differential Graded Sheaves|
(9) [Fields (25) [Hypercoverings
(10) [Commutative Algebral
(11) Brauer Groups Schemes
(12) [Homological Algebral (26) [Schemes|
(13) |Derived Categories| (27) |Constructions of Schemes|
(14) |Simplicial Methods| (28) [Properties of Schemes|




DIFFERENTIAL GRADED ALGEBRA 7

Morphisms of Schemes|
Cohomology of Schemes|
Divisors|

Limits of Schemes|

Varieties|

Topologies on Schemes|
Descent|

Derived Categories of Schemes|
More on Morphisms|

More on Flatness|

Groupoid Schemes|

More on Groupoid Schemes|
Etale Morphisms of Schemes

NN N N N N N N N N S

B0 W W W W W W WWwWwN
NN AN A A NN

— O © 00~ Utk W~ OO

—
N
N

Topics in Scheme Theory

Chow Homology|
Intersection Theory|

Picard Schemes of Curves|
'Weil Cohomology Theories|
Adequate Modules|
Dualizing Complexes|
Duality for Schemes|
Discriminants and Differents|
de Rham Cohomology|

Local Cohomology|
Algebraic and Formal Geometry|

)
)
)
)
)
)
)
)
)
)
) |Algebraic Curves|
)
)
)
)
)
)
)
)
)
)

Resolution of Surfaces|
Semistable Reduction)|
Functors and Morphisms|
Derived Categories of Varieties|
Fundamental Groups of Schemes|
Etale Cohomology|

Crystalline Cohomology|
Pro-étale Cohomology|
Relative Cycles|

More Etale Cohomology|

The Trace Formulal

Algebraic Spaces|

Properties of Algebraic Spaces|
Morphisms of Algebraic Spaces|
Decent Algebraic Spaces|
Cohomology of Algebraic Spaces|
Limits of A-lgebraic Spaces|
Divisors on Algebraic Spaces|
Algebraic Spaces over Fields|
Topologies on Algebraic Spaces|

WK O © oo~
NN AN NN N

(74) [Descent and Algebraic Spaces|
(75) |Derived Categories of Spaces|
(76) [More on Morphisms of Spaces|
(77) [Flatness on Algebraic Spaces|
(78) |Groupoids in Algebraic Spaces|
(79) More on Groupoids in Spaces|
(80) [Bootstrap|
(81) [Pushouts of Algebraic Spaces|
Topics in Geometry
(82) |Chow Groups of Spaces
(83) |Quotients of Groupoids
(84) More on Cohomology of Spaces|
(85) |Simplicial Spaces|
(86) |[Duality for Spaces|
(87) [Formal Algebraic Spaces|
(88) [Algebraization of Formal Spaces
(89) [Resolution of Surfaces Revisited
Deformation Theory
(90) [Formal Deformation Theory|
(91) [Deformation Theory|
(92) [The Cotangent Complex|
(93) [Deformation Problems|
Algebraic Stacks
(94) [Algebraic Stacks|
(95) [Examples of Stacks|
(96) |Sheaves on Algebraic Stacks
(97) |Criteria for Representability
(98) |Artin’s Axioms|
(99) |Quot and Hilbert Spaces|
(100) [Properties of Algebraic Stacks|
(101) Morphisms of Algebraic Stacks|
(102) [Limits of Algebraic Stacks|
(103) [Cohomology of Algebraic Stacks|
(104) [Derived Categories of Stacks|
(105) [ntroducing Algebraic Stacks|
(106) More on Morphisms of Stacks|
(107) [The Geometry of Stacks|

Topics in Moduli Theory

(108) [Moduli Stacks|

(109) Moduli of Curves|
Miscellany

[Exercises
Guide to Literature|
Desirables

Coding Style
Obsolete




DIFFERENTIAL GRADED ALGEBRA 78

(116) [GNU Free Documentation Li|  (117) [Auto Generated Index|

References

[Kel94] Bernhard Keller, Deriving DG categories, Ann. Sci. Ecole Norm. Sup. (4) 27 (1994), no. 1,
63-102.

[Kel06] , On differential graded categories, International Congress of Mathematicians. Vol.
II, Eur. Math. Soc., Ziirich, 2006, pp. 151-190.

[KZ98] Steffen Konig and Alexander Zimmermann, Derived equivalences for group rings, Lecture
Notes in Mathematics, vol. 1685, Springer-Verlag, Berlin, 1998, With contributions by
Bernhard Keller, Markus Linckelmann, Jeremy Rickard and Raphaél Rouquier.

[Ric89] Jeremy Rickard, Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989),

no. 3, 436-456.




	1. Introduction
	2. Conventions
	3. Differential graded algebras
	4. Differential graded modules
	5. The homotopy category
	6. Cones
	7. Admissible short exact sequences
	8. Distinguished triangles
	9. Cones and distinguished triangles
	10. The homotopy category is triangulated
	11. Left modules
	12. Tensor product
	13. Hom complexes and differential graded modules
	14. Projective modules over algebras
	15. Projective modules over graded algebras
	16. Projective modules and differential graded algebras
	17. Injective modules over algebras
	18. Injective modules over graded algebras
	19. Injective modules and differential graded algebras
	20. P-resolutions
	21. I-resolutions
	22. The derived category
	23. The canonical delta-functor
	24. Linear categories
	25. Graded categories
	26. Differential graded categories
	27. Obtaining triangulated categories
	28. Bimodules
	29. Bimodules and tensor product
	30. Bimodules and internal hom
	31. Derived Hom
	32. Variant of derived Hom
	33. Derived tensor product
	34. Composition of derived tensor products
	35. Variant of derived tensor product
	36. Characterizing compact objects
	37. Equivalences of derived categories
	38. Resolutions of differential graded algebras
	39. Other chapters
	References

