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Chapter 1

Introduction

These notes were written to accompany the courses Math 6461 and Math
6462 (Harmonic Analysis I and II) at Missouri University of Science & Tech-
nology.

The goal of these notes is to provide an introduction into a range of top-
ics and techniques in harmonic analysis, covering material that is interesting
not only to students of pure mathematics, but also to those interested in
applications in computer science, engineering, physics, and so on. We will
focus on giving an overall sense of the available results and the analytic tech-
niques used to prove them; in particular, complete generality or completely
optimal results may not always be pursued. Technical details will sometimes
be left to the reader to work out as exercises; solving these exercises is an
important part of solidifying the reader’s understanding of the material. At
times we will not develop the full theory but rather give a survey of results,
along with citations to references containing full details.

These notes are organized as follows:

e In Chapter |2, we introduce Fourier series, motivating their develop-
ment through an application to solving PDE (a common theme for
us). We then develop the Fourier transform, also providing some ap-
plications to PDE. Other topics are discussed, including questions of
pointwise convergence, the Fourier transform on distributions, and the
Paley—Wiener theorem.

e In Chapter [3| we discuss the topic of sampling of signals (e.g. the
Shannon—Nyquist theorem), as well as the discrete and fast Fourier
transform. We close this chapter with a discussion of compressed sens-
ing, providing a relatively complete presentation of the result of Can-
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CHAPTER 1. INTRODUCTION

des, Romberg, and Tao [4] on reconstruction of signals using randomly
sampled Fourier coefficients.

In Chapter [d we present a survey of results in abstract Fourier trans-
form, relying primarily on the textbook of Folland [10]. In particular,
we demonstrate how many of the preceding topics may be viewed un-
der the same umbrella (i.e. Fourier analysis on locally compact abelian
groups). Most results are stated without proof. We then briefly discuss
the case of Fourier analysis on compact groups and present a few im-
portant examples in detail (namely, SU(2) and SO(n) for n € {3,4}).

In Chapter |5 we discuss the continuous and discrete wavelet trans-
forms, as well as the notion of multiresolution analysis. In addition to
wavelet transforms, we also frequently discuss the ‘windowed’ Fourier
transform. Our primary reference is the book of Daubechies [7]. This
chapter provides a relatively brief introduction into a very rich topic
with a wide range of applications.

In Chapter [6 we begin discussing what I have called ‘classical’ har-
monic analysis (although this distinction of ‘classical’ versus ‘modern’
should not be taken too seriously). This includes the theory of interpo-
lation of linear operators, some ‘classical inequalities’ (like convolution
inequalities and Sobolev embedding), the Hardy—Littlewood maximal
function (and vector maximal function), and finally the Calderén—
Zygmund theory for singular integral operators.

In Chapter [7, we continue the study of ‘classical’ topics in harmonic
analysis. We firstly prove the Mihlin multiplier theorem. We then de-
velop Littlewood—Paley theory (including the Littlewood—Paley square
function estimate and some fractional calculus estimates). After this,
we will prove the non-endpoint cases of the Coifman—Meyer multiplier
theorem. Finally, we study oscillatory integrals (proving, for exam-
ple, the stationary phase theorem and providing some applications to
PDE).

In Chapter 8] we begin our study of more ‘modern’ topics in harmonic
analysis. We begin with a study of semiclassical analysis. This is
not actually a subfield of harmonic analysis; however, it is closely
related due to the frequent analysis of oscillatory integrals. We give
a brief introduction based on the textbook of Martinez [20]. In the
semiclassical setting, we get as far as the proof of L? boundedness



for pseudodifferential operators. We then give a short introduction to
microlocal analysis, still following the presentation of [20)].

e In Chapter [9] we continue our study of ‘modern’ topics and turn to
the question of sharp inequalities and existence of optimizers. We
consider two examples, namely, the Gagliardo—Nirenberg inequality
and Sobolev embedding. For Gagliardo—Nirenberg, we present a proof
based on radial decreasing rearrangements and the compactness of the
radial Sobolev embedding. For Sobolev embedding, we present a proof
based on profile decompositions, thus giving a short introduction into
‘concentration-compactness’ techniques (which have come to play an
important role in the setting of nonlinear PDE).

e In Chapter we prove some basic results in ‘restriction theory’. This
refers to the question of when it makes sense to restrict a function’s
Fourier transform to a surface. We begin with a result due to Strichartz
for the paraboloid. This result can be interpreted as a space-time
estimate for solutions to the linear Schrodinger equation. We take a
slight detour to prove a wider range of such estimates (which now go
by the name of Strichartz estimates). We then return to restriction
theory and prove the ‘Tomas—Stein’ result (up to the endpoint) for the
case of the sphere.

e In Chapter we will collect some additional topics. Currently, this
section contains only a partial result towards pointwise convergence of
Fourier series.

e Finally, in the appendix, we have collected some prerequisite material
for the reader’s reference.

The material from these notes has been drawn from many different
sources. In addition to the references listed in the bibliography, this in-
cludes the author’s personal notes from a harmonic analysis course given by
M. Visan at UCLA.

The author gratefully acknowledges support from the University of Mis-
souri Affordable and Open Educational Resources Initiative Award, as well
as the students of Math 6461-6462 for their useful feedback and corrections.



Chapter 2

Fourier analysis, part I

2.1 Separation of variables

Consider the following partial differential equation (PDE):

O = 0%u (t,z) € (0,00) x (0,1)
u(0,z) = f(x) z € (0,1) (2.1)
u(t,0) =wu(t,1) =0 ¢ € [0,00),

where f : (0,1) — R is some given function. This is the well-known heat
equation. This is an example of an initial-value problem (the solution is
specified at t = 0), as well as a boundary-value problem (the values of the
solution are prescribed at the boundary of the spatial domain (0, 1)).

One approach to solving PDEs like this is the method of separation of
variables, which entails looking for separated solutions of the form

u(t,z) = p(t)q(z).
Using (2.1) and rearranging, we find that for u to be a solution we must
have , Y
() _ (@)
p(t) q(x)

As the left-hand side depends only on ¢ and the right-hand side depends
only on x, we are led to the problem

p'(t) = =Ap(t) and —¢"(x) = \g(x) for some constant .

The equation for p is solvable for any \; indeed, p(t) = e *Mp(0) does the
job. The problem for ¢ is more interesting, since in addition to the ordinary
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2.1. SEPARATION OF VARIABLES 9

differential equation (ODE) it must also satisfy the boundary conditions.
One finds that there are solutions only for special choices of A, namely,
A = (nm)? for some integer n > 0. A corresponding solution is then given
by ¢(z) = sin(nnz).

What we have therefore discovered is that the method of separation of
variables yields a countable family of solutions to the heat equation satisfying
the boundary conditions, namely

—(nm)?t

e sin(nwz)c, forany n>0 and ¢, €R.

Furthermore, any linear combination of these solutions solves the PDE and
satisfies the boundary condition. Therefore, we can solve the initial-value
problem in (2.1) provided we can find ¢, such that

E e sin(nmz)

n=1
The possibility of finding such expansions and understanding the sense in

which they hold are precisely the questions addressed by the study of Fourier
series.

Remark 2.1.1. Separation of variables has led us to the ‘eigenvalue problem
for the Dirichlet Laplacian’. That is, we were led to look for eigenvalues of
—0?2 on the domain (0,1) with eigenfunctions ¢ satisfying the ‘Dirichlet’
boundary conditions ¢(0) = ¢(1) = 0. This is a good perspective to keep
in mind if one wishes to generalize the discussion above to a wider class of
equations and boundary conditions.

In Section we will prove the following theorem.

Theorem 2.1.2. Let F' : [—-L,L] — C satisfy F(—L) = F(L) and assume
F € L*([-L,L]). There exist c,, € C such that F can be expanded in the
Fourier series
F(x) = Z cnen(z) as functions in  L*([—L, L)),
nez
where _

en(z):=e L.

The Fourier coefficients c, are given by

L
cn = (F,en) = 5= /L F(x)ée,(x) dx.

We may also write

= F(n).
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Using this result, one can recover sine series and cosine series, which
are often used in the solution of PDEs via separation of variables (see the
exercises).

Note that we may identify periodic functions on [—L, L] with functions
on the torus or on the circle, which we may denote by Ty..

2.2 Fourier series in general

Instead of proving Theorem directly, let us begin with a more general
perspective, inspired largely by the presentation in [15].

Consider the space L?(E) for some measurable E C R?. Recall that L?
admits an inner product given by

(f.g) = /E f@a(@) dz,  |fllzzm = 11 = V.

If (f,g) = 0, then we call f and g orthogonal. A set {¢q}qaca is orthog-
onal if any two of its elements are orthogonal and orthonormal if it is
orthogonal and ||¢o| = 1 for all & € A. By convention, we always assume
that orthogonal sets consist only of nonzero elements. Using separability,
one can show that any orthogonal set in L? is necessarily countable (see
the exercises). An orthogonal set {¢y} is complete if (f, ¢r) = 0 for all k
implies f = 0.

Suppose now that {¢;} is an orthonormal set in L?. For f € L?, we
define the Fourier coefficients of f (with respect to {¢x}) by

ck = ([, k) :/ féx.
E
We define the Fourier series of f (with respect to {¢}) by

SIf) = ckdn-
2

We define the partial Fourier series by

N
SN =Y Cedr.
k=1

We will prove the following:

Theorem 2.2.1. Suppose {¢i} is a complete orthonormal set in L?. Then
for every f € L2, the Fourier series S[f] converges to f in L?.
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Remark 2.2.2. If one supposes that there is a decomposition of the form
f =Y ckdk, one can already see that we should have ¢, = (f, 1) by taking
the inner product of both sides with ¢, and using orthonormality.

Remark 2.2.3. The space L? admits complete orthonormal sets. To see
this, first take a countable dense subset (L? is separable), and then apply
the Gram—Schmidt algorithm from linear algebra to find an orthonormal
basis for L?. This means an orthonormal set whose span is dense in L2
(where span means the collection of all finite linear combinations). Using
Cauchy-Schwarz, one can then prove that any orthogonal basis for L? must
be complete (see the exercises).

The key property of Fourier series is that they give the best L? approx-
imation using linear combinations of the {¢y}.

Lemma 2.2.4. Let {¢1} be an orthonormal set in L? and f € L?.

(i) Given N, the best L? approzimation to f using the ¢y is given by the
partial Fourier series.

ii) (Bessel’s inequality) We have ¢ := {ci} € £ and
(i) ( quality

l[ellee < [1f 22
where {ci} are the Fourier coefficients of f.

Proof. Fix N and v := (71, -+ ,vn) and consider linear combinations of the
form

N
F=F@) =) wo
k=1
By orthonormality,

N
IFN? = el
k=1

Thus, recalling ¢ := (f, ¢r), we can write

If =FI>=(f =D br. f— D vor)
N N
= IFIP = ek + el + > Il

k=1 k=1
N

N
= IFIP 4 ler = > =D lexl.

k=1 k=1
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It follows that N
min 1f = FIP =117 =D lexl
k=1

and
argmin, | f — F(3)[2 = (1. . ew).
This proves (i). Furthermore (evaluating at v = (c1,...,cn)) we can deduce
N
DolelP =112 = 1f = swll?,
k=1
which yields Bessel’s inequality upon sending N — oo. O

If equality holds in Bessel’s inequality (i.e. |[c|l2 = || fllz2), we say f
satisfies Parseval’s formula. From the proof of Bessel’s inequality, we
deduce the following:

Proposition 2.2.5. Parseval’s formula holds if and only if S[f] converges
to f in L.

In particular, we have reduced the proof of Theorem [2.2.1]to proving that
Parseval’s formula always holds whenever {¢;} is a complete orthonormal
set.

Before proving this, we need a result that allows us to use Fourier coef-
ficients to define L? functions.

Proposition 2.2.6 (Riesz-Fischer). Let {¢y} be an orthonormal set in L*
and {cy} € (?. There exists an f € L? such that S[f] = > cxpr and f
satisfies Parseval’s formula.

Proof. Write ty = Zi\;l cp@r. For M < N, orthonormality implies

N

Ity —tarl® = Y el

k=M+1

Thus {c;} € L? implies {tx} is Cauchy and hence converges to some f € L.
Now observe for N > k

/f&k:/(f—tN)ék-F/tN&kZ/(f—tN)q;k-i-Ck

which tends to ¢ as N — oo by Cauchy—Schwarz and the fact that ty — f
in L2. Thus S[f] = Y cx¢r and ty = sn(f). In particular, Parseval’s
formula follows from the fact that ¢ty — f in L?. O
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This result does not guarantee uniqueness. However, one does have
uniqueness if the set {¢r} is complete. Indeed, if f and g have the same
Fourier coefficients then f — g is perpendicular to each ¢y.

Finally, we turn to the following:

Proposition 2.2.7. An orthonormal set {¢} is complete if and only if
Parseval’s formula holds for every f € L2.

Proof. If {¢}} is complete and f € L?, then Bessel’s inequality implies that
the Fourier coefficients {cj} are in £2. Thus (by Riesz—Fischer) there exists
g € L? with S[g] = Y cxor and ||g||> = > |ck|?. Because f,g have the
same Fourier coefficients and {¢y} is complete, we get f = g a.e. Thus

I£12 = llgll* = 3 lexl*.
Conversely, if (f, ¢) = 0 for all k and || f|[* = 32 |[(f, ¢)|?, then [|f]] = 0
which shows that the {¢x} are complete. O

Proof of Theorem |2.2.1. Theorem [2.2.1| now follows from the combination
of Proposition and Proposition [2.2.7 O

One can consider even more general settings and prove similar results
in the setting of abstract Hilbert spaces. However, at this point we will

return to the more specific setting of Fourier series for periodic functions on
[—L,L].

2.3 Fourier series, revisited

In light of Theorem to prove Theorem we need only to verify
that the set {\/%en : n € Z} is orthonormal and complete in L?([—L, L)),
where we recall

INTT

en(x):=e L .

To simplify formulas, let us fix L = 7 in what follows; in particular,
en(x) = e,

A direct computation shows that

T
1 1 i(n—m)x
ﬁ<en>em> = Qﬂ-/ € ( ) dx = dpm,

—T

where

5o 1 n=m
"™ 10 otherwise.
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One calls 6,,;, the Kronecker delta. Thus the family {\/%en} is orthonor-

mal.
It remains to prove that this set is complete.

Lemma 2.3.1. Let f € L?([—7,7|). If {f,en) =0 for all n, then f = 0.

Proof. By assumption, we have

N

Snf=0, where Syf(z)= 5 Z (fyen)en(z).

n=—N

We can rewrite
Snf(x) = f = Dn(z),
where Dy is the Dirichlet kernel given by

If we could prove that Syf — f (in some sense), we would be finished.
However, this is difficult because the kernels Dy do not form a family of
good kernels. In fact, we can compute the Dirichlet kernel explicitly:

o sin([V + )

Dn(x) = 5- (2.2)

sin(1z)

(see the exercises). One can verify, for example, that the L'-norm of Dy
grows like log N. (Again, see the exercises.)

As we will see, averaging improves the situation. In particular, if we
define the Cesaro means by

N-1
onNf =% Y Suf,
n=0
then we may write
onf(x) = f*Fn(x),

where Fy is the Fejér kernel given by

N-1

N—-1 n
Fy()=% > Dn(z) =5y > > "

n=0 n=0 k=—n
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By assumption, we have oy f = 0. On the other hand, we will prove that
Fy are a family of good kernels, so that oxf — f in L? as N — oo (see
Lemma . From this we can conclude f = 0, as desired.

First, a direct computation shows

T N-1 n
/ Fy(x)ds = 525 > Y 2mbp = 1.

n=0 k=—n
For the next property, we use the identity

[sin(52)]?
= B e

which we also leave as an exercise. In particular, Fy(z) > 0, so that

™
/ P (2)] do = 1
—T

as well. Finally, we fix § > 0 and observe that |sin(32)| > ¢ for |z| > 6.
Thus, using the identity above for example, we find

/|| |FN(m)|dx§ﬁ—>0 as N — oo.
z|>d

The result follows. O

2.4 Convergence of Fourier series

We have now seen that Fourier series for periodic functions in L?([—L, L])
(or equivalently, for functions on the torus/circle) converge in the sense of
L?. Tt is a natural question to ask in what other senses the Fourier series of
a function converge.

The arguments in the proof of Lemma [2.3.1] show that if f € LP, then
the Cesdro means oy f converge to f in LP. Indeed, the Fejér kernels are
good kernels. Similarly, if f is (uniformly) continuous, then oy f converges
to f uniformly. One can further show that for f € L' and a point x,

Jim o f(e) = Yfa+) + fo), (23)

where f(z+) denotes limits from the right/left (see the exercises). In par-
ticular, oy f(x) will converge to f(z) at any point of continuity.
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As for the convergence of Syf to f, we have so far established con-
vergence in L?-norm. Other notions of convergence are much more subtle.
Let us begin with some negative results, which are essentially consequences
of the fact that the Dirichlet kernels are unbounded in L', along with the
uniform boundedness principle. We will continue to work on the interval
[—, 7] for convenience.

Proposition 2.4.1. The following hold:
(i) The Fourier series of an L' function need not converge in L'.

(ii) The Fourier series of a continuous function need not converge uni-
formly.

(iii) There exists a continuous function with Fourier series diverging at a
point.

Proof. Recall that the Fourier series of a function f is given by

sin([N + 1]z)
Snyf=f*Dy, Dn(z)=L— 27
where we recall that

IDn||p1 2 log N.

We also recall the Fejér kernels Fiy = % ZNN;()I D,.
(i) For each n, we may view S, as a linear operator from L! to L. We
define the operator norm of S,, by

I1Sallzi oot = sup{|Sufllpr : f € LY with || f[| = 1}

Recalling that the Fejér kernels Fiy are uniformly bounded in L! (by 1), we
have

1Sn(En )z < [1Snllpis it 1EN e < (1Shllzr s
On the other hand, S, (Fn) = on (D)) (check!), which yields

[Sn(EN)Ir = lon(Dp)llr = (| Dnllr as N — oo,
where we use that the o are good kernels. We conclude that

lim [Sp|p1 1 = oo. (2.4)
n—oo

This implies that S,, f must not converge to f for every f € L!. Indeed, if
Spf — f for every f € L' then (2.4) would contradict the uniform bound-
edness principle.
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(ii) Similar to (i), we will show that
lim ||Sy || Lo = 00
n—oQ
by showing that
[[SnllLoe Lo Z (| Dnll -
We let ¢, (z) = signum[D,(x)], except in small intervals around the 2n
points of discontinuity of signum|[D,,(x)]. In particular, we can make 1, be

continuous, with
|tn|lLe <1 uniformly in n.

Fixing € > 0 and choosing the total length of the small intervals {I;}2", to
be smaller than £/2n, we may derive that

2 [ Dnllpr —e.

n&wmmM&wmmﬂ/mWWMMx

Indeed, we have

2n
/ Doyt () da: = / Do) dz+3 /I Doy (2)[ton (&) — signum|[Dy ()] daz
k=1 k

Using the fact that sup, | D/, (z)| < n? and 212;;1 |Ix| < 5, we may derive
that that |D,,| < 1 uniformly over UI}, and hence the sum above is controlled
by € as claimed. This completes the proof.

(iii) Finally, consider the functionals ¢, : C(|—m,7n]) — C defined by
f = Snf(0). The proof of (ii) shows that ||¢,| — oo. Thus, there must
exist f such that £, f(0) — oo, for otherwise we would reach a contradiction

to the uniform boundedness principle. O

The previous result shows failure of convergence (in general) in L' and
L, but in fact LP convergence does hold for 1 < p < co. Instead of proving
this general fact, let us simply prove the following positive result.

