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These notes are an attempt to summarize some of the key mathe-
matical aspects of differential geometry, as they apply in particular
to the geometry of surfaces in R3. The focus is not on mathematical
rigor but rather on collecting some bits and pieces of the very pow-
erful machinery of manifolds and “post-Newtonian calculus”. Even
though the ultimate goal of elegance is a complete coordinate free
description, this goal is far from being achieved here—not because
such a description does not exist yet, but because the author is far
to unfamiliar with it. Most of the geometric aspects are taken from
Frankel’s book [9], on which these notes rely heavily. For “classical”
differential geometry of curves and surfaces Kreyszig book [14] has
also been taken as a reference.

The depth of presentation varies quite a bit throughout the notes.
Some aspects are deliberately worked out in great detail, others are
only touched upon quickly, mostly with the intent to indicate into
which direction a particular subject might be followed further.
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1. Some fundamentals of the theory of surfaces

1.1. Basic definitions

1.1.1. Parameterization of the surface
Let U be an (open) subset of R? and define the function

1 (1.1)

L [R2DOU — R3
(ul,u?) = F(ut,u?)

We will assume that all components of this function are sufficiently often differentiable. Define further the vectors®

. or
e = Tu = o (1.2a)
and 7= 1xe (1.2b)
|61 X 62|

If the e, are everywhere linearly independent?, the mapping (1.1) defines a smooth surface S embedded in R3. S
is a differentiable submanifold of R3. The vectors e, (") belong to TS, the tangent space of S at 7, this is why we
use a different notation for them than the “ordinary” vectors from R3. Note that while 77 is a unit vector, the e,
are generally not of unit length.

1.1.2. First fundamental form
The metric or first fundamental form on the surface S is defined as
gij =e€; - ej . (13)

It is a second rank tensor and it is evidently symmetric. If it is furthermore (everywhere) diagonal, the coordinates
are called locally orthogonal.
The dual tensor is denoted as g/, so that we have

" 1 ifi=k
gJk — sk
9ii9 % { 0 ifi#k ~ (1.4)

where 6% is called the Kronecker symbol. Hence, the components of the inverse metric are given by

112
) g 1 922 —9g21
= - . 1.5
( 921 922 ) q < —3g12 gi11 ) ( )
By virtue of Eqn. (1.4) the metric tensor can be used to raise and lower indices in tensor equations. Technically,
“indices up or down” means that we are referring to components of tensors which live in the tangent space or the
cotangent space, respectively. It requires the additional structure of a metric in the manifold in order to define an

isomorphism between these two different vector spaces.
The determinant of the first fundamental form is given by

1 . i
g = detg = |g| = |g;;| = 56“6”%9% (1.6)

where %% is the two-dimensional antisymmetric Levi-Civita symbol
op 05

o o3

cik — = §iok — ot ; e =

le, = 0/Out is the classical notation. The modern notation simply calls 8/8u* (or even shorter: &,u) the canonical local coordinate

basis belonging to the coordinate system {z}.
2 An equivalent requirement is that the differential . has rank 2 (see Sec. B.1).



local tangent plane

Figure 1.1.: [Illustration of the def-
inition of the normal curvature kn,
Eqn. (1.11), and the geodesic curva-
ture kg, Eqn. (1.15). They are essen-
tially given by the projection of # onto
the local normal vector and onto the
local tangent plane, respectively.

If ¢ is the angle between e; and ey, then we have
ler x e2]? = |e1]?|ea]? sin? p = g11g92(1 — cos? p) = g11g22 — (€1 - €2)* = g11g22 — Gi12go1 = g -
Hence, we have

ler x ea| = /g .

1.1.3. Second fundamental form

Assume that there is some curve C defined on the surface S, which goes through some point P, at which the curve

has the tangent vector ¢ and principal normal vector p'= ¢, /k, and at which point the surface has the normal vector
7=—see as an illustration Fig. 1.1. We now have the following two equations:

p-1n = cost and t=kp.

The first defines the angle 9 between the two unit vectors 77 and p, the second defines the curvature of the curve.
Combining them, we obtain

keost = t-7 . (1.7)
If the curve is parameterized as u’(s), we have
5 - 82_, 6 o .3 S i I i g v
t(s) = 7(s) = @r(s) = %(mu) = 7,0 + 7 = e utt’ + el .

Since e; - @ = 0, we obtain from this and Eqn. (1.7)
Kcos? = £-7 = (€:-7)a'd . (1.8)

The expression in brackets is independent of the curve and a property of the surface alone. It is called the second
fundamental form, and we will term it by;:
bij =€ 1. (19)

Since e; ; = e;;, the second fundamental form is symmetric in its two indices. If the second fundamental form is
furthermore diagonal, the coordinate lines are called conjugate.? If first and second fundamental form are diagonal,
the coordinate lines are orthogonal and they form lines of curvature, i. e., they locally coincide with the principal
directions of curvature (see below). Differentiating the obvious relation e; - i = 0 with respect to u/ shows that
e ;-1 +e; i ; =0, from which follows that the second fundamental form is also given by

bij = —€; ’fl:j . (110)

This expression is usually less convenient, since it involves the derivative of a unit vector, and thus the derivative
of square-root expressions.

Loosely speaking, the curvature k of a curve at the point P is partially due to the fact that the curve itself is
curved, and partially because the surface is curved. In order to somehow disentangle these two effects, it it useful
to define the two concepts normal curvature and geodesic curvature. We follow Kreyszig [14] in our discussion.

3See Ref. [14, paragraph 60] for a more detailed discussion on what this implies



The left hand side of Eqn. (1.8) only depends on the direction of the curve at P, i. e. t. but not on its curvature.
Hence, it is actually a property of the surface. It is called the normal curvature K, of the surface in the direction
t. If we perform a reparameterization of the curve, we find @* = (du’/dt)(dt/ds) = u'*/s’, and from that we find:

bij U/Z’U,/J bij du'du?

giju'iu gijdutdu?

Kn = Kk cost¥ = (1.11)
The normal curvature is therefore the ratio between the second and the first fundamental form.

Equation (1.8) shows that the normal curvature is a quadratic form of the %, or loosely speaking a quadratic
form of the tangent vectors on the surface. It is therefore not necessary to describe the curvature properties of a
surface at every point by giving all normal curvatures in all directions. It is enough to know the quadratic form.

It is natural to ask, in which directions the normal curvature is extremal. Rewriting Eqn. (1.11) as

(bij — /{ngij)vivj =0 5

and differentiating this expression with respect to v* (treating s, as a constant, since ds, = 0 is a necessary
condition for k, to be extremal), we find ‘

(bik - Hngik)vl =0 y
or after raising the index k 4

(bF — kndF)o' = 0. (1.12)

This is an important result: It shows that the search for extremal curvatures and the corresponding directions leads
to an eigenvalue problem: The directions along which the normal curvature is extremal are given by the eigenvectors
of the matrix bi& and the corresponding eigenvalues are the extremal curvatures. These two eigenvalues are called
principal curvatures, and we will call them x; and k3. This permits us to define the following two important
concepts: Mean curvature H and Gaussian curvature K are defined as sum and product of the principal curvatures

2H = Ki+ky = b, (1.13a)

. . b
K = rmiry = [Bf| = [bisg™| = |by||o""| = 7’ (1.13b)
where b is the determinant of the second fundamental form:
1k i
b = detb = |b] = |b;] = 3¢ SAUSTINER (1.14)

Since the definitions of H and K involve the eigenvalues of bg , they are invariant under reparametrizations of the
surface. They are intrinsic surface properties.

While the normal curvature measures how the surface bends in space, the so called geodesic curvature kg is a
measure of how a curve curves on a surface, which is independent of the curvature of the surface itself. While the

normal curvature is obtained by projecting the vector t of the curve onto the local normal vector of the surface,

the geodesic curvature is obtained by projecting ¢ onto the local tangent plane, thereby essentially projecting out
any curvature deformations of the surface. Looking at Fig. 1.1, and by a similar argument as the one which lead
to Eqn. (1.7), we find

Kg = K sind . (1.15)

1.2. Formulas of Weingarten and Gauss

A key result in the theory of space curves are the formulas of Frenet, which express the change of the local
coordinate system (tangent vector, normal vector, and binormal vector) upon movements along the curve in terms
of this very coordinate system. The analogue of this in the theory of surfaces are the formulas by Weingarten and
Gauss, which describe the variation of the local coordinate system upon small movements on the surface.

Since 7 - i = 1, differentiation with respect to u* gives 7, - @ = 0. This implies that the change in normal
vector upon (infinitesimally) moving on the surface is parallel to the surface. It can hence be expressed as a linear
combination of the tangent vectors, i. e., we can write 77, = Aﬁe;w A scalar multiplication with e, together with
Eqn. (1.10) shows that A}, = —bj;, and we thereby obtain the formula of Weingarten:

—

i, = —ble, (Weingarten) . (1.16)

The change of the tangent vectors is generally along all three directions of the local coordinate system, so we

may write e, , = A7, e, + By, 7. A scalar multiplication with 7i together with Eqn. (1.9) immediately shows that



B, = buy. A scalar multiplication with ey shows that A4,,, = e, , - ex, where we defined A, = AZUgUA. Note
that this shows that A, is symmetric in its first two indices, because e, , = 7, = 7 pu.
Let us now look at derivatives of the metric:

Gurw = (€u-€x)y = eup-exte - ey, .

Together with the expression for A,, and after cyclic permutation, we obtain the three equivalent equations:

gu)\,u = AMUA + A)‘VH Pl (1.17&)
9w, = A)\/,LV + AVM)\ ’ (117b)
Jup = Au/\,u + A,uAu . (117C)

If we now add the first two of these equations and from that subtract the third one, 1. e., if we form the combination
(1.17a)+(1.17b)—(1.17c), and additionally exploit the symmetry of A, in its first two indices, we find

1
5 gu)\,u + g)\u,,u - guﬂ,/\} .

AIJV)\ = 2[

This shows that the A, » are simply the Christoffel symbols of the first kind—see Eqn. (A.1). And hence, Al/)y are
the Christoffel symbols of the second kind—see Eqn. (A.2). We then arrive at the formula of Gauss:

eny = I €5 +bui (Gauss) . (1.18)

Finally we remark that using the concept of covariant differentiation, the formulas of Weingarten and Gauss can
be rewritten as

Vit = —bie;, (1.19a)
and Vie;, = bgn, (1.19Db)

which is about as close as we will get to an analogue of the formulas of Frenet. We want to mention, though, that
there exists a very elegant theory of the description of manifolds using “(co)moving orthonormal frames”, which
includes the formulas of Frenet for curves and the formulas of Weingarten and Gauss for surfaces as special cases.
The theory goes back to a large extend to work by Cartan, and is described in Ref. [9] and in a little more detail
in Ref. [7].

Problem 1.1 Using the covariant version of the formulas of Weingarten and Gauss, verify the identity
1
i = V(7 ea) it = () e (1.20)

This formula shows that the normal vector can be written as a surface divergence. (Jemal Guven, personal com-
munication.)

1.3. Integrability conditions

As stated above, the formulas of Weingarten and Gauss are the surface analogue of the formulas by Frenet for
curves. However, while in the one-dimensional case every prescribed curvature and torsion function gives rise to a
well defined curve (up to translations and rotations), the same is not true in the surface case: Not every prescribed
first and second fundamental form describes a surface! There are integrability conditions to be satisfied, which we
will now derive. In fact, everything follows from the required identity e; j» = e; ;. Using the formulas of Gauss
and Weingarten, this can be rewritten as

€ijk = €ikj
(Te + biyi) ), = (Tleer + biii) J
Ihper+ e + bijuii + bijit,e = Tl jer+Tiper; + bin i + biril
Tl e+ T (Tem + biit) +bij it — bijber = Ty ier+ T (T en + byyit) +bik it — birbler
l<>m l<>m
L per + T (DL er + bnit) + bij et — bijbier = Thy ser + T (Thyser + bingii) + bi ;7 — bixble
er(TL o+ T — bb) + (T b+ b)) = (Tl + TRTL - — bygbh) + (T by + bis;) -



However, since the vectors e; and 71 are linearly independent, the prefactors in front of the e; and the 7 must be
separately equal! One thereby gets the following two equations:

bijk — bk = Tigbmj — Tifbme (1.21)
and  bybl —bib, = Rl . (1.22)

The condition (1.21) is sometimes called the equation of Mainardi-Codazzi. Using the concept of covariant differ-
entiation (see Sec. C.3) this equation can also be written as

J|

Vibij — Vb = 0 or fancy: V[kb} =0 or:  “Viby; is totally symmetric” . (1.23)

For Eqn. (1.22) we have introduced the abbreviation

Ry =Tl —Th , +TPTL, — DT, (1.24)
Note that the left hand side of Eqn. (1.22) is a tensor. Hence, the symbol Rékj defined in Eqn. (1.24) is also a
tensor*—even though the explicit expression doesn’t look like it at all! This tensor is called the (mixed) Riemann

curvature tensor and it plays a fundamental role in Riemannian geometry. From the definition (1.24) we see that
the Riemann tensor is skew-symmetric with respect to the last two indices.
The covariant Riemann tensor is defined as

Riik; = qisRi; = Uik — Vikeg + Tliim — T D (1.25)

where the second equation follows from using identities like

s 0 s 0 s s 3915 s
0Tk = s (5505) = 55 (9T5) ~Timor = Tijtw = T (Tons + Do) - (1.26)
Using (1.25), Eqn. (1.22) can also be written as
bijbkl — bikbjl = Rlikj . (127)

Of course, also the covariant Riemann tensor is skew-symmetric with respect to the last two indices. But Eqn. (1.27)
shows that it is additionally skew-symmetric with respect to the first two indices.®
As a fourth rank tensor, the curvature tensor Ry; generally has d* components. However, due to the skew-
symmetry, only those components are nonzero, for which [ # ¢ and k # j. In the case of surfaces, this leaves only
the following four components which are nonzero:
Ri212 = Roim =4 bazbi1 — (b12)? 0Ly )

(1.28)

1.27 1.14
Ro112 = Ry (127 (b12)? — bagbis 2y

As an immediate consequence follows

Gauss’ Theorema Egregium: The Gaussian curvature is an intrinsic
surface property, i.e., it does only depend on the first fundamental form.

The proof is via inspection:
(1.13b) b (1.28) Ri212
g g
and the right hand side indeed only depends on the metric and not on the second fundamental form!
The relevance of this theorem becomes evident if one considers it in the context of “isometric mappings”. A
mapping of a portion of a manifold M to a portion of a manifold N is called isometric, if the length of any curve on

K

4This proof, making reference to bij, only works in two dimensions. However, formula (C.8) shows that Rékj is indeed a tensor in any
dimension.

5This actually holds in any dimension, not just in two, even though in this case we used the Gauss equation to prove it, which only
makes sense in two dimensions. As a brute force proof one may just take the definition and work it out. A more elegant way is to
use local tangent coordinates—see Sec. 1.4.



N is the same as the length of its pre-image on M. It can be proved [14] that a mapping is isometric if and only if
at corresponding points of the two manifolds the coefficients of the metric, when referred to the same coordinates®,
are identical. As a consequence of the theorema egregium, isometric surfaces have the same Gaussian curvature at
corresponding point. This for instance shows that there cannot be an isometric mapping from the sphere to the
plane, since these two surfaces have different Gaussian curvatures.

We can also obtain the components of the mixed Riemann curvature tensor by calculating

(1.5 b
Rljs = g*' Ritiz + g2 Ro10 = —g*?b LY 9125 =g12K .
We thereby obtain:
_R%u = R%21 =guk ) ha = _R%Zl = g12K ,
(1.29)
*R§12 = R%m =gnK ) R%m = *Rézl = g2 K .

The Ricci tensor is defined as the nontrivial contraction of the Riemann tensor. First note that a contraction
with respect to the second index gives the result zero, since the covariant tensor is skew-symmetric with respect to
the first two indices. A contraction with the third index gives a nontrivial result. And since the Riemann tensor is
skew symmetric also with respect to the last two indices, contracting the first and the fourth gives just the negative
of contracting the first and the third. Unfortunately, this gives rise to sign confusions, since apparently there is no
generally accepted convention which indices to take: the third or the fourth? We will define the Ricci tensor as the
contraction with respect to the third index:

Rij == Rl =T, —Th +TPTL, — Tyl . (1.30)
As a consequence of the various symmetries of the Riemann tensor, the Ricci tensor is symmetric in its two indices.
In two dimensions we have R;; = R},; + R}, Using Eqns. (1.29), we immediately see

Rij = Kgi; (only in two dimensions!) . (1.31)

Therefore, by contracting the Gauss equation (1.22), we obtain the useful result

Kgj; = Ry = Rélj (1.22) bijbé fbilbé (1.132) 2H b;j fbilbé ,
which, after rearrangement, gives
bub, = 2H bj; — K gy . (1.32)

Contracting the Ricci tensor again, we obtain the Ricci scalar curvature:
R := ¢“Ry; . (1.33)

For two dimensions this becomes

(1.31)

R d7g;; K = g'K = 2K (only in two dimensions!) . (1.34)

Hence, contracting Eqn. (1.32) once more, we obtain

(1.32

bibh = g'byb) ) g7 (2Hbjj — K gij) = 2Hb. — Kg! = 4H? - 2K . (1.35)

Using the Ricci scalar, Eqn. (1.28) can be neatly rewritten as

R
Rij = 35 (gikgjl — gjkgu) (ford=2), (1.36)
reconfirming the observation that in two dimensions the Riemann tensor is uniquely determined by the value of
the Ricci Scalar (i. e., the Gaussian Curvature), which generally depends on position. It is worth pointing out that
for totally symmetric spaces the Riemann tensor is also of this form, see Eqn. (B.22), but additionally in this case
the Ricci scalar is a constant over the whole space.

SIf we have coordinates u’ on M and a mapping F' from M to N, then this introduces a natural set of coordinates on N.



1.4. Bianchi ldentities

All relations in this section are valid in arbitrary dimensions.

Let us study the properties of the Riemann tensor a bit further. For this, it turns out to be advantageous to
choose local tangent coordinates, see Sec. A.3. Recall that in these coordinates all first partial derivatives of the
metric tensor vanish. Hence, from Eqn. (1.25) we find

It 1
Rir; = Tijig —Dinry = 3 |9k + Giklj — Gik,ij — Yijlk| - (1.37)

From this equation it is easy to infer the skew-symmetry of the Riemann tensor with respect to the first and second
pair of indices. We can also see that it is symmetric with respect to a swapping of the first and second pair of
indices:

Riik; = Riju (1.38)

Note that we have not written “ltc” over the equality sign. Even though the equation has been derived in a locally
tangential coordinate system, it is proper tensor equations, and hence holds in any coordinate system!
It is equally straightforward to check the following:

Ryjgi + Rijie + Rigji = 0. (1.39)

This equation is called the first Bianchi identity. Observe the placements of the indices: The first remains always
at its position, while the three others are cycled. Hence, the same identity also holds for the mixed Riemann tensor:

R+ Ry + Riyi = 0. (1.40)
A second identity can be checked just as easily in local tangent coordinates:

ltc

Riijm + Rismk,j + Risgmpr = 0.

This equation is not valid in every frame, but we can easily get one that is. Since in local tangent coordinates the
Christoffel symbols vanish, a first order covariant derivative is the same as a first order partial derivative.” We
may hence substitute the partial derivatives by covariant ones:

Vo Riik; + ViRiime + ViRyjm = 0.