Proposition 2.4.2. Let f be of bounded variation on T. Then

lim S, f(x) = 3[f(@+) + f(z—)],

n—oo

where f(x=+) denotes limits from the right/left. In particular, S, f(x) con-
verges to f(x) at any point of continuity of f.
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Remark 2.4.3. This result is related to the well-known Gibbs phenomenon.
In particular, we see that at a jump discontinuity the Fourier series will
converge to the middle of the jump. It turns out that near the jump the
Fourier series will ‘overshoot’ and ‘undershoot’ the function on either side
of the jump in a way that does not diminish as one increases the number of
terms in the series.

Ezample 2.4.1. Let f(x) = 0 for |z| € (§,7) and f(x) = a for |z| < §. Then

n . g . a n = 0
=ik [ fwemra—g [P eman=37
o . “sin() n#0.

As this is an even sequence, the partial Fourier sums are given by

N N

Snf(z) = Z Cpe™ =& 4 20N " Lgin (28 cos(na),
n=—N n=1

which we may rewrite as

(—1)k cos((2k + 1))
2k +1 '

K
Sori1f(z) =%+ 22 Z

In particular, note that Sax11f(£5) = §, as we expect. However, let us

now consider z = § +¢. Then (employing some trig identities) the series
becomes P

gx(€) = %+1

k=1

with gx(0) = 0 as expected. However we can see that |¢j (0)| = K, which
suggests that this series can reach size 1 even over an interval of length 1/K.

In fact, more detailed analysis (or studying this example in Mathemat-
ica) would reveal that (for all large K) gx(e) reaches size about —.92 for
€ = 04 and +.92 for € = 0—, and hence we see that the Fourier series will
undershoot /overshoot the correct value of the function by a fixed amount,
yielding approximate values

§F5(5 92

as z approaches 7 from the right /left.

This is just a special case of the more general Gibbs phenomenon, in
which one sees the Fourier series undershooting/overshooting the correct
value at a jump discontinuity by about 9% of the jump on each side.
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Proof of Proposition [2.4.2. As we will see, the key is to establish some decay
for the Fourier coefficients f(n) of f.
In fact, we claim that

f@) S pllflsy for |n>1. (2.5)

Indeed, this follows from the integration by parts formula for Riemann—

Stieltjes integrals (see Proposition |A.1.3):
Fol = | [t ds
o /e_imdf(x)

The next step is to restate things in terms of o, f, which are known to
satisfy the conclusion of the proposition (cf. (2.3])). First, observe that by
expanding the definition of (n + 1)o,4+1, we can deduce the identity

onirf(x) =Y [1 = L] f(k)eiks
|K|<n

= Suf(z) = Y L f(k)ette.

|k|<n

< Al flsy-

Now let m > n be an integer to be determined shortly. Similar to the above,
we can write

omirf(@) = Suf(@) = Y AL Fk)e®e + 3 (1 L) Fr)ette.

|k|<n n<|k[<m

Now we can see that any linear combination of the form

aopi1f+ (1= a)omir f

will produce a single copy of S, f plus some ‘error terms’. As any such
combination converges to the desired limit as n,m — oo, we can complete
the proof if we can find a suitable combination for which we can control the
error terms.

The sums involving |k| < n are the most problematic, as they do not
tend to zero individually; for example, applying , the best estimate we
have for the term appearing in o, yields

T ,ﬁlﬂkn' <o

k| <n
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which does not converge to 0 as n — oo. Thus, we choose a combination
in order to make the two sums over |k| < n cancel. In particular (choosing

o= —(Ztl)), we may write

Snf = _;::207&1]0 + 17:;1—;

mil N (1 - A ket

n<|k|<m

Our final step is to show that for m chosen suitably depending on n, this
final term can be made arbitrarily small (uniformly as n — oc). In fact,

using (2.5)), we can estimate
Kl «
mil S - B fRIS Y S log(™),

n<lk|<m n<|k|<m

where we have used the bound

k +1—|k
(1 — B = ekl < mbl — 1 for (k| >,

Given € > 0, the result now follows by choosing m to be the integer part of
(14 6)n for small § = (e) > 0. O

Remark 2.4.4. In the preceding proof, we used some regularity condition
on f to prove that the Fourier coefficients converged to zero quantitatively
as n — oo. In fact, from Bessel’s inequality we know that the Fourier coeffi-
cients of an L? function always tend to zero as n — oo; this is also sometimes
called the Riemann—Lebesgue lemma. However, without imposing some
regularity conditions, it is possible to have a sequence of Fourier coefficients
converging to zero arbitrarily slowly.

The phenomenon that smoothness yields decay of Fourier coefficients
(and vice versal) is an important fact in Fourier analysis. Revisiting the
proof of , for example, one can see that being k-times continuously
differentiable would imply decay of the Fourier coefficients like |n|=* (by
repeating the integration by parts k times). In fact, more can be said. In
the case of the torus, it is a fact that a function is analytic if and only if its
Fourier coefficients decay exponentially. We will not pursue this result on
the torus, but will prove a related result (the Paley—Wiener theorem) for the
Fourier transform in the next chapter. Also see the exercises, where these
topics are explored a bit more.

To close the discussion, let us finally mention the deep result of Carleson:

Theorem 2.4.5 (Carleson). Fourier series of functions in L? converge
pointwise almost everywhere.
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We will briefly discuss this result below in Section [2.5.1

One can extend much of what we have done above to the case of higher
dimensional tori, although we will not pursue the details here. We also
remark that it is possible to study analogues of Fourier series on more general
groups than the torus (e.g. compact Lie groups). We will venture briefly in
this direction in Chapter (4] below. For now, we turn to the extension of the
preceding ideas from [—L, L] to the whole real line.

2.5 The Fourier transform

We have seen that for a periodic L? function f : [-L, L] — C, we can write
[ as a linear combination of waves of frequencies 57, namely,

e}

INTT L INTT
flx) = Z cpe L, anzlL/_Lf(fU)é’_ L dz. (2.6)

n=—0oo

The Fourier transform extends this to the case L — oco. For f: R — C,
we define f : R — C formally by

f©) = 3= [ s da.

That is, f (&) is the ‘Fourier coefficient’ at frequency £ € R. The question is
then whether or not we can recover f from f ; i.e. do we have an analogue
of ?

Suppose that f: R — C satisfies f(z) = 0 for |z| > M, and let L > M.
Then

Writing ¢ = 7 and G(y) = F(y)e™, we can send L — oo (i.e. € — 0) to
formally deduce

o0

flz) = \/%—ﬂ Z eG(en) — \/127/}1&6;(6) d¢ = V%Af(g)eixg dy

n=—oo
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Thus we arrive formally at the Fourier inversion formula
S N e Fley — 1 —ixt
flo) = b [ F@ede, where f©) = b [ f)e

We call the function f the Fourier transform of f. This extends naturally
to higher dimensions as follows: for f : R* — C and ¢ € R?,

_d
2

(&) = (2m) f(x)e " d,
R4

where x£ really denotes = - & = x1&1 + - - - + 24€4.

Remark 2.5.1. Recall the viewpoint that the Fourier series of a function
is an expansion in terms of eigenfunctions of —9? (or, in higher dimensions,
the Laplacian). Here we see that the Fourier transform of a function is an
expansion in terms of generalized eigenfunctions of —92 on R (or, in higher
dimensions, the Laplacian). The difference is that the Laplacian has discrete
eigenvalues (or spectrum) on a compact domain, while it has continuous
spectrum on R?. Spectral theory allows for a unified interpretation of Fourier
series/transform, namely, as a spectral resolution of the Laplacian. We
will also see a unification of Fourier series and Fourier transform through
the perspective of Fourier analysis on locally compact abelian groups in
Chapter [4

Remark 2.5.2. There are other normalizations for the Fourier transform.
A common one is to define

f) = [ o) o

We will use this normalization in the next chapter and at times below.

We turn to the details. Note that f is not necessarily well-defined for
an arbitrary function f : R — C, as the integral may not converge. On the
other hand, for any f € L' we have f well-defined as a bounded function on
R,

We will begin by restricting to a nice function space, which (as we will
see) is very compatible with the Fourier transform.

Definition 2.5.3 (Schwartz space). We define

SRY ={f € C®(R?Y) :2°9°f € L™ for all multi-indices «, B}.
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The Schwartz space is a topological vector space, with the topology
generated by the open sets

{f € SR : [|2°0°(f = g)llz= <€}

for some g € S (Rd), ¢ > 0, and multi-indices «, 8. More can be said about
the structure of Schwartz space, but it will not be too relevant for our
discussions here.

If f is a Schwartz function, then f is absolutely integrable, and hence
the Fourier transform of f is well-defined pointwise. In fact, we will show
that f is also a Schwartz function! We begin with the following lemma.

Lemma 2.5.4. Let f € S(R?).
o If g(z) = 0°f(x), then §(&) = (i) f(£).
o If g(z) = (—iz)* f(x), then §(£) = 9°F(£).

Proof. Let us consider the simplest case of d = 1 and a single derivative
or power of x, leaving the rest as an exercise. First, if g(z) = f/'(z), then
integration by parts (and the fact that f — 0 as x| — o0) yields

3(€) = (2m) /R ¢ f () da
— (2m) i /R e~ f(z) = ig f(€),

as desired. Similarly, if g(x) = —iz f(x), then

This completes the proof. O

This lemma already suggests the connection between the Fourier trans-
form and partial differential equations (PDE): it interchanges taking deriva-
tives and multiplication by z. We leave the following corollary as an exercise:

Corollary 2.5.5. If f € S(R?) then f € S(RY).

Thus, defining the transformation F which takes f € S(R?) and returns
f € S(RY), we can see that F (also called the Fourier transform) is a well-
defined linear transformation on S. Linearity is straightforward to check and
is left to the reader. In fact, more is true:
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Theorem 2.5.6. The Fourier transform F is a bijection on Schwartz space
S(RY), and the Fourier inversion formula holds. That is,

d
2

fla) = @ay [ foeeas for e SR

To prove this theorem, we need a few auxiliary lemmas.

Lemma 2.5.7 (Multiplication formula). For f,g € S(R%), we have

f@)gx)de = | Fy)g(y)dy.

Proof. This is a consequence of Fubini’s theorem. O
Lemma 2.5.8. Let f € S(R?). Then the following hold:

o Ifg(x) = f(~x), then §(¢) = f(=£).

o Ifg(x) = f(x —h), then §(&) = e ™ f(¢).

o Ifg(x) = f(\2), then §(&) = 32/ ($).

Proof. Let us verify the third identity and leave the first two as exercises.
This follows from the change of variables formula. Indeed,

—izg — 1 -
| e soayde =5 [ % s an

The result follows. O

As a consequence of the first two identities, we observe that

it g(y)=flz—y), then §(y)=e "f(-y).
Lemma 2.5.9. Define f(z) = e~1e*/2 Then f € S(RY) and f = f.

Proof. Let us prove this identity for the case d = 1. We leave it to the reader
to see why this implies the general case.
We make an ODE argument. Using the fact that f/(x) = —af(z) and

Lemma we find that %f = —¢f. Therefore f(£) = 6*52/2]?(0). How-

ever,
£(0) = (27T)5/612/2da:: 1.
R

Thus the result follows. O
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In the following, we will define K (z) = (27T)7%e_|x|2/2 and for € > 0 set
K.(z) ="K (%).

It follows that K. form a family of good kernels as € — 0. Furthermore, by
the scaling property of the Fourier transform proven above, we have that

if G.(x)=K(ez), then G.=K..
We can now prove Theorem [2.5.6

Proof of Theorem [2.5.6. We begin with the inversion formula for f € S(R9).
Using the lemmas above, we compute

frka) = [ fo—)K.to)dy
= | fla—y)G:(y)dy
]Rd
= / e f(—y) K (ey) dy = / F)e™ K (—ey) dy.
R R

Sending ¢ to zero (applying dominated convergence and noting K(0) =
(27r)_g), we deduce the inversion formula

_d
2

f(x) = (2m) Fly)e™ dy.
R4

To see that F is a bijection, we can define F : S — S via

Fola) = ()4 [ e*6g(e)de

and observe that the Fourier inversion formula yields FoF =1 on §.
Combining this with the fact that F f(y) = F f(—y), it follows that FoF =1
on S as well. We conclude that F = F~! and F is a bijection on S. O

While the Schwartz space is clearly well-suited for the Fourier transform,
it is not the end of the story. Given what we have learned about Fourier
series, it is natural to seek an extension of the Fourier transform to L?(R9).
The key to this is the Plancherel formula. Before we state and prove it,
let us recall the inner product structure on L2(R?), namely,

()= [ f@aa) e, and | flle = VT
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Theorem 2.5.10 (Plancherel). For f,g € S(R?), we have
(f,9) = (f.9).
In particular, || f||2 = |||z

We begin with a convolution identity that is of more general use.

Lemma 2.5.11. For f, g € S(R?),

vl

F(f % 9)(€) = (2m)2 f(€)(£).

Proof. We compute directly:

Fr+9)©) = 2m)F [ [ gty o~ g)e e dudy
= (2m)2 f(£)g(),
where we have used Fubini’s theorem. O
Now we can prove the Plancherel formula:

Proof. Define G(z) = g(—x), so that G(€) = §(€). Then by the Fourier
inversion formula and the convolution identity above,

[ t@g@)ds = £ < 6(0)
~ (2m) / F(f  G)(€) de
- [fec@ = [ feie
R

as desired. 0

Using Theorem [2.5.10] we can now extend the Fourier transform to a
linear operator acting on L2. In fact, the Fourier transform acts as a unitary
operator on L2.

Theorem 2.5.12. The Fourier transform extends from S(R?) to a unitary
map on L?(RY).

We will use the following lemma, which is left as an exercise.

Lemma 2.5.13. Schwartz space is dense in L.
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Proof of Theorem[2.5.13. We let f € L? and choose f, € S(R?) such that
fn — fin L>norm. As F restricted to S(R?) is an isometry, it follows that
{fn} is Cauchy in L2. We define f to be the L2 limit of f, and set Ff = f.

To see that Ff is well-defined, suppose g, is another sequence in S(R%)
that converges to f in L2. Let h,, be the intertwining of f, and g,, so that
hn, — f in L?. Then hy, is Cauchy in L? and hence converges. As the
subsequence fn converges to f , it follows that the subsequence §, must also
converge to f .

The fact that F is an isometry on L? follows from the corresponding
property on Schwartz space. Let us finally show that F maps onto L? (so
that F is unitary). As the range of F contains a dense subclass of L?
(namely, the Schwartz functions), it suffices to show that the range of F
(which is a linear subspace of L?) is closed. To this end, we let g be in the
L?-closure of the range of F, so that there exist f,, € L? so that fn —g. As
F is an isometry, {f,} is Cauchy in L?. Denoting f by the limit, we apply
the isometry property one more time to deduce that fn — f This implies
f = g, which completes the proof. O

In fact, the Fourier transform extends from S(RY) to LP(RY) for all
1 < p <2, with a corresponding bound (known as the Hausdorff-Young
inequality):
=1

1l SNFllze forall 1<p<2, where 4

1,1
p oy
In fact, this is the only range for which this is possible. That is, if the
estimate

1fllza S 11 e

holds for all Schwartz functions, then ¢ = p’ and 1 < p < 2. We will discuss
the Hausdorff-Young inequality later in the setting of interpolation; as for
the second point, we leave it as an exercise.

2.5.1 Remarks about pointwise convergence

Let us briefly discuss the question of pointwise convergence of the Fourier
transform; this is closely related to the problem of convergence of Fourier
series (cf. Theorem above). We will not discuss the full proof of
Carleson’s theorem; we refer the reader to [14} [I3] for a streamlined proof.
Instead, let us show how the result is implied by a ‘weak type (2,2) bound’
for a suitable ‘maximal operator’ (cf. Definition below, for example).
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In particular, this discussion may serve in part to preview some of the topics
to be covered later in these notes.
Recall (from Theorem [2.5.6|) that we have the Fourier inversion formula

N
fl@) = tim = [ @ d wer, (2.7)
for all Schwartz functions f € S(R). Carleson’s theorem [2], 9] states that the
same convergence holds almost everywhere for functions f that are merely
in L2(R).

The integral appearing on the right-hand side of can be written
in terms of the convolution of f with the Dirichlet kernel Dy (z) = %
Thus, the convolution is a combination of the singular integral part % (which
would fall under the purview of Calderon—Zygmund theory, cf. Section [6.4]
below) and the oscillatory part sin Nx, which requires some additional tech-
niques.

Following [14], we will work with the (equivalent) one-sided inversion
formula

@)= lim o [ e f(g) de, (28)

which again holds on R for any Schwartz function f. As Schwartz functions
are dense in L? (Exercise , the problem reduces to proving that the
set of functions for which almost everywhere convergence holds is closed.

For such purposes, it is common to introduce a suitable maximal func-
tion. In particular, we define the Carleson operator

N . A
/ e f(€) de

—0o0

Cf(x) =sup
N

, x€R.

We can then show that a weak type (2,2) bound for C implies the desired
result. (One can compare this to the fact that the weak type (1,1) bound for
the Hardy—Littlewood maximal function implies the Lebesgue differentiation
theorem, for example; see Proposition m)

Proposition 2.5.14. Suppose that C obeys the weak type (2,2) bound

{Cf > M S A1
Then (2.8)) holds almost everywhere for any f € L.
Proof. Let f € L? and € > 0. Choose g € S such that

3
2

If =gl <e2.
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Now, setting

Ly = limsup

N—oo

we note that since holds for g (for all z), we may write
Ly <C(f =g)+1f =gl
Using the weak type (2,2) bound, we find
HC(f —9) > sell S 72l f —glf S e
Similarly, by Tchebychev’s inequality,

{If =gl >3eH S2If —glfz S e

Y

N . A
fo) - [ e ae

Thus
{Ly>ctSe

for any € > 0. It follows that L; = 0 almost everywhere, which implies the
desired result. O

Actually proving the weak type bound for the Carleson operator is quite
an undertaking. We again refer the interested reader to [14, 13] and end our
discussion of Carleson’s theorem here.

2.6 Applications to PDE

In this section, we discuss a few applications of the Fourier transform to the
solution of some linear partial differential equations.

Ezample 2.6.1. Consider the Poisson/Laplace equation
—Au=f, u:R>5R,

where f:R3 — R is a given function. Here A is the Laplacian,

3
Au = Z
j=1

Applying the Fourier transform and Lemma we find that the equation
is equivalent to

2

Q
S

Q
(SN

<

€PPa=f, sothat a= ¢ 2f = (2m) I F(K  f)(€),



30 CHAPTER 2. FOURIER ANALYSIS, PART I

where K = F~1(|¢|72). In particular, u(z) = (271)_%K * f(x).

Here we reach a bit of a subtle point: the function |¢|~2 is not a Schwartz
function, nor is it even an L? function! Let us ignore this subtlety for
the moment—it can be resolved by the theory of distributions (see below).
Instead, let us see if we can compute a formula for K anyway.

There is an elegant way to compute K(z) exactly using the Gamma
function (see the exercises). Let us instead argue by symmetry to deduce

the form of K (z). First, we observe by Lemma that
A2 =A2¢ 7 = K(Az) = \'K(2).

Next, because |¢|~2 is invariant under rotations, so is K (see the exercises).
Consequently, K is constant on the unit sphere. It follows that

K(z) = |:E|_1K(|§—|) = c|lz|™! for some c¢e€R.
To compute ¢, let us go back to the PDE. Noting that

u(z) = (27T)_%C‘x’_l xf, wewant —|z|TlxAf= 0_1(27r)_%f.

Using translation invariance, it is enough to evaluate both sides at = = 0.
Thus, we are left to find ¢ such that

_ /R3 lz| 'Af(z) de = C(27T)7%f(0)-

A computation using integration by parts (see the exercises) yields
—/ lz| YA f(z) dz = 4n £(0).
R3

Thus (2%)730_1 = 47, and we conclude
| —
u(z) = T ¥ solves  —Au=f

in three dimensions.

Ezample 2.6.2 (Heat equation). We next consider the heat equation on
(0,00) x R4
u—Au=0 (t,x) € (0,00) x RY,
{ u(0,7) = f(r) = €R%L

We apply the Fourier transform in the x variables only. We find

Ut &) = F(Au)(t,€) <=  (t,€) = —|¢falt,€).
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For each &, this is an ODE in ¢ that we can solve:

-~

a(t, €) = 1(0,€)e~ 1 = U F(¢).
Thus
ut,z) = FUF e 1) (x) = (2m) Y2 [f = FH(e 1)) (2),

and again we need to compute an inverse Fourier transform.
Fortunately, we have already done this computation! Recall that

Fle #7772y (g) = ¢~ IEIP/2
Thus (by Lemma [2.5.8), we have
FleTP 1) (¢) = (21) 2P

We conclude that the solution to the heat equation is given by

u(t,a) = (4nt) "2 e /4 4 f(2) = (4mt) 8 / el p () dy.
Rd

2.7 The Fourier transform of distributions

In computing the solution to the Poisson equation, we quickly ran into
the problem of taking Fourier transforms or inverse Fourier transforms of
functions that are not even L?. In fact, one can extend the Fourier transform
quite naturally to the setting of ‘tempered distributions’, which includes a
much larger class of functions than Schwartz space or L?. Without delving
too deeply into this topic, let us introduce some of the main points.

A tempered distribution u is a continuous linear functional acting on
Schwartz space, that is, u : S(R?) — C. The set of all tempered distributions
is denoted &’(R%), or just by S’. In this setting, one often calls the elements
of § (which are the arguments of elements of S’) test functions.

Schwartz functions themselves may be embedded in the set of tempered
distributions through the mapping T': S — S’ given by

Tu(f):/ufdx for wu,fes.

As an exercise, one should check that the map 7T is injective, and hence we
can identify a function u with the distribution Tu. In fact, the mapping T’
makes sense for any function that is integrable against Schwartz functions,
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hence a very large class of functions may naturally be viewed as distributions
(e.g. any LP function multiplied by any polynomial).

Not all distributions are given by functions. A classical example is the
Dirac delta distribution §g € §’, defined by

do(f) = f(0) for feS.

We remark that if K, is a family of good kernels, then K,, — §p ‘in the
sense of distributions’.

The multiplication formula (Lemma [2.5.7)) reveals how to extend the
Fourier transform to the space of distributions. Recalling that

[ti=[Fo wran sges,

we define the Fourier transform of a distribution u € S’ to be the distri-
bution 4 € S’ satisying

u(f) =wu(f) forall feS.

This definition guarantees that u agrees with the usual definition of the
Fourier transform in the case that u actually arises from a Schwartz function
under the mapping T introduced above. Thus the Fourier transform F
extends to a mapping F : 8’ — §'.

Similarly, if we define F* : &’ — &’ by F*u(f) = w(F~1f), we can
deduce that FF* = F*F = Id, and hence F* = F~! and F is a bijection
on §'.

To define operations on distributions, one first observes how these op-
erations behave on Schwartz functions. For example, given a multiindex «
and u, f € S, integration by parts yields

/(8°‘u)f = (—1)l /uaaf.

Then for a distribution u € &', we define 0%u € S’ by
O%u(f) = (=1)l*lu (82 f) for feS.

Note that this allows us to take derivatives of non-differentiable functions!
Similarly, a computation shows that the correct definition of f * u (for
f €S and u e S’) should be

(fxu)(g) =u(fxg), where f(x)=f(~a), geS.
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Alternately, one can define f % u as a function via

(f #u)(x) = u(ref), Tof(y) = fly — ). (2.9)

One can check that these two definitions agree.

Finally, for u € &' and a (moderately well-behaved) function f, we can
define fu € &' via [fu](g) = u(fg).

Using the definitions introduce above, one can verify all of the nice prop-
erties of the Fourier transform continue to hold in the setting of distributions,
e.g.

ou= (i), F(f xu) = (2m)? fa,
and so on. The moral is that one can often perform ‘formal’ computations
with the Fourier transform, even if the functions involved are not Schwartz.
The resulting computations will typically be valid, provided they are inter-
preted in the appropriate sense.

Let us conclude this section with an example.

Ezample 2.7.1. Consider dy € S§’. Then

Thus 6y = (2%)7%.

2.8 The Paley—Wiener theorem

For the final topic of this section, let us return to the idea that Fourier
transformation exchanges decay and smoothness.

We present a classical result on the line known as the Paley—Wiener
theorem.

Theorem 2.8.1 (Paley-Wiener theorem). For f € L?(R), the following are
equivalent:

(i) f is the restriction to R of a function F defined on a strip {x + iy :
x € R, |yl < a} C C that is holomorphic and satisfies

/|F(a: +iy)|de <1 forall |yl < a.

(ii) e?€lf € L2(R).
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Proof. Suppose (ii) holds. We then define

F(:) = [ o) de

which satisfies F|g = f by the Fourier inversion formula. This defines a
holomorphic function on the strip {|y| < a} due to the exponential decay of
f. Furthermore, by Plancherel,

[1FG+inPas =& [17©Pe ¢ de 5 el

uniformly for |y| < a. This implies (i).

Next suppose (i) holds. Denoting f,(x) = F(x+1y) (so that fo = f), we
will show fy(ﬁ) = f(&)e 8. Then by Plancherel’s theorem (just as above),
we will have

/M@%M@51

for |y| < a, yielding (ii).

We would be able to say fy(ﬁ) = f(f)e_gy immediately if (ii) already
held. We therefore utilize a family of good kernels to introduce compactly
supported approximating functions (which, in particular, satisfy (ii)).

We utilize the following family, which form a family of good kernels:

K(z) = AK(A\z),
where .
Klz) = g (22 = o [ (- fepe g

(check!).
We set

Gi(z) =K \xF(z) = /RF(Z —w)K)\(w) dw.

Then G} is holomorphic in {|y| < a}. We now define

Dy(x) = Ga(z +1y) = Ky * fy().

In particular ) R
Iny(&) = K\(§) fy(§) for each .

Now observe that each gy (&) has compact support, specifically, in [—X, A].
In particular, (ii) holds for g, and hence

Iy (&) = Gro( e V.
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As K(%) is supported in [—A, A, it follows that

F4(&) = fo(§)e™¥ for [¢] <A
Sending A — oo yields the result. O

Using this theorem, we can prove the following important fact:

Corollary 2.8.2. Let f € L%(R) and let f € L*(R) denote the Fourier
transform of f. Then f and f cannot both be compactly supported (unless

f=0).

Sketgh of proof. Suppose f and f are both compactly supported. Then
el f € L? for any a > 0. Thus f is the restriction of an entire function F.
However, F vanishes on R\[—M, M], and hence (by the uniqueness theorem
of complex analysis) F' = 0. This implies f = 0. O

2.9 Exercises

Erercise 2.9.1. The 1d Dirichlet Laplacian on (0,1) is the operator —0d?
defined on the set of smooth functions f : (0,1) — R satisfying f(0) =
f(1) = 0. The 1d Neumann Laplacian is also defined to be —92 but on the
set of smooth functions f(0,1) — R satisfying f/(0) = f/(1) = 0.
(i) Find the eigenfunctions and eigenvalues for the Dirichlet Laplacian.
(ii) Find the eigenfunctions and eigenvalues for the Neumann Laplacian.

Ezercise 2.9.2. Using Fourier series, show the following:
(i) For f:(0,1) — R smooth and satisfying f(0) = f(1) = 0, we have

o0
f(z) = Z ap sin(nrz) for some a, € R.
n=1

Moreover, find a formula for the coefficients a,.
(ii) For f:(0,1) — R smooth and satisfying f’(0) = f’(1) = 0, we have

f(z) = Z by, cos(nmz) for some b, € R.
n=0

Moreover, find a formula for the coefficients b,,.

FExercise 2.9.3. Suppose {#y} is a complete orthonormal set in L? and f,g €
L2 Let {fx} and {gx} be the Fourier coefficients of f,g. Use Parseval’s
theorem to prove the following:

k
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Exercise 2.9.4. Show that any orthogonal set in L? is at most countably
infinite.

Exercise 2.9.5. Show that any orthogonal basis in L? is complete. In par-
ticular, there exists a complete orthonormal basis for L?.

Ezercise 2.9.6. Compute the formula for the Dirichlet kernel by showing

i gine _ sin[(V 4+ %)x]
Sy sin(%x)

Compute the formula for the Fejér kernel by showing

& [sin(Yx))?
ﬁ Z Z ezkx _ ﬁ[i

i 2
n=0 k=—n Sll’l( :L“)]

DN

Hint. Write ™ = ()" and sum the geometric series.
Erercise 2.9.7. Prove Fejér’s theorem: for f € L*(T),

lim o, f(z) = $[f(z+) + f(z—)],

n—oo
provided these limits exist. Hint: Use the facts that the Fejér kernels are
good kernels that are positive, even, and decay away from x = 0.

Ezercise 2.9.8. Let f be a function on the torus with Fourier coefficients

f(n).
(i) Show that if f is k-times differentiable and f(*) € L', then

f < mi =3 £
If(n)l_ogljlgklnl 1fY e

(ii) Show that if f is Holder continuous of order o € (0, 1] then

[f(n)] S Inl™".
Ezercise 2.9.9. Let f be a function on the torus. Show that f is analytic if
and only if there exist K > 0 and a > 0 such that |f(n)| < Ke=e/"l,

Ezercise 2.9.10. This exercise appears as Theorem 1.4.1 in [16]: Let {a, }52 _
be an even sequence of nonnegative numbers such that a, — 0 as |n| — oo.
Suppose that for n > 0 we have

Apy1 — -1 — 2ap, > 0.

Show that there exists a nonnegative function f € L'(T) such that the
Fourier coefficients of f are given by f(n) = ay,.
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Ezercise 2.9.11. Show that the Dirichlet kernels satisfy ||Dy||;1 2 logn for
large n.

Ezercise 2.9.12. Let f be a Schwartz function. Show that for any multii-
indices o, f and any 1 < p < co we have 2*9° f € LP.

Ezercise 2.9.13. Show that Schwartz space is dense in L?.

Ezercise 2.9.14. Show that if an estimate of the form

[ llza S 1 fllze

holds for Schwartz functions, then ¢ = p’ and 1 < p < 2. Hint. For the first
part, use a scaling argument. For the second, consider f(z) = e~ (1Fit)[2[*/2
and send t — oo.

FExercise 2.9.15. Let A be a d x d invertible matrix with real entries. Show
that if g(x) = f(Azx), then

9(€) = |det A 71 F((AD) 7).
FExercise 2.9.16. Show that
_d—a —x oa— -2 ] —Q
]:[77 2 F(dT)‘x’ d] =7 QF(j)K\ .

This appears in [28, Lemma 1, p.117]. It can be computed using the Gamma

function -
I'(z) = / e 't dt,
0

as we now sketch. First, show that
X el dt (459 d—a | a—d
) e t 2 T =T 2 F(?ﬂx’ .

Now compute the Fourier transform, using the fact that the Fourier trans-
form of a Gaussian is a Gaussian (which follows from computing the appro-
priate Gaussian integral):

—2mixg > —mt|z|2 952 gt 0 _xle? —_aq 2 —ama
¢ € b ipdr= | ¢ cr G =m2 [ TT(g),

where the last equality comes from a change of variables.
Erercise 2.9.17. Show that for f € C°(R3),

—/!m|_1Af(:L‘) dz = 47 £(0).
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Exercise 2.9.18. Solve the Poisson equation —Awu = f in dimensions d > 4.

Ezercise 2.9.19. Use the Fourier transform to solve the wave equation Oy u—
Ozzu = 0 with initial condition (u(0, x), du(0,x) = (f(x),g(x)) in one space
dimension.

Ezercise 2.9.20. Let ¢ € R%. Use the Fourier transform to solve the transport
equation
ou+c-Vu=0

with initial condition u(0,z) = f(x).

Exercise 2.9.21. Solve the linear Schrodinger equation
iOu+ Au =0, u(0,z)= f(x)

on both the torus and R%.

Ezercise 2.9.22. For f a Schwartz function, define the tempered distribution
Tf by

74(9) = [ foda.

Show that the mapping f — T'f is injective.

Ezercise 2.9.23. Let T be the mapping as in Exercise [2.9.22] Show that if
f is a Schwartz function then [T'f]’ = T[f’]. (The notation on the left refers
to the distributional derivative of T'f.)

Ezercise 2.9.24. Compute the second distributional derivative of the func-
tion f(z) = |z|

Ezercise 2.9.25. Compute the Fourier transform of 90%dy.
Exercise 2.9.26. Give full details for the proof of Corollary [2.8.2]



Chapter 3

Fourier analysis, part 11

In this section, we continue our study of the Fourier transform and con-
sider several applied topics. We will use the following normalization for the
Fourier transform:

f(6) = /R ¢ 2 £ (1) dt,

and similarly for Fourier series.

3.1 Sampling of signals

Consider a time-dependent signal (e.g. an audio recording). This is mod-
eled as a function f : R — R, which we write as f = f(¢) to keep the
interpretation of ‘time’ clear. In practice, we should consider signals that
are compactly supported in time, but let us return to this point later.

We will consider the problem of reconstructing a signal f using a col-
lection of samples {f(tx)}3> .- We will assume that the sampling rate is
constant, e.g. tx = kr for some r > 0. (The sampling rate would then be
1/r, i.e. the number of samples taken per second.) In practice, one can
only take finitely many samples, in which case we would like as good of an
approximation of f as possible.

We begin with the observation that this problem is essentially hopeless
unless we restrict to bandlimited signals, that is, signals with compact
Fourier support.

Ezample 3.1.1. Fix 0 < r < 1. Let

fl@)=x-1y(z) and  g(w) = x(-1,1(x) cos(%E).

39
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Then
g(kr) = x(—1,1)(kr) cos(2mk) = x(_1,1)(kr) = f(kr)

for all £ € Z. Thus f and g are indistinguishable by sampling at the points
tk = kr.

The previous example hints at the general principle that in order to
faithfully represent a signal with sampling rate r—!, the sample should not
contain frequencies higher than 7~1. (Actually, both signals above contain
arbitrarily high frequencies due to the fact that they are compactly sup-
ported in time.)

Let us turn to the positive result. We define the function

sin T

sinc(x) := 7L,

Theorem 3.1.1 (Shannon-Nyquist sampling theorem). Let r > 0. Let
f € S(R) and suppose f(&) =0 for all |§] > % Then

F&) =" fkr)sinc[2(t — kr)].

keZ

In particular, to reconstruct a function that is bandlimited to frequencies
1€l < %, one must use a sampling rate at least twice the highest frequency
(i.e. %) This is called the Nyquist frequency associated to the sampling
rate 1.

Note that a function with compactly supported Fourier transform is an-
alytic (cf. the Paley—Wiener theorem); thinking of such functions as ‘infinite
degree polynomials’, it is perhaps not surprising that the function may be
reconstructed using only countably many sample points.

Remark 3.1.2. The appearance of the sinc function in Theorem [3.1.1] may
seem a bit mysterious. One approach for deriving the formula appearing in
the Shannon—Nyquist theorem is to use the fact that

f=xr o, ML = f]
27 2r r
and take the inverse Fourier transform. Here Il denotes the distribution

Mn(p) =Y p(kN),

keZ
and the effect of convolution with Il is to periodize the function, cf.

Iy *p(x) = 3 (e — kN).
keZ
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Computing the inverse Fourier transform of X[, 1] (see Lemma be-
2r

’2r
low) and II:1 (see Exercise , one can deduce the formula appearing in
Theorem B.11l See Exercise B.5.2

We turn to Theorem Let us begin by recording the key property
of the sinc function.

Lemma 3.1.3. The function sinc belongs to L*(R). Its Fourier transform
s given by

Flsind](€) = x,
In particular, for any r > 0 and k € Z,

(&)-

~14

Flsine(L(- — kr)](€) = rxi_1_1y(€)e 27k,
27727
Proof. That sinc € L? follows from the fact that it is bounded near x = 0
and decays like |z|~! for large x.
Next, we compute

1/2 ' .
FUx_1 1)(z) = 2T ¢ = sin(r2) = sinc(x),

[ PR 2] 71/2 T
which yields the desired identity. The final identity then follows from apply-
ing the scaling and translation identities for the Fourier transform, obtained
by a change of variables. O

Corollary 3.1.4. For r > 0, the family {sinc(
orthogonal basis for the subspace of L? defined by

%( — kr))}kez forms an

H={geL*:§ issupported in |-+, =]}

Proof. By Plancherel’s theorem and Lemma the family is orthonormal.
Now if ¢ € H is orthogonal to every element of this family, then again
applying Plancherel’s theorem we see that the Fourier series of ¢ is identically

zero, and hence g is zero. This shows that the family is complete, as needed.
O

The next lemma is an important result of independent interest. It is
known as the Poisson summation formula.

Lemma 3.1.5 (Poisson summation formula). For ¢ € S, we have

doek) = ¢(k).

kEZ keZ
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Proof. Let

= olt—k

kEZ

Note that ®(0) gives the left-hand side of the Poisson summation formula.
Next, observe that ®(¢) is periodic of period one. Thus it has a Fourier

series expansion
— § :(I)(m)e%mmt'
meZ

The Fourier coefficients @(m) as computed as follows:

bm) = | iy (1)
=> / _Emimbe(t — k) dt

keZ

k+1 omi
=S [ e = g,
keZ " —

where we have changed variables and used e~ 2™ = 1. In particular, we
now see that ®(0) also equals the right-hand side of the Poisson summation
formula, and thus the result follows. ]

We next prove a lemma from which Theorem will follow directly.

Lemma 3.1.6. Let r > 0 and f € S(R). Define

Zf (kr) sinc[L(t — kr)].

keZ

Then g € L2, g(kr) = f(kr) for all k € Z, and

&) =x_1 1,©> fle-

2r’ 27" ke7

Proof. That g € L? follows from the fact that it is a linear combination
of orthogonal functions with rapidly decaying coefficients; this latter fact
follows from the assumption that f € S. Next,

=" flkr)sinclt — k] = f(kr M:f(fr).

kEZ kEZ é k)
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Now we compute the Fourier transform. By Lemma [3.1.3] we have

9(6) =rx_ 1 1,(6) > flkr)e 2T,

2wt ey
Applying the Poisson summation formula to the function
ha) = flar)e>mier

(for fixed r > 0 and £ € R) now yields

as was needed to show. OJ

Proof of Theorem[3.1.1] Define g(t) as in Lemma In particular,

9O =x_1 1O FE-).

Thus, if f is supported in [—%, 2%], it follows that § = f. This yields the
result. O

We have seen that to reconstruct a signal using a discrete set of samples,
we need two things: (i) we need the signal to be bandlimited, and (ii)
we need (countably) infinitely many samples. In practice, neither of these
will be satisfied. Indeed, since our signals will be compactly supported in
time, they cannot be bandlimited. This is the content of Corollary
Furthermore, clearly we can only take finitely many samples of any signal.

Thus, in practice one should either decide upon a feasible sampling rate
(or a feasible maximum frequency that one hopes to capture) and then take
as many samples as possible with the appropriate sampling rate.

If one uses too low of a sampling rate, one can run into the problem
of ‘aliasing’. This can be understood by considering Lemma In
particular, for a Schwartz function f we take samples at the points kr and
define the function

g(t) = Z f(kr)sinc[2(t — kr)]

kEZ

as a possible candidate for reconstructing f. In particular, note that g(kr) =

f(kr).
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Suppose that f is supported in [—%, %] If »~' > N then we see that
g(&) will contain one single copy of f (£), confirming what we already know:
for a sufficiently high sample rate of a bandlimited signal, we can reproduce
f by a discrete set of samples. On the other hand, if r~! < N, then § will
contain extra (shifted) copies of f . In particular, certain frequencies will be
‘counted twice’ (or more than twice); this is called aliasing. Thus, if the
sample rate is too low, the function g will not be a faithful reproduction of

the signal. Indeed, in this case we will not have g = f.