Since this again is a proper tensor equation, it holds in any coordinate system. It is called the second Bianchi
identity. Note again the placements of the indices: The first two indices remain unchanged, while the last two cycle
with the derivative. We may thus raise the first index and get the second Bianchi identity for the mixed Riemann
tensor:

If we contract the last expression with respect to k and [, exploit the symmetry properties of the Riemann tensor
and use the definition (1.30) for the Ricci tensor, we get what is called the contracted (second) Bianchi identity:

VimRij — ViRim + ViR, = 0.

igm

If we now contract the left hand side again over ¢ and j and use the definition (1.33) for the Ricci scalar curvature,
we obtain:

0 = g (ViRiy = Vi Rim + ViRlyy,) = ViR = V'Rim = V' Riw = V'gimR = 2V' R .
If we define the twofold covariant tensor G;; according to

1
Gij = Rij — 59u 11,

the doubly contracted second Bianchi identity can be written as

ViGiy; = 0. (1.41)

“Convince yourself that this does not hold for second order derivatives! For instance, it would be incorrect to argue that one obtains
the Riemann tensor in an arbitrary coordinate system by replacing the commas in Eqn. (1.37) by semicolons.

10



The tensor Gj; is called the Einstein tensor, and the relation (1.41) is therefore referred to as the second Bianchi
identity of either the Ricci tensor or the Einstein tensor.® The Einstein tensor appears in Einstein’s famous field
equation of general relativity, which reads

Gij = 8274%1};' ;
where ¢ is the gravitational constant, ¢ the speed of light and Tj; the energy-momentum tensor. Just as the
Einstein tensor, the energy momentum tensor is also divergence free (which is related to the conservation of energy
and momentum), and this might have initially suggested to Einstein that this is the way in which space time and
matter couple.

Sidenote: Observe that Einstein’s field equations only determine the Ricci tensor, not the Riemann tensor. In
four dimensions the Riemann tensor has 20 independent components, and only half of them are known if one knows
the Ricci tensor. The other half are given if one also knows the Weyl tensor, which is essentially the Riemann

tensor with all its “traces” removed.

8Observe that as a consequence of Eqn. (1.31) not only the divergence of the Einstein tensor, but actually the Einstein tensor itself
vanishes in two dimensions.

11



2. Some important parameterizations of surfaces

In order to actually describe a surface, one has to give a parameterization, which is a concrete version of the
mapping (1.1). In this chapter we study a few frequently encountered parameterizations.

2.1. Monge parameterization

2.1.1. Definition and properties

The Monge parameterization is the most straightforward one: A surface is defined by giving its height h over some
plane (usually) as a function of orthonormal coordinates x and y in the plane:

2 3
h:{RDU - R 2.1)

(z,y) = h(z,y)

An illustration is given in Fig. 2.1.

One disadvantage of the Monge parameterization is that it is unable to describe “overhangs”. However, if
one is predominantly interested in describing surfaces which deviate only weakly from a flat plane, then this
parameterization is very useful, particularly because of the existence of a simple small gradient expansion (see
Sec. 2.1.3).

The position vector 7 and the two tangent vectors e, and e, are given by

) z o (1) o7 0
T = y T = —_— = y y = —_— = s
h(z,y) Ox \ p, 9\ p,

where an index “z” or “y” on h means partial differentiation of h with respect to this index. Hence, the metric
and its determinant are given by

1+h2  hghy 2 2
Gij < hehy 1+ hi g |ng| x y (2.2)
Note that even though the coordinates in the underlying plane are orthogonal, the metric is generally not diagonal,
and hence the coordinate curves on the surface are generally not orthogonal.
The inverse metric is then

i _
g = —hghy, 1+ h?

1 <1+h§ —hxhy)
1+ h2+h2 '

Figure 2.1.: Illustration of the Monge
parameterization.

Y
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The upward normal vector 7 is found via

—ha e, X e 1 —ha
e; X ey = | —hy = = = Y= —hy
1 V9 /14 h2+h2 1

From b;; = e; ; - @ we immediately find the second fundamental form

by = e (e ) 3
J1+h2 482 \ e By

The mixed second fundamental form is then found to be

i (1452 +h2)3/2 \ hay(L+ hy) = hyyhahy Ry

From this follow mean and Gaussian curvature:

1. (24) hao(14h2) + hyy(1+ h2) — 2hgyh.h
2 2 (14 h2 4 h2)3/2
| _ 2
K - det b;; (2.2),(2.3) hazhyy — (hay) (2.5b)

g (1+h2 +h3)? '

2.1.2. Formal expression in terms of V)

In the underlying plane, which is sometimes referred to as the “base manifold”, there exists the two-dimensional
nabla operator V|, which for instance in terms of the local Cartesian coordinates has the form

0
Ox . . :
V| = 9 (in Cartesian coordinates) . (2.6)

Ay
It is possible to rewrite a few of the formulas from the preceding section in terms of this differential operator.
This is convenient, because in this way they are covariant with respect to changes of the coordinate system of the
base manifold, because V| transforms (essentially...) like a vector. In other words, the expressions remain formally
the same if one changes for instance to polar coordinates in the underlying plane, even though the coordinate
expression (2.6) for the nabla operator is different.

The metric determinant is easily seen to be expressible as

g =1+(Vh)*,

()
1+ (Vh)’ ! .

The inverse metric can be represented, somewhat formally, as

and the normal vector is given by

St
I

gij = ]I[l + (V”h)ﬂ — VHh ® VHh .
Finally, the mean curvature can be written as

V”h

V1+ (Vjh)’ |

2H = V- (2.7)

13



The proof is via direct calculation:

Vih he _ h
v - % = 9,02 19
1+ (V)h) VooV
1 1 1 1
- 1 (2hshas + 2hyhys) e + \7hm 5 (2hshay + 2hyhyy ) by + 7%

1
- R (hihm + hohyhye — (14 h2 + h2)hag + hohyhay + h2hy, — (1+ B2 + hi)hyy)
1
v (0 B2+ (U B2y — 2hahyhy)
This expression should be 2H, and comparing with Eqn. (2.5a) we see that it indeed is.

2.1.3. Small gradient expansion

Very frequently one is faced with (or restricts oneself to) a situation in which the gradients h, and h, are small.
In this limit mean and Gaussian curvature are approximately given by

H = %(hm + hyy) + O((Vyh)?) | (2.8a)
K = hgghyy — (hey)? + O(V)R)?) . (2.8b)

If we use the symbol h to describe the matrix of second derivatives of h (i.e., the “Hessian”)

0%h
we can write the two above approximate equations as
1
H = STe(h)+0((Vjh)?) (2.10a)
K = det(h)+ 0((Vjh)?) . (2.10b)

Using the formal expression for the mean curvature from the preceding section, we can write Eqn. (2.8a) also as

H = %V”%Jrﬁ((v”hf). (2.11)

2.2. Cylindrically symmetric surfaces

2.2.1. General case

A very general expression for a cylindrical surface is obtained if one defines a two-dimensional curve and rotates it
around some axis. In order to forbid self intersections of the surface we will forbid that the curve intersects itself.
Then, a parameterization can be given by

R? D [0;27] x [a;b] — R3

(t) cosp

(t)sine
z(t)

Thus, the surface is specified by two functions, r(t) and z(t), which together define a curve in the (r, z) plane, and
afterwards this curve is rotated about the z-axis. For obvious reasons we will also require r > 0. See Fig. 2.2 for
an illustration.

The tangent vectors are now given by

=

(¢,1) = e t) = | r (2.12)

oF —rsinp oF 7 COS (p
e,=—= T COS d e = — = 7 sin
2 aQD 0 SO an t at Z SD )
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Figure 2.2.: Tllustration of a parame-

terization of a cylindrically symmetric

surface. A curve in the (7, z) plane is

defined and then rotated about the z-
r axis.

where we dropped the t-dependence of the functions r(t) and z(¢) for notational simplicity, and where a dot is
meant to indicate a partial derivative with respect to . From the tangent vectors we find the metric and its
determinant:

r? 0 20:2 | 12
95 = | o 42 = g =gyl = PP +27). (2.13)

The inverse metric is then simply

o 1 P42 0\ [ 1/ 0
g° = 7”2(7"2+22) 0 72 B 0 1/(7'“2+22) ’

The normal vector! 7 is found via

rZ COS 1 ZCos @
e, xe = | rising = n = = Zsin @

—rr \/g 722 + 22 —-Tr

From this follows the second fundamental form

1 —rZ 0
bij = \/TW( 0 zr—zr) . (2.14)

and its mixed version

j ki 1 _g 0
— bg’ =
b = bug™ = g , Ao . (2.15)
72+ 22
From this follow the two principal curvatures
K1 = S — and Ky = A,

RV (7‘2—&—2‘2)3/2 )

The principal direction belonging to the eigenvalue k1 is around the axis, i. e., in the direction of e,, while the
principal direction belonging to k9 is orthogonal to that, i. e., in the direction of e;. Mean and Gaussian curvature
follow directly as the arithmetic mean and the product of these principal curvatures.

2.2.2. Special case 1: Arc length parameterization

The formulas given above simplify, if we parameterize the curve (r(t),z(t)) " which specifies the profile by its arc
length s. If this is not already the case, it can always be achieved by a smooth reparameterization. The key
advantage of this is that the tangent vector on the curve becomes the unit vector, and hence 2 + 22 = 1, which
evidently simplifies the formulas from Sec. 2.2.1 quite a bit.

INote that the direction of the normal vector depends on the direction in which the curve is followed, and no natural rule can be
given here. One should always check the particular parameterization one sets up or is confronted with.
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object special case 1, Sec. 2.2.2 special case 2, Sec. 2.2.3 special case 3, Sec. 2.2.4

derivative ' is with respect to arc length s radial distance r height z

tric g r? 0 r? 0 r? 0
TELHC Gig 0 1 0 1422 0 14772

inverse metric g% 1/r* 0 1/r? 0 1/r® 0
0 1 0 1/(1+27) 0 1/(1+r7)
—rz/ 0 1 —rz’ 0 1 - 0
second fundamental form b < 0 S ) NirTs ( 0 o > — ( 0 >
/ . ’
azimuthal principal curvature _Z2 = _siny S o
T T V14 27 rvV14 7172
1" 1"
: Pl " "ol — gt _ z T
radial principal curvature Zr’ =2 = = 7(1 T —(1 TR

Table 2.1.: Summary of the three special cases of parameterizing a cylindrically symmetric surface.

In this case it is also advantageous to specify the curve itself by a different kind of parameterization, namely, by
giving the angle 1) which it has against the horizontal r-axis as a function of arc length s. One can indeed think
of the parameterization v (s) as a Frenet type parameterization. Note that ) = arctan(z’/r’), where by the prime
we now mean a differentiation with respect to the arc length. The two principal curvatures are now found to be

sin Y

K1 = and Ky = — .
T

See Tab. 2.1 for a collection of other important expressions.
This particular parameterization has for instance been used extensively in the numerical study of the shape of
vesicles [13, 22].

2.2.3. Special case 2: Height is a function of axial distance

The special case of Sec. 2.2.2 did not limit the kind of surfaces which can be described, it only posed a restriction
on the parameterization of the boundary curve. In this and the following section we shall study two cases which
restrict the kinds of surfaces which can be described. One obvious restriction is to look at cases where the height
z of the profile can be written as a function of the radial distance. Formally, this just means that r(t) = ¢, and
we will use r rather than t as the appropriate variable. This is simply a Monge parameterization in cylindrical
coordinates. Obviously, we now cannot describe overhangs which are such that at a given radial distance there are
two values of z. See Tab. 2.1 for a summary of curvature related expressions.

2.2.4. Special case 3: Axial distance is a function of height

This special case is in some sense the conjugate one to the case of Sec. 2.2.3. Instead of assuming the the height can
be specified as a function of the radial distance, we assume that the radial distance can be specified as a function
of the height. This forbids overhangs which are such that at a given height z there are several corresponding radial
distances. Formally, this parameterization implies that in the general case of Sec. 2.2.1 z(t) = ¢, and we will use
z as the variable. See Tab. 2.1 for a summary of curvature related expressions. This parameterization has for
instance been used in Ref. [18] in a numerical study of the budding behavior of vesicles.
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3. Variation of a surface

The following section is based on papers by Zhong-can and Helfrich [25] and Lenz and Lipowsky [16]. Calculations
found in both papers are repeated and presented in a slightly different (namely: a bit more covariant) way. The
covariant presentation is partly inspired by an article by Capovilla and Guven [4].

3.1. Definition of the variation
We may vary the position vector of the surface according to
7 — 7+ 07 (3.1)
and express the variation 07 in local coordinates:
oF = dle; + Uit . (3.2)

The three functions ¢*, ¢? and i generally depend on the position vector on the surface and describe the local
variation,which we assume to be small (“of first order”). Note that v is a scalar field on S, while ¢¢ are the
components of a vector field ¢ on (the tangent bundle of) S.
From this, we find the variation of the tangent vectors:
or+6r or o6t - . - -
— =2 = a7 = [Pen+vi] = dher+ o e+ i+
out ou? ou? L ’
(1.16),(1.18 S . S
MM ghey 4 0F (Dlser + byiil) + w7 — bbex = (o4 +&'Th — wb)en + (&b +0)

O (Vigh — bF) e + (%0 + V)i = U, Fex + Vi . (3.3)

(561‘

Q

(

Observe that since V,;¢y is not symmetric, we need to distinguish in the definition of U, which index is the first
one and which is the second one.

3.2. Variation of the first fundamental form

3.2.1. Metric

We define the variation of the metric according to
69ij = 095(T) = gij (T + 07) — gi; (7) .

Inserting the definition of the metric (1.3) and of the variation (3.1), we find

§o., = OFHon) o(F+or) oF oF _ 96 OF | or 067 . 967 07
Ji T T dui oui oui ouw Ow | ouw ow, | Ou Qui
————

first order second order

= (5ei ejte;- 6ej) + de; - be;
= 6Wgy +6Pgy; .
This is exact. The variation of the metric terminates after second order. Using Eqn. (3.3), we now readily find
W gi; de;-e; + e;-de;
(Vi — vbb)en + (¢"brs +.)71] - €5 + | (V0" — vdb)en + (6%bas + 1)) - e
= (V" — vbF)gi; + (V0" — vb%) gii

D5
= Vig; + V,p; — 2¢b; ) ZLo9ij — 2¢bij (3.4)

(3.3)
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The fact that the tangential variation is given by the Lie-derivative appears quite plausible [4].
For the second order we find

[(Vig" — obf)er + (6°bsi + ¢.0)7] - [(Vi¢' — 0bl)er + (6°bs; + 1 5)7]

= (Vig" — bf) (V6" — b )grs + (¢ bri + .3) (8'bij + 1 5)

= (Vid") (Vior) — ¢ [(Vid")bjr + (V0" )bix] + 707 bjn

+ ¢ P birbji + O [birth s + bjrb] + vt (3.5)

5(2)9ij

Note that the tangential part of this contains terms which depend on the mean curvature. Hence, the second
tangential variation of the metric tensor cannot be written as a second order Lie derivative, because this would
have to yield a purely intrinsic result. This is related to the fact that at second order a tangential variation is no
longer equivalent to a pure reparametrization (which would indeed be intrinsic).

In Sec. 3.2.3 we will need the trace of the variation of the metric. For the first order we find

(1.13a)

Tr[6Wg] = g7 6Mg,; 2V,¢' — 4H1p .

The trace of the second order expression is

Tr[6®g] = g7 6@ g; = (Vid")(Vigr) + 2b% (0" Vi) — V08 + (V,00) (Vi)

( @a

1.35) .32)
+ ¢2(4H2 - 2K) + ¢k¢l (Qkul - ngl) .

3.2.2. Inverse metric

We will later also need the variation of the inverse metric. We will now show, how its variation can be obtained
from the known variation of the “normal” metric. First note that after the variation g% must still be the inverse
of g;;. This means

| o 10240 D91

o = (97 +Z-an+ AN+ 6((aN) (g IR AN+ =
G 97+ Gn AN e (ANTH (AN ) (g + AN 550

i (997 ij 09k 192g% 99" Ogjk | ;1 0°gjn :
=t (Gt G0 ) A (g T Gy oy 9 g e ) (AN (AT

1 aQij

(AN? + 0 ((AN?))

Since the powers of A\ are linearly independent, their coefficients must equate individually. From this we get the
relation

sWg = —g*g (W) (3.6)
5(2)gij = _gikgjl (6(2)gkl - gmn6(l)gk7rL6(1)g’rLl) .
While the first variation of the inverse metric differs from the first variation of the “normal” metric only by a minus

sign and the position of the indices, the situation is a bit more complicated for the second variation, which also
includes a product of first variations. Using Equs. (3.4) and (3.5), we find

8P g = 3y (2HVT — KgV) — (b V'¢" + 0,V ¢F) — 20 (b V" + 0,V ¢ ) — ¢* b b]
= " (B VY + BLVY) = VOVIY + VMVl + VEGIVig! + VeV gy (3:8)

Observe finally that while the variation of the metric terminates at second order, the variation of the inverse
metric has contributions to all orders.

3.2.3. Determinant of the metric

First, it is helpful to recall a few general algebraic facts about matrices. Given an n x n matrix A, the adjoint
matriz A is defined as the matrix of cofactors A% of A. The cofactor A¥ is defined to be (—1)"*7 times the
determinant of the (n — 1) x (n — 1) matrix which results from deleting the i-th row and the j-th column from A.
The determinant of A can now be calculated according to the Laplace expansion theorem:

|A| = iA”Aij = % zn: A AY

ij=1
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which can be written very succinctly as
~T
|A|T = AA

where AT is the transposed of the matrix A. Multiplying from the left by A~!, we find
Al = |A|A™! or in components: AV = |A|(A_1)ji .

For the derivative of the metric determinant with respect to the metric itself this implies

dg
89ij

=37 =g(g ") = g9g7. (3.9)

Using the relation §% = e**¢7! g, which is specific for 2 x 2 matrices, we can further work out the second derivative
of the meric determinant with res[ect to the metric itself:
629 0 im

_ jn _ aam_jngkgl il _jk
= e g = €0, 0,, = el .
891;'391@1 091

Obviously, higher order derivatives will vanish. This of course is due to the fact that the determinant of a 2 x 2
matrix is a quadratic function of its components. Using the above results, we can now write the following (exact!)
expansion of the variation of the determinant of the metric:

dg 1 9%

0g = 7—00ij + s 75—
7 209509k

g 1 ., . g
Dgi; 0gi;00k1 = 99" 0gi5 + §€”€Jk5gij5gkz = g9"0gi; + |6g| .
)

So far this expression is exact, but it is very complicated—in particular the last term. However, if we are only
interested in the variation up to quadratic order, the following observation is very helpful: The determinant is in
a sense a “quadratic operator”, because it consists of products which contain two terms. Now, any contribution
to one of its entries which is quadratic in the perturbations ¢! or 1, will ultimately yield a term which is at least
of cubic order in the final result. Looking at the expressions for g which we have derived above, the lowest order
terms which come up in |dg| are quadratic in the perturbations, and they stem from the linear order 591-(;)! Hence,
we find immediately

5g = gTr[0Wg] + ¢Tr[6@Pg] + [6Mg| + €(3),

where “0(3)” is an abbreviation for all kinds of third order terms, like 13 or ¥¢;¢’.
We will now evaluate the remaining term which is unknown, namely |5g™)|:

5g| = %gijgkz(;(l)gik(;u)gﬂ
= %s%“ [Vion + Visi = 20bix] [V 61 + Vio; — 2003
= %sijskl [(Vion + Vii) (V360 + V165 ) = 2000 (V560 + Vi9)
= 2051 (Vi + Vi) +40%bib

g, k<>l

= [ Vi + Vadi| + 02y | — 2029 b (V1 + Vig )|

(1.13b) g
g|Vidk + V0| + AguK — 2gveten [bF (V500 + V1o )| |
where in the last step we used the identity eijeklaikbﬂ = gaijeklafbé- twice.
The sum of all the relevant terms will also contain the expression (V;¢%)(Vigy) + |Vi¢F + VE¢;|. This combi-
nation, containing in particular the nasty determinant, can be greatly simplified, but I have not found a way to
show this other than by brute force, i. e., writing out the expressions in individual components:

(Vio®) (Vigw) + |Vid* + VE¢i| = V1¢'V'ey + V1¢* Vs + Vad! Vi + V20* V36
+ (Vig! + V') (Vag® + V202) — (V19® + V261) (V2" + Vo)
= Vi¢'V'¢1 + V1¢°V'igs + Vo' V261 + V20° V2o

+ V19'Va¢? + V10 ' V23hy + V1 Vad? + V' Vo
— V1¢*Vag! — V1> Vigy — V241 Vag! — V21 Viey .
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It now can be seen that the second and third term in the first line cancels the second and third term in the third
line. Next, we can combine the first term in the first line with the second term in the second time as well as the
fourth term in the first line with the third term in the second line. We then find:

(Vid®) (Vir) + [Vid" + VF¢i| = Vo' (Vi1 + V3¢2) + Vag? (V1 + V36s)
+ (V16'V29” = V19 V2o') + (V91 Vi — V'V ) .

The two expressions in brackets in the first line are identical and equal to V?¢;. Hence, the whole first line becomes
equal to (Vi¢F)(Vig;) = (Vi¢")%. And the two expressions in the second line are the determinants of V;¢* and
Vigy,, which are of course identical. We thereby find the final result

(Vid®) (Vigw) + |Vid" + VEg| = (Vie')” +2|Vi"| . (3.10)
Of course, this awkward component-proof leaves open the question whether or not this formula holds in more than

two dimensions.
Collecting all bits and pieces, and also using Eqn. (1.32) for ¢¢'b%b;, we finally end up at

09 _ 2V,p" — 4H
g

+ (Vig)) + 2| Vidk| + 265 (0" Vi) — ¥Vid" + Hoig") + 02 (4H? + 2K) — K ¢y
+ (Vi) (V') =20 e b (Y, + VIg5)| + 003) .

The first two terms are the variation in linear order, the rest is the quadratic contribution.

3.2.4. Area form

In the surface integrals which we intend to vary, the metric occurs in the form of the square root of its determinant.
If we expand this up to quadratic order, we find

i = (52 0+ 5 (50 60+ 0(607) = va [5_95(%)1@((59/9)3)] .

29

The expression dg/g has been worked out in the previous section. Note that up to quadratic order the only terms
which have to be considered in the second term (5g/g)? are the ones which are first order, i. e.

2
(g—j) = (Vmﬁ” - 2Hw)2 +03) = (vidf)? —AHYV,;¢' + AH>Y? + 0(¢°, %) .

Thereby we obtain the variation of the square root of the determinant of the metric as
G = V3 {wz — 2HY + Vi | + b (6" Vi — UVig* + Hou) + K (42 = 5016

+ (Vi) (V') + 2HYV 61 — petley [0, (Vie +Vig)] + 0(3)} .

N |

Problem 3.1 Verify (for instance by a component proof similar to the one which led to Eqn. (3.10)) that
BLVid" — biVFen + Moy b1, (Vio? + VIg)| = 2HV 6" — bViok . (3.11)

Our expression for §,/g can be simplified further by making use of Eqn. (3.11). The final result up to quadratic
order is then

5V = 3 {Viqbi—QHw—i—\ViqﬁkHb}; [vi(a/)¢’“)+H¢i¢’“]+K(¢2—%¢i¢i)+%(vi¢) (V%)—?vaiqbi—&-ﬁ@)}. (3.12)

It is quite remarkable that all three terms from the quadratic term in the expansion of /g cancel some quadratic
terms in the first order part of the expansion of ,/g. One might thus wonder whether there is a quicker way to see
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this. Note also that Eqn. (3.12) gives a cleaner expression than Eqn. (27) in Ref. [16].
We also want to point out that if the variation is purely normal, the expression simplifies considerably:

51V = VI [ —2Hvy + K? + %(viw) (Vi) + ﬁ(3)] ) (3.13)

By using Eqn. (A.12), as well as the fact that for planes the Gaussian curvature is half the Ricci scalar curcature
(1.34), we can rewrite the second order normal variation of some area A as

5f)A = %/dAw(Rfvz)w + boundary term . (3.14)

This coincides with Eqn. (64) of Ref. [5], up to a prefactor of 1/2 which is merely due to the different conventions
used for the second order variation.

3.3. Variation of the normal vector

Since the normal vector 77 is proportional to the cross product of the two tangent vectors e;, we need to calculate
the cross product of the new tangent vectors.

Problem 3.2 Show that up to linear order the cross product of the varied tangent vectors satisfies

dit x di'?

Tdulduz ﬁ{ﬁ(HVW—Mw) —ei( g };+Viz/}) + ﬁ(2)} : (3.15)

If we want to do this calculation up to second order, the more succinct notation for the variation of the tangent
vectors in Eqn. (3.3), using the abbreviations U, k= VoF - wa and V! = ¢”Cb}'€ + Vip, is useful. With the help
of Eqn. (3.3) we then find

el x ey = (e1+der) x (e2+ de)
= (e1+ U fer +Vifi) x (ex + U,Fey + Vaii)

_ \/g{ﬁ(l + UK+ |Ui’“|> s (Vi + skleankalgm)} .

This expression has to be divided by the square root of the determinant of the varied metric, 1/¢’, for which we
can use Eqn. (3.12). We can rewrite this in terms of the abbreviations U, * and V; by making use of

e [(VigF)bl] + b, Vie" —2HV,¢" = 0,
(which may be checked by an ugly calculation similar to Eqn. (3.11)) as well as
Vivi = (¢Fbe + Vi) (6] + Vi) = ¢"0'brib] + "0k VY + ¢'6] Vb + (Vi) (Vi)
(132) [H@&bf - %ngﬁi(bi T bRV + %(viw) (viw)] . (3.16)

Furthermore, the following will also help:

VIO 4 M U Vigh = VUL — VUL 4 UL Wag® — Uy 2Vaght — U, Vig% + Uy2Vigh
= U, (Vag? + Vaghi — Vi — Vigh) + U2 (Vigh + Vag® — Vi — Vag®) — U, 2Vag" — U, Vi g*
_ _[Vl(U11g1i+U2lg2i) _|_Vv2(U12gli+U2292i)} _ _(‘/lUi1+V2Ui2)
= -VU* = VUi, .

Mncidentally, T also believe that the expression given in Ref. [16] is incorrect. The authors seem to make a mistake with their matrix
A;j, which should be the first order variation of the metric, § 91(;) in the present notation. However, then their Eqn. (19) is incorrect,
presumably because they incorrectly swapped the lowering of an index and a partial derivative. However, it is hard to check if this
is just a typographical error, because the rest of their expressions is presented in a very “non-covariant” way, resulting in lengthy

expressions with a lot of partial derivatives and Christoffel symbols.
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Figure 3.1.: Illustration for the heuris-
tic calculation of the volume variation.

de.

Using the previous three equations, the variation of the normal vector is found to be

/ /
e xey

ol 1) -l v v
" ve o k k| o 1y 1k -7
\/E{H_Uk +UF + 3%V +ﬁ’(3)}

[1%

{ﬁ(1 + UK+ |Ui’“\) - ei(Vi —VkUi, —s—ViUk’“} : {1 — Uk - Uk - %Vkvk + (U + @’(3)} — i

1 . )
— _§Vkv’fﬁ—ei(w -VRUL) + 0(3), (3.17)

where at x we used the geometric series expansion 1/(1 + ) = 1 — 2 + 2% + 0(23). Observe that in linear order
the variation of 7 is purely tangential. This is due to the fact that 7 is a unit vector, so we have %2 = 1 and thus
0 = 0%(7?) = 2(6') - 7, i. e., the first order variation must be perpendicular to 7.

3.4. Variation of the volume

The variation of the surface in R? also implies a change in the volume which lies on one either side of the surface.
For instance, if the surface is closed, the interior volume generally changes upon variation of its boundary. In this
section we present two different approaches for calculating this change.

3.4.1. Heuristic approach

The present section gives a very heuristic derivation of the volume change up to quadratic order in the surface
variation. The idea is presented in Ref. [16], and we refer the reader to this work for some details we will leave out.

The infinitesimal area element is spanned by the two vectors di' = e;du! and di? = e;du?. Upon variation
each corner of this parallelogram is moved. In particular, the origin is moved by the vector 67 = ¢Fe;, + i,
see Fig. 3.1. If the variation were constant across the surface, the infinitesimal volume change would simply be
OV = 67 (A7t x di?). Tt is claimed in Ref. [16] that up to quadratic order the volume variation can be found
by taking the average between this value and the value obtained by using instead the varied area element, 1. e.
57+ (di"t x di"?). Using the linear order variation worked out in Problem 3.2, Eqn. (3.15), the total volume change,
up to quadratic order in the variation, is given by

5V = %57?./(017?1 x di® +di't x di"?) + 0(3)

— %/duldu2 V(o e + i) {ﬁ(2 Vgt - 2H¢) s (¢jb§ * V”/))} "o

[aa {w — HY? 4 5 (Vi — 6Vt - <z>i¢fbij)} + 0B (3.18)

We again remark that if the variation is purely normal, this expression simplifies quite a bit:

SIV = / dA (¢7H¢2) . (3.19)
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Let us check this formula in a very simple case: Take a sphere of radius R, choose the outward normal, and perform
a purely normal surface variation of magnitude 1, constant over the entire surface (i. e., increase the radius by ).
What is the volume change up to quadratic order?

AV = gw(R +)° — %ﬂ# = gw(RB' +3R*) 4+ 3Ry* +¢° — R®) = 47 R*(¢ + %w“' +04?%) .

Since for the sphere with outward pointing normal H = —1/R, we see that this result confirms Eqn. (3.19) up to
quadratic order.
3.4.2. Formal approach

Instead of relying on heuristic arguments such as the ones presented in Sec. 3.4.1, we can also use a formal approach.
Due to Gauss’ Theorem we can write the volume of some object as a surface integral over the local normal vector
dotted into the parameterization:

T auss 1 —
V= /dV - /dV Vg" . S add-r. (3.20)
1% Vv R , oV

=1

Generalizations of this to higher dimensions are obvious.

Since we thus have V as a simple integral over the surface, we can apply the formal variational scheme we’ve
used so far. Up to first order the volume can not depend on tangential variations, because those only correspond
to a reparametrization.? We thus find

1
oV =40,V = 61_—/ dA @ -7
ov

3
1 S oo .
= 5 [ dudu? {(6LvE)E -7+ VaOL) T4 V- (607 }
ov
1 Lo i Lo
= 5 [, At {(-2HO G T G-eV ) T g ()}
- é/ dA{—QHwﬁ-F— ei-FViw+w}
ov int. by parts
1 . .
- _/ dA{—2H¢ﬁ-F+[ (V'e;) '7?+ei'vl7ﬂ¢+d)}
3 v N—— ~—
=bii=2H7 =gi=2
_ / dA ¥ (3.21)
oV

In order to obtain the second variation, we can make use of the nice result that it can be obtained as % times
the first variation of the first variation:

1 1
5@ — —sMW[sM ] = Z50 Q) 929
= 5000 = 60y (3:22)
However, when varying Eqn. (3.21) once more, we have to remember that §7 is our fundamental variation, and not

merely ), which is given by ¢ = 7 - §7. Hence, the integrand v contains the normal vector and must be varied as
well. We therefore obtain

sy = %5@ (V] = %5@ /dAﬁ~5F

1
_ L W) 7. s (1) | 5

2/{dA -0r+dAT7 5r}
- l/dA {(V»qbi — 2HY)) + (—bioF — Vi) e; - 57?}

2 i k i

bi
1 . ) .

_ / dA { — HY? + 3 [wvi(ﬁ’ —$iIV — bimwﬂ} . (3.23)

2In fact, one can easily check that contributions from the tangential variations just cancel.
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This coincides with the second order variation calculated in Sec. 3.4.1. Observe also that by partially integrating
the third term in the integrand, this may alternatively be written as (up to boundary terms, as usual)

sV = / aA { —HY? V6 — %bim%k” . (3.24)

3.5. Variation of the extrinsic geometry

3.5.1. Second fundamental form

Now we want to find the variation of b;;. The covariant version (1.19) of equation of Gauss shows that b;; = 7i-V;e;.
Using this, we find
(5le = 0mn - (Vz‘ej) +17- (Vz 56]‘) + 61 - (Vz (563') .

Using the covariant version of the equations of Gauss and Weingarten (1.19), the variation of the tangent vector
(3.3), and using the expressions derived above, this can be rewritten as

1
b = buU;" + VY,V —§bijvkvk —ViVUF + 05V Vi, = 6Why; + 6@y, (3.25)
N——————

first order second order

We now have to reintroduce the abbreviations U jk and Vj. For the first order we then find
Wby = b (V0" — vb¥) + Vi(¢Fbi; + V,0)

g 12 k k
= ViV = bipbijp +  ¢"Vibij + by;Vid® + bi V¢
= ViVt — biblih + Lypbij - (3.26)

Just as in the case of the first fundamental form, the tangential variation in first order is found to be given by the
Lie derivative [4].

3.5.2. Mean curvature

Since 2H = g¥ib;;, we have in first order
sOH = % [(59”’)%— + g (5bij)}

% [ = (V7 + V76" — 2067 )by + 9" (ViV 06 = biabfp + 6" Vb + by Vi + bu V6" |

= —% (Vg7 + V967 by + (4H? — 2K) + % (V20 = (4H? = 2K) 6 + 20"V, H + 261946

= p(2H? - K)+ %v%p + ¢*ViLH . (3.27)

Let us also look at the first variation of \/gH. It is given by

2.3, ) 1 i
H O G V6~ K+ V20 + 6] (3.28)

W (ygH) = HW /g + /g6
Let M be the integral over the mean curvature over some portion of the manifold. The first variation of M is the
integral of Eqn. (3.28) over this portion. The term proportional to V21 will only contribute a boundary term, and
the last term will upon partial integration (see Eqn. (A.9)) cancel the first term, again up to a boundary term.
Hence we find

sHM = 5<1>/dAH = /d% 6W (\/gH)

Quite remarkably, the first variation of the integral over the extrinsic curvature depends only on the intrinsic
curvature! (This extends Eqn. (50) in Ref. [5], which is only written for the normal variation—but we see that the
tangential part only contributes boundary terms.)

(3.28,A.9) —/dA K1 + boundary terms . (3.29)

The second variation of the mean curvature is given by

SOH = S[(0®9")bi; + (6797) (0Dbi5) + g (6P3;)] - (3.30)
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Let us calculate each of these three terms in turn. For the first term we find, using Eqns. (3.8),
(6@ g by = 6HY?(4H? - 3K) — (4H? — K)bF¢ ¢y + 2HK ¢;¢" — 4HV 'V i) + 2K ¢;V'ep — by V'V
+ b (V9" Vig! + VF'Vid! + VFIVI gy) — 12HYLEV gy, + 6KYV ;¢ (3.31)
For the second term Eqns. (3.4), (3.6), and (3.26) yield
(6Wg ) (6Wby;) = —(Vigd + VI (ViV0) + 2067V, V0 + 12Hpb;;Vig) — 6Ky, ¢' — 4HY? (AH? — 3K)
— 20" (Vibij) (Vi) + 206" ¢F Vb — 2(Vig? ) by; Vi — 2(Vig? )b V0" (3.32)
The third term is the most complicated one. Using Eqn. (3.25), it is found to be
g7 (6®by;) = —HWV* —ViV'U* +0FViY, (3.33)
but this expression has to be translated back in terms of ¢* and 1. The first term in Eqn. (3.33) has been worked
out in Eqn. (3.16). For the second term we find

) ) (1.23) )
ViViU" = (¢ + Vi)V (Vid® —obf) = (' + Vi) (V20— 20V H —biV'y)
= pd'V2OF — 20! VEH + VipVPQF — 20V VI — ¢ (2Hby — Kgu) V' — V0V

and the third term is given by

BViV, - bE (¢'b) + V) (6™ bk + Via))
(1.32),(1.35)

= (4H? — K)bE¢' ¢y — 2HK ¢1p¢™ + AHVE 'V ) — 2K ¢FVap + b (Vi) (Vi)
Combining these expressions, we find for the third term in Eqn. (3.30)
g7 (6®by;) = (2H? — K)bF¢'¢p — HK ¢pd® + 4HV 6"V itp — H(V90) (V) — by’ V2"
+2bf "V H — (Vih) V2eF + 20 (Vip) (VFH) — 3K 9"V iap + 2bF (Vi) (Vit)) . (3.34)

If we now insert the results from Eqns. (3.31), (3.32), and (3.34), into Eqn. (3.30), many terms cancel. The final
result is then

§OH = HY*(4H? —3K) — H*E¢' by, — HOE 'V i) — K$'Vith + bijpd' VI H + 4V pVEH
+1pbi; VIVIp — ¢F (Vb ) Vi + b7 ¢FV by — 5 (Vi¢! + V7" )V, V0

+ S H (Ko — VapV'y) - Lhi (VA9 Vi! + 9V — VigWiy) — SVt

As usual, this expression simplifies considerably if the variation is purely normal:
O _ gl (4H? — b iV — L (HV Vi — by T
§H = Hy?(4H? = 3K) + YV, VFH + b ; V'V 2(prv Y — b, V'YVIy) .

This again coincides with Eqn. (69) of Ref. [5], up to a prefactor 1/2 due to different conventions for the second
variation.
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4. Some applications to problems involving the first
area variation

4.1. Minimal surfaces

Roughly speaking, minimal surfaces have the property that locally one cannot deform them without increasing their
area. They can often be visualized as soap films suspended between wire frames (see for instance the beautiful book
by Isenberg [12]). The classical minimal surfaces — plane, catenoid and helicoid — date back into the 18th century.
Many important analytical properties of such surfaces have been uncovered, most importantly their relation with
holomorphic functions discovered by Weierstrass. Still, not many explicit examples of minimal surfaces have
been found until the beginning of the 1980s, where the rapid increase in computer power boosted this field of
mathematics.

In this section we will only touch upon a few very simple problems and a few minimal surfaces without getting
into any mathematical study of their properties.