3.2 Discrete Fourier transform

Recall that given a continuous signal f : R — R, we will generally only
be able to take finitely many samples, say {f(t,) nN:—01‘ In this section we
describe how to define a corresponding discrete version of the Fourier trans-
form of f.

Let us write the sampled signal as the following distribution on R:

N-1

fd(t) = Z f(tn)é(t - tn)7

n=0

where t, = nr for some r > 0. In order for this to faithfully reproduce f,
we should assume that f is supported on [0,771], say. (Previously it was
[—%, %], but let us shift here for convenience.) We should also assume that
the bulk of the support of f is the interval [0, N7r].

Now note that
N-1

fa(€) = fltn)e ™,

n=0

We would like to use finite samples of fd to approximate fd. Since f is
supported mostly in [0, N7], we should take a sample rate of Nr. Thus we
set s, = g (for m = 0,..., N — 1, which should cover the entire support

of f4) and define

N-1

Fd(sm) = fd(sm) = Z f(tn)€_2msmtn,

i.e.
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We regard {Fy(sm,)} as an approximate discrete version of f. In fact, by
considering the Riemann sum approximation to the continuous integral, we

expect
Nr

Fd(]\%) ~ L (x)efQﬂ'i:pm/Nr dr = 7”71.}?(%).
0
With this motivating example in mind, we proceed to the definition of
the discrete Fourier transform.

Definition 3.2.1. Let f € CV have entries f[n], n = 0,...,N — 1. The
discrete Fourier transform of f is the vector

f=FfecVN

with entries
N-1

flm] =Y eV fln).

n=0

Note that F : CN¥ — C¥ is a linear transformation and hence is rep-
resented by an N x N matrix F with entries F,,, = ¢~ 2mimn/N (
index m,n € {0,1,..., N — 1}). Writing

where we

w=wy = e27rz/N7

we can also write Fp,, = w™ ™"
It is also convenient to introduce the vector w with entries w[k] = w*,
where k € {0,..., N —1}. Then the n'* column of F is given by w™", where

this notation refers to component-wise operation. In particular,

N—-1
Ff=> w"fn]

n=0
To make sure the notation is clear, here is F in the case N = 3:

1 1 1
F=|1 w'l w?
1 w—2 —4

Just as in the continuous case, the discrete Fourier transform is invert-
ible. To invert the matrix F, it suffices to solve the equations

Fx =0, foreach k=0,...,N—1,
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where 0;, has a 1 in the k" position and zero elsewhere. (The columns of
F~! are then the solutions i.) By analogy with the continuous case, we
might expect that we should take z = wF. Let us check:

N-1 N-1
fgk _ § :gfngk[n] — § :anwkn'
n=0 n=0

Now w™"[m] = w™™™, and so
g—n[m]wkn _ wn(k—m)
Now we claim that )
> W) = N, (3.1)
n=0
which will imply
Fuwb = N,
whence
Fl=%F
= F.
For (3.1]), we just need to check that the sum is zero when k # m, i.e.
N—-1
Z(wé)":() forany e {-N-1,...,—-1,1,...,N —1}.
n=0

In fact, this is a geometric series with w’ # 1, and so equals

N-1

(N
>y =

n=0

Since w® = 1, the numerator is zero, as desired.

Given f € CV, its Fourier transform f can naturally be extended to a
periodic sequence of period N, i.e. f(m +/{N) = f(m) for any integer /.
This follows from the fact that w=*m*+N) = ,=km_  In particular we can

view
-1

N
flm] = wkm k] forall m € Z.
k=0
Because the inverse Fourier transform has the same general structure as
the Fourier transform, it is also natural to assume that the original discrete
signal f is also periodic of period N. This will be helpful below.
We now turn to some properties of the discrete Fourier transform that
parallel what we already know for the continuous Fourier transform.
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Lemma 3.2.2 (Plancherel). We have the following:
Ff-Fg=N(f9)

where f-g = >, f[k|glk] denotes the standard complex inner product on
CN.

Proof. We have

N—1N-1 '
Ff-Fg=>_ > fllgklw™ -w™
j=0 k=0
By the computations above,
N-1
£=0

where dy; is the Kronecker delta. Thus

N-1
Ff-Fg=N>_ flklglkl=Nf-g,
k=0

as desired. O

We also note the following identities (left as an exercise):

F(fl-—a]) =w™Ff,

Flu'f] = Ffl—dl. (3:2)

This requires the interpretation of f, F f as periodic sequences. Furthermore,
the product of two vectors should be interpreted as component-wise product,
ie. (vw)[k] = v[k]w[k].

We next turn to convolution of sequences. This also requires the inter-
pretation of f € CV as an infinite periodized sequence. The convolution
of f and g and is then defined by

f*glm] = flklglm — k], me{0,...,N —1}.

The convolution of two periodized elements of C" is then another periodized
element of CV.
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Lemma 3.2.3. The following identities hold. First,
F(fxg) = (FN(Fg),

where as usual the product on the right is component-wise product. Next,
F(fg)=N"'Ff=Fg,

where again fg denotes component-wise product.

Proof. We have

NF(fo)m] =" finlglnw™

I
~
Kl
i)
=

€

3
T
z

n,k,l
=N ) [lklgllldem—r)
k.
= NZf[k]g[m — k] = N[ *g[m],
k

and the desired identity follows from applying F. Now, an analogous com-
putation shows that

Flaxb)=NF taF1b.

Thus
FUNTIFf = Fg) = fg,

which implies the second identity upon applying F. O

Applying convolutions to signals (or, equivalently, multiplying their dis-
crete Fourier transforms by functions) allows us to perform various ‘filters’
on our signal (e.g. low-pass, high-pass, band-pass filters, and many other
variations). We will not pursue this topic here, but would like to remark
that this is a starting point for many important applications.

We would also like to make the following observation, which is useful
to keep in mind in applications. For real signals (i.e. vectors in RN ), the
Fourier transform has some symmetry properties. In particular, the discrete
Fourier transform splits at index N/2. Note that

N-1

FFN/2l =) (~1)*flk],

k=0
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and in particular is real. One finds in general that
FAY + 0 =FFY — &

for k = 0,..., % — 1. Note Ff[0] is just the sum of the components of
f. One calls Ff[0] the ‘DC’ component; the frequencies m = 1,..., % -1
the ‘negative frequencies’; and the frequencies m = % +1,...,N —1 the
‘positive frequencies’. All of the information about Ff is contained in the

DC component, negative frequencies, and the value F f[N/2].

3.3 Fast Fourier transform

In the previous section, we saw that the discrete Fourier transform and its
inverse are simply linear transformations on CV and hence are represented
by N x N matrices. In applications, however, it can be rather costly to
perform matrix multiplications. In general, multiplication of an N x N
matrix by an N x 1 vector has computational complexity O(N?).

The fast Fourier transform gives an efficient method for computing the
discrete Fourier transform. This approach actually appears in work of Gauss
(in 1805, modeling orbits by ‘Fourier series’). The algorithm as it will be
described here is more commonly associated to Cooley and Tukey.

In the following, we will typically assume that N = 27 for some j € N.
We will write 7 = F), for the discrete Fourier transform on sequences of
length p. We recall w, = e27/¢,

Lemma 3.3.1. Let f € CN with N even. Then for m =0,1,...,N/2,
Fn fIm] = Fnjafelm] + wy™ Fnsa folml,
Fnflm+ N/2] = Fyjafelm] — wy" Fnjafolml],
where
feln] = f12n] and foln]=f2n+1] for n=0,....5 -1
Proof. Let m € {0,1,...,N/2}. Then, splitting into even and odd parts,

N/2—1 N/2—1
Fnflm] = Z f[Qk}e_zmm(%)/N—i— Z f[2k+1]e—2mm(2k+1)/N_
k=0 k=0

The first term equals

N/2—-1
D felk]e 2 NEY = Fy folm).
k=0
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The second term is treated similarly to produce Fy/o fo[m], except there
—2mim/N

appears an extra power of e =wy".

Next consider Fy f[m + N/2]. In this case we only need to observe that
e—27ri(m+N/2)(2k)/N _ e—27rim(2k)/N€—27rik _ 6—27rim(2k:)/N

which leads to the Fy/s fe[m] term again. On the other hand,

o~ 2mi(m+N/2)(2k+1)/N _ ,—2mim(2k+1)/N ,—2mi(k+3) _ _ ,—2mim(2k+1)/N

I

which accounts for the minus sign in the formula above. This completes the
proof. O

For N = 27, this lemma can be iterated until one is reduced to computing
F1, which is trivial. Computing the discrete Fourier transform this way is
the fast Fourier transform algorithm.

We will look at the fast Fourier transform in more detail below. First,
let us see what computational advantage it has.

Proposition 3.3.2. Let F(N) be the number of operations it takes to com-
pute the discrete Fourier transform with the fast Fourier transform algo-
rithm. Then

F(N) ~ NlogN.

Recalling that computing the discrete Fourier transform using matrix
multiplication takes O(N?) elementary operations (e.g. additions and mul-
tiplications), we see that the fast Fourier transform provides a huge compu-
tational advantage.

Proof. Using Lemma we find that
F(N)=2F(N/2)+¢N for some ¢ > 0.

Rearranging, this yields

F(N) _ F(N/2
=T e
F(27)

Assuming N = 27 and setting a; = , this simply reads

27
aj =aj_1+c, sothat a;=jc+ aop.

But ag = F(1), the number of operations needed to compute the discrete

Fourier transform of a single point. In particular, ag = 0, so that a; = jc.

Thus
F(N)=cNlogN,

as claimed. ]
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Let us now look closer at the fast Fourier transform algorithm. As we will
see, this algorithm amounts to a factorization of Fxn. Recalling Lemma|3.3.1
we need to define an operation that sorts a vector into its even and odd
indices.

Definition 3.3.3. For f € CV with N even, let
70 f[k] = f[2k] and 7' f[k] = f[2k + 1]

for k € {0717'--7% —1}. In particular, 70f € CN/2 and 7' f € ON/2. We
denote sequential applications in a contravariant fashion, namely

7T01f — 7_‘_17_{.0‘]07

and so on. In particular, the input will always be a vector in CV, but the
input is a vector in CN/?' | where j is the number of digits appearing in
superscripts.

Next let us write Iy for the NV x N identity matrix and €y for the N x N
diagonal matrix with Qx[m, m] = wyy". Then Lemma may be written

as
]:N/27T0f> <IN/2 Qw2 >
Fnf=B . By= .
nf N ( Fnjomt f N Inip —Qnyj2

Now we repeat the process, yielding

Fnjam f

Fnjamt f
Fnf = By -diag(By/2) ,
Fnjam0f

Fnjamttf

where diag(By/2) is the N x N block diagonal matrix with By, in the
upper left and lower right blocks.

Now continue this until we reach a vector with N applications of F; = Id.
This leads to

log N—1

Faf— [ I diag(BN/zw} (re®) pyN-1. (3.3)
k=0

where diag should always be taken with a suitable interpretation, and c(k)
denotes the unique sequence of log N binary digits corresponding to the
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element k € {0,1,...,N — 1}. For example, if N = 8 then ¢(4) = 100,
c(5) = 101, and so on. By uniqueness, we may also define the map ¢! taking
sequences of binary digits to the corresponding integer (so that ¢=1(101) = 5
in the example just given).

Let us continue from (3.3). The vector (me(k) f)/{g\f:_o1 consists of some
rearrangement of the entries of f. We can understand exactly which rear-
rangement occurs through the following lemma.

Lemma 3.3.4. Given a sequence d = dy - --d; of binary digits, define Rd =
d;---dy to be the reversal of d. Then

n'f = fleH(Rd)]

for any wvector f € CQj, where ¢! is the map from sequences to integers
introduced above. Equivalently,

nlim B f = fle N (dy - da))s

Proof. We proceed by induction. If j = 1 then d = Rd and so the claim
boils down to to 7¢f = f[d] for d € {0,1} and f € C2, which is true by
definition.

Now suppose the result holds up to level j — 1. Then

ﬂ_dj...dzﬂ_dlf _ (Wdlf)[c_l(dj . d2)],

There are two cases, namely d; € {0,1}. Let us first assume d; = 0. In this
case,

(x°f)[k] = f[2k], sothat (x°f)[c ' (d;---do)] = f[2¢ " (d;- - dp)].
It therefore remains to show that
2¢71(d) = ¢ 1(d0)

for any binary sequence d, where we note the slight abuse of notation in the
map ¢~ above. Indeed, multiplying a number by 2 just increases each power
of 2 in its binary expansion, which equivalently shifts the binary sequence
to the left.

If d; = 1 then (7! f)[k] = f[2k + 1], so that

(w' f)le™H(dj---do)] = f[2¢7(dj-- - do) + 1].
Thus we need to check
2¢71(d) + 1 = ¢ 1(d1).

In fact, multiplying by 2 appends a zero to the sequence (as we just saw),
and adding one changes this zero to a one. This completes the proof. O
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Returning to the setting of (3.3,
O f = fleH (Re(k))].

Thus we see that to perform the fast Fourier transform consists of first
sorting the indices of f according to the rule above and subsequently multi-
plying by log N explicit block diagonal matrices. (This also provides another
derivation of the O(N log N) computational complexity of the fast Fourier
transform.)

Note that the sorting described above defines a linear transformation on
RY and hence is represented by an N x N matrix P. In particular, imposing

(P = fle™ (Re(h))]

P[j,k]:{l c(k) = Re(j)

leads to

0 otherwise.

Thus for each row there will be precisely one nonzero entry (with value 1).

Ezxample 3.3.1. If N = 8, the fast Fourier transform is computed by

0]

f14]

B, 0 0 0 f12]

By 0 0 By 0 0 £16]
BS(O B4> 0 0 By 0 f1]
0 0 0 By £15]

f13]

f17]

The sorting matrix has the form

[N elNelBoll S =)
_ o O O O oo
O R OO O OO

OO O oo oo
O oo+ O OO
OO OO O o~ Oo
OO OO+ OO O
_ O O O oo oo

00 0

Remark 3.3.5. If N is not of the form 27, a common trick is to ‘pad’ with
zeros until NV is of this form. Despite increasing the dimension, this can still
result in a computational advantage. We will not pursue this topic here.



54 CHAPTER 3. FOURIER ANALYSIS, PART II

3.4 Compressed sensing

We next turn to an introduction to the area of compressed sensing. In
many applications, signals are in some sense ‘sparse’, and because of this
it is often possible to (i) reconstruct signals using far fewer measurements
than expected and (ii) compress these signals significantly without losing
information (for purposes of data storage, for example). This is a field that
has developed rapidly in recent years and has many important applications.
We will primary present the results of [4]; we also use [11] as a reference. At
times, certain standard probabilistic estimates may be used without proof.
Most of the proof will be presented; however, some very technical elements
will be relegated to the exercises.

We focus on the problem of recovering sparse signals from small sets of
Fourier coefficients. Sparseness can be measured using the “/° norm’ (it is
not a norm, nor even a quasi-norm): for f € CV,

| flleo = |supp(f)|, supp(f) = {j: flj] # 0}.

Here | - | denotes counting measure.
We begin with the following preliminary result.

Theorem 3.4.1. Let f € CV satisfy || f|o = s. If N > 2s, then f can be
reconstructed from its first 2s Fourier coefficients {f[n] : n =0,1,...,2s —

1}.

Remark 3.4.2. More generally, if N is prime, and || f|[,0 = s then f can
be reconstructed from any collection of 2s Fourier coefficients. We will be
content to prove Theorem See [25] for the more general result.

Proof of Theorem[3.7.1. We need to determine S = supp{f} and {f[j] : j €
S}. The proof will actually demonstrate how one may reconstruct f.
Consider
p(t) _ % H(l o e—Qm’k/NeQwit/N»
keS

This is a trigonometric polynomial, i.e. a polynomial in e2™it/N  Note
that p(t) =0 for t € S.
Furthermore, since f[j] =0 for ¢ € S, we have

p(t)f(t)=0 forall 0<t< N —1.

In particular,
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where pf denotes component-wise product. We may rewrite this as

N-1

Y bk fG—k) =0 (3.4)

k=0

forj=0,...,N — 1.

Now observe (by considering the inverse Fourier transform) that p(k) is
the coefficient of p(t) appearing with e2 /N In particular, $(0) = 1 and
(since p is a trigonometric polynomial of degree < s) p(k) =0 for k > s.

Rewriting for s < j < 2s—1 leads to

Fl2s — 1]+ plLIf2s — 2] + -+ pls] fls — 1] = 0.

We rewrite this as a linear system

A A

fls=1 fls=2 - flo Bl flsl
: : == : - (3.5)

fles=2] - e fls—1] pls] fl2s 1]

Now, the matrix on the left and the vector on the right are known quan-
tities. In particular, given f € CV and knowledge of its first 2s Fourier
coefficients, we can write down the system , which must have at least
one solution (namely {p[k]};_,). However, this solution may not be unique.
In the following, we find some solution § to , which we extend to CV
by setting ¢[0] = 1 and ¢[k] = 0 for k > s.

Then, reversing the steps above, we have ¢ * fm =0for s <5<
2s — 1. In particular ¢f (component-wise product) has Fourier transform
vanishing on s consecutive indices. We claim that this implies ¢f = 0. To
see this, we first note that since f = 0 outside of S, to compute the vector
of Fourier coefficients ¢f[j] for s < j < 2s — 1 it suffices to multiply the
vector {qf[j]}jes by the s x s submatrix A of Fy defined by choosing the
rows s through 2s — 1 of F and the columns defined by indices in S. Thus
it remains to check that A is invertible.

To see this, note that A is of the form Afi,j] = w™ ()% where i =
0,....,s—1land S ={n; : j =0,...,s — 1}. In particular, after factoring
out w™ ™ from each column, A is the transpose of a Vandermonde matrix
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(i.e. a matrix whose rows are geometric progressions) corresponding to the
parameters w™"0,...w~ =1, Thus det A is a nonzero multiple of the product
over 0 < j <k <s—1of w™ —w ™, and so the result follows provided
w" # W™ for any j, k. In fact, this follows from the fact that 0 < nj,n, <
N—landnjaénk.

We conclude that A is invertible, and hence ¢f[j] = 0 for j € S. In
particular, ¢[j] = 0 for j € S. Now, recalling that ¢[k] = 0 for k > s (so
that ¢ is a trigonometric polynomial of degree < s), we see that the fact
that ¢[j] = 0 for j € S actually identifies S. That is, S is given precisely by
the zeros of q.

Finally, to find f[j] for j € S, note that f[k] for k = 0,...,2s — 1
are given by 2s linear equations involving the unknowns f[j]. Solving this
system yields f[j]. O

Remark 3.4.3. Let us summarize the proof above. To reconstruct a signal
f with || f]|,0 = s from its first 25 Fourier coefficients, proceed as follows:

e Find a solution ¢ to the linear system (3.5)). Extend to CV by setting
G[0] = 1 and §[k] = 0 for k > s.

e Find the zeros of ¢ = F~'¢. This identifies S.

e Solve the linear system that produces the first 2s Fourier coefficients
of f from the unknowns f[j], j € S.

The results just discussed suggest that in general, one should expect
that knowledge of a signal’s Fourier coefficients on a set Q should suffice
to construct signals with support of around the same size as 2. Strictly
speaking, this is not true.

Ezample 3.4.1. Suppose N is a perfect square. Define f by f[jv/N] =1 for
j =0,1,.../N —1 and f[k] = 0 otherwise. Then |/f|,0 = v'N. Let us
compute the Fourier transform. We have

N-1 VN-1
e—?ﬂ'zﬂk/Nf e—2m]k/\/ﬁ‘

=0 §=0
Now, if k = pv/N for some p, then the sum yields v/ N. Otherwise, summing

the geometric series (as we did when computing the inverse Fourier transform
in general) yields zero. Thus

f=VNf.
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In particular, we may choose €2 to be the set of frequencies precisely avoiding
{pV/N:p=0,...,v/N—1}. Then |Q| = N — /N, but knowing the Fourier
coefficients on {2 cannot distinguish f (supported on a set of much smaller
size V/N) from the zero signal.