4.1.1. Defining property

Consider a set of surfaces S; which all have the same closed curve C' as their boundary. Which of these surfaces has
the smallest area? We will skip the usual mathematical intricacies related to questions of whether such a minimum
exists, but we will ask the question of how to find or characterize such a minimal surface. The area A; of any such
surface S; is evidently given by
A; = / dA = / du'du® /g ,
Si U;

where U; is the coordinate patch describing surface S; and /g is the metric of that surface. A minimal surface will
be such that its first variation §(1) A of the area vanishes, so a necessary condition for S to be minimal is

sMA — / duldu? 6,5 O2Y / duldu? \/g( — 2H(u',u?)) = 0,
U; i

i i

where we restricted to normal variations ¢, which is enough if we leave the boundary untouched. Since the variation
1 is arbitrary (except that we require it to vanish at the boundary), this integral can only vanish if H = 0. We
thus see: A mecessary condition for a surface to be minimal is that its mean curvature vanishes at every point.
This is intuitively clear, because if a surface had a region in which H would for instance be positive, this region
would be a little “bump”, and the total area could be reduced by flattening the bump. Of course, this condition is
not sufficient. We only have established a criterion for the surface to be stationary. Neither do we know whether
the solution of the (differentiall) equation H = 0 is unique (it needn’t be), nor do we know whether the solution
corresponds to a minimum, a maximum or a saddle point in the “space of surfaces”.

Note that since 2H = k1 + ko and K = K1ks, the Gaussian curvature of a minimal surface necessarily satisfies
K < 0 everywhere.

Formula (C.12) in Appendix C.4 shows that the coordinate functions of a minimal surface are harmonic.

Problem 4.1 Show, that the following surface given in Monge parameterization by the function

G RC HIE.
' (z,5) o Be,y) = log 28 (-1

cosy

is manimal. This surface is called “Scherk’s surface”. An illustration is given in Fig. 4.1. Not restricting the region

of x and y to the central square (=%, 5) X (=3, 5), we see that this surface is actually doubly periodic.
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Figure 4.1.: Tllustration of a central
portion of Scherk’s surface—see Problem
4.1. It is named after Heinrich Ferdi-
nand Scherk, who discovered this mini-
mal surface in 1835 and provided thereby
the third nontrivial example of a minimal
surface (after the catenoid and the heli-
coid, discovered by Jean Baptiste Marie
Meusnier in 1776). Scherk’s surface is
double periodic, and it links a collec-
tion of parallel planes to a collection
of perpendicular parallel planes. One
thus might speculate that a defect sur-
face in a lamellar phase of microemulsions
looks like essentially Scherk’s surface (and
would thus not cost any bending energy!).

LT

Wi

1]

(Al

4.1.2. Example 1: Soap film between two circles

Consider a soap film suspended between two parallel, coaxial circles of equal radius [1, Example 17.2.2]. The
surface tension of the soap film will attempt to give it a shape which minimizes its area and therefore render the
mean curvature zero.! Using the parameterization discussed in Sec. 2.2.4 (see also Table. 2.1), the condition for
such a surface to be minimal can be written as
! 1 r’! —(14+72) 4+ ro”
0 = K1 +hry = — + - = ( )
rv1 pp) (1 +7”2)5/2 r (1 +r’2)3/2

This equation is “satisfied” in the pathological® case ' = oo, which just corresponds to a plane. If 7/ is different
from infinity, we will require the nominator to vanish. This gives the ordinary second order nonlinear differential
equation

rr’ — (TI)2 =1,
and one can easily check that this has the general solution

zZ — C2

r(z) = ¢1 cosh (4.2)

C1
A surface from this two-parameter family of surfaces is called a catenoid. Since the metric in this particular
parameterization is given by (1 +1'2), the metric determinant for the catenoid is \/g = ¢1 cosh?[(z—c3)/c1]. The
surface area S of the symmetric portion of a catenoid of height d is therefore given by

d/2 2m P d
S = / dz/ dy ¢ cosh® = = ey (d + ¢; sinh —) . (4.3)
—d/2 o C1 1

It turns out that a stable film can only develop if the two rings are not too far apart. Looking at Eqn. (4.2), it
is clear that the boundary value problem to solve is
coshz 2R d

d
1 coshﬂ =R or: = with z := % (4.4)

I Physically, one may worry that there are also small but nonzero bending moments of the soap film, i. e., that there is a contribution
to the energy due to the curvature. However, if this energy per unit area is given by a Helfrich Hamiltonian, see Eqn. (5.1), and
if the spontaneous curvature of the film is zero, then the surfaces considered here (for which the pressure on both sides is zero)
automatically also satisfy the more complicated differential equation (5.3) which minimizes curvature and tension energy, and which
we will derive in Sec. (5.1).

2A plane is strictly speaking outside the realm of this particular parameterization. Still, it leaves its traces here in the sense that it
comes up as a “physicist’s solution” of the problem.
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7 metastable Figure 4.2.: Area of a stationary
S region catenoid suspended between two par-
i 7 T allel coaxial rings of radius R as a func-
B / 7 tion of their distance d. Below a max-
L - imum distance dmax/R ~ 1.32549 two
0.5 - stable branch branches exist, the one with the lower
area being the stable solution. The in-
set shows the profiles of a sequence of
b stable catenoids at the distances d/R €
i {0.25,0.5,0.75,1.0, 1.25, 1.32549}, also

indicated by the “e” symbols.

S/(2nR?)

However, the function (cosh x)/x has a minimum at some value of x:

h
0 coshw —~  coshe — zsinhe = 0 = & = Tpin =~ 1.19968 .

!
0 =
or «x 2¢1

Clearly, Eqn. (4.4) only has a solution if the radius R is larger than the minimum value which the left hand side
assumes. Inserting the value for x at the minimum, this gives the condition

d < dpax ~ 1.325649 X R .

For values of d smaller than this, Eqn. (4.4) has two solutions, see Fig. 4.2. If d/R 2 1.05539 the area of the
catenoid is larger than the combined area of two soap films which separately cover the two rings, and the catenoid
becomes metastable. At the critical value dpyax the area of the soap film is S ~ 7.5378 R?, which is about 20%
larger than the area spanned by the two rings individually, which is 2mR? ~ 6.2832 R?. Beyond dy,.x the solution
consisting of two separately covered rings is the only stable one. This was first shown analytically by Goldschmidt
in 1831, and the equilibrium solution consisting of two separate films spanning the two circles individually has
become known as the “Goldschmidt discontinuous solution” [1, 12]

The inset in Fig. 4.2 shows the shapes of soap films suspended between two circles as the two circles are gradually
being pulled apart. This situation is somewhat peculiar because there does not seem to be anything “forbidding”
about the limiting profile: It does not touch in the middle, it does not have infinite slopes or sharp edges. Why
then, physically, does the soap film snap?

4.1.3. Example 2: Helicoid

Take two straight lines which intersect at a right angle. Now move the second line along the first one while
simultaneously rotating it with a constant angular velocity which points along the first line. The second line then
traces® out a helical surface which is given by the following parameterization:

RZ = R3

=
=
@)
o)
)]
N

(4.5)

This surface is called a helicoid, see Fig. 4.3. The constant ¢ determines the pitch of the helix.

3A surface which is generated by a line moving through space is called a “ruled surface”, and the lines are called the “generators” of
the surface. A “developable” surface is a special ruled surface, which has the additional property that it has the same tangent plane
on all points of one and the same generator. It can be proved that a portion of a surface is developable if and only if its Gaussian
curvature is zero everywhere. It can also be proved that a (sufficiently small) portion of a surface can be isometrically mapped to
a plane if and only if it is developable [14].
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Figure 4.3.: Illustration of two turns
of a helicoid. Note that when “walk-
ing upwards” on one of the “stairs” for
one complete rotation, one has actually
moved up two turns. This is just like
the famous spiral staircase in the Vati-
can museum in Rome.

A helicoid is actually a minimal surface, as we will now verify. The tangent vectors are given by

Cos z —rsin z
e, = sin z and e, = 7 COS 2
0 c
From this we find the metric and its determinant (take u! = r, u? = 2)
1 0
gij = (0 02+r2> and g =c+r?.

This also shows that the coordinate representation is orthogonal. The normal vector is given by

csin z
n o= = —ccosz

e, X e, 1

NG V2 +r? ”

For the second fundamental form we need the second partial derivatives

0 —7COos 2
e, = 0 , e,, = —rsin z , and
0 0

So the second fundamental b;; and its determinant b are given by

—sinz
e, = €,, = CoS 2

)

(4.6)

by = ey = o (01 @ b
AR A s> g O I o T2
The Gaussian curvature K is the ratio between the determinant of first and second fundamental form, and is given
by
b c?
K=-=-———<0.
g (¢ 4+ 1r?)?

Twice the mean curvature, 2H, is the complete contraction of b;; with
2H = bijgij = brrgrr + bzzgzz

This proves that the helicoid is a minimal surface.
In cylindrical coordinates (r, z, ) the helicoid is given by z = cy.

29

¢¥ and given by

=0.

(4.7)



Figure 4.4.: Illustration of the central
portion of Enneper’s minimal surface (r
has been plotted out up to rmax = 2.5).
If one were to look from farther away
(and plotting the surface for larger val-
ues of rmax), the Enneper surface looks
like a plane which winds up three times
before it meets with itself.
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4.1.4. Example 3: Enneper’s minimal surface

In 1863 the German mathematician Alfred Enneper discovered that the surface given by the parameterization

RS x [0;27m) — R3
- rCos o — %7“3 cos(3¢) (4.8)
(r, @) — 7o) = —rsing — %r?’ sin(3¢)
r2 cos(2¢)

is a minimal surface. It cannot be embedded in R3 because (for r > \/g) it develops self-intersections, which for
z > 0 lie in the y — z-plane and for z < 0 in the x — z-plane. However, it is still a proper immersion. It also contains
two straight lines in the plane z = 0 which intersect orthogonally, namely if the coordinate ¢ takes the values iw
and %w. See Fig. 4.4 for an illustration.

Let’s check that indeed the mean curvature vanishes everywhere. The tangent vectors are given by

cos ¢ — 12 cos(3¢) —7sin ¢ + 73 sin(3¢)
e, = —sin ¢ — 72 sin(3¢) and ey = —rcos ¢ — 12 cos(3¢)
2r cos(29) —2r%sin(2¢)
From this we immediately get the metric (u* = r, u?> = ¢) and the metric determinant
gij = (1+r2)2( (1) 7?2 > and g = (1 +rHt.
This also shows that the coordinate representation is orthogonal. The normal vector is given by
2r cos ¢
o= eT\/X;¢ =7 —1}1"2 27'2sin¢>
re—1
We finally need to know the second partial derivatives:
—2r cos(3¢) —rcos ¢ + 313 cos(3¢)
€rr = —2rsin(3¢) , €pp = rsin ¢ + 313 sin(3¢) ,
2 cos(29) —412 cos(2¢)
—sin ¢ + 3r?sin(3¢)
and €ry = €pp = —cos ¢ — 3r? cos(3¢)
—4rsin(2¢)
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From this we now get the second fundamental form b;; and its determinant b:

bij == e ;-1 = ( _2C.OS(2¢) 2r sin(29) ) and b = —4r? .
2rsin(2¢)  2r? cos(2¢)

The Gaussian curvature K is the ratio between the determinant of first and second fundamental form, and is given
by
b 4

Twice the mean curvature, 2H, is the complete contraction of b;; with g/ and given by

2cos(2¢) 212 cos(2¢)
(I+7r2)2 " 12(1+r2)2

2H = bijgij = brrgr7‘+b¢¢g¢¢ = — =0. (410)

This proves that the Enneper surface is a minimal surface.
Tore Nordstrand gives the following implicit representation of Enneper’s surface:

2_ 42 9 213 2_ 22 1 8 212
Y-z +_Z2+_] _G[y z ——(x2+y2+—22>+—] - 0.

2z 9 3 4z 4 9 9

4.2. Laplace’s formula

Take a closed surface S = 9V (using again an outward pointing normal) with some internal pressure p; inside a
medium with (external) pressure p.. Let there be a surface energy o per unit area. What can we say about the
shape of this surface? The energy is given by

E = dAa+(pe—pi)/dV,
av v

where dA and dV are the area and volume form. In equilibrium, the first variation of this energy has to vanish.
For a closed surface it is enough to restrict to normal variations, since tangential variations will only effectively
reparameterize the surface. We therefore get from Eqns. (3.13) and (3.19)

0= §'E = /avdA{—2Hm/z+(pe—pi)1/J}.

From this follows the formula of Laplace

pi—pe = —2Ho . (4.11)

In particular, if we have a spherical bubble with radius R, this reduces to

20
i
Thus, the pressure inside a spherical bubble is larger than outside, and this difference is more pronounced the
smaller the bubble is.*

Remark: Whether a closed surface immersed in R3 with constant mean curvature must be a round sphere is
known as the Hopf conjecture—and it is a quite nontrivial question! See for instance Ref. [6, 17]. The answer is
“yes”, if one has for instance either one of the following additional conditions: (7) the surface has genus 0 (proved
by Hopf) or (ii) if the immersion is actually an embedding (proved by Alexandrov).® This essentially implies that
under “ordinary physical circumstances” the Laplace law indeed forces bubbles to be spherical.

Ap = pi —pe = (4.12)

4A very simple derivation of this result works like this: Take a bubble and “cut” it in two
halfs (see picture on the right). One now has to apply two additional forces in order to keep
the system at equilibrium. First, everywhere along the rim one has to pull downward with

the line tension o. This gives the total force F)|| = 2mR X o. Second, the excess interior
pressure Ap of the bulk interior has to be supported by a piston, which pushes upwards with
the force Fyy = mR2 x Ap. In equilibrium these forces have to balance, and equating them gives
Eqn. (4.12).

5Some further remarks on terminology seem appropriate [7, 15]: A C° mapping F from a subset U of a manifold M to a manifold
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Figure 4.5.: ITllustration for the calcu-
lation of the capillary rise.

With the formula of Laplace we can for instance explain the phenomenon of capillary rise [21]. If a liquid wets
a substrate, it is well known that it then will rise in a capillary of small inner diameter. Why? Look at Fig. 4.5.
Since the surface of the liquid makes a nonzero contact angle 9 with the substrate, it can generally not be flat. If
¥ < /2, the situation is such as depicted, and the surface is curved downward in the capillary. However, Laplace’s
formula then tells us that the pressure below this curved surface has to be smaller than the pressure below the flat
surface far away from the capillary. This imbalance is remedied by the drop in hydrostatic pressure which follows
the rise of the liquid in the capillary. If we assume that the capillary is thin, the surface will be approximately
spherical and from Fig. 4.5 we see that its curvature radius is then r = R/cosd. If Ap is the density difference
between the liquid and the vapor above it, and g is the gravitational acceleration, we find

2 2
Ap — ApmR*hg ho— 0

[ 2
5 = e —= with ¢, := 9 .
TR R R gQAp

The rise of liquid is thus inversely proportional to the inner radius of the capillary. If one does not use a cylindrical
capillary but two planes at a distance 2R, the liquid only rises half as high, since the curved surface is now a
cylinder and the mean curvature thus only half as big. The length £. is called capillary length or capillary constant.
For water at 0° C it has the value 3.9 mm, and it falls steadily to zero at the critical point.®

4.3. Stability analysis for the isoperimetric problem

A problem very close to the one we’ve discussed in Sec. 4.2 is the isoperimetric problem: Which shape encloses a
given volume with the smallest possible surface? Essentially, we again have to look at the integral

S = / dA +)\{/dV—VO},
ov 1%

where S is the surface area and the variable A now enters as a Lagrange multiplier intended to fix the volume
constraint. Setting the first variation to zero, §'S = 0, gives the result 2H = )\ = const., showing that the surface

N is called an immersion if at every point u € M its differential dF(u) is injective, 4. e. if it has rank dim(M). Note that neither
F itself nor the map u +— dF(u) are required to be injective. The map F is called a submersion, if at every point its differential is
surjective, 4. e. if it has rank dim(/N). An immersion is called an embedding, if furthermore the following condition holds: For every
open set P C M there exists an open set @ C N such that F(U)NQ = F(P). This condition in particular forbids self-intersections.
Indeed, the famous counter-example for a surface of constant mean curvature which is not a sphere, the “Wente torus” [24], has
self-intersections.

6That the capillary length vanishes at the critical point is not obvious. Certainly, the surface tension must vanish when the notion
of a surface ceases to be meaningful, but also the density difference between fluid and gas phase vanishes there. In fact, at the
critical point the surface tension vanishes like o ~ (1 —T/T¢)*, where the critical exponent p has the value 3/2 in mean field theory,
and the actual value p ~ 1.26 in three dimensions. Contrary to that, the density difference vanishes as Ap ~ (1 — T/T¢)?, with
a mean field value 8 = 1/2 and an actual value of 8 & 0.32 in three dimensions. From the definition ¢c := /20/gAp we hence
see be ~ (1 —T/T.)(#=B)/2 where the exponent is 1/2 in mean field theory and about 0.47 in three dimensions. Thus, £. indeed
vanishes at the critical point in a power law behavior. A detailed discussion can be found in Chapter 9 of the book by Rowlinson
and Widom [21].
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essentially has to be a sphere. From this follows H = —1/R and K = 1/R?, with %TFR?’ = V. Using this, as well
as the result for the Lagrange parameter, A = 2H, the second variation of S is then found to be
1 » . 21
525 — / dA {(Kz/ﬂ + —(viw)(vw)) - AHW} (4.12) / dA { - w_2 - -w%} : (4.13)
ov 2 ov R2 2
We shall not (and need not) enforce the constraint of fixed volume exactly, but will instead contend ourselves with
satisfying it up to quadratic order, which means that we will demand

0+ 8V = /BVdA {¢+%w2}. (4.14)

The essential question is now: Is there any way that the second variation of the area, under the constraint of
fixed volume, is negative? So, in other words, we are searching for specific variations 1(u*) which might lower the
surface area even more. This is best done by expanding the general variation 1 in some convenient basis. Since
Eqn. (4.13) shows that we would have to calculate the (covariant) Laplacian of the variation, it is most natural
to expand in eigenfunctions of the Laplacian. On the sphere those are the spherical harmonics. Using the usual
spherical coordinates, we can therefore write the expansion as

0o l
P0,0) = DY Ym0, ) (4.15)

=0 m=—1

where ¥, = (—1)™4)}, , in order to make the result real.” For a summary of important properties of the spherical
harmonics Yy, (a few of which we are going to use) see for instance [1].
Let us first turn to the volume constraint (4.14). Inserting (4.15) yields

1
0 = /a a4 {%wzmnmﬁlm;m/ Gt Yim Vs } = V7 B2 woo+R%j|wlm|2.

From this we get a quadratic equation for tgg:

1 1 d
Yoo = —mlzm:wlm‘g = _m[ng"‘Z‘wlm‘Z} ;

lm

where the prime on the second sum indicates that the term with [ = 0 is left out. Note also that |¢g0|? = 13, since
Yoo = 1/V/4m is real. Solving the quadratic equation and subsequently expanding for small values of the [¢;,,|?, we
find

1 ! 2 1 ! 2
Yoo = VIR -1+ 1—7T—R2;Wzm‘ :_mg‘wlm{ + 0(3).

This result shows that the constraint of volume conservation (up to quadratic order) requires the expansion coef-
ficient g to be a second order function of all the other expansion coefficients.

Let us now insert the expansion (4.15) into the second variation (4.13). Using the fact that the Y;,, are eigen-
functions of the Laplacian with eigenvalues —I(I + 1)/R?, we find

Im,I'm/’ Im,lI'm/’
/
- Z‘wh”f[_ld‘_@} = _w(QJO + Z|wl'm|2|:—1+l(l;_1):|
lm —
/ I(1+1
= §|¢zm}2[—1+ ( 5 )} + 03). (416)

In the last step we used the fact that gy is already of quadratic order in the other variations. Note that this
essentially comes down to taking out the mode I = 0, which changes volume to first order! And indeed, the
condition on gy was precisely derived from the desire to keep the volume constant.

"Since Yi,—m = (=1)™Y}},, we can then have ¥y ., Yy, = ¥}, V> . Hence, if we have a sum over all m, we can replace m by —m
and thereby change to the complex conjugate expression. This is clever if done in one term of a double sums, because it generates
Yim¥P}r,,, as well as Y}, Y)7 ., and the latter is a product of two functions which satisfy an orthogonality relation when being
integrated.
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Equation (4.16) says the following: The second variation vanishes for the three modes with { = 1. This is due to
the fact that these modes simply describe a translation of the whole surface, which of course does not change its
area, and which we can therefore forget about. However, all the other modes contribute positively to the second
variation. Hence, the spherical shape is in fact stable, in the sense that there exists no possible variation of the
surface which reduces its area any further.

4.4. The Plateau-Rayleigh-instability

Let us repeat the above calculation in a “slightly” different geometry: Let us not look at spheres but at cylinders.
Of course, we know that a cylinder does not minimize the area for a given volume being enclosed, but if we forget
about the inevitable problems at the two caps, a cylinder is a surface with constant mean curvature! Hence, it makes
the area minimization problem as discussed above stationary. The question now is, whether this stationary state is
an equilibrium state. Since we already know that the cylinder is not the optimal answer, we might indeed expect
an instability, and indeed this is what we will find.

The difference in the cylindrical case, as compared to the case above, is manifest only in a few points: First, the
area element is dA = Rdedz. Second, the Gaussian curvature is K = 0. From this we see that the second order

variation §2S$ is given by
L 27 2
19y 1
2¢ _ s P TAVE: 4.1
528 /0 /0 Rdapdz{ 52 2¢v¢}, (4.17)

where we assumed that the cylinder has a length L. Third, the surface Laplacian, using cylindrical coordinates
(R, ¢,2),is V2 = R7202/0¢? + 0%/022. A set of orthogonal eigenfunctions is therefore given by

, = 20RL SOy 5 (4.18)

'm

L 27
Znm(p,2) = em® e2minz/L n,m € Ny , / Rdydz Z,m 2,
o Jo

and the eigenvalues are

P = o (] o

We will expand the normal variation in these eigenfunctions according to

1/}(9072) = Zqz[}nmznm(@vz)

with ¥_p _m = ¥5,,. Inserting these expansions into the constraint of volume conservation, and noting that this
time the mean curvature is not —1/R but —1/2R, we find

: 2 o 2 1 * *
0 L v o= /0 0 Rdwdz{%ﬂjwnmznmﬁ S bt Zum Bt

/
= 27RL oo + 7L {wgo + Z anﬂ )
nm

where the prime in the sum again indicates that the mode n = m = 0 is left out. And from this we can again
obtain the amplitude 1y of this mode which changes volume in first order:

1< 1 o
oo = R{ —1+ 1—ﬁ;’¢nm’2 :_E;W"mf + 003) .

Just as in the spherical case, the condition of volume conservation forces the zero mode gy to be of quadratic
order in the other modes. For the second variation 2S5 we therefore find

e
ov et i
o+ (52 = S+ S o[ ()
= Ei|¢nm|2[—1+m2+(@)2n2} + 0(3). (4.19)
R L

nm
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a)

Figure 4.6.: a) Illustration of a criti-
cal wavelength fluctuation A\ = 27 R
in the Plateau-Rayleigh problem. b)
Simple approximative argument for
the critical wavelength based on equat-
ing volume and area of a piece of the
cylinder with its resulting sphere (see
Eqn. (4.20)).

b) —

Contrary to the case of the second variation of the spherical surface, Eqn. (4.16), the above expression is not always
positive. It can become negative for m = 0 and sufficiently large L. Indeed, the earliest mode which “blows up”
is n = 1, from which we see that the cylindrical surface becomes unstable if it gets longer than its circumference.
Alternatively, we may think of the expression ¢ := 27n/L as a wave vector, and we then see that a long cylinder
is unstable with respect to undulation modes with a wave vector ¢ < 1/R or wave length A = 27 /q > 27 R.

This of course has the following physical significance: Think of a “cylinder of water”, as it comes for instance out
of a tap, or — a little more controlled — as one might pull it under zero gravity out of a droplet of water. The water
volume is conserved, and the surface tension tries to minimize the area. The above calculation shows that if the
cylinder becomes too long, it will be unstable against long wavelength fluctuations. Plateau was the first to study
this problem experimentally, and he found our result that a cylinder of fluid subject to surface tension is stable
against fluctuations which break the symmetry, but unstable against symmetry conserving undulations which have
a wave length exceeding the circumference of the cylinder. Rayleigh was the first to give a theoretical explanation
of this phenomenon (see for instance Ref. [20]), which is now referred to as the Plateau-Rayleigh-instability. An
illustration of the critical fluctuation mode is shown in Fig. 4.6.

Observe that the reason for the system to “search” for lower areas is the surface tension of the liquid. However,
it’s precise value is immaterial, since all what is needed is some driving force toward a state of lower area. Hence,
the Plateau-Rayleigh instability happens at arbitrarily small values of the surface tension.

Wave vectors ¢ < 1/R are unstable, but in order to understand which wave vector grows fastest if the instability
sets in, one has to do a dynamical calculation, which is also due to Rayleigh (see again Ref. [20]). For an incom-
pressible non-viscous fluid the calculation is comparatively simple. There exists a potential for the velocity field
of the fluid which satisfies the Laplace equation. One searches for a solution which matches the boundary of the
specific mode one is interested in. Integrating over the volume of the fluid one finds the kinetic energy. Together
with the potential energy calculated above one has the Lagrange function and thus the equation of motion for
every mode. One then sees that for m = 0 and ¢R < 1 the perturbation is exponentially growing, with a growth
constant ¢ given by [20]

_ 0 qRLi(¢R)
pR? To(qR)

where p is the density of the liquid and Iy and I; are modified Bessel functions. The wave vector which has the
largest c, i. e., the fastest growing mode, is given by ¢R ~ 0.697019.

(1—(qR)?) .

We finally want to show that there is a simple argument leading to the same physics, but with somewhat wrong
prefactors: Assume we chop a cylinder of water having radius R into smaller cylinders. What does the length L of
these cylinders have to be such that if they collapse into spheres of radius R’, their initial outer surface is equal to
the surface of the sphere? In order to answer that one simply has to solve the two equations which fix volume and
area:

area: 27RL = 47w R"? L= %R
N ) . (4.20)
volume: TR?L = %WR’g R = %R

One can now convince oneself that for cylinders which are longer than this value, the chopping up will result in
an area reduction of the total surface. The estimate Ly = 4.5R is about 40% smaller than the exact answer
Lerit = 2R derived above.
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5. Vesicles

Vesicles are objects consisting essentially of a closed membrane. Soap bubbles are a good example. In biology
the membrane is invariably a phospholipid bilayer. Much ought to be said about the interesting physics of such
systems, but here we will restrict to the set of problems which arises when the membrane is described as a two-
dimensional fluid! elastic. This means, there exists (i) a surface tension and (ii) a bending energy involved with
“out-of-the-plane” motions of the membrane. Following Helfrich [11], the (free) energy per unit area of membrane
is then given by

e = 0+2ke(H —co)® + k. K . (5.1)

The first term is the tension. The second and third term describe energy contributions due to the curvature of the
membrane. The parameter ¢ is called the spontaneous curvature, for which we use a slightly different convention
than usual. If ¢ is zero, the bending energy is found to be proportional, through the two elastic moduli k. and k.,
to the square of the mean curvature and the Gaussian curvature. Those are two convenient quadratic invariants
of the curvature tensor. And since there are no more than two quadratic invariants, the description is complete.
For nonzero spontaneous curvature the first term gets somewhat “renormalized”, in the sense of “what is the
mean curvature at which the bending energy vanishes”? The expansion of the elastic strain is performed about a
pre-curved ground state.

5.1. Shape equation

Given a closed surface 0V surrounded by an elastic fluid membrane, its elastic energy due to the Helfrich Hamil-
tonian (5.1) is given by
# = | a4 {ZkC(H—co)2+I§:CK+a}—P/dV,
ov 1%

The variables o and P are surface tension and (excess interior) pressure. Alternatively, they can be viewed
as Lagrange multipliers which may be used to fix a constraint of constant area or volume, respectively. This
essentially depends on the ensemble one wishes to study. We now want to look at the variation of this energy.
First it is helpful to realize that due to the Gauss-Bonnet theorem [9, 14] variations which leave the boundary and
the topology unchanged will not change the integral over K, since this is a topological invariant. This term does
therefore not contribute to variation of Z. Furthermore, for the sake of finding the shape equations, it is sufficient
to restrict to normal variations. The first variation of the term (H — ¢g)? is given by

SO (H — co)? = 2(H — co)bH 2 2(H — co)[(2H ~ Ky + 572,

and using our expression for the variation of the square root of the metric determinant (3.13) we then find

5(1)(\/5 (H — 00)2) _ (5(1)\/5)(_7_[ — o)+ \/5(5(1)(]_] B 00)2)
= V3 (— 2HO(H — o) +2(H — o) [(2H — Ky + 572

= Vo (2(H — o) [p(H? ~ K + coH) + %vzw]) . (5.2)

From this, and additionally Eqn. (3.19), we can readily work out the first variation of the Helfrich Hamiltonian:

s = dA{2kC [2(H — co)(H? — K + coH) + V*H] — 2Ho — P} b,
oV

1By “fluid” we mean that the in-plane shear modulus is zero. The opposite would be “tethered”. Since in tethered membranes local
distances are fixed, the metric is fixed, and hence, by Gauss’ theorema egregium, the Gaussian curvature is fixed. A piece of paper
would be an example of a tethered membrane. In fluid membranes the Gaussian curvature can vary, and it hence makes sense to
add an elastic contribution proportional to it.
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where we partially integrated the term V23 twice by making use of Eqn. (A.12). Setting this variation to zero
gives the shape equation for vesicles [25]

P = 2k [V2H +2(H — o) (H? — K + coH)| — 2H o . (5.3)

This nonlinear partial differential equation is extremely complicated to solve, and we will not make any attempt
at it. However, note that for K = 0 Eqn. (5.3) reduces to the formula of Laplace, Eqn. (4.11). The beauty of
Eqn. (5.3) is that it is entirely coordinate free, since mean and Gaussian curvature are properties of a surface which
can be defined irrespective of coordinates. Much research has been done with essentially the aim to understand
the implication of this equation on the stationary shapes of vesicles. For a review see for instance the paper by
Seifert [23].

5.2. Stability of free cylindrical vesicles
In Sec. 4.4 we studied the surface tension driven instability of a cylinder of liquid. In this section we want to study

the same problem for liquid cylinders additionally coated by a membrane, i. e., a cylindrical vesicle.
It is easy to see that the shape equation (5.3) permits a solution which describes a cylinder of radius R. In this

case, H = —ﬁ = const and K = 0, and the shape equation reduces to
JR— [1- 2aoR)’] + 7 (5.4)
T 2RS 0 R '

However, for the case of free cylindrical vesicles it is crucial to realize that there is a second variable in the problem
which also has to be equilibrated, namely the length L of the vesicle. Neglecting end-effects, the energy of the
cylindrical vesicle is given by

H = [2kc(— % —co>2+a} 97RL — PrR2L .

Requiring OF /0L = 0 implies the additional equilibrium condition

ke 2 20
P = ﬁ(l—l-QcoR) + - (5.5)

Equations (5.4) and (5.5) determine the required value of pressure and surface tension

2k,

P = 7ﬁ(l+260R) ) (5.6a)
ke
0 = 55 (1+200R) (3+200F) - (5.6b)

Both P and o are uniquely determined by the radius. This is in contrast to the case of a spherical vesicle, where
one of the two variables can be chosen freely.

Even though we’ve found that cylindrical vesicles can solve the shape equation (neglecting problems at the ends,
of course), this does not answer the question whether this solution is stable against small perturbations. In order
to answer this question, we will now perform a linear stability analysis for the cylinder.

We first require the second variation of (H — cg)?, which in the cylindrical case is given by

SO (H —c)? = 2(H —co)dPH + (6VH)®
1 1. .. 1 .. 1 )
= (142 Y 5> X ) — — U ) — —— g
(1+ 200R) [ g0” = FHIUVIV;00 = bV 0 — s ViV
Lo Loy 4 L w2y
+4R4¢ +2R2wv w+4(v V).

2When comparing Eqn. (5.3) with the expression in the paper by Helfrich and Zhong-can [25, Eqn. (31)], one has to bear in mind
that these authors use a different convention for the spontaneous curvature and for the mean curvature.
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From this we then obtain the second variation of /g (H — c)? as

) = () () + (6B 6T )+ V(6 - )

_ f{8;2(1+2c0R)vw¢+ Y2 V2 + ( ¢)2

4R* QR2

(14 200R) (VWP + DIV 4 BV + VY w)}

2R?

From this we can finally work out the second variation of the energy of the cylindrical vesicle:
1 , 1 2
5(2) _ / dA 1492 i % 2 2 - 2
H - 4R2( +2¢oR)*V wvw+2R4¢ QW Y+ (V ¥)

a4 2coR)(%¢v2¢ + =bIYVV 0+ —b”Vﬂ/)Vﬂ/) T AL 1,/;)}

) (- Fe (1 4 20R)(3 4 2 R))( Viv'y) 5'6a)( 2Ke g 4o ”) (55 ! )t
aR2\ T O \g R T oR
In this expression the four underlined terms are now integrated by parts using Eqn. (A.12). Also, in cylindrical
coordinates the only nonzero element of b¥ is b?? = —1/R3. Using this, one finally ends up at
k
52 = o / { W+ YREVH) 4 = (R2V2¢) — (14 2¢0R) (0,0 +2COR¢2} .
ov

The rest runs completely analogous to the Plateau-Rayleigh problem from Sec. 4.4. We expand % in terms of the
eigenfunctions Z,,, of the cylindrical Laplacian, Eqn. (4.18), and exploit their orthogonality. We then immediately
find the following mode-expansion of the second variation of the energy [25]:

5@ = The LZ|¢W| {3 4m? — (QZR)an [mQ + (?)2#}2%%3(1 —m2)} . (5T

Let us introduce the abbreviation A = 27 R/ L. We first study the stability of modes which preserve the cylindrical
symmetry, i. e., the case m = 0. Such a mode becomes unstable if

0 > 3—-24%n% + (A?n?)? +4coR = (A?n? —1)® +2(1 +2¢R) .
A necessary condition for this equation to have a real solution is

1

< -5z (5.8)

Co

Looking back at the definition of the Hamiltonian and the sign convention of the curvature, we find that a cylindrical
vesicle can only become unstable against undulations along its axis if the spontaneous curvature favors an inward
bending. If Inequality (5.8) holds, we obtain

A?n? < 14 +/—2(1 +2¢R) .

If the cylinder is essentially infinitely long, the least stable mode is characterized by 2cgR = —1 and An = 1.
Hence, the wavelength of this undulation is

L
>\crit = — = 27TR)
n

which happens to be exactly the same wavelength as the one for the Plateau-Rayleigh problem.
For m =1 the second variation of the energy is

5(2 m= 1 7T]€L2|¢n1| A4 4
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For n = 0 this corresponds to a small translation of the cylinder perpendicular to its axis, which of course costs no
energy, while for larger n this deformation describes bending modes of the cylinder, and they require energy. In
fact, one can see that for m > 1 no unstable modes exist.

A “pearling” instability of pinned cylindrical vesicles has recently been observed experimentally by Bar-Ziv and
Moses [2]. These authors also give an explanation of the phenomenon similar to the analysis performed above
(the energy of undulations is worked out numerically). A very different theoretical explanation is proposed in
Refs. [10, 19]. It is argued that one needs dynamical considerations in order to understand the phenomenon, statics
would not suffice. I have not yet followed their arguments well enough to comment on this.
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A. Christoffel symbols

A.1. Definition and transformation law

The Christoffel symbols of the first kind are defined by

1
5 [9ksi + gi — gij] - (A.1)

FiijQ[

Note that I';;;, is symmetric in the first two indices. The Christoffel symbols of the second kind are obtained by
formally raising the last index:
T = Tijrg™ . (A.2)

Note that Féj is symmetric in the two lower indices.

In Sec. 1.2 we have seen that these symbols occur in the Gauss equation (1.18), which describes the change of
the local tangent coordinate vectors e; upon movements on the surface. Here we will collect a few properties of
these symbols.

One of the most important things to appreciate is that the Christoffel symbols are no tensors! To see this, let
us derive their transformation behavior (see [14]). From the equation of Gauss we have in local coordinates u!, u?:

or

k —
€ij = BT = Pz’jek +bijn . (A?))
Or, in a different coordinate system u?, u?:
or - .
€a = pupgus — Lpa€r T beall (A4)
On the other hand, since
_ouP
we get by differentiation with respect to j
A L (A3) - ouP oud 0*u" (A4) [.r _10aP oul o%ar
Chen+ byt "= ey = emgrgs tergos = [Ter+ byl 5o 55 + erg o

Since the vectors e; and 77 are linearly independent, the two terms on the left and the right side of this equation
have to be equal individually. Comparing first the prefactors of 7, we find
ouP oul
bij == bﬁq—.—, B
ou' oul
proving that the second fundamental form b;; is a (twofold covariant) tensor. Comparing the rest, we see

ouP oul o*u”

oui Oud ter Outoud -~

k _ 17
Fijek = Fﬁqe;
Inserting the inverse transform
ou®
= o

and comparing the prefactors of the two linearly independent vectors ey, we finally arrive at

€Er

kot aﬂp@auk 0*u" Ou
U TP gy Gud ur | Quidud dur

(A.5)

Were it not for the second inhomogeneous term, the Christoffel symbols would transform as tensors. Indeed, if one
restricts to affine linear transformations, the second derivative term vanishes and the Christoffel symbols transform
as tensors with respect to this restricted set of transformations.
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A.2. Some identities

Just as the Christoffel symbols are given by combinations of the derivative of the metric tensor, these derivatives
can be written in terms of the Christoffel symbols:

gije = T+ = gyTh + qull (A.6a)
g = —9"Ty —g"T} . (A.6b)
where the second equation (A.6b) follows from differentiating the identity g;;¢’¥ = §¥ and inserting the first

equation (A.6a).
From the expression of the derivative of the metric determinant in Eqn. (3.9) we also find

99 =9
ouk

99" gij.k (At 997 (Tinj + Tjri) = 9(F§k+F§k) = 29T}, .