The result that we will present essentially restores the intuition intro-
duced above (which was just shown to be wrong, strictly speaking). The
key is that one must incorporate a probabilistic viewpoint.

Before stating the result, let us first note that the reconstruction problem
under consideration is equivalent to the following /° minimization problem:

minimize ||g||o  subject to  §lo = fla. (Po)

This turns out to be computationally expensive and not particularly robust
(e.g. if one is dealing with noisy measurements). In practice, one instead
may consider the following ¢! minimization problem:

minimize ||g||p  subject to  §lo = fla. (Py)

The result we will prove will ultimately construct solutions to (P)).
Before moving on to the main result, let us quickly show that solving
(P1)) yields ‘sparse’ signals (in the real-valued case, at least).

Proposition 3.4.4. Suppose there exists a unique minimizer g to the prob-
lem ([Py)) over RN. Then ||g|l0 < |9.

Proof. The problem consists of minimizing the ¢! norm subject to a con-
straint of the form Ag = f for A € CI?*N_ 1In fact, A is just a submatrix of
FN.

Let g be the unique minimizer and S = supp(g). Writing a; for the
columns of A, we will show that {a; : j € supp(g)} is independent, which
implies |supp(g)| < |92, as desired.

Suppose Av = 0 for some v with suppv C S. Suppose toward a contra-
diction that v # 0.

As g is the unique minimizer of and A(g 4+ v) = Ag, we have

lgller < llg + tvlln =Y sign(gli] + tolj]) (gl4] + tvlj])
jes

for any ¢ # 0. Choosing

< mi . ,Oi’
|t] Ijrgglg[,v]l\lvlle
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we are guaranteed that sign(g[j] + tv[j]) = sign(g[j]) for each j. Thus

lgller <D sign(gliDgli] +¢ Y sign(gli])olj]

JjeS jes
= llgller + 1t sign(gls])o[]-
jes
This gives a contradiction upon sending [¢| — 0. O

Let us finally state the main result of this section.

Theorem 3.4.5 (Candeés-Romberg-Tao). Let f € CN and M > 1. There
exists Cpy > 0 such that the following holds:

Suppose [ is supported on some set S. Choose Q of size |2 = N,
uniformly at random. If

Q| = N, > Cy|S|log N,

then with probability at least 1 — (’)(N*M) the minimizer of (Pi|) is unique
and equals f.

Remark 3.4.6. In Theorem the Fourier coefficients are randomly

sampled. In particular, given N,, we choose 2 uniformly at random from

all sets of this size. Thus each of the ( ]f[\i ) possible subsets are equally

likely. The result says that the fraction of such subsets from which we can
reconstruct f is at least 1 — O(N~M), provided N, > Cys|S|log N.

Remark 3.4.7. This theorem is optimal. Consider again the vector in
Example To have a chance of recovering f, the set 0 must overlap
W = supp f in at least one point. Now, choosing ) uniformly at random,

T e () (3)

Now, we should already be assuming that Q| > |S| = v/N. Under this
assumption, we get the following lower bound:

PQAW =0) > (1- ZH)YY
See Exercise Therefore, if we hope for P(QNW = () < N~™ we need

VNlog(1 — 22y < —Mlog N.
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Supposing we also want to avoid the case when |Q| is comparable to N (so

that || < 2N), we can view log(1 — @) as comparable to —@, whence

Q| 23 VNlog N~y |S]log N.
In particular, the log N appearing in Theorem [3.4.5| cannot be avoided.

We turn to the proof of Theorem In the following, we denote
the restricted Fourier transform by Fs_.q; that is, if e : £2(S) — £2(CYN) is
extension by zero, then Fg_,q : £2(S) — ¢3(Q) is given by

Fsoaf = Fn(ef)la forall fe?(S).

For complex vectors f € CV supported on a set S, we let the sign vector
sgn(f) be defined by

for neS,

sgu(f)[n]

with sgn(f) =0 off S.
We will prove the following proposition, which we will then use in the
proof of Theorem [3.4.5

Proposition 3.4.8. Let Q C {0,...,N — 1}. Suppose f € CV and S =
supp(f). Suppose that there exists P € CN such that

. suppPCQ,
e P[t] =sgn f[t] on S,
o |Plt]] <1 fort¢S.

Then if Fs—q is injective, then the minimizer to (P1|) is unique and equals
f. (Conversely, if f is the unique minimizer of (P1]) then there exists P as
above.)

Proof of Proposition[3.4.8 Let us prove only the forward direction, which
is most directly useful for us.

Suppose such a vector P exists. Suppose that g satisfies g|lg = f|Q Set
h =g — f. Then on S we have

gl = |f + | > | f| + Relhsgn(f)] = | f| + Re[hP].
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To establish this inequality, write f = |f|e? (i.e. e = sgn(f)) and h =
|h|e’; then the inequality is equivalent to
[|f| + |h|cos B +ilh|sin B8] > |f| + |h|cos B, B=a—08.

Outside of S, we have

9| = [h| > Re[hP],

since |P| < 1.
It follows that
N-1
lgller > Il + ) Re(h[n]Pln]).
n=0

Applying Plancherel, using the properties of P, and recalling h =0 on ,
we deduce that

N-1 ~ N-1 . —
> " Re(h[n]Pn]) = % > Re(h[n]Pln]) = 0.
n=0 n=0

It follows that ||g||, > || f]|¢1, so that f is a minimizer of (P)).
Now suppose that ||g|l; = ||f|l¢- Then (considering the argument
above) we must have

|h[n]| = Re(h[n]P[n]) for n¢S.

(Indeed, otherwise we obtain

N-1

1£ller = Nlgler > 11 flle = Re[h(n) P(n)],

n=0

=0

a contradiction.) However, since |P[n|| < 1 for n ¢ S, this implies h = 0 off
of S. By the assumption that Fg_,q is injective, we also have that Ao = 0 on
S. In particular, f = g, and hence f is the unique minimizer of (P4)). O

The strategy will now be to construct a suitable polynomial satisfying
the first two properties in Proposition and to show that it satisfies the
desired upper bound with high probability. We would like to choose

P = Fiv_oFssa(FisaFssa) e sen(f), (3.6)
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where the notation means the following. First, * denotes adjoint (i.e. conju-
gate transpose). In particular, recalling that e is extension by zero, we have
that e* : £2(CN) — (2(89) is simply restriction to S.

If we can define such P (given S and ), then P automatically has
Fourier support in 2. Furthermore, we claim that e*P = e* sgn(f). In fact,
this follows from

e (EN_>Q = (Fevoee)' = Fioa-
Thus, fixing f and its support S, the proof of Theorem boils down
to proving that if Q is chosen uniformly at random from sets of size 2,/
|S|log N, then

1. The operator Fg_,q is injective with probability 1 — O(N~M), and

2. The function P defined by ({3.6]) satisfies |P| < 1 off of S with proba-
bility 1 — O(N~M).

Indeed, if item (1) is satisfied then F§_,Fs_q is necessarily invertible.
(Both are equivalent to Fs_,q having full column rank.)

It turns out to be simpler to prove these when one uses a different prob-
abilistic model than simply selecting {2 uniformly at random. In particular,
let us first consider the Bernoulli model. Given 0 < 7 < 1, we create the
random sequence

I = {1 with probability 7 (3.7)

0 with probability 1 — 7.

We then can then define a random set of Fourier coefficients by Q = {w :
I, = 1}. The size || is random and follows a binomial distribution with
E(|©?]) = 7N. In fact, when N is large, one has || ~ 7N with high
probability (by large deviation estimates).

We will prove the following two propositions.

Proposition 3.4.9 (Invertibility). Let S ¢ CY and M > 1. Choose
according to the Bernoulli model with parameter T. Suppose

TN 2 |S]log N.
Then F_ oFs—q is invertible with probability at least 1 — O(N~M).

Proposition 3.4.10 (Bounds). Under the assumptions of Proposition
the function P defined by (3.6) satisfies |P| < 1 off the set S with probability
at least 1 — O(N~M).
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Assuming these two results, let us complete the proof of Theorem [3.4.5)

Proof of Theorem [3.4.5, assuming Propositions[3.4.9 and[3.4.10. Let F(Q)
be the event that no polynomial P exists as in Proposition if we choose
the set Q of Fourier coefficients.

Let Q be of size N, drawn uniformly, and €’ be drawn according to the

Bernoulli model with 7 = % Writing €, for a set of frequencies chosen

uniformly at random with |Q| = k, we have

N N

P(F(Q) =) PF(Q): || =k P(Q|=k) =) P(F(%))B(2] = k).

k=0 k=0

Now note that P(F(€2)) is decreasing in k (it only gets easier to reconstruct
using larger sets). We also claim that

P(|Q| < 7N) > 1,

which follows from the fact that 7V is an integer and hence the median of
the random variable |Q'|. Thus

&
&

B(F()) > S B(F(Q) B(Y| = k) > BF(Q) 3 B = k) > § B(F(Q)).

e
Il
e
Il

In particular, if we can bound the probability of failure for the Bernoulli
model, then the probability of failure for the uniform model will be no more
than twice as large. d

The key to proving both Proposition [3.4.9] and |3.4.10| is to establish
certain probabilistic estimates for random matrices. From this point on, we
assume the Bernoulli model holds and also assume |TN| > M log N.

Define
Hfft] ==Y Y mwi=)/Ng[g] (3.8)

weN SDs#t

and set Hy = e*H. Writing Ig for the identity operator on £2(S) (so that
e*e = Ig), we have

1 _ 1 =
€ — @H = |Q|~F(3N_>Q~FS—>Q’

1 _ 1 *
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In particular, introducing Hy separates the diagonal term of Fg_ o Fs .0
(which equals || identically) from the oscillatory off-diagonal. To define P
as in (3.6]), then we wish to have

P = (e i H)(Is = o)~ sgn(). (39)

To prove invertibility (cf. Proposition [3.4.9)), we need to estimate the
operator norm of Hy. We will prove the following below:

Lemma 3.4.11 (Moment bounds). Let 7 < (1 +¢)~! and ng = WJI\I_T).
If n < nyg, then

E{tr(H3")} < 2( ) NS

e(l—7)

To prove the upper bound in Proposition we will also need esti-
mates on H. The crucial estimate will be the following:

Lemma 3.4.12 (Moment bounds, IT). Let 7 < (1+e)~! and ng = 4|S|T(11V_T).
Forn =km < nyg,

E{|H sgn(f)*} < 2(ss)"n"+ [V
uniformly on S.

Assuming these moment bounds for now, let us complete the proof of
Proposition [3.4.9 and (3.4.10). Then, finally, we will prove the moment
bounds and thereby complete the proof of Theorem [3.4.5

Proof of Proposition[3.4.9 We fix M > 0. We need to prove invertibility of
the matrix

1
IS - @H()v

where Hy = ¢*H and H is as in (3.8)). For this, we essentially need to show
that we have the following bound on the operator norm:

[ Holl < ¢[€]

for some 0 < ¢ < 1 (see Exercise [3.5.5)). Recall that E{|Q|} = 7N. We first
deal with the probability that || is far from its expectation.
We will use a standard large deviation estimate, namely

P{|0] < E(1Q]) — t} < exp{— 55y}
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for any ¢t > 0. Applying this with the choice

t =7Ney, where ey = /208N (3.10)

yields
P{By} < N-M, where Bas = {12 < (1 - car)7N).

Next, let Aj; denote the event {||Hy|| > %} We would like to bound

P{Aps}. For this we will rely on Lemma [3.4.11| and the fact that (since Hy
is self-adjoint)
| Ho|*" = [|Hg|* < te(HG").

See Exercise (3.5.6)). In particular, for any n < lev_ﬂ, we use T’chebychev
and Lemma [3.4.17] to estimate

P{||Ho|l > T} = P{|[ HolI*" > (“%)*"}
< ]P’{tr(HQn) N)Qn}

(o
< o E{tr(HE"))
< 2y T (PN S|

Recalling the assumed lower bound 7N 2, |S|log N, we see that we may
choose n ~ys log N, say n = (M + 1)log N. Choosing constants appropri-
ately, the upper bound above is of the form

8nl|S — — _
2y Sle™ S IrNINTOE g N

In conclusion, we have shown that on A§,; N B, we have

__ler

|Holl < % < 12

7 < c|Q|

for some uniform 0 < ¢ < 1. In fact, this holds with the Frobenius norm
of Hy. This shows the desired invertibility with the desired probability and
completes the proof. O

So far we have established that we may define the function (3.6|) with high
probability. We turn to the proof of the upper bounds in Proposition [3.4.10
which will again rely on Lemma |3.4.11| and Lemma [3.4.12
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Proof of Proposition[3.4.10. We need to prove bounds for
P = (e — e H)(Is — & Ho) 'e" sgn(f).

on the complement of S. We begin by writing

n—1
15~ i) = s~ ett)” 3 e )
m=0

I
o
+
M8
B
-
&5
bl
VRS
M1
E‘H
3
=
N————

where we have used the identity (1—-M)~! = (1-M™) "' (1+M+---+M" 1),
In the following, we denote

[o.¢]
_ 1 ggnp
R=>" ot Ho
p=1

and regard this as a remainder term. In fact, writing ||Ho||r = \/tr HoH
for the Frobenius norm, we have the following implication:

[Hollr < alQ] = |IRllF < 1255
Using the Cauchy—Schwarz inequality, we can write
1
[Rlloo < [S[Z[| Rl P,
where
IRlloo :=sup Y _|R[i,j]l = sup | Ralle.
¢ llzll oo <1

Indeed here S is the number of columns of R. In particular, we have the
following implication:

1 n
[Hollr < ol = ||R]le < [S]2 7257 (3.11)

As we will see, this will deal with the contribution of R in the formulas
above. Thus we will focus on proving estimates for the truncated series

-1

3

1 m
o Hy".

m=0
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We claim that we may write
P=Py+ P offof S,
where

Py = Dy sgn(f), P = ﬁHRe*(I—I—Dn,l)sgn(f),

_ 1 m
Dn - WHO .

m=1
To this end, note that by (3.9) we have
P = —ﬁH(IS - ﬁﬂo)_le* sgn(f) offof S.

Continuing from above, some rearrangement shows that the claim boils down
to the identity

n—1 n—1
e QT (He ) sgn(f) = D |7 (¢*H) ™ sgu(f).
m=0 m=0
We prove this by induction. In particular, if m = 0 then e*sgn(f) = sgn(f)
since f is supported on S. Next, if e*(He*)™ sgn(f) = (e*H)™ sgn(f), then
(e*H)™ Tl sgn f = e*H[e*(He*)™ sgn f] = e*(He*)™ M sgn f,

as desired.
Now, choosing any ag,a; > 0 with ag+a; = 1, we begin with the bound

P(S;P|P(t)| > 1) <P(|Polloe > a0) + P(|| Pilloc > a1).
t¢S
Let us first focus on proving bounds for FPy; we will return to P; below.

For the Py term, we will use the moment bounds in Lemma Recalling
the proof of Proposition we have the set Bjs on which | < (1 —

em )TN, where e)/ is as in (3.10)).

On the complement of By, we have
|Po| < Z Y, Y= WIHS”SgH(f)!
m=1

We suppose n = 27 — 1 for some J and let Bj be positive numbers such that

J—1
Z 2785 < .
§=0
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Then, by Tchebychev,

n J—12it11 J—127t11 -
P() Yo > ap) < P(Ym > B8) <> D B E{Ya[*93,
m=1 j=0 m=27 j=0 m=27

where K := 277, Now, for 27 < m < 2711 we have n < Kjm < 2n. Thus,
recalling |S| < 7N/n (with n ~y; log N), we can apply Lemma [3.4.12|to get
a bound like

E{|Y;, |25} < (1 —epr) "2 ne "o
for some a € (0,1) (one should think of a ~ 3, but this parameter will be

specified more precisely below). If we choose B;Kj = f,", then summing
the above gives

P{|Py(t)| > ao} < 2(1 — epr) " 2"nPe "By *".
With By ~ .42, one has ) j 2J Bj < .91 and hence one can conclude
P{|Py(t)| > ag} < en :=2(1 — epy) " "ne "0 (.42) 72",

where ag ~ .91. In particular, we have a set A(t) with P{A(t)} > 1—¢, and
|Po(t)] < .91 on A(t) N BS§,. As a consequence,

P{sup |Py(t)] > ap} < NM 4 Ne,. (3.12)
t

We now need to deal with P;. For this, we observe

Py = g HRe* (sgn(f) + Qo), Qo := Dy-1sgn(f),

so that
1Prlloc < gl HRlloo (1 + [Qolloc)-

Note the argument just given for Py applies equally well to Q.

Consider the event E = {||Ho|lr < a|Q]}. As we saw in the proof of
Proposition the probability of E exceeds 1 — O(N~M). Using the
crude bound [[H||s < |S||©| (since H has |S| columns and each entry is

bounded by |©2|) and (3.11]), we have

3
Sl Rllscll H o < 1512

an
[0

—an on FE.

Putting together the pieces and recalling the bound (3.12]) (for @), we see
that ,
1Pilloo < 2|82 1255 < a1 (3.13)

11—«
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with probability 1 — O(N~), provided that the second inequality holds.
Recall that a; ~ .09 is just a fixed constant here.

It remains to put together the pieces and complete the proof of Propo-
sition Recall that we choose n ~ (M + 1)log N and that we have a
free parameter o appearing in the definition of €,, which needs to be cho-
sen small. The choice is ultimately dictated by the fact that we want the
probability in to be O(N~M). In particular, we should take

o = .42(1 - 8M).

It remains to check that the final inequality in (3.13]) holds. Using the crude
bound |S| < N, we need

ot 1420 —ean)]”

T 42— ey =

where we recall

v = 2MT1X,gN and n~ (M +1)logN.

In particular, the inequality above holds for N, M reasonably large. This
completes the proof. O

Finally, we turn to the probabilistic estimates in Lemma and
Lemma [3.4.12] The proofs are similar, so let us focus on Lemma [3.4.11

Proof of Lemma[3.4.11 Let us write the matrix elements of the |S| x |S]|
matrix Hy as follows:

0 t=t .
Ho(t, 1) = {c(t - " where c(u) := Z 2miwu/N

t#£t, e
In particular, the diagonal entries of H3" are given by
H§"(t1,t1) = Z oty —t2) -+~ c(tan — 1),

t2,..,tanitj At 11

where we write to,+1 = t1. It follows that

E{tr(H§")}
DS exp{wzw] ~ti}

t1,estontjAtir1 Wise,w2n €0
2n

- ¥ 3 exp{mzw] tﬁl}E{Hij},

tl,...,tgn:tj;ﬁtj+1 0<wi,...,wan <N—1 7=1
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where ij is the random variable defined in and we have used the
linearity of expectation.

Now, for any w = {w1,...,ws,}, we may define an equivalence relation
R(w) on A ={1,...,2n} by imposing that

JRw)k iff wj = wy.

We claim that the expectation above depends only on the equivalence class
of R(w), denoted A/R(w). This is because the I, are independent and
identically distributed. In particular,

2n
E{H [} _ /R
j=1

(The number of elements in the equivalence class A/R(w) tells you how
many times you should really multiply the probability 7 to compute the
expected value.) With this in mind, we rewrite

2n
E{tr(H")} = > > TR eXP{Z}(V ij(tj_tj—i-l)}a
t1,..otonitj#tj11 REP(A) weQ(R) Jj=1
(3.14)
where P(A) is the set of all equivalence relations on A and

QR)={w: Rw) =R} ={w: ws =wp < aRb}.

In particular, the equation implicitly contains sums defined by im-
posing w, # wp for some a,b. The next step will be to rewrite the sums in
a way that avoids such ‘exclusions’; so that we can end up writing sums as
products that are easily understood. Here is the relevant identity:

Lemma 3.4.13 (Inclusion-exclusion formula).

Y flw) =Y (—nWEEWELTT (AR -1 > fw),

weQ(R) R'<R A'€A/R! we<(R')

where
R <R if aRb = aR'b

and
Q<(R)={w: R(w) <R} ={w:aRb = w, = wp}.
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The proof of this lemma is outlined in Exercise |3.5.7]
Let us continue from (3.14]), writing the inner sum as

S RN fw

ReP(A) weQ(R)
where )
Flw) = exp{Z Y wjlt; —tj11)}-
j=1

We apply Lemma to this expression. By rearranging the sums over
R € P(A) and over R’ < R, we may rewrite the expression above as

Y T(R) D) fw),
R'€P(A) we (RY)
where

= S AR AR-ART TT (AR - 1)

R>R’ A'€A/R!

We now claim that (by splitting A into equivalence classes of A/R’ and
further splitting the relations R” on A" € A/R' by number of equivalence
classes), we may rewrite this as

A
= JI D sqal k)b =04 -1, (3.15)
A'€A/R k=1

where S denotes the Stirling number of the second kind, i.e.
S(n,k) =#{ReP(A):|A/R| =k}, with #A=n.

See Exercise We denote the sum appearing above by Fj4/((7), i.e.

n

Fu(r) = (k= 1)!S(n, k)(~1)" "7, (3.16)

k=1

Using this notation, let us continue from above to finally express the desired
expected value in a way that is amenable to estimation. So far, we have
arrived at

SCRED D SIS | TN o

ReP(A) t1,....tan:t;#tj 11 A/€A/R weQ< (R
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with f as above. Now let us work on this final sum. Note that for any
equivalence class A" € A/R and w € Q<(R), we have w, = wy, for any a,b €
A’. Denote this common value by was. Denote also tar =3, c 4/(ta — tas1)-
Then we can write

ol Test i) =TT exolunte).
A'€A/R
Using this,
Z flw) = H Zexp Ziwatart,
weN<(R) A’€A/R wyr

where the sum is over all possible wys € {0,..., N —1}. But now we observe
that the inner sum equals N when t4, = 0 and equals zero otherwise. In
conclusion:

E{tr(H;M} = > > NWE ] Far (3.17)

REP(A) T(R) A'€A/R

where

T(R)={t1,...,tan s.t. tj#tj;z1 and ty =0 forall A€ A/R}.

This formula implies that we may disregard any R such that some equiv-
alence class in A/R is a singleton. Indeed, if A" € A/R equals {j}, then
tar =tj—tj41 # 0 (because of the constraint on the set 7 (R)). Disregarding
such relations, we can get the bound

#T(R) < |S|2nf|A/R\+1'

This follows from the fact that there are |A/R| many constraints on the t;
coming from the condition ¢4, = 0, and one more coming from Z?Zl(tj —

tj+1) = 0. Thus, continuing from (3.17)),

E{tr(H3")} <2Nkysy2” PN ] Fae (3.18)

REP(Ak) A/€A/R

where P(A, k) contains equivalence relations on A with k equivalence classes
and no singleton classes. We will now estimate F,(7) and then the final inner
sum and product.

We claim
L log = <1 —mn,

Fy(r) < G(n) = {1 (3.19)

6( 1)(log(n—1)—loglog 1777—71) 10g T > 1—n.
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Sketch of proof. Recall the definition of F), in (3.16). Now, note that the
Stirling numbers satisfy the recurrence relation

S(n+1,k) = S(n,k — 1) + kS(n, k).

Indeed, if a € A and R € P(A) has k equivalence classes, then either a is
not equivalent to any other element of A (so R has k — 1 equivalence classes
on A\{a}) or a belongs to one of the k equivalence classes of A\{a}. Using
this recurrence and induction, one can prove the identity

0 T:c:L,n—l

Fu(r) =) (=1)""*g(k), where g(x)zm (3.20)
k=1

for 0 < 7 < 3, say. We leave this as an exercise (see also [4]). Now g is

increasing for 0 < x < z, and decreasing for x > z*, with

* n—1
= =
log(+=T)

The different ranges of 7 correspond to x* < 1 or £* > 1; in either case one
gets the appropriate bound by looking at the alternating series. ]

Continuing from (3.18), we replace Fj4/(7) with G(]A’]). We are then
faced with estimating

Qenky = Y JI GoA).

REP(Ak) A/€A/R

We claim
Q(n, k) < G(2)k(2n)"*, (3.21)
where we note that G(2) = 1. This will complete the proof as follows.
Noting o
NG(2
sl = b

we can apply (3.21)) to see

B{er(H3")} < 30 NMISP G )

k=1
n

< |S|2n+1(4n)2n Z(]Zﬁgl) )k
k=1

< nlSPPH ()™ ()"

< n|S|"TIN"G(2)"(4n)",
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which is the desired estimate (recalling G(2) = 1= and 7 < ﬁ)
It remains to verify (3.21]), which we only sketch (and leave the details

as an exercise). The key is to establish the recursive estimate
Qn.k) < (n—=1D[Q(n —1,k) + G(2)Q(n — 2,k — 1)]

for n > 3, k > 1, for then can be deduced by induction (in n > 3,
for fixed k). For the recursive estimate, fix any a € {1,...,n} and let
ReP({1,...,n}). Two situations are possible:

(i) [a]r contains only one other element (note that there are n — 1
choices). Removing [a]g from the product gives the (n—1)G(2)Q(n—2,k—1)
term.

(ii) [@] g has more than two elements, so that removing « from {1,...,n}
yields an equivalence class in P’ = P({1,...,n}\{a}, k). Now let R’ € P’
and write Ay, ..., A for the corresponding classes. Then « is attached to
one of these classes A;, and we claim that G([a|r) < |A;|G(]A4;]). Indeed,
this follows from G(n + 1) < nG(n) (a consequence of log convexity of G).
Thus the total contribution to Q(n, k) is bounded by

k
> D A I1 G(|A").
ReP i=1  Ae{l,..n)\{a}/R
As Zle |A;| = n — 1, the contribution becomes (n — 1)Q(n — 1,k). This
completes the proof. O
3.5 Exercises
Ezercise 3.5.1. Prove that
F U] = N7y (3.22)

Hint. Use the Poisson summation formula to treat the case N = 1. Then
compute the general case by scaling.

Exercise 3.5.2. Derive the formula appearing in Theorem by following
the scheme outlined in Remark 3.1.21

Ezercise 3.5.3. Prove the identities (3.2]).

—-n

T Actually, we will miss by the factor e™™ if n is not too large. However, in the appli-
cation above, n was of size ~ log N, which may be expected to be large. Recovering this
factor in general requires an additional argument; see [4].
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Ezercise 3.5.4. Suppose n > b > a > 0 are integers with n—b—a > 0. Show
that
(nga) 2b\a
n > (1 - W) .
(3)

(Hint: You can use induction on a.)

Ezercise 3.5.5. Show that a matrix I — A is invertible if || A|| < 3, where || - ||
denotes operator norm.

Ezercise 3.5.6. Let H € CN*N and let H* denote the adjoint (i.e. conjugate
transpose) of H. Let || H|| denote the operator norm of H. Show that | H||
equals the largest (in magnitude) eigenvalue of H.

Show also that
|H|| = [H"|| = /[ HH*||.

IH| < || Hl[F := /tr(HH*).

Ezercise 3.5.7. Prove exercise Lemma by completing the following
argument. The details are found in Section IV B of [4].

One can pass from A to A/R to assume that R is simply equality =.
After relabeling A as A = {1,...,n}, the formula reduces to

Yo fw=d uWECIT (A= YD flw), (3:23)

w1,...wn distinct R A’€A/R w€EN<(R)

and that

where the sum is over all equivalence relations R on A. This formula may
be proved by induction. The base case n = 1 follows because both sides
equal Y f(w). Suppose the formula has been proven up to level n—1. Then
rewrite the left-hand side as

> [Z flo,wn) Tilf(w’,wj)}, (3.24)

W1,eerswWn—1 distinct = wp Jj=1

and apply the inductive hypothesis to get a new expression for the left-hand
side. Here ' = (w1, ..., wn_1).

Now work on the right-hand side of the formula above that will eventually
lead to the same formula just derived. Note that any equivalence class R on
A can be restricted to an equivalence class Ry on Ag = {1,...,n—1}. Then
R can be formed from Ry either by adding {n} as a new equivalence class
(in which case we write R = {Ro, {n}}), or by having nRj for some j € Ay,
in which case we write R = {Ro, {n}}/(n = j). In the latter case, there may
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be multiple ways to recover R; in particular there are |[j]gr,| ways, where
[-] denotes equivalence class. It follows that for any function F' defined on
equivalence classes R of A, we can write

n—1
D F(R) =Y F({Ro. {n}}) + D> e F({Bo. {n}/(n = 1)}).
R Ry

Ry j=1

Apply this identity to the right-hand side of (3.23|). This produces two terms
that can be shown to match the two terms arising from (3.24)). To make the
second terms match, one must utilize the identity

Tlrg] 11 (1A =1 = I ga-

A'€A/({Ro,{n}}/(n=j)) A'€{1,..,n—1}/Ro

Using the above as a guide, complete the proof.
FExercise 3.5.8. Prove (13.20)).
Ezercise 3.5.9. Prove equation (3.15)).



Chapter 4

Abstract Fourier analysis

In this section, we will take a tour through some topics in abstract harmonic
analysis. Our goal will not be to present a thorough theoretical presentation,
but rather to show how many of the preceding topics can be understood as
special cases of a more general theory. In particular, many preliminary
results will simply be quoted as needed; the interested reader is encouraged
to pick up [10] to find complete details. We will also explore related topics
in some new settings (e.g. in the setting of compact Lie groups).

4.1 Preliminaries

Definition 4.1.1. A topological group is a group G with a topology
such that the group operation and inverse operation are continuous (from
G x G — G and from G — G, respectively).

We will restrict our attention to groups whose topology is Hausdorff
(i.e. around any two distinct points one can find disjoint neighborhoods).
We will typically consider either compact or locally compact groups. Here
locally compact means that every point has a compact neighborhood.

Definition 4.1.2. A left Haar measure on G is a nonzero Radon measure
i (i.e. a Borel measure, finite on compact sets, outer regular on Borel sets,
and inner regular on open sets) on G that satisfies pu(zE) = p(E) for all
Borel sets £ C G and every x € G. A right Haar measure instead
satisfies u(Ex) = p(E).

Ezample 4.1.1. If G = R\{0} (with multiplication), then % is a Haar mea-
sure on G.

76
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Ezample 4.1.2. If G = GL(n,R) (the group of invertible nxn matrices), then
|det T'|~™dT is a left and right Haar measure on G (where dT is Lebesgue
measure on the space of n X n matrices).

Ezample 4.1.3. If G is the ax+0b group of all affine transformations x — ax+b
on R (with @ > 0 and b € R), then a=2dadb is a left Haar measure and
a~'dadb is a right Haar measure on G. This measure will appear in the
setting of wavelets.

The basic facts we need about Haar measure are the following:

e Every locally compact group possesses a left Haar measure ([10, Theo-
rem 2.10]). Left Haar measure is unique up to a multiplicative constant
(10, Theorem 2.220]).

e If ) is a left Haar measure and x € E, then A\ (F) := A(Ez) is again a
left Haar measure. Thus there exists A(x) so that A, = A(z)A. This
defines a function (the modular function) A : G — (0, 00).

We need some facts about Banach algebras as well.

Definition 4.1.3. A Banach algebra refers to a Banach space with a
product * such that ||z xy|| < ||| |ly|]|. An involution is a map x +— x* such
that

(x+y) =2 +y*, (o) =" (zp)* =y*2*, (@) ==z

A Banach algebra equipped with an involution is called a *-algebra. An
algebra is called unital if it contains a unit element. If A and B are *-
algebras, a *-homomorphism from A to B is a homomorphism ¢ such

that ¢(z*) = ¢(x)*.

Ezample 4.1.4. If H is a Hilbert space, then L(H) (the space of bounded
operators on H) is a unital Banach algebra using the operator norm and
composition of operators. The involution is given by 7' — T* (the adjoint
of T). In fact, this makes L(H) a C* algebra, which means ||z*z| = ||z|?
for all z.

We need the following facts about Banach algebras:
e The spectrum of a commutative Banach algebra is the set of all

nonzero homomorphisms from the algebra to C. For unital Banach
algebras, the spectrum is compact (in the weak star topology).
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e If G is a locally compact group, then the space L' (G) forms a Banach
x-algebra under the product given by convolution, defined by

fgla) = / f)gyz) dy,

where dy denotes Haar measure, and involution given by f*(z) =
A(xz7Y) f(z~1), where A is the modular function.

Fourier analysis on groups is closely connected to the topic of repre-
sentation theory.
We first define the notion of *-representation.

Definition 4.1.4. A x-representation of a Banach x-algebra A on a Hilbert
space H is a *-homomorphism ¢ from A to L(H) (the space of bounded
operators on H). We call ¢ nondegenerate if there is no nonzero v € H
such that ¢(z)v =0 for all z € A.

Next, we have the notion of a unitary representation of a group.

Definition 4.1.5. A unitary representation of a group G is a homomor-
phism 7 from G into the group U(H,) of unitary operators on some nonzero
Hilbert space H, that is continuous with respect to the strong operator
topology. The dimension of the representation space H is called the degree
of .

The definition above means 7(zy) = 7(z)7(y) with 7(z7) = 7n(z)~! =
m(x)*, with

x = 7m(x)u

continuous from G to H, for any u € H.

If m and 7y are unitary representations of the same group G, we define
an intertwining operator for m; and 7w to be a bounded linear map T :
Hr — Hpy, such that Tm(z) = mo(x)T for all z € G. The set of such
operators is denoted by C(m,m2). We call m; and 79 unitarily equivalent
if C'(my,m2) contains a unitary operator U, so that mo(z) = Umy(z)U L.

Group representations essentially allow group elements to be represented
by matrices, with the group operation replaced by matrix multiplication.
This has applications in algebraic problems, as it can reduce questions about
group theory to problems in linear algebra. Group representations are also
widely found in modern physics, where the groups in question are typically
symmetry groups for some physical model.
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The two notions of representation above are related, in the sense that any
unitary representation m of G corresponds to a *-representation of Ll(G),
which we may still denote by 7. In particular, for f € L'(G) we define the
bounded operator 7(f) € L(H) by

ﬂ(f):/Gf(.fC)ﬂ'(CU) dz,

where dr denotes Haar measure. We interpret this operator in the weak
sense, namely

(m(flu,v)u, = /Gf(ZL‘)<7T($)U,U>HW dz.

A closed subspace M of H; is called invariant for the representation m
if ()M C M for all x € G. If m admits a nontrivial invariant subspace,
then 7 is called reducible. Otherwise, 7 is irreducible.

If G is an abelian group (i.e. xy = yz for all z,y € G), then every
irreducible representation of G is one-dimensional (see [10, Corollary 3.6]).
This still leaves the question of the existence of such representations (besides
the trivial representation my(x) = Id). For this, we quote the following
theorem, known as the Gelfand-Raikov theorem (see [10, Theorem 3.34]).

Theorem 4.1.6 (Gelfand-Raikov). Let G be a locally compact group. Then
for any distinct x,y € G, there exists an irreducible representation m such

that w(x) # w(y).

4.2 Locally compact abelian groups

Let G be a locally compact abelian group and suppose 7 is an irreducible
representation of G. In particular, 7 is one-dimensional and hence we may
take H, = C. In this case we may write

m(x)z = (x,§)z, z¢€C,

where z — (x,£) denotes a continuous homomorphism from G into T (the
circle group). We call £ a character of GG, and denote the set of all characters
by G, which we call the dual group of G. Indeed, G forms an abelian group.
The group operation is given by

<$7£1§2> = <$,§1><{B,§2> (:L' € Gvfj S é)?
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with

(2,671 = (271,6) = (2,¢).

We give G the weak* topology (inherited as a subset of L°(G)). It turns out
(cf. [10, Theorem 3.31]) that this coincides with the topology of ‘compact
convergence’ on G, under which the group operations are continuous. This
also guarantees (via [10, Proposition 1.10(c)] and Alaoglu’s theorem) that
G is locally compact.

In fact, G can be identified with the spectrum of L'(G). Indeed, ¢ gives
a nondegenerate *-homomorphism of L!(G) on C via

§(f) = /G @ &) f(z) de. (4.1)

Proposition 4.2.1. If G is compact and its Haar measure is normalized so
that |G| = 1, then G is an orthonormal set in L*(G).

Proof. Let £ € G. Then |£]? = 1. As |G| = 1, this yields

1€l 2y = 1.

Now, if ¢ # 7, then there exists g € G so that (xg,&n~ 1) # 1. Writing dx
for Haar measure, we then have

/ (o, &) () d = / (6071 da
— (w0, n7Y) / (a5, €01 de
— (0,07} [ (win )

where we have used the translation invariance of Haar measure. This implies

[t =o
as desired. 0

We will next prove the following result.

Proposition 4.2.2. If G is discrete then G is compact. If G is compact
then G is discrete.
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Proof. If G is discrete, then L'(G) has a unit element. Indeed, we take
§(1) = 1 and 6§ = 0 otherwise. Thus the spectrum of L'(G) (which is
identified with @) is compact.

Next, suppose G is compact. Using Proposition we observe that

fe-{o 0

{feL™@):|[f|> 5 nG={1}.

We claim that this implies that {1} is open in G. Indeed, because G is
compact, we have that the constant function 1 is in L'(G) (so that [ f may
be viewed as 1(f) through the identification of (L!)* with L°). This in turn
implies that every singleton set in G is open, i.e. G is discrete. O

In particular,

The next result puts the Fourier transform, Fourier series, and the dis-
crete Fourier transform under the same umbrella.

Theorem 4.2.3. We have the following:
o R =R with (z,¢) = 2™t
o T =7 with (o, n) = ™.
o 7 =T with (n,o) = o™.

o If Zy. is the additive group of integers modulo k, then Z, = Zi, with
<m’n> — 627rimn/k'

Remark 4.2.4. If we write a € T as a = ¢*™® for some z € [—1,1] then
we recover the familiar pairing (o, n) = e?7n,

Proof. If ¢ € R, then »(0) = 1 (these represent the identity elements in R
and T, respectively). Thus there exists a > 0 so that

A ::/0 6(t) dt # 0.

Now (as ¢ is a homomorphism)

a a+x
Ag(z) = /O oo+ tyde= [ ot)at
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which implies (by the fundamental theorem of calculus) that ¢ is differen-
tiable, with

¢ (x) = A_l[gb(a +z)—¢(z)] = cp(x), c:= A_l[gzb(a) —1].

Thus ¢(t) = e; however, since |¢| = 1 we may write ¢ = 2mi¢ for some
el

Next, since T can be identified with R/Z (via the identification of x €
R/7Z with o = €*™), the characters of T are the characters of R that are
trivial on Z, so the result follows from above.

Now if ¢ € Z then a := ¢(1) € T and ¢(n) = [¢(1)]* = o™ (by the
homomorphism property).

Finally, the characters of Zj are the characters of Z that are trivial on
kZ. Thus they are of the form ¢(n) = o™ where a is a k™ root of unity. [

One can also check that if G, . .., G, are locally compact Abelian groups,
then
(G1 X+ xGp) =G X -+ X Gy

rFhis allows us to extgnd the previous result to see R = R"™, T = 7",
7™ = T™, and finally G = G for any finite Abelian group G.
To define the Fourier transform on G, we make use of (4.1)). In par-

A~

ticular, the Fourier transform is the map from L!(G) to C(G) given by

Ff(&)

f(&) = /G<x,§>f(x) dz.

Even in this generality, the Fourier transform enjoys many of the familiar
properties that we are used to. For example, it defines a norm-decreasing
+-homomorphism from L'(G) to Co(G). Tt can also be extended to complex
Radon measures on G via

AE) = /G @ &) du(x).