From this we obtain

Fifl@gilﬁ\/ﬁi

o= ==L = V2 = . A7
ik 2g Ouk Vg OuF duk 08 V9 (A7)
The above formula can be extended in the following way:
X* X5Va+ X9, (a. : , .
(KO _ AVIFR VI an Xk 4 xtr = xh 4 xrk (20 g xh (A.8)

4 V9

where in the last step we used the concept of covariant differentiation, to be introduced in Sec. C.3.
This equation can be turned into a useful integration formula (in the following we’ll assume that the manifold
has no boundary!):

/ dA leYl _ / d™z \/EXVZYZ (A:8) / d™z X(\/gyz) . part.:int. _/ d"z XJ\/EYZ — _/ dA YZVZX .
M M M ’ M M

(A.9)
If in particular we choose X as the unit tensor, we see that the surface integral of V;Y* over a manifold without
boundary vanishes:

/ dAV,Y" = 0 (for OM =0) .
M

We can further extend the expression (A.8) to a twofold contravariant tensor, but then the expression becomes
more messy:

% = XY+ XU, = (X7 4 XM+ X0 - xS Xt - Xt (A0)

We can again use this to derive an integration formula over manifolds (and we again will assume for simplicity
that the (n-dimensional) manifold M we are integrating over has no boundary, i.e., 9M = 0.):

X0 g
%Yj +XUThY]
g

—/ d"z /g [Y;ViXY = X*T3Y; + XIThY: | = —/ dA [Y;V,X9) (A1)
M M

/ A Xy = / d"w g [X7 (V- ThY)| P - / "z g |
M M M
(A.10)
In particular, if we set Y; = V4 and X% = g4, with 1) being some (scalar) function on M, we find
/ dA (Vi) (Vi) = — / dA (pV2y) (for OM =0) , (A.12)
M M
where V2 = V,;V! = gijViVj is the covariant Laplace operator on the manifold.

A.3. Local tangent coordinates

k

Let uf be the coordinates of some point Py in the manifold. Define a new set of coordinates u** via the relation

1 S
uf = uf utt - §(Ffj)()u“u*3 , (A.13)
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where the Christoffel symbol is evaluated in the old coordinates, at point Py. Noting that at Py we have uf = 0,
we find by differentiation that at Py we have

ouk &
<8u*P)O = 4y (A.14a)
0?uk &
and <au*pau*q)0 = —(Tp) - (A.14b)

Eqn. (A.14a) confirms that (A.13) is indeed an allowable coordinate transformation. Inserting both equations into
the expression of the Christoffel symbol in the new coordinates (simply invert Eqn. (A.5)), we find:

out Oul durT Ok ourr i 5
k u U 0 u u _ ]_—\ké*lé]é';_r];q(sz — I‘;q_]‘—‘;q = 0.

F*T — 1_‘ X
pq 19 Ou*P Ju*q auk Ou*POu*q 6uk 1] "PTq

Hence, in the new coordinate system the Christoffel symbols vanish at the point Py! We will refer to such coordinates
as local tangent coordinates, and to the system as a locally tangential coordinate system at Py. This terminology
stems from the fact that we essentially use coordinates in which the deviations from the manifold become second
order, i. e., we use coordinates which at P; coincide with the coordinates of the tangential plane to the manifold.

An equivalent way to express the vanishing of the Christoffel symbols is to say that one can always introduce
coordinates in which the first partial derivative of the metric vanishes. From Eqn. (A.6) we see that if one makes
the Christoffel symbols vanish, the first derivatives of the metric vanish too. Conversely, if the first derivatives of
the metric vanish, Eqn. (A.1) shows that then the Christoffel symbols will also vanish. Note, however, that it is
generally impossible to make the Christoffel symbols vanish everywhere, because otherwise every manifold could
be equipped with a set of coordinates in which it looks flat. In fact, we have Riemann’s theorem: A Riemannian
manifold can be equipped with a local Fuclidean metric if and only if the Riemann tensor vanishes. For a proof, see
[9, Chapter 9.7].

Local tangent coordinates are sometimes very useful in deriving particular results. As long as one makes sure
that the final equations obtained that way are still tensor equations, they will continue to hold in any coordinate
system!

Sidenote: In general relativity a locally tangential coordinate system is more conventionally referred to as a local
inertial frame, or a free falling reference system. In such a frame all first order effects of gravity vanish. However,
quadratic effects (like tidal forces!) remain. It is generally impossible to transform into a coordinate system in
which all effects due to gravity vanish. (In fact, a change of coordinates is a Lorentz transformation, which has 10
parameters. However, the Riemann tensor, describing the curvature of space time, has 20 independent parameters!)
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B. Mappings

B.1. Differentials and and pull-backs

For the following see for instance Ref. [9].

Let F': M™ — V™ be a smooth map from an n-dimensional manifold M™ to an m-dimensional manifold V™,

and let iy = FZ. The differential dF = F, of the mapping F' at & is the linear map which sends vectors in TzM™"
to vectors in TyV™:

| TeM™ — V™

F,: { v s w= F,(v) (B.1)

The mapping itself is defined such that it takes tangent vectors of curves to the corresponding tangent vectors of
the image curves: Take a smooth curve Z(t) such that Z(0) = ¥y and Z(0) := (dZ/dt)(0) = v, for example, the
straight line Z(t) = Zp + tv. The image of this curve §(t) = F(Z(t)) has a tangent vector w at ¢ = F(Zy) given

by the chain rule:
= En 0) &'(0) = En Oy (Zo) v" .
P ze oxt

i=1
The above calculation shows that in terms of the bases {8/8x} and {8/8y} in the two tangent spaces, the
differential is simply given by the Jacobian matrix

o oy" OFH oy
|- 7) — 7 — [ vo__ v
By = 55 (@) = 5 5 (@) w=Fo & w=os0= o

(B.2)

If in particular the mapping F' is a change of coordinates, then (B.2) expresses the fact that, in physicist’s language,
“the vector v transforms contravariantly during a change of coordinates”.
Having defined the differential, which maps vectors, we now introduce a similar operation which acts on covectors:
Define the pull-back via
F*(B)(v) := B(Fi(v)) , (B.3)
where 8 € Tg V™ and v € Tz M™. Hence, the covector 8 defined in Tg V™ is “pulled back” to a covector at TZM™.
For completeness, we also define the pull-back of a function by

(F"N)(&) = (f o F)(x) = f(H(T)) - (B4)

Hence, we have

A , J , J
o f) = ol = v Tl = ot (55) (55) = |0 (5% ) 5] 72 (Fodtr) = asro).
(B.5)
where the last equality is simply the definition® of the differential of a function.
We now want to express the definition (B.3) in local coordinates. Let z¢ and 37 be local coordinates near Z and
7/, respectively. The bases for TzM™ and TzV™ are {8/8x'} and {8/8y’}. We then have

Fa= SO (gt e e = D S (3 g o' = £ (55) () e

Bj

We therefore have in local coordinates

Zﬁ](axl) ’

!The definition df(v) = v(f) is unusual, but coordinate free. Using a local coordinate system {8} we find df(v*8,:) = v'f/dx".
If in particular we use a coordinate function, we find dz*(8,;) = 02'/0z? = &}, showing that the {dz’} is the dual basis to

{8,i}. Hence, any 1-form a € Ty M™ can be written as a = a;dz’ = a(8,:)dz?. In particular, for the 1-form df we find thereby
df = df(8,:)dz? = (0f/0x")dx?, i. e., the standard coordinate expression of the differential of a function f.
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Hence, in local coordinates the pull-back is also given by the Jacobi-matrix, but it acts on the rows of 3; from the
right.

Again, if the mapping is a change of coordinates, the physicist’s language is that “the vector 8 transforms
covariantly during a change of coordinates”.

At this point the following warning from Ref. [9, page 54| is appropriate:

Let FF: M™ — V™ and let v be a vector field on M. It may very well be that there are two distinct
points & and Z’ that get mapped by F to the same point §¥ = F(Z) = F(Z’). Usually we have
F.(v(Z)) # F.(v(d")), since the field v need have no relation to the map F. In other words, F(v) does
not yield a well defined vector field on V™ (does one pick Fi(v(Z)) or Fi(v(&))?). F. does not take
vector fields into vector fields. (There is an exception if n = m and F' is 1:1.) On the other hand, if
B is a covector field on V™, then F*[3 is always a well defined covector field on M™; F*(3(y)) yields a

definite covector at each point & such that F(Z) = 4. [...]

A simple application of pull-backs occurs in the theory of integration. Assume we have a smooth mapping
F:M"™ — V™ and a p-form of defined on W. Assume further that we have an oriented p-subset o, and that we
want to integrate o over the image F'(o) of this subset. Then we have

/ ap:/F*ap.
F(o) o

So, using F* we just pull the p-form back to the manifold M on which o is defined.

B.2. Conformal and isometric mappings

A mapping from a portion of a manifold M to a portion of a manifold N is called conformal, if it is angle preserving,
i. e., the angle between any pair of tangent vectors on N is equal to the angle of their pre-images. A necessary and
sufficient condition for a mapping to be conformal is that if on M and N the same coordinates are introduced, the
metric on N is proportional to the metric on M with a prefactor that may depend on the position:
M

= n(w)gj" . (B.6)
For a proof see [14]. The factor 7 is called the conformal factor. If n = 1, the mapping is called an isometry, since
it does not only leave angles, but even lengths invariant. A metric which is related to the Euclidean metric by a

conformal mapping is called conformally flat.
Note that Eqn. (B.6) can also be written as

P

g (8(u)) = m(w)gia(u) (8.7

where the Jacobi matrices accomplish the conformal transformation.

B.3. Killing fields

A great deal of this Section is based on the beautiful online script of Norbert Dragon on relativity theory [8].

B.3.1. Killing equation

Consider a continuous 1-parameter family ®; of conformal transformations such that ¢y = id. The derivative of
this transformation with respect to the coordinates evaluated at ¢t = 0 is given by

a(®(u))'
ouJ

o’
oud

0w’

0 ou’

= 0} . (B.8)

t=0 t=0

Moreover, the derivative of this expression with respect to the transformation parameter, also evaluated at ¢t = 0,

is given by .
0 9(2(w)'
ot oul

where the vector field X is the generating field of the flow ®;.

_ 0 d(@w)
o Ouw Ot

o _
= — X’L = X'L, B9
= i (B.9)
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Now look at the Eqn. (B.7) and rewrite the conformal factor as

mlu) =5 MO
The (logarithm of the) conformal factor, A;, of course depends on the parameter ¢, but for ¢t = 0 it has the value
0, since the transformation becomes the identity there.

Let us now differentiate Eqn. (B.7) with respect to the parameter ¢ of the family ®; of conformal transformations
and evaluate at ¢ = 0:

. % 3 [8@55;)) 6(<I>51(;)) goun (®4()) — e/\t(u)gkl(u):|
R X 0+ O X0+ T s )X = 5| g
= Xg(u) + X () + g ()X 4 cgua(u) 7
where we used the abbreviation e = —0\;/ at’ +—o- We see that the first three terms are just the Lie derivative (see

Appendix D) of the metric with respect to the vector field X? which generates the conformal transformation. We
thereby obtain the conformal Killing equation

(Zx +€)gi; = 0. (B.10)

Vector fields X which are solutions of this differential equation are called konformal Killing fields of the metric
9ij- In more than 2 dimensions the conformal Killing equation usually has no nonvanishing solution.

In the special case where the vector X* field does not just generate a conformal transformation but actually an
isometry, the conformal factor is constant and therefore e = 0. We then obtain the (usual) Killing equation

ZLx gi; = 0. (B.11)

Vector fields X satisfying this differential equations are called Killing fields of the metric g;;. The Killing
equation restricts both the vector field X, namely, to be an infinitesimal isometry of the metric, and the metric,
namely to have such a symmetry in the first place. Note that it basically states that the metric remains unchanged
when dragged along the flow of a continuous isometry.

Note that due to Eqn. (D.5) the Killing equation (B.11) can also be written as

ViX;+V;X; = 0. (B.12)

The length of a Killing vector X is constant along the flow which it generates. Since X*¥V, is the directional
derivative along the flow, we easily see

X"V (99X X5) = XF (Vig?) XiX; + XPg7 (ViXo) X; + XF g X, (Vi X;) = X'XT (VX + Vi X;) = 0.
N—_——

=0 k<> g ki

The covariant derivative of the metric vanishes due to Ricci’s lemma (C.9), and the symmetrized covariant derivative
of X, vanishes because X is a Killing vector.

B.3.2. Number of Killing fields

Recall from Eqn. (C.8) that the commutator of covariant derivatives is proportional to the Riemann tensor. If in
particular we calculate the commutator of the derivatives of a Killing field, we find

(B.12)
—Ri;inz = ViVij—VjViXk = ViVij + VijXi. (B.13)
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We now use the first Bianchi identity (1.40), according to which the sum over the cyclic permutation of the three
lower indices of the Riemann tensor vanishes. Applying this to the above equation, we find

BLY GV, X + VoV Xi + Vi ViXi + ViViX; + ViVeX; + ViV, X,

= 2(ViV;Xi + V;ViXi + Vi ViX;) = 2(— Ry X1 + ViViXj) |
from which we get the equation
ViViX; = R X . (B.14)
This equation determines the second derivatives of X ;; and via further differentiation one gets all higher derivatives.
Hence, in the Taylor series of a Killing field around some point P only the coefficients X l} p and the antisymmetric

derivatives? V;X; — V;X; are free. For a d-dimenaional manifold this leaves d + %d(d — 1) coefficients. Hence, on
such a manifold there are at most %d(d + 1) independent Killing fields! For instance, in the Euclidean plane this
gives three Killing fields, namely

e

e, , (B.15)
re, — ye,

i. e., the generators of translation (two) and rotation (one), which are the (continuous!) isometries of the plane. In
three dimensions we have at most six Killing fields, and in Euclidean space those are the generators for translation
(three) and rotation (three more).

B.3.3. Killing vectors along geodesics

Let T be the tangent vector to a geodesic (see Appendix C) and let X be a Killing field. Then we have the
following remarkable result: The scalar product of the two is constant along the geodesic, or in equations

D )
5s T'Xi =0, (B.16)

where D/Ds = T*V,, is the (covariant) derivative along the geodesic. The proof is by a direct calculation:

D . DT DX; . , o g1
— T'X, = — X;+ 71" = T)(V,THYX,;, +T'T’V.X; = X;(V1T —T'T7(V; X, X;) . (B.17
Ds Ds + Ds (V5T") X + Vi ( T ) + 9 (V itV ) ( )

In the last step we used (i) Eqn. (C.5), which introduced the concept of the covariant differentiation of a vector
along some other vector, as well as (i) the fact that 7°7V is symmetric and we can thus replace V,;X; by its
symmetrized version. However, VT is zero, because the tangent vector of a geodesic is parallel transported along
the geodesic,® and the term V,;X; 4+ V,;X; = ¥xg;; vanishes because X is a Killing vector.

Let us consider a simple example: In the Euclidean plane the three vector fields (B.15) are the Killing fields, and
geodesics are just straight lines. It is clear that the projection of the (unit) tangent vector of any straight line on
either e, or e, is constant. It is not readily clear (but equally simple) that the same applies for the third Killing
field xe, — ye,. If the straight line passes to through the origin, then the scalar product of the unit tangent of
the geodesic with the third Killing field is of course zero, since being the generator of a rotation, the Killig field is
everywhere tangential to circles with the origin as a center. If the straight line does not pass through the center,

we can parameterize it as
C1 U1
C2 V2

and the scalar product of the tangent vector with the third local Killing field is therefore

R [ e | o1

Fig. B.1 gives a graphical illustration of this fact.

2The symmetric derivatives are zero by the Killing equation!
- ) . . . . - ;g (C.6) dud 0T PN (SR
A little bit more explicit, we can see this as follows: T7(V;T%) = T7(T% + '}, T*) " = R + I}, T =1" — T'=0.
’ s Ou
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Figure B.1.: Graphical illustration of
Eqn. (B.18). The oblique arrows in
the Figure are representatives of the
Killing vector field which generates a
(clockwise) rotation in the plane about
the origin. It is seen that if these gener-
ators are located on a line (which does
not necessarily pass through the ori-
gin), their projection onto this line is
constant. (Note that in this picture
the Killing vectors belong to the field
ye, — xey, which is the negative of the
third field in Eqn. (B.15).)

Equation (B.16) can in fact be read as a Noether identity: Geodesics are the solutions of a variational problem
using the Lagrangian g;;7°T7. The Noether theorem states that every continuous symmetry of the Lagrangian
gives rise to a conservation law, and in this case the symmetry is the isometry of the metric, which implies a
conservation law for the projection of the Killing vector onto the tangent vector of the geodesic.

B.3.4. Maximally symmetric spaces

We have seen that on a d-dimensional manifold there are at most 3d(d + 1) independent Killing fields. However,
generally a manifold has less, and it actually needn’t have any. Therefore, manifolds which have the maximum
number of possible Killing fields are very special. Since a large number of independent Killing fields means that
a large number of independent isometries exists, a manifold with the maximum possible number of independent
Killing fields is called mazimally symmetric.

If we apply the commutator [V;,V,] on VX, we obtain with the help of Eqn. (C.8) and the fact that the
commutator of a derivation is again a derivation (i. e., we may apply the product rule!)

Vi, ViV Xi = =R,V X — R Vi X,
On the other hand, if X; is a Killing field, the left hand side by virtue of Eqn. (B.14) is given by

Vi, VjIViXi = Vi(RjuXy) = Vi(RiuX,) = (ViRiy) X, + R,y ViX, — (V;Riy) X — R, VX,

Hence, X; and its first derivatives satisfy the following linear homogeneous system of equations:

(ViR = ViR | X + [R5l = Riud) + Ry~ B0 Ve X = 0, (B.19)

where at * we used the fact that V,. X, = —V X, because X is a Killing field. Since we are only interested in the
antisymmetric part of V, X, (the symmetric one vanishes), the above system of equations is of the form AZ = 0,
where ¥ is a vector consisting of the d components X, and the %d(d — 1) antisymmetric components of V, X,
or, in other words, we have a linear homogeneous system of equations in %d(d + 1) dimensions. The solution of
this system of equations gives the expansion coefficients for the Taylor series of the Killing fields, see Sec. B.3.2.
We now see that if this system of equations restricts its solution to a lowerdimensional subspace, we cannot have
the maximum number of independent Killing fields. In fact, we will only have the full number %d(d + 1), if the
Kernel of the above system of equations has this dimension. However, since the dimension of the system itself is
%d(d + 1), this implies that its rank has to be zero. Therefore, the manifold can only be maximally symmetric if
the two expressions in square brackets in Eqn. (B.19) vanish identically.
Taking the second bracket and summing with &% then gives

(d—1) ;kl = leé,f; - Rkj‘sf
lower s: (d—1Rgjri = Rijgrs — Rijgis (B.20)

Since the covariant Riemann tensor is antisymmetric in the first pair and the second pair of indices, we can swap
both of them simulataneously. If we afterwards contract with ¢!, we find:

(d—1DRjarg” = (Rijgrs — Rijais)g’"
(d - l)Rek = Rgrs — Ry .
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Since the Ricci tensor is symmetric, this equation finally implies

1

Rks = d

R ggs - (B.21)
This shows that in mazimally symmetric spaces the Ricci-tensor is proportional to the metric.* However, more
than that holds: We will now show that the Ricci scalar has to be a constant. For this we make use of the fact that
also the first square bracket in Eqn. (B.19) has to vanish. Let us first insert Eqns. (B.20) and (B.21) into it:

1
ViR, — ViR, = T [VZ— (Rijgrr — Rijgir) — Vi (Riigrr — Rkiglr)}
1
= 4-1 {ngVile = 9irViByj — grr Vi Rii +- gzvaij}
1
B [gkrgleiR = 9ir9ki ViR — gerg1i ViR + gl,«g,ﬂ-ij} ,

This expression has to vanish, and in fact it does so if R is constant. However, we will also show that it only
vanishes if R is constant. To see this, contract this equation with ¢g** and ¢ and set it to zero:

1 o
0 = mgklgb [rigzg‘ViR — Girgk; ViR — grr 91 Vi R + glrgkiij}

1 y L y L 2
= —— 08IV, R—620'V;R— 607V 020tV } = =-V.R,
d(d_l)[”vz% 16UV, R — 6167V, R + 616iV ;R “V.R
And from this we see that R has to be constant if the expression is to vanish.® In maximally symmetric spaces the
Riemann tensor is therefore given by

R
R = dd—1) (gikgjl - gjkgil) ) R = const. (B.22)

Such spaces are completely classified by two numbers: The scalar curvature R and the signature of the metric.