This defines a bounded continuous function on G. The reverse works as
well: if u is a complex Radon measure on G, then

bu(z) = /G (, €)dpu(€)

defines a bounded continuous function on G; furthermore, the mapping p —
¢, is linear and injective. A fundamental result in the theory (known as
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Bochner’s theorem, cf. [I0, Theorem 4.19]) states that if ¢ is a continuous
function of positive type on G (i.e. fG[f* * f]¢ > 0 for all f € LY(Q)), then
there exists a unique positive measure p on G such that O = ¢y

One also has suitable notions of Fourier inversion formulas in this
generality. For example, if f = ¢, for some complex Radon measure p on
G and additionally f € L*(G), then f € LY(G) and

f(x) = / () F(€) de

provided Haar measure d€ on G is suitably normalized relative to the given

Haar measure on G. We can also write dus(&) = f(£) d€. One calls d§ the
dual measure of the given Haar measure on G.

Ezample 4.2.1. If we identify R with R via (z,&) = €2™€%_ then Lebesgue
measure is its own dual. Indeed, the inversion formula holds with both dx
and d€ given by Lebesgue measure. If we instead identify R with R with
(z,£) = €%, then the dual of dz is 5 d¢. If we use the Haar measure

\/% dx, then the measure is again its own dual.

We also have the following result related to Proposition [£.2.2]

Proposition 4.2.5. If G is compact and Haar measure is chosen so that
|G| = 1, then the dual measure on G is counting measure. If G is discrete
and Haar measure is taken to be counting measure, then the dual measure
on G satisfies |G| = 1.

Proof. Suppose G is compact. Let g = 1. Then (using Proposition 4.2.1))
we have g = x(1}. It follows that

gl) = (2,€3(8).

ceG

where we have used that (z,1) = 1. This shows that the dual measure on
G must be counting measure.

On the other hand, if G is discrete then we let g = x(1j. Then g =1
and

o(z) = /G<x,f> d,

so that |G| = 1. O
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Ezample 4.2.2. The groups T and Z are dual. The dual measures can be
taken to be normalized Lebesgue measure % and counting measure. Then
Fourier inversion becomes
27
foy=[ fOe ™, f0)=> fn)e.

0 nez

Ezxample 4.2.3. If G = Zj, then the dual of counting measure is counting
measure divided by k (so that |Zx| = 1). Fourier inversion reads

k
Z f(m)e%rimn/k:.

m=0

=

k
fm) =>" fnye=?mmn/k - f(n) =
n=0

The general form of the Plancherel theorem is given by the following (see
[10, Theorem 4.26]).

Theorem 4.2.6 (Plancherel). The Fourier transform on Ll(CI’) N L?(G)
extends uniquely to a unitary isomorphism from L%*(G) to L*(G). Conse-
quently, if G is compact and |G| = 1, then G is an orthonormal basis for
L*(G).

We turn to our final main result concerning Fourier analysis on locally
compact Abelian groups, namely, the Pontrjagin duality theorem. Recall
that by definition, elements of G are characters on G. We can also view
elements of G as characters on G. Indeed, for x € G we can define a
character ®(x) on G via

(€, @(z)) = (x,8).

It follows that ® defines a group homomorphism from G to G. The Pontr-
jagin duality theorem (see [10, Theorem 4.32]) states the following:

Theorem 4.2.7 (Pontrjagin duality). If G is a locally compact Abelian
group, then ® is an isomorphism of topological groups.

According to this theorem, we may freely write (x,&) or (£, z) for the
pairing between G and G.
One consequence of this theorem is the other form of Fourier inversion:

if f e LY(G) and f € L(G), then

f(a) = /G (2. €) F(€) de

almost everywhere. We also have the dual form of Proposition that
is, if G is compact then G is discrete, and if GG is discrete then G is compact.
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Fourier analysis in the setting of groups can be applied to express an
arbitrary unitary representation of a locally compact Abelian group in terms
of irreducible representations (i.e. characters). We close this section by
stating the following result (see [10, Theorem 4.45]).

Theorem 4.2.8. Suppose w is a unitary representation of a locally com-
pact Abelian group G. There exists a unique reqular H,-projection-valued
measure P on G so that

ﬂ(x):/é@,f)dP(f) for ze€G,
w(f)= [ &DiP© for feL'O)
G
where £(f) = [{e,€) () da.

4.3 Compact groups

We next discuss some of the basic results of representation theory and
Fourier analysis for compact (but not necessarily Abelian) groups. We will
focus on introducing the relevant terms and stating the necessary results;
we will then work through some specific examples.

We begin with the following (see [10, Theorem 5.2]).

Theorem 4.3.1. If G is compact, then any irreducible representation of G
s finite-dimensional. Every unitary representation of G is a direct sum of
wrreducible representations.

When G is an abelian group, we saw that G is a set of continuous func-
tions on G. The general definition of G is the set of unitary equivalence
classes of irreducible representations of G. In the abelian case, we consid-
ered characters of G. In the general case the corresponding set of functions
is the set of matrix elements of the irreducible representations of G.

Definition 4.3.2. Suppose 7 is a unitary representation of G. The functions
(bu,v(x) = <7T($>’U,,U>H7r
for u,v € H, are called the matrix elements of 7.

Note that if u, v belong to an orthonormal basis {e;}, then ¢, ,(x) is one
of the entries of the matrix for 7 (z) in that basis, cf.

mij(z) = (m(z)ej, ).
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We denote the span of the matrix elements of © by &;. This defines a
subspace of C'(G) and depends only on the unitary equivalence class of .

The matrix elements of irreducible representions can be used to build an
orthonormal basis for L?(G). This relies on two main results.

First, we have the Schur orthogonality relations (see [10, Theorem 5.8]):

Theorem 4.3.3. Let w, 7 be irreducible unitary representations of G. Con-
sider Ex, Ex as subspaces of L*(G).

o If [n] # [n'] then Ex L &
e If {e;} is an orthonormal basis for Hy and m;; is defined as above,
then
{Vdim Hym; 4,5 =1,...,dim Hy}
is an orthonormal basis for E.
The next result we need is the following theorem (see [10, Theorem 5.11]).

Theorem 4.3.4. Let £ denote the linear span of

U &

[r]ed
Then & is dense in C(G) in the uniform norm and in LP(G) for all p < co.

We now state the main result (called the Peter—Weyl theorem [10, The-
orem 5.12]). In the following, given an equivalence class [r] we assume we
have chosen one fixed representative .

Theorem 4.3.5 (Peter—Weyl theorem). Let G be a compact group. Then
LG = & &,
[W]EG
and if
mij (@) = (m(2)e;, €3),
then the set

{V/dim Hymyj 24,5 = 1,...dim Hy, [7] € G}

is an orthonormal basis for L*(G).
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This is the starting point for Fourier analysis on compact groups. In
particular, for f € L?(G) we get the representation

dim H,

f= Z Z CriTigs c%:dimHﬂ/Gf(a:)mj(z)dx.

[rleG ©i=1

As stated, this requires that we choose an orthonormal basis for each
H. Alternately, we can define the Fourier transform of f € L(G) at 7
to be the operator f : H; — H, given by

) = / F@)r(@) do = / F@)r(@)" da

In particular, given an orthonormal basis for H,, then f (m) is represented
by the matrix

)iy = [ Fe (@) do = i
where the coefficients are as above. In this case, we get
Z mij(z) = dim Hy Zf m)jimij(z) = dim Hy tr [f(ﬂ')Tr(ﬂ:)]
,J
Thus we arrive at the Fourier inversion formula
= Z dim H, tr [f(w)w(x)],
[r]eG

where convergence should be understood in the L? sense. The Parseval
formula now reads

1£ 1226y = S dim Hy [ ()" f ().

[7] eG

We turn to one more formulation. If 7 is a finite-dimensional unitary
representation of GG, we define the character x, of m by the function

Xr(z) = trm(x).

In fact, this depends only on the equivalence class of w. A direct computation
shows

tr[f(m)m(z)] = [ f(y) trlr(y ) m(@)] dy = [ fy) trrly ) dy = f * xa(2),
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so that the Fourier inversion formula may be written

f=> dimHy f*xx.

[7] eG

In particular, dim H f * xr is the orthogonal projection of f onto &;.

We introduce one final notion before working through some examples.
A function f on G is called central if f is constant on conjugacy classes,
ie. f(yxy™') = f(x) for all z,y € G. For example, the character of any
finite-dimensional representation is central, as

tr[m(z)m(y)] = tr[r (y)m(z)].
We denote the set of central functions with the prefix Z, e.g. ZC(G) and
ZILP(G). The linear span of {x, : [r] € G} is dense in ZC(G) as well as
ZLP(G) (see [10, Proposition 5.25]). One has that LP(G) and C(G) form
Banach algebras under convolution, with ZLP(G) and ZC(G) their centers.
Our final result (appearing as [10, Proposition 5.23]), states:

Proposition 4.3.6. We have that

{Xr : [r] € G}

forms an orthonormal basis for ZL*(G).

4.4 Examples

We work through the details of some special examples, namely SU(2) and
SO(n) for n € {3,4}.

Ezample 4.4.1 (SU(2)). Let U(n) denote the group of unitary transforma-
tions of C™, that is, the set of n x n matrices T satisfying T*T = I. We let
SU(n) be the subgroup consisting of 7' € U(n) with detT" = 1. Note that
T € U(n) if and only if TT* = I, so that the rows of T are an orthonormal
set.

When n = 2, we can write

T::(i Z)eU(2)

if and only if |a* + [b]* = |¢[* + [d|* = 1 and ac + bd = 0. In particular,
(a,b) is a unit vector and (c,d) = € (—b,a) for some 6 € R. It follows that
detT = €, and so T € SU(2) if and only if € = 1. Writing

a b
Ua,b—<_5 a)a
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we have

SU2) = {Uup:a,b€C, |a]* + b]* = 1}.

The correspondence U, with (a,b) = (1,0)U, identifies SU(2) with a
subset of the unit sphere S® C C? (where the identity element is identified
with (1,0).

Three one-parameter subgroups of SU(2) are of particular interest:

ro - (5 2 ).
G(¢>)=< cos$  sing >’

—sing coso
cosy isiny
H) = .
(%) ( isinty cos )
These are three mutually orthogonal great circles in the sphere that intersect
at +1d.

Proposition 4.4.1. Every T € SU(2) is conjugate to precisely one matrix
F(0) as above, with 0 <60 < .

Proof. Unitary matrices are normal, so by the spectral theorem there exists
V € U(2) with

VTV~ = diag(a, §).
For T € SU(2) we have B = @ = e~ for some § € [—7,7]. In particular,

VTV~! = F(0). By replacing V with [det V]_%V, we may assume that
V € SU(2) as well. Furthermore, using

),

N[ =

we may reduce to 6 € [0,7]. To conclude, note that if 61,02 € [0, 7] then
F(01) and F(03) have different eigenvalues (and hence are not conjugate)
unless 61 = 65. O

This implies the following corollary.

Corollary 4.4.2. Let g be a continuous function on SU(2) and set

Then g — ¢° is an isomorphism from the algebra of continuous central

functions on SU(2) to C([0,]).
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We now describe a family of unitary representations of SU(2). We let P
denote the space of all polynomials

P(z,w) = Z cipluwP

in two complex variables, and P,, C P be the space of homogeneous poly-
nomials of degree m, i.e.

P = {Z Cjzjwmfj ¢ € (C}.
=0

Now let o denote normalized surface measure on S3. Then we can view P
as a subset of L?(c) with

(P.Q) = /S Qo

We will show that the monomials z/w" are orthogonal in P.

To this end, given (z,w) € C2, we introduce polar coordinates

(zyw)=Z=71Z", r=|Z=+|z2+ w2, Z €S8

Denote Lebesgue measure on C? by d*Z and Lebesgue measure on C by d?z
or d’w. Then
d*Z = d*2d*w = cr® dr do(2'),

where ¢ = 272 is the Euclidean surface measure of S3 (cf. the following
lemma).

Lemma 4.4.3. Suppose f: C? — C and f(aZ) = a™f(Z) for a > 0. Then

f(Z')do(Z") = (2)e PPz,

1 f
m
53 w20 (5 +2) c2

where T'(+) is the Gamma function.

Proof. We compute
/ F(Z2)e 2Ptz = c/ FrzZ)e ¥ do(Z') dr
Cc2 0 S3
=c / rm e [ $(ZY do(Z2') dr
0 S3

= ST( +2) /53 f(Z"do(Z").
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To complete the proof, take f = 1, so that
2 2 4
:/ e 1M gtz = [/ et dt] =72
C2 R

We now can prove the following.

N0

Proposition 4.4.4. Let p,q,r,s denote nonnegative integers. Then

0 )
/zpiqwrwsdo’(z,w) = { Q7P or sFET

19!
% g=p and s=r.

Consequently, the spaces Py, are mutually orthogonal in L?(c), and

{ (Al Goym=i . () <j< m}

J{(m—j)!
forms an orthonormal basis for Py,.

Proof. By the previous lemma, the integral equals

1

/szqe—|z|2 dz,z/1u7"u_156_|w|2 d>w.
2T (p+qg+r+s)+2)

These integrals can be computed using polar coordinates, viz.

) e’} 27 ) 5
/zpzqe|z| dQZ:/ / el (P=)0pptatl =1 g gp
o Jo

_Jo p#4q
2r-5T(p+1) p=gq.

This implies the result.

91

O

We can now describe a representation m of SU(2) on P and P,,. Given

Uap, we will define 7(U, ) : P — P via
[T(Uap)Pl(z,w) = P(U;bl(z, w)) = P(az — bw, bz + aw),

(4.2)

where we use the natural action of SU(2) on C?. Note that P,, is invariant
under m. We denote the subrepresentation of © on P, by m,. Then each
Tm 1S a unitary representation of SU(2) on P,, (with respect to the inner

product in L?(0)).

Our next goal is to show that each m,, is irreducible. We begin with a

lemma.
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Lemma 4.4.5. If M is a m-invariant subspace of Pp, and P € M, then

zg—ieM and w%—fEM.

Proof. Let G(¢) be as defined above. By assumption, for any ¢ # 0, we
have

3[m(G(¢))P - Ple M.

As ¢ — 0, the coefficients of this polynomial approach those of
P = &7(G(6))Ploco.

As P,, is finite dimensional, we have that M is closed in P,,. Thus, P € M.
Now we compute

P = % [P(z cos ¢ — wsin ¢, zsin ¢ + w cos )] |4=0
_ 0P oP
= Z% — wg
A similar argument using H (¢) yields
298+ wiE = 1L (H(¢))Ply=o € M.
Adding and subtracting yields the result. O

Theorem 4.4.6. For m > 0, each 7, is irreducible.

Proof. Suppose M is an invariant subspace of P,,. We need to show M =
Prm.-
Let 0 # P € M. Write

m
P(z,w) = Z c;jlw™™d
5=0

and let J denote the largest j such that ¢; # 0. Then we have
(w%)JP(z,w) =cyJlw™.

By the previous lemma, this implies w” € M. Now, by applying z% (and
the lemma) successively, we can deduce

awm e M, Z2w™ 2 e M, andfinally 2™ € M.

It follows that M = P,,, as desired. ]
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Our next goal is to show that the m,,’s give a complete list of the irre-
ducible representations of SU(2):

Theorem 4.4.7. [SU(2)]" = {[mm] : m > 0}.

Proof. First note that none of the m,;,’s are equivalent representations, be-
cause they all have different dimensions (and different characters, as we will
see).

Now, let x,, be the character of m,,, and define

Xm(0) = X (F(0))

as in the corollary above. Note that the orthogonal basis vectors z/w™ 7 for
P, are eigenvectors for m,, F'(#); indeed, using with a = € and b =0,
we get

T (F(0))(Zw™ ) = 71 2I=m)0 5iyym=3

Thus
X0 (0) = " emiCimm0 — sinllmi 1)) (4.3)
=0
(see Exercise [4.5.3). Tt follows that x3(0) = 1, x{(8) = 2cosf, and more
generally

X2 (0) — X%, _5(0) =2cosmf for m > 2. (4.4)

(see Exercise . Thus the span of {x2} equals the span of {cosm#}.
The latter is uniformly dense in C([0, 7]); thus, by Corollary the span
of {x%} is uniformly dense in the space of continuous central functions on
SU(2).

This means that the only function orthogonal to all x,, is the zero func-
tion. By Proposition this shows that x,, must include all possible
irreducible characters. This completes the proof. ]

To do ‘Fourier analysis’ on SU(2) (i.e. to write down a decomposition
of L?(SU(2)), we now need to compute the matrix elements of the repre-
sentations 7, relative to the orthonormal bases given in Proposition [4.4.4]

We set
ej(z, w) =4/ j%:j]).;!zjwm*].

In what follows, we reparametrize SU(2) by replacing b with b. So we set

mm(a,b) = mn(Uyp), 7k (a,b) = (mpn(a, b)e, e;).
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Now, by definition of the representations, we have

R (m—y (82 — bw)* (bz + aw)™ ¥ = [mpn(a, b)ex) (2, w)

:ijkab i(z,w)
—Z\/ abz] m=j,

and w = 1, then the sum becomes a Fourier series and

If we set z = 2™t

73¥(a,b) are computed like Fourier coefficients:

ﬂ_jk a b / / — 27rzt 7 b 27rz't_|_a)m—k6—27rijt dt.

When k£ = 0, one can compute

730 (a,b) = e;j(b,a) (4.5)

\/W
(see Exercise . In particular {mjy? : 0 < 35 < m} span Pp,. Here
vm + 1 =dim Hy,, is needed to normalize the matrix elements.

Let us also discuss the span of {W%f : 0 < j < m}. The identities
above show that 72+ (a,b) is a polynomial in the variables (a, b, a,b) that is
homogeneous of degree m — k in (a,b) and of degree k in (a,b). That is, it
has bidegree (m — k, k).

Furthermore, as a function on C2, each 7}, is harmonic:

4
2. jk . .
E 68;;5”:0, a=ux1+irey, b=ux3+iry
n

(check!).
We conclude this example with the following: We identify SU(2) with
the unit sphere in C? by identifying U, with (a,b). Then the Peter—Weyl

decomposition
o0
- @e,
m=0

agrees with the decomposition of functions on the sphere into ‘spherical
harmonics’. We then have the further decomposition

7Tm - @ Hp '

p+g=m



4.4. EXAMPLES 95

where H,, , is the span of ngq for 0 < j < p+ q. This is a grouping of the
spherical harmonics of degree m according to their bidegree.
Ezample 4.4.2 (SO(3)). We write SO(n) for the group of rotations on R"™.
To describe these groups (and their connections to SU(2)) we will make use
of the quaternions, denoted by H.

As a real vector space, we may identify H with R x R3, with elements
denoted by (a,x). Multiplication in H is given by

(a,m)(b,y) = (ab—my,bx+ay+x Xy)>

where - denotes dot product and x denotes cross product. One can verify
that this product is associative and that |£n| = |£]|n| (where &, € R* and
| - | denotes euclidean length in R*).

The subspace R x {0} is the center of H. We identify this with R and
view it as the ‘real axis’, and we identify {0} x R3 with R3. Then instead
of writing (a, z), we may write a + x. Denoting the standard basis of R by
1,7, k, we then have

(a,2) =a+x=a+ x1i+ x2j + x3k.
The multiplication law is determined by giving the products of these vectors:
==k =-1, ij=—ji=k, jk=—-kj=1, ki=—ik=]j.
The conjugate of £ = (a,z) is £ = (a, —x). Note that
EE=EE=a’ + |z = €.

Defining
U(H) ={¢ € H: [¢] =1},

we find that U(H) forms a group. For £ € U(H), the map
0 Eng!

is an isometric linear map from H to H that leaves the center R (and hence
the subspace R?) invariant. The restriction of this map to R3 is thus an
element of SO(3) denoted by x(£), i.e.