4The prefactor then of course must be R/d, for otherwise the contraction of the Ricci tensor would not yield the Ricci scalar.
50One might be a little bit worried that we divided by d — 1 at some point in the calculation, which is not permitted at d = 1. However,
the theory becomes almost trivial for d = 1, and the Riemann tensor is just a number anyway.
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C. Geodesics, parallel transport and covariant
differentiation

C.1. Geodesics

There are various ways in which a straight line in usual Euclidean geometry can be characterized. For instance,
it has zero curvature everywhere, all its tangent vectors are parallel, or it is the solution of the simple first order
linear differential equation #(t) = ¥jp. Neither of these characterizations can be immediately transferred to the case
of curves within a Riemannian manifold—but the following definition is generalizable: A straight line between two
points is the curve which minimizes the distance between these points. Since in a Riemannian metric we have the
notion of “length”, we can use this to define what a “straight line” in a curved space is. Such “straight lines” are
called “geodesics”.
The square of the “infinitesimal length element” in a Riemannian manifold is:

or dui)2 _ or or

B i Dl duldu’ = Gij duldu’ .

ds? = (F(u’ + ) - 7(u)” = (

Given a curve C with parametrization u’(t), the length ¢ of this curve between the two points P; = 7(u(t;)) and
P, = 7(u(t2)) is then seen to be

t2 dut du? b2 T
Y4 ,C = dt i T T —. dt i'.Z.J .
[v. €l /751 Yiiqr "at /lt1 \ gigt

This length now has to be minimized variationally. However, instead of using the “Lagrangian” L := \/g;;u,;%/, it
is equivalent, but much easier, to minimize the functional corresponding to its square, L2. We thereby obtain:

t2 . . t2 . . . . . .
0=94 / dt gi;; 0’ = / dt{gijk(;uk?l%] + gijou'w’ +gijitl6u7} .
t1 t1

Partially integrating the last two terms, and noting that the integrated out parts vanish because we assume that
there will be no variation at the end points, we obtain

to
0 = / dt{gi]‘,k(sukdlﬂj — (gij7kdk1lj + gijiﬂ)éuz — (gij,k’llkul + gijiﬂ)&ﬂ }
t
' ik jrk
t2 . . . t2 . . .
= / dt{ (gij);.c — Gkji — gik,j)dluj — Qgikul}éuk = -2 / dt{rijkuzdj + gikiﬂ}éuk .
t1 ty

Since the variation du” is arbitrary, the expression in curly brackets has to vanish. Raising the index k, we then
obtain the geodesic equation

i* +Tha'e = 0. (C.1)

Remarks:

e The fundamental theorem of differential equations assures that the geodesic equation (C.1) has a unique
solution for given initial conditions u*(0) and (du*/dt)(0). Thus, there is a unique geodesic at every point of
the manifold in every direction. However, since the geodesic equation is nonlinear, this solution may not exist
for all parameter values t. If all geodesics go on indefinitely (4. e., if they are isometric to the real line), the
Riemannian space (or its defining metric) is called complete. For instance, any metric on a compact manifold
is complete.
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If u*(t) are the coordinates of a geodesic, and s ~ t(s) is a reparameterization of the curve, the new curve
@¥(s) = u¥(t(s)) is generally not a geodesic, unless the transformation is of the form ¢ = a+ bs. This is easily
seen by inserting the reparameterization into the geodesic equation.

A different characterization of a geodesic is the following: A curve on a surface is geodesic if and only if the
normal vector to the curve is everywhere parallel to the local normal vector of the surface. This goes back
to Johann Bernoulli (1697!).

Yet another way to characterize a geodesic is the following: Geodesics are curves along which the geodesic
curvature k, vanishes (see Eqn. (1.15)). This is of course where the geodesic curvature has its name from.
Recall that the geodesic curvature measures the projection of the curvature of a curve onto the local tangent
plane, i. e., the part which is in some sense independent of the curvature of the surface. Hence, requiring
kg = 0 means, loosely speaking, geodesics have no curvature other than the inevitable curvature which is due
to the bending of the surface itself.

The original condition we started out with was global, the final condition we ended up with is a differential
equation, . e., it is local. This has the consequence that a solution of the geodesic equation may not satisfy
our initial global aim of finding the curve yielding the smallest distance. Without further investigation, all
we can be sure of is that the length is stationary. However, over sufficiently small distances every solution of
Eqn. (C.1) is indeed length-minimizing.

As a continuation: Whether or not a geodesic between two points P; and P» is minimizing is related to
the existence of certain Jacobi-fields between these points. A Jacobi field along a geodesic is a vector field
Y which is invariant under the local flow generated by the tangent vector T to the geodesic, i. e., the Lie
derivative .ZrY vanishes along the geodesic. Assume that we have found a nontrivial Jacobi field which
vanishes at P; and also at some point P’ on the geodesic between Py and P,. Then P’ is called conjugate to
P;. This is important because of the following Theorem: A geodesic containing a point which is conjugate to
its initial point is not minimizing. This may be stated even more precisely in the following way: A conjugate
point P’ is said to have (Morse) index A, if there exist exactly A linearly independent Jacobi fields which
vanish both at P, and P’. Now let P, P2 . P be all points on a geodesic from P, to P, which
are conjugate to P;, and let A be the Morse index of P(Y). Then there exist exactly D> A independent
variations which strictly reduce the length of the geodesic. This is known as the “Morse index theorem”.

If we can joint two points on a manifold by a curve, we can also join them by a geodesic, since one can shorten
the curve up to a point where additional modifications do no longer reduce the length.

Two closed curves on a surface which can be smoothly transformed into each other are called homotopic.
Since homotopy is an equivalence relation, it divides the set of all closed curves on surfaces into classes, called
homotopy classes. For instance, on a torus there are infinitely many homotopy classes, which can be labeled
by how many times the curve cycles around each of the two “circles” before closing upon itself. In each
nontrivial homotopy class of a closed manifold M™ there exists at least one closed geodesic. Closed geodesics
are for instance interesting from the point of view of mechanics, since they correspond to periodic motion in
phase space.

If the manifold is not Riemannian but pseudo-Riemannian, things are a little bit more complicated. For
instance, geodesics may be mazimizing rather than minimizing (think for instance of general relativity, where
the proper time is maximized along the path of a free falling particle), and there may also be null geodesics,
for which the tangent vector at each point has length zero, and which therefore cannot be parameterized by
their arc length.

A deeper discussion of these topics can be found in the book of Frankel [9].

C.2. Parallel displacement of Levi-Civita

Contrary to Euclidean space, it does not make sense on a general manifold to ask whether two vectors at different
points are parallel, since these vectors live in different tangent spaces. Therefore, in order to re-introduce the
concept of parallelism on a general manifold, we have to do some more work. Ultimately we will find that we
cannot globally reestablish the concept, but locally we can.

There are many very abstract ways of doing this, but here we will restrict to the special case of a Riemannian

manifold, ¢. e., when we have a metric. Since then we also have a scalar product, we can speak out the following
definition:
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A wvector X is parallel transported along a curve C, if the scalar product of X with the tangent vector T of the
curve at that point is the same everywhere on the curve.
Let the curve be parameterized by u'(¢). Then, in local coordinates, this condition requires

0= %(uZXZ) = %(gijuin) everywhere on u‘(t) . (C.2)
Now, parallel transporting a vector in this way along some arbitrary curve does not yield much useful information
about the concept of parallelism. However, if the curve is a geodesic, we might expect to gain something: Since a
geodesic is “as straight as one can get” on a curved manifold, transport along a geodesic might help to transfer this
straightness into a “conservation of parallelity”. These are of course very fluffy words. Note, however, that this
definition reduces to the common notion of parallelity in Euclidean space and that, if nothing else, it is a viable
attempt to extend it to curved space.
If u®(t) is a geodesic, it has to satisfy the geodesic equation (C.1), and we may use this information to reformulate
the condition (C.2):

0 = (i X0) = @ X+ it X, (O _rhiiai Xy +al X, = (X5 - Thad X)) (C.3a)

Or, a little bit longer for contravariant components:

0 = —(g”’LLJXl) = gij#kuku]Xz + gij’l.j.,JXl + gijﬂ]XZ

at
AOLOD 4 D)k X — gy T b al X7+ gy X

- Doy X'+ gl X = (X' 4T a" X7 )i, . (C.3b)

Hence, parallel transport is achieved if we set the expressions in parentheses in Equs. (C.3a) and (C.3b) to zero:

X +ThabXx? = 0, (C.4a)
X; -TLabXx; = 0. (C.4b)

A vector whose components are transported according to these differential equations is said to be subject to the
parallel displacement of Levi-Civita.
Remarks:

e Looking back at the geodesic equation, we see that it can also be read in the following way: The tangent
vector to a geodesic is parallel displaced along the geodesic.

e Furthermore, since this parallel transport by construction preserves scalar products, it will preserve the length
of transported vectors. Hence, a geodesic being the solution of (C.1) will be automatically parameterized by
arc length if the initial tangent vector had unit length. This also explains why a nonlinear reparameterization
destroys the geodesic property: If the tangent vector was initially constant — as it must be for a valid solution
of the geodesic equation — it would not remain constant along the way.

e From the definition of parallel transport, it is not immediately obvious that the expression on the left hand
side of Eqns. (C.4) is indeed a tensor—but it is.

e Parallel transport depends on the path! This is the most important difference between parallel transport in an
Euclidean space and in a general Riemannian manifold. It implies that the concept of parallelism cannot be
globally extended, since whether or not a vector at @) is parallel to a vector at P does not simply depend on
P and @ alone. An equivalent way of saying this is that a vector X at a point P, parallel transported around
a closed curve, will generally not be parallel to a copy of itself left at P for reference purposes. This can
be nicely “visualized” in the simple case of the surface of a sphere, where the geodesic are great circles—see
Fig. C.1.
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Figure C.1.: Illustration that a paral-
lel transport around a closed loop gen-
erally will change the direction of the
vector from what it originally was. A
vector initially placed at the “north
pole” is parallel displaced along its
initial direction up to the equator.
From there it is again parallel dis-
placed along the equator for a certain
while. Finally it is again moved back
to the north pole, where it is found
that the vector does no longer point
in the same direction in which it orig-
inally pointed.

C.3. Covariant differentiation

The partial derivative of a tensor with respect to a coordinate is itself not a tensor. In order to obtain a tensor,
one has to use the absolute or covariant derivative, which we will now define.
Look at the two equations (C.4) which define parallel transport. They can be rewritten as

(Xi, + T X9 = (VpXHTF = (VX)) 0, (C.5a)
(Xivk_rgka)uk = (ViX))TF = (VrX), = 0. (C.5b)

)

These expressions clearly make sense without explicit reference to the geodesic. They are called the covariant
derivative of the vector X with respect to the vector T, and the left hand side defines their components. With this
terminology the concept of parallel transport can be restated as: A wvector is parallel transported along a geodesic
C, if its covariant derivative with respect to the local tangent vector vanishes everywhere on C.

Let us collect these definitions again. First, for the sake of completeness, we define the covariant derivative of a
scalar to be identical to the partial derivative:

Vid = o =0
The covariant derivative of a contravariant vector is given by
Via' = aly = a’p + ajI‘;-k . (C.6)

The covariant derivative of a covariant vector is given by

This extends in the natural way to an arbitrary tensor:

arQg...0y ar1ag...an
vyTﬁllﬁi--ﬁm - Tﬁllﬁzz--ﬂmay
YA2...0n « Q1Y...0p « Q1 Q2,...7Y Ty
T T, Ve a3y g, U 0+ T 5, 5 TS0
Q... VY Q..o VY Q..o VY
=T, 50 Vo = T35 250 " Vo = = T2 3 " T - (C.7)

It is important to realize that V; and V; generally do not commute. We rather have

(ViV; = V,;Vi) T = —Ri;; i and  (V;V; = V;Vy)T* = Rpj,T" . (C.8)
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The Lemma of Ricci states that the covariant derivative of the metric and the metric determinant are zero:

Vigij =0 ; Vig”? =0 ) Vig = 0. (C.9)

The proof of the first two equations is via straightforward calculation. The proof of the third equation follows from
the fact that the metric determinant is just a sum over products over coefficients g;;. Ricci’s lemma implies that
raising and lowering indices commutes with the process of covariant differentiation, because the metric tensor acts
like a constant with respect to V. This is computationally extremely advantageous. This fact also implies that
it makes sense to talk about an absolute contravariant differentiation V' = g%V, because the index can always
be raised or lowered without interfering with the process of differentiation. Note that this commutation property
does not hold for the usual partial derivative.

C.4. Laplace Operator

The Laplace operator is defined as the trace of the covariant derivative:

V2 = ¢V, V; = V,V', C.10
J

Even though V; and V; generally do not commute, the above definition is independent of the order of 7 and j,
because ¢/ is symmetric.

From Eqn. (A.8) we can immediately get a nice formula for the Laplacian of a scalar function in terms of the
metric and the metric determinant. Setting A7 = V/¢ = g% ¢,j, we obtain

_ 10
_\/ﬁaui

The following observation is worth pointing out: While Eqn. (C.10) is very general, entirely covariant, and almost
coordinate free, the same does not hold for Eqn. (C.11). Most importantly, this expression only describes the effect
of the Laplacian on a scalar field! It would be wrong to use the same coordinate expression for a vector or tensor
field. The reason is easy to understand: Eqn. (C.11) relies on Eqn. (A.8), whose simple form breaks down if one
has tensors which are of higher than first rank. Note for instance that its extension to tensors of second degree,
Eqn. (A.10), has additional Christoffel symbols flying around.

V26

<\/§giﬂ' %) . (C.11)

We will now give a nice application of the Laplacian to the problem of surfaces, which is an almost direct
consequence of the Gauss equation. If we look at the functions (7)? which describe the surface, we find by applying

the Laplacian to them

V2F: gijVZ-VjF: gijViej (lilng) gijbijﬁ (1.52») 2H

SL

(C.12)

Problem C.1 Verify Eqn. (C.12) for the special case of the surface of a sphere in spherical polar coordinates.

Surfaces which have zero mean curvature everywhere are called minimal surfaces, see Sec. 4.1. Eqn. (C.12)
then shows that for such surfaces the coordinate functions 7 are harmonic, i. e., they satisfy the Laplace equation
V37 =0.

C.5. Example: The Poincaré plane
The Poincaré plane is an example of a space with constant negative sectional! curvature. Such spaces are called

hyperbolic and the concomitant geometry is also called hyperbolic. The reader can find a short introduction into
these concepts in Ref. [3].

IThe sectional curvature is a higherdimensional generalization of the Gaussian curvature and measures the rate of geodesic deviation.

53



C.5.1. Metric and Christoffel symbols

The Poincaré plane is defined to be the twodimensional Riemannian manifold R x R* (i. e., all pairs (x,y) with
x,y € R and y > 0) endowed with the following metric:

1o (10

Note that within the classification introduced in Sec. B.2 this metric is conformally flat.
The only partial derivatives of the metric which are nonzero are g, = gyy.y = —2/y>. From this we get the
following nonzero Christoffel symbols of the first kind:

3 3

Dowy =y~ and Poye =Dyee =Dyyy = -y~ 7,

and of the second kind
_ -1 x _ T __ _ —1
Y =y and Iy =y, =Ty, =—y . (C.13)
C.5.2. Parallel transport

Let us now look at two examples of parallel transport. For this we first have to define a curve along which we
transport the vector. We will look at the two sets of coordinate curves x = const and y = const and then solve the
equation for parallel transport, Eqn. (C.4).

Take the set of curves
i _ Zo - _ 0

The equation of parallel transport for a vector (with covariant components) X7 are
X/ = -Ta'x* = -1 x*

from which we get by using Eqns. (C.13)

) 1
X* = -I'pXF = -X",
Yy
Xv o= —rvxh = lxe
yk y :

These two equations decouple, and therefore are easily integrated to give
Xi(t) = eYX(0) . (C.15)

Thus, vectors are not rotated while being moved upwards, but their length gets changed along this particular curve.
Let us now look at the set of horizontal curves

ui(t) = (“”) = @it) = (é) . (C.16)

Yo

In this case, using Eqn. (C.4) we find

. 1 . 1
X = —=-XV¥ and XY = X",
Y Y

5 1 =
fo L0 )s,
y -1 0

where by X we mean the tupel with components X* and not the true tangent vector X’e;. This differential
equation can again be integrated (almost) immediately:

g0 = enf} () 3)fxo - (0t 2 )0 )

Y

which can be succinctly written as

Hence, a vector being moved to the right is rotated clockwise with an angular frequence being inversely proportional
to the coordinate y—see Fig. C.2
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Yy
‘\\\I////(//r(//'v ~‘\\“\\\&\\\I////(//;'/4v> Figure C.2.: The Poincaré plane. The

%: :% sequence of arrows indicates how a
tangent vector is rotated upon par-

allel transport along the curve given
by Eqn. (C.16). Vertical lines are

geodesics, as are all semicircles which
intersect the horizontal axis at a right

angle.
X
C.5.3. Geodesics
The equations for the geodesics in the Poincaré plane are
2 1
it = Zd*e? and @Y = —[(@Y)? - (4%)] .
Y Y

The geodesics follow from solving these equations, but this is somewhat hard. It is much easier to make use of
some of the concepts we have learned so far. We follow [9, problem 20.1(4)].

First note that (da? + dy?)/y? > dy?/y?, hence the vertical lines do = 0 are minimizing geodesics. All the other
geodesics can be found by the following clever calculation: Since the metric is independent of x, 8, is a Killing
field (since it gives rise to an isometry). Hence, if T is the unit tangent vector to a geodesic, its scalar product
with 8, remains constant. If « is the angle between T" and 8, we have

1
const. = k := T-8, = |T||0| cosa = —cosa . (C.18)
Y

In the last step we used that |T'| =1 and |0;| = \/Gze = 1/y.

Next we make use of the fact that the Poincaré metric is conformally flat. This means that the angle o which we
just calculated is in fact identical to the angle in the Euclidean coordinate patch (4. e., the angle which we would
find in a Figure like Fig. C.2). However, in the Euclidean metric we have dy/ds = sina! Since we furthermore

have
da da dy

ds ~ dyds Wsma = sinasma = —k = const. ,
we see that the geodesics are lines of constant Euclidean curvature —k. Hence, the geodesics are (downward curved)
arcs of a circle. If the geodesic is not a vertical line, « is not equal to 7/2, and from Eqn. (C.18) we then see that
k # 0. Hence, the geodesic is not straight (in the Euclidean metric). At the highest point yo the angle is « = 0 and
thus, again using Eqn. (C.18), k = 1/yg. Also, the expression écosa can only remain constant in the limit y — 0
if the cosinus goes to zero, i.e., if « — +7/2. From this follows the final result: The geodesics of the Poincaré
metric are Euclidean circles (or vertical lines) that meet the x axis orthogonally.

The above calculation illustrates quite vividly that the knowledge of a Killing field can be extremely advantageous,
for instance in the process of finding geodesics. The whole idea is useful because (just like in this case) it is often
easier to “see” a symmetry of the metric rather than seeing a solution of the (nonlinear!) geodesic differential
equation.

Problem C.2 Show explicitly that the following vector fields are Killing fields of the Poincaré metric:

(a) O, (b) z8,;+yod, .

C.5.4. Finding all Killing fields of the Poincaré metric

If we write the covariant components K; of a Killing field as
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the Killing equation -Zxg = 0 yields the following three differential equations:

ay; —bly = 0, (C.19a)
b,+b/y = 0, (C.19b)
by +a,+2a/y = 0. (C.19¢)

The second equation (C.19b) is readily seen to have the general solution

b(z,y) = (z)/y, (C.20)

where ¢/(x) is the derivative of some as yet unspecified function of . Inserting this into Eqn. (C.19a), we can
integrate with respect to x and get

a(z,y) = c(@)/y* +d(y) , (C.21)

where d(y) is an as yet unspecified function of y. If we insert these two equations into Eqn. (C.19¢), we obtain
(z) +yd(y) +2d(y) = 0.

This partial differential equation is separable, therefore ¢”’(x) has to be equal to a constant, say 2A, and this can
be readily integrated:
d'(z) = 24 = c(r) = Ax? + Bax+C,

where B and C are two further integration constants. The “other part” of the separable differential equation then
reads
yd (y) +2d(y) = —2A.

An obvious particular solution of this equation is d(y) = —A, and the homogeneous solution is solved by d(y) =
D/y?, where D is yet another integration constant.
Now that we solved for ¢(x) and d(y), we get a(z,y) and b(x,y) from Eqns. (C.20) and (C.21):

Az’ +Bx+C D

a(z,y) = m—l—y—Zx—f— + i A, (C.22a)
Ax+ B

b(z,y) = x;— . (C.22Db)

We can see that the two integration constants C and D in Eqn. (C.22a) really serve the same purpose and we can
just dispense with one of them, say D, by setting D = 0 without loss of generality.

The contravariant components of the Killing fields are just given by the covariant ones times 32, so we finally
have the following expression for a general Killing field within the Poincaré metric:

Ki:A(x22;yy2)+B<z>+C<(l)>. (C.23)

This says that every Killing field on the Poincaré metric can be written as a linear combination of the three
evidently independent Killing fields

) 2 _ .2 . )
1Kl:($2xyy> , 2K’:<§> , and 3K1:<(1)). (C.24)

In Sec. (B.3.2) we have seen that a two dimensional manifold can have at most 3 independent Killing fields, and
this manifold indeed has this maximum number. In Sec. B.3.4 we have seen that such manifolds are very special
and are called mazimally symmetric. They come as close as one can get to the Euclidean notion of a homogeneous
and isotropic space.

The three Killing fields give rise to continuous isometries of the Poincaré plane. Let us finally find the flow lines
corresponding to these fields/isometries. The simplest flow pattern is that of * K, which obviously just corresponds
to horizontal lines and which indeed is an evident isometry of the Poincaré plane, since the metric does not even
depend on x. Indeed, in Sec. C.5.3 we made use of the fact that we could guess this Killing field in order to work
out the geodesics. The flow belonging to 2K is equally simple, since it just describes lines diverging radially from
the origin at # = 0, y = 0. The only flow which requires a bit more work is the one corresponding to K. if (t)
and y(t) is a parameterization of a flow line, then we have to solve the differential equation

i (ot ) = (Tt )
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Figure C.3.: Illustration of the flow lines belonging to the three Killing fields of the Poincareé metric (see
Eqn. (C.24)).

Figure C.4.: Graphical illustration of
the fact that the flow belonging to the
Killing field 'K of the Poincaré met-
ric (bold lines) is everywhere orthogo-
nal to the set of geodesics (thin lines)
which pass through the point (at in-
finity) through which also all lines of
the flow pass. Recall that since the
Poincaré metric is conformally flat, the
angles in this picture are identical to
the “real” angles in hyperbolic space.

This equation can be solved by the following nice trick: If we introduce the complex variable z(t) := x(t) + iy(t),
the differential equation can be simply written as #(t) = 22(t), which can be directly solved by separating the
variables, leading to
1 -1
A1) = (— - t) ,

20
with the integration constant zo = ag + ibg = a(0) + ib(0). All one now needs to do is to separate this up again
into its real and imaginary part. The final answer then is

(%) - (1*aot)é+(bot)2 ( QO(%gng)t) |

If we specialize to flow lines which start with at ag = 0 (since all the other flow patterns can be obtained by

shifting), we find
(30 ) = e ()

It is a straightforward exercise to check that these flow lines describe circles of radius bg/2 which touch the z-axis
at x = 0. An illustration of all three flow patterns can be found in Fig. C.3.

The flow-lines of the three Killing fields can also be characterized with respect to their relation to the geodesics
in the Poincaré plane. The flow of 3K is obviously everywhere orthogonal to the set of all vertical geodesics. The
flow of 2K is everywhere orthogonal to the set of geodesics encircling the point from which the flow emanates.
And finally, the flow of ' K is everywhere orthogonal to the set of geodesics which pass through the point at which
the flow touches the z-axis, as is illustrated in Fig. C.4.

C.5.5. Curvature

The Ricci tensor and the Ricci scalar curvature for the Poincaré plane can be worked out with the help of Formula
1.30 and the Cristoffel symbols (C.13) from above:

Ryw = FZIT,? - Fzm,q" + F;wrg] - F]zzry"r = _y_2
Ryy = F;y,z — F;Ly + F’llj’l/FZj — F;’LF;ZJ = —y_2 = Rij = —3ij and R=-2. (C25)

Ryy = Rys = 0
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This illustrates our proof from Sec. B.3.4, namely that for maximally symmetric spaces the Ricci tensor has to be
proportional to the metric with a constant prefactor. In this case the prefactor is negative and the corresponding
geometry is called “hyperbolic”. Unlike in the case of a maximally symmetric two-dimensional space with positive
curvature (namely, the surface of a sphere), the case with negative curvature cannot be isometrically embedded in
Euclidean R?, as proved by Hilbert in 1901. However, it can be isometrically embedded in Euclidean RS, and a
specific embedding has been given by Blanusa (for which I don’t have the reference, though).
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D. Lie Derivative

The concept of a Lie derivative is introduced in order to quantify how tensors change along some given “direction”
in the manifold, specified by a vector field X.

Contrary to the covariant derivative, it will be seen that the Lie derivative does not change the order of the
tensor it differentiates.

D.1. Lie derivative of a function, i.e., a scalar

We simply define the Lie derivative of a function f defined on a manifold M™ along a vector field X likewise defined
on M™ as the action of X on f:
xf = Xf.

In local coordinates this becomes ‘ .
Ixf = X'fi = X'Vif,

which is indeed just the directional derivative of f “along” X.

D.2. Lie Derivative of a vector field

For the following see for instance Ref. [9], page 125ff.

Let X and Y be two vector fields on a manifold M™, and let ®; be the local flow! generated by X. Then ®;7
shifts the point 7 for a “time” t¢ along the flow. One may now look at two different tangent vectors at the point
q)tFZ

Y 3,7 : The value of the vector field Y at the new point
(9:).Y 7 : The value of Y at the old point, pushed forward to the new point via the differential (®;).

We can use the difference between the two to define the Lie derivative of Y with respect to X:

(L% Y]r = lim Yo, r,— (). Y5 — Jim(®,). (P_)+Yo,7r— Y5 ~lim (P_)+Y o, 7 — Y5 '

t—0 t t—0 t t—0 t

The last inequality follows because (®g). is the identity. Note that we can also write this as

[Zx Y] = {%(‘I)ft)*chm}

In Ref. [9] it is proved that this can be expressed in a coordinate free way as
ZxY =[X)Y],

where [X,Y] is the Lie bracket between the two vector fields X and Y. In local coordinates, this can be expressed

as
[LxY ] = (X, Y] = XVYE - YVXE (D.1)

D.3. Lie Derivative for a 1-form

The Lie derivative of a scalar can also be written as

(B.4) d .

t=0

d
Zxf = L@

IRoughly speaking, this means that ®; is the solution of the differential equation (d/dt)(®:&) = Xz, which states that the tangent
vector to the flow at & always coincides with the vector Xz at that point.
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where @, is the flow of X introduced in the last section and (®;)* is its pull-back. Since the pull-back can also act
on forms, we will use this to define the Lie derivative of a p-form (P as

d

Lx P = —|(Py)*GP .
x/ dt [( )8 ] =0
We can make this even a bit more explicit. Take vectors Y(l)7 ...Y® Jocated at z. Then
d d d
[a(ét)*ﬁp} (YW Y @) = = [(@) (YD, Y] = (@)Y, (@)Y )

In particular, one may extend the vectors Y@ to be invariant fields under the flowm, such that they satisfy
(@t)*Yg) = Yng' Then we can write
d
Lx YW, y®) = O [ @tf(Y(l)v o Y(p))]
In words: Zx (P measures the derivative (as one moves along the orbit of X ) of the value of BP evaluated on a
p-tuple of vector fields Y that are invariant under the flow generated by X [9, page 132].
The Lie derivative commutes with exterior differentiation:

dOD‘ZX:gXOd.

=0

For a proof, see [9, page 133-134]. As a special application, we find the Lie derivative of a coordinate differential
Zx(dz') = d(ZLxa’) = d(Xz") = d(Xj %zi) =dx’.
HSL‘/_/
5

The Lie derivative is a special case of a derivation. If a and 8 are two forms, the Lie derivative hence satisfies
the following differentiation rule:

Zx(a®f)=(Lxa)@6+a® (ZLxP)

Applying this to the special case of a 1-form a = a;dx?, we find?

Ixa = PLx(qdr') = (Lxo)da’ + a;. Lxdr’ = (Xoy)da' + a;dX?
~
i—j

-80[1‘ ; an ; -30@ 8Xj ;

_ J i IAT i J YA g

= X dz' + o —dz* = [X 907 o 8xi]dx

oxJ ozt

We thereby see that in local coordinates the formula for the Lie-derivative of a 1-form is given by

[Zxali = X0 ; + 0 X7, (D.2)

D.4. Lie derivative of a general tensor field

Let T be an n-fold contravariant and m-fold covariant tensor, with components in local coordinates T;lﬁi"’;:
Extending formulas (D.1) and (D.2), we find the general formula in local coordinates

arag...o, arag...an ~
(ZxT)5 50 = Tagm X
YO2...0p [e% X17Y...0n 6% Q... Oy
T, 5 X~ Ty o Xy = = Ty 5 Xy

A1Q...0n VY Q1.0 Y Q1.0 v
T, 5, X, + T35, X g, +o Tl 0 X g (D.3)

This should be compared to the general formula for the covariant derivative, (C.7).

It can be checked in an essentially straightforward way, that in the above formula of the Lie-derivative the partial
differentiations can be replaced by covariant ones. If this is done, the first term will create a whole lot of additional
Christoffel-symbol-terms, but each one of them is canceled by the terms which each of the other covariant derivatives
of X7 spawn. This observation also readily shows that the Lie derivative does indeed produce a tensor!

2Note that if f is a O-form and « is a p-form, one usually abbreviates f ® a — fa.
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D.5. Special case: Lie derivative of the metric
Applying Eqn. (D.3) to the metric g,,, we find
DX G = G X+ gAVX,’L + guAX,’\y . (D.4)
From Ricci’s Lemma Vg, = 0 as well as the general formula (C.7) for the covariant derivative we find
Guvr = Gl + 9usloy -

Inserting this into Eqn. (D.4), we find

ng;w = (gnuFZA + g;m]-—‘g)\)X)\ + gAVXi\;, + g,u)\Xf;

(g)\urf\“@ + gu)\ri\m)Xﬁ + g)\uXi\L + gu)\Xf;
ga (X0, + X°T0,) + g (X0, + X7T3,)
= gV X+ gV, X

= VMXV_FVVXM . (D5)

Remember that Ricci’s lemma stated that the covariant derivative of the metric is zero.
We want to point out that this calculation can be significantly abbreviated by making use of the fact that the
partial derivatives in the formula (D.3) can be replaced by covariant ones:

LxGu = (Voguw) X+ 9wV X" + 9,V X7 = V., X, + V., X, .
The Lie derivative of the metric plays a key role in the theory of Killing fields (see Sec. B.3), which are generators

of continuous isometries. A vector field is a Killing field, if the Lie derivative of the metric with respect to this field
vanishes, i. e., if the metric remains unchanged when dragged along the flow generated by the field.
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E. Solutions to problems

Problem 1.1

Note first that eq = 7. = 7o = Vor. The identity can now be checked by a straightforward calculation:

N = N = N

...as we intended to show.

St

Problem 3.1

Using ugly component notation, we can calculate

b Vi — biVF gy, 4 eMey; [bi (VHZ)j + Vjﬁbz)] =

[61916" + B3V26” + B1V20" +65V16°] = [b1V 61+ B3V 62 + b1V 200 + 139"
+01(V29® + V2¢2) + b3(Vig" + V1) — b1 (Voo + V'e2) — ba2(V16® + V1)

(b} +B3)(V10" + Vad®) — [BIV' 61+ B3V762 + b1V 62 + 03V

= biVed" —biVig = 2HVi¢" — b V" .

Note that the ultimate effect of the determinant-like expression is to change the sign of the two other terms!

Problem 3.2

Using Eqn. (3.3) for the variation of the tangent vector, we can work out their product up to linear order:
d’f_‘q1 X d’f‘_'/2 i i i R j 5 j R
ddde . [er + (Vig" — pbl)e; + (¢'bri + )7 X [e2 + (Vag’ — ihby)e; + (¢7baj + 1,2)7]

= e X ey
+e1 x ej(Vig! — b)) + e; x ea(Vid' — vb})
+ e X ﬁ(¢jb2j + o) + 17X 62(¢ib1i +¢v1) + 0O(2)
= i\/g(1+Vig' — 2HY) + e1 x @i(¢ baj +1b2) + 71 x e2(¢'brs + 1) + O(2) . (E.1)

We now rewrite the vector products as follows:

. e1 x (e1 X e2) (e1-e2)er — (e1-e1)ex gize1 — g€z (L5) 2
e xn = = = = —V4g99 €,
NG Vi NG ve
Aixes = (61 X 62) X ez _ (61 . 62)62 - (62 '62)61 _ gi2€2 — ga22€1 (155) —\/Egliei )

VY V9 V9

Inserting this into Eqn. (E.1) we obtain Eqn. (3.15).

Problem 4.1

Eqn. (4.1) defines the function h(z,y). All we need to do is to verify that the mean curvature, which in Monge parame-
terization is given by Eqn. (2.5a), vanishes vor all z and y. Let’s first calculate the partial derivatives of first and second
order:

hy = —tanz , hy = tany , hge = —cos ’z ,  hyy = cos_2y , hay = hye =0.

From this we find that the nominator of the expression for H in Eqn. (2.5a) is given by
1+tan’y 14+tan’z  —cos®y (1 +tan?y) + cos® z (1 + tan® z)

2 2 _ _ —
hwz(l + hy) + hyy(l + h‘I) - thyh*hy - cos2 + cos2 Y cos? x cos? Yy 0.
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Problem C.1

The surface of a sphere of radius R in spherical coordinates u' = ¢ and u? = ¢ is parameterized by

Rsin v cos ¢ R Rcos ¥ cos N —Rsindsin g
- . . or . or .
¥ = Rsindsing ) e == Rcos?dsinp , Ep =5 = Rsind cosp
Rcosv —Rsin? ® 0

From this we also get the metric and its inverse

e R2 0 by ; RQSinzﬁ 0 - 1/R2 0 (EQ)
Gij = €i-€ = 0 RZ%sin?9 9= R4sin? 9 0 R? n 0 1/(stin219) . .

The outward normal vector 7 is found via

sin ¥ cos @ sin ¥ cos ¢ N
2 . . ) L ey Xe, . ) 3
eygp X e, =R sind | sindsing = n:ﬁ— sin ¥ sin ¢ :ﬁ .
ey X e 7
cosv v ® cos¥

From Eqn. (C.11) and Eqn. (E.2) we get the covariant Laplacian, which is of course just the angular part of the Laplacian
in spherical curvilinear coordinates:

19 ) 1 9
Vie —— — —(sin9d— —_— .
R2sind 09 (sm 879) + R2 sin? 9 O¢p?
Applying this operator on the three components of 7 we find:
1 1
V*(Rsindcosp) = Reind D9 [sind Dy (sind cos )] + m@i sin ¥ cos ¢
_ cos ¢ 29 29 COSQ _2 .
= Rsinﬁ(cos ¥ — sin” ) Rsnd — Rblnﬁcosga ,
V*(Rsindsing) = ! D9 [sin® Dy (sinVsin )] + ;82 sin ¥ sin ¢
Rsind Rsin?9 %
_ sing 24 29 Snp 2 . .
= Rsin'ﬁ(COS ¥ —sin” ) Remd - R sindsing ,
V?(Rcos¥) = ;8 [sind Oy cos V] = —;8 sin® 9 = —zcosﬂ
Rsing "’ K Rsing "’ R '
We thus obtain
sin ¥ cos @ 9
V7 = —Z | sindsing | = —Z7@ = 2H# .
R R
cos v

Indeed, the two principal curvatures of a sphere are both 1/R, so twice the mean curvature is 2H = 2/R, and the minus
sign is due to the fact that the normal vector points outward and the sphere bends away from it.

Problem C.2

(a) In components we have 8, = K'8;, and thus K® = 1 and K¥ = 0. The covariant components are given by K; = g;; K7,
so we have K, = 1/y* and K, = 0. In order to see that we have a Killing field, we have to verify Eqn. (B.11), which means
(by virtue of Eqn. (D.5)) we have to show that all components of the symmetric tensor V;K; + V;K; vanish. Using the
values of the Christoffel symbols from Eqn. (C.13), we find

1

(%5,9)0c = 2(Koo—T5,Ki) = 0—2§Ky =0,
i 1
(Zo.9)uy = 2(Kyy—Th,Ki) = 0—2(—5)1@ — 0,
; . 2 N1 1 1
(Zo.9)ey = (Kay —Doyk) + (Kyo — Dy Ki) = v (* ;)E +0- (* ;)? =0,
and this proves that 8, is indeed a Killing field.
(b) In this case the components of the vector field are K = z and KY = y. We now find
; 1 11
(Zoowrso s = 2w ~Thu) = 2(5 -1 1) =0,
R = 2(K k) = 2( - 2 Ny _
( 18m+y8yg)yy = ( vy — Lyy i) = (_y_g_(_g) g) =Y,
; ; 2x 1\ z 1\
Lovti0, ey = (Kaow = ToyKi) + (Kya = Theks) = =5 — (= )2 4+0-(=2) 2 =0,
( +y,,)y ( Y y)(y Y ) yg y/y ny

showing that 8, + y8, is also a Killing field. Note that it describes a “stretching” of the plane away from the “origin” at
x =0,y = 0. It may be surprising that this is actually an isometry, i. e., leaves hyperbolic lengths unchanged.
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