R(€)x = gxg

This belongs to SO(3) (and not just O(3)) because « is a continuous map
on the connected set U (H).
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Theorem 4.4.8. The map k is a 2-to-1 homomorphism from U(H) onto
SO(3). In particular,
SO(3) 2 U(H)/{£1}.

Proof. Let £ € U(H). Write
£ = cos O+ [sinf]u,

where 6 € [0, 7] and u € R3 is a unit vector. The angle § is unique, as is u
(except when sin# = 0, which corresponds to £ = £1 and x(£1) = I). In
particular, we may assume 6 € (0, 7).

Now let v | u be another unit vector in R? and define w = v x u. Then
{u,v,w} forms an orthonormal basis for R? satisfying

U= —uv = w, WU = —uw = 0.
An explicit computation yields
E(au4bv+cw)é = au+ (bcos 20 — csin 20)v + (¢ cos 20+ bsin 20)w, (4.6)

so that k() is a rotation of angle 26 about the u-axis.

Let us now show that every rotation of R? is of this form. To see this,
note that if 7 € SO(3) then the eigenvalues of T" have absolute value 1,
have product equal to 1, and the non-real eigenvalues come in conjugate
pairs. Thus (ignoring the case that T' = I) we have that 1 is an eigenvalue
of multiplicity one, and T is then a rotation about the u-axis (where u is
the corresponding unit eigenvector). O

Let us now connect H with SU(2). We write
a+bi+cj+dk=(a+bi)+ (c+di)j
and observe that the algebra structure on H restricted to elements of the
form a 4 bi coincides with that of C, with
jla+bi) = (a—bi)j.

In particular, we can identify H with C2, where multiplication corresponds
to
(= + wj)(u+ vj) = (20— wD) + (20 + wA)j,

with z,w,u,v € C. This identity shows that we may define an isomorphism
by identifying z + wj with the complex matrices

( f?):vz,w.
—w VA
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In particular, this gives an identification of U(H) with SU(2). We therefore
have the following:

Corollary 4.4.9. We have
SO(3) =2 SU(2)/{£I}.

This shows that the representations of SO(3) are given by representa-
tions of SU(2) that are trivial on +1. Since the irreducible representation 7,
of SU(2) on Py, satisfies mp,(—I) = (—1)"1, one can deduce the following:

Corollary 4.4.10. We have
[SOB) =A{lpk] : k=0,1,2,...},
where
pr(A(U)) = mop (U).
Here Ad(U)A := UAU 1.

Ezample 4.4.3 (SO(4)). We define L, R : SU(2) — L(U(H)) via

L(€)¢=¢ and R(§)¢ =,

where &, ¢ € U(H) = SU(2). Because the Euclidean norm on H is multiplica-
tive, it follows that the images of SU(2) under L, R are closed subgroups of
SO(4) if we identify H with R*.

These subgroups commute (this is the associative law) and intersect only
at +1. To see this, suppose L(§) = R(n). Then

E=LE1=Rm1=n" sothat L(¢)=R(").

Thus ¢ belongs to the center of H, i.e. R. Then £ = +1 and n = ¢~ = +1.
Next, we have the following.

Theorem 4.4.11. If T € SO(4), then there exist £,n € SU(2) (unique up to
a common factor of £1) such that T = L(§)R(n). Thus

SO(4) = [SU(2) x SU(2)]/{=(1,1)}.

Proof. Let T € SO(4) and ¢ = T(1) (where we view 1 = (1,0) € R x R3 as
above). Write S = L(¢)7!'T, so that S € SO(4) and S(1) = 1. In particular,
S leaves the real axis pointwise fixed, and hence can be viewed as a rotation
of the orthogonal subspace R3. By the preceding example, we saw that S
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must be given by conjugation by some n € U(H). In the present notation,
that means

S = L(n)R(n)-
Thus T = L(¢)S = L(§)R(n), where £ := (n. Uniqueness and the fact that
(&,n) — L(&§)R(n) is a homomorphism follow from the remarks above. [

Using this result, one can describe the irreducible representations of
SO(4) in terms of those of SU(2) x SU(2), which may ultimately be de-
scribed in terms of the irreducible representations of SU(2). Without delv-
ing into the theory, one defines the representation my,,, of SU(2) x SU(2) on
P ® Py, via

Wmn(& n) = mm(§) @ mn(n)

(where ® denotes tensor product). The conclusion is the following:

Corollary 4.4.12. We have
[SOD)]" =A{[pmn] : m,n >0, m=n mod 2},

where

The restriction that m,n have the same parity comes from the fact that
Tm(—1) = (=1)™I.

4.5 Exercises

Exercise 4.5.1. Recover the theory of Fourier series using the Peter—Weyl
theorem and the discussion thereafter.

Ezxercise 4.5.2. Verify that the maps defined in (4.2)) are unitary represen-
tations of SU(2).

Ezercise 4.5.3. Compute the sum in .
Ezercise 4.5.4. Prove the identity .
Ezercise 4.5.5. Prove .

Ezercise 4.5.6. Verify .



Chapter 5

Wavelet transforms

In this section we give an introduction to wavelet transforms, which are
mathematical tools that have a wide range of applications within mathe-
matics as well as in physics, engineering, and so on. Our primary reference
is [7], which covers much more ground than we can hope to cover here.

5.1 Continuous wavelet transforms

Given 9 : R — C, we define a family of ‘wavelets’ by rescaling and translat-
ing :
S R
() = a2 (58),
where a € R\{0} and b € R. These are L? normalized, i.e.

1|

2 = ¥z,

and we will assume that ||| ;2 = 1.
We assume [ 1) = 0, and more generally we will assume the admissibility
condition

Cy = 2r / € (O de < oo

(ie. ¥ € H _%) The necessity of this condition will become apparent below.
The continuous wavelet transform with respect to this wavelet family
is defined by

Tf(a,b) = (f,v"").

The wavelet transform yields a resolution of the identity in the following
sense.

99
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Proposition 5.1.1. For ¢ € H_%, we have

f=cy! / / Tf(a,b)yp a2 da db
in the weak sense; i.e. for all f,g € L?,

(f,9) = CJ1 //Tf(a,b)Tgm,b)a_2 da db.

Proof. The proof is a direct computation. We begin by using Plancherel’s
theorem and the definition of the wavelet transform to write

/ / Tf(a,b)Tg(a,b)a* dadb
= [[[[] Feonaze<itag ]
[ G0l an) dn] o

Now consider the functions

Fu(€) = a2 f(©)d(ag) and  Ga(€) = |a|2 ()P (at).

Then
/ F©)lalb e ™0(ag) de = (2m) Fu(b),

with a similar expression for the remaining integral. Applying Plancherel
(in the db integral), we continue from above to write

//Tfangab) _Qdadb_27r// a"2d¢da
=on [ (0 >[ / Waf)marlda} d

- C?/) fa >7
where we have changed variables in the da integral above and then applied
Plancherel once more. O

Remark 5.1.2. It is possible to be a bit more quantitative about the sense
in which convergence holds, but we will not concern ourselves with all of the
details here. See [7] for more details.
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There are several variations of the situation descibed above. For exam-
ple, if we use a real-valued v, then we get

~

(=€) = P(€),

and we can write

- 0 . 0 R
Cy =2 /0 €171 0(E) 2 de = 2 / €1 (e 2 de.

Then we have -
f= é;l / / Tf(a,b)p**a=2 dbda.
0 R

One can also investigate using bandlimited functions, wavelets, or using
complex-valued wavelets with real-valued signals, and so on.

One important variation involves using different wavelets for the decom-
position and the reconstruction of the signal f. In particular, we have:

Proposition 5.1.3. If ¥1,v9 satisfy

/ ()] [(6)] €] d < oo,

then
£= gk, [[ st doas

in the weak sense, where

Copppn = 21 [ h1(E)1a(€)[€] 71 de.

Proof. The proof proceeds exactly as in Proposition O

As before, under some reasonable conditions on f, the convergence above
can be shown to hold in stronger senses (e.g. pointwise at points of continuity

for f).
Reproducing kernel Hilbert spaces.

The continuous wavelet transform is related to the notion of a repro-
ducing kernel Hilbert space, as we briefly explain here.

Definition 5.1.4. Let H be a Hilbert space of real-valued functions on
some set X. For x € X, define the evaluation functional L, : H — R by
L,f = f(x). We call H a reproducing kernel Hilbert space (rkHs) if for all
x € X, L, defines a bounded operator on H.



102 CHAPTER 5. WAVELET TRANSFORMS

By the Riesz representation theorem (see Section [A.2)), if H is a re-
producing kernel Hilbert space, then for every x € X, there exists unique
gz € H such that

f(@)=Lof =(f gz) forall feH.

If the inner product is given by integration, this becomes

f@) = [ 1wsEmdy forall fe

The function g is called the reproducing kernel for the Hilbert space.
Now let us return to the continuous wavelet transform. For f € L*(R),

we have
c;t [[irsavpa?deds = [ 1@ da.

so that T maps L?(R) isometrically into the Hilbert space
L*(R*C a2 dadb).

Let H denote the closed subspace given by the image of L? under 7. Then
H is a reproducing kernel Hilbert space. In fact,

Flah) = (£ = 0" [[ K(abia 9)F (@ 5o dads,

where
K(a,bia, f) = (7, 4).
That is, point evaluation is given by integration against a kernel.

The windowed Fourier transform.

We turn to a comparison of the wavelet transform with the so-called
windowed Fourier transform. Given a smooth function g supported
near the origin, we define the windowed Fourier transform by

Fof(w,t)={f,g*"), where g¢“'(z)=e"“"g(x—1).

That is, F,f(w,t) represents the Fourier transform of the portion of f(x)
around the point x = ¢. This is a natural quantity to consider in the setting
of signal processing.

Arguing as in the proof of Proposition we have the following:
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Proposition 5.1.5. We have

f= / Fof (w,t)g”" dw dt

27Tllgll

in the weak sense. That is, for all f1, fo € L?,

(fi, f2) = / Fylr(w, ) Fy fa(w,t) dw dt.

2m HgH

One can use any g € L? for the windowing function. Typically, one
normalizes ||g||,2 = 1. The windowed Fourier transform also maps L? to a
reproducing kernel Hilbert space, viz.

= 217r/ K(w,t;w', ) F(w',t) du' dt’,

where

F(w,t) = Fgf(w,t), K(w,t;w' t) = <gw/’t,,gw’t>.

Construction of operators and time-frequency localization.

We saw in Proposition the following reconstruction formula:

f=c! / / (f, ") a=2 da db.

This can also be viewed as a ‘resolution of the identity’, i.e

Id=cCy! / / (-, ") p®a=2 da db

for an admissible ‘mother wavelet’ . Similarly, we have a resolution of the
identity using the windowed Fourier transform:

Id—// @By g@t dw dt

for an L?-normalized windowing function.
Note that in both cases, we are reconstructing the identity operator as
a linear combination of rank one projections. That is, the operator

=00

is simply the rank one projection onto the span of ¢.
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For the identity matrix, we give each projection equal weight. However,
by varying the weight given to each projection operator, we can construct a
wide variety of operators.

Let us consider this first in the setting of the windowed Fourier trans-
form. Inspired by applications in quantum mechanics, we switch to the posi-
tion/momentum variables (p, ¢) (instead of (f,w)). Given a weight function
w(p, q) and an L2-normalized window function, we may define the operator

W= 217r// w(p, q)(-, ") g dp dg.

If w is unbounded, then W may be an unbounded operator. However, for
reasonably chosen w and g, one can get a densely defined operator.

Ezample 5.1.1. With w(p, q¢) = p?, one gets
2
W=-4 4C,d,
where
¢, = [ €lae)de.
With w(p, q) = v(q), one gets

Wf(x) =Vy(x)f(x), Vy(x)=0x lg|%.

These correspond to the “quantized versions” of the phase space function
w(p, q), up to the additional g-dependent parts. Ideas related to these ap-
peared in work of Lieb establishing the validity of the Thomas—Fermi model
in the limit as the nuclear charge tends to infinity (i.e. very heavy atoms).

Let us consider the operator corresponding to time-frequency local-
ization. Recall from Corollary that a non-trivial function and its
Fourier transform cannot both be compactly supported. Nonetheless, in
practice it is of great utility to localize signals in both space and frequency
as much as possible. We will consider two notions of time-frequency local-
ization.

Ezxample 5.1.2. First, we make use of the orthogonal projection operators
Q1 and Pq, given by

Qrf(z) =1_rn(@)f(x) and F[Pof](&) = 1_aa(€)f(©).

Suppose f is time-limited, i.e. f = Qrf. If we transmit f over a bandlim-
ited signal, the result is of the form PoQrf. To measure how faithfully the
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transmitted signal represents the original signal, we may compute

[PaQrfl32  (QrPaQrf, f>‘

£ Il

The largest value of this ratio corresponds to the largest eigenvalue of the
symmetric operator QrPoQ7, which is an integral operator with integral
kernel

(QrPaQr)(z,y) = 1_71)(2)1_771) (y)%

(exercise). The eigenvalues and eigenvectors of this operator are known, due
to the fact that this operator commutes with the operator

A= %(T2 - :1:2)% - %;f,
which was previously studied in the context of solving the Helmholtz equa-
tion via separation of variables. The eigenfunctions are called ‘prolate
spheroidal wave functions’.

The eigenvalues may be put in decreasing order. One finds (by a rescaling
argument) that the eigenvalues of QrPo@Qr depend only on the product
TQ. It turns out that (for fixed TQ?) the eigenvalues begin close to 1 before
suddenly plunging down to essentially zero. There are about @ eigenvalues
near one before a plunge region of width about log(7'2).

This gives a rigorous version of something empirically observed long ago.
In particular, in a time and band-limited region, there are 27°Q /7 ‘degrees
of freedom’ (i.e. independent functions that are essentially time and band-
limited in this way). This is proportional to the area of [T, 7] x [-, Q;
it also corresponds to the number of sampling times within [—7', 7] dictated
by Shannon’s sampling theorem (Theorem for a function with Fourier
support in [—, Q.

Ezample 5.1.3. Next, returning to the discussion above, let us use the win-
dowed Fourier transform to define an operator that corresponds to time-
frequency localization to a set S C R%. We define

Ls = 5 // (-, g°") g dw dt.
(w,t)esS

Note that 0 < Lg < Id in the sense of operators. The lower bound is
immediate, while the upper bound follows from the resolution of the identity

property:
(Lsf 1) < & / / (gD dwdt = | f]2.
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Suppose S is a bounded subset of R? and ¢,, is an orthonormal basis for
L?(R). Then

Z<LSSOn, (pn

%//z] o 1) 2 du dt = //HML dwdt = |S|.

This shows that Lg is a trace class operator (see Section .

By the spectral theorem, we may find a complete set of eigenvectors
¢n forming an orthonormal basis for L? with nonnegative eigenvalues \,
decreasing to zero.

The interpretation of Lgf is that we build up f out of time-frequency
localized pieces (f, g“"!)g*"!, only using (w,t) € S.

Even if S = [-Q, Q] x [-T,T], the operator Lg will not be the same as
QrPoQ@Q7. In this construction, we are free to choose more general sets S.

In general, it is difficult to compute the eigenvalues and eigenvectors of
the operator Lg constructed above, in which case the construction is not
particularly useful. However, there is a special case in which things can be
computed explicitly.

Ezample 5.1.4. Consider the operator Lr = Lg, defined as above, with
S =8r={(wt):w*+t* <R*}

and
9(@) = golw) =i L,
In this case, things can be computed fairly explicitly. We only mention some
of the results; more details may be found in [7, pp38-40].
With these choices of gy and Sg, one finds by direct computation that
L commutes with the harmonic oscillator Hamiltonian, defined by

H=-% 221

In fact, one can compute the action of the unitary group e~ on gy explic-

itly and prove that

LRe—isH — e—isHLR’
which implies the result. The proof boils down to showing that the action
of e7H on gff simply produces (up to a phase factor) some other gws’ts,

where (ws,ts) are given by a rotation matrix applied to (w,t). One then
applies change of variables (given by a rotation, which leaves the domain Sg
invariant) to prove the identity above.
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As Lr commutes with H, these operators are simultaneously diagonal-
izable. Fortunately, it is a well-known exercise in quantum mechanics to
compute the eigenvalues and eigenvectors of the harmonic oscillator (see
e.g. [12]). The eigenvalues are simply {2n} and the eigenfunctions are the
Hermite functions

Gn =273 (n) "3 (x — L)"go(2).

The eigenvalues for Ly can be found (after some computation), using

LR
M(R) = (Lagn, én) = 4 / §e ds.
0

This is called an incomplete I'-function and the behavior as a function of n
and R is understood:

For each R, the A, (R) decrease monotonically as n increases. They start
close to 1 and then ‘plunge’ down to zero. One finds

max{n : A\,(R) > 3} ~ 3 R?,

which (writing it as 7R?/27) is again the area of the time-frequency local-
ization region divided by 27w. The width of the ‘plunge region’ is larger this
time, but still essentially negligible compared to %RQ. The eigenfunctions
turn out to be independent of the size of Sg; that is, the R-dependence is
completely represented through the eigenvalues.

So far, we have focused on using the windowed Fourier transform to build
operators. Of course, a similar construction is possible using the wavelet
transform. That is, given a weight w(a,b), we may define

w=cy' / / w(a,b) (-, p**)p*°a=2 da db.

Once again, one may interested in using a weight w(a, b) that simply cuts off
to a subset S. Once again this leads to operators Lg satisfying 0 < Lg < 1,
which (provided S is compact and does not contain a = 0) are trace class.
As before, the eigenvalues/eigenvectors can be difficult to analyze except in
some special cases. One such case involves taking 1&(5) = 2¢e~¢ X[0,00) (§)
and using the identity

1=a,! /0 / [ i + (™" ")a™2 dbda,



108 CHAPTER 5. WAVELET TRANSFORMS

where ¢ = 1 and 1&— (€)= 7[’(5) One then considers localization to regions
Sc = {(a,b) € (0,00) x R : a® + b* +1 < 2aC’}

corresponding to the disks |z — iC|> < C? — 1 in the upper half of the
complex plane. The role of the harmonic oscillator Hamiltonian is played by
a different operator that commutes with Lo and is diagonalized by Laguerre
polynomials. We refer the interested reader to [7] and the references therein.

Let us now consider one final ‘purely mathematical’ application of the
continuous wavelet transform.

Characterization of local regularity.

We will prove two theorems relating regularity of functions to their
wavelet transforms. The first is a global result; we have seen similar re-
sults in the setting of the Fourier transform or Fourier series. The second is
a local result; this type of result is typically not possible using the Fourier
transform or windowed Fourier transform.

Theorem 5.1.6. Suppose

/(1 + |z ¢ (@) de < 00 and 1 (0) = 0.
If f is bounded and Hoélder continuous of order o, then

(F, ™)) < la]ot 2. (5.1)

Conversely, suppose v is compactly supported and f € L?(R) is bounded and
continuous. If (5.1) holds, then f is Holder continuous of order «.

Proof. The first statement follows from a direct computation. Using [ =
0,

W™, f)] < / a3 [(220)|f(x) — £(b)] da
< / o~ H | (Z=2)] 2 — b|* da
< Jaf**} / () 191 dy,

as claimed.
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We turn to the converse statement. Let 1)y € C° with [ = 0. We
can choose 12 so that the constant Cy ,, = 1. Using the resolution of the

identity,
— [ty @) daa.

We split the integral into the part where |a| < 1 and |a] > 1. We call
these two terms fg and f (for small and large scales, respectively).

First consider the large scale piece, which is actually already guaranteed
to be Lipschitz. We begin by showing fr, is uniformly bounded. In fact,

@) < // 1 e ol a3 o (222) | da db

< 1Al se el 2 e o / "% da < 1.

la]>1

Now let |h| < 1 and write

|fo(z + h) — fr(z)|

///a> a P LF T2 [ (FH=2) —ha(250)| dy db da
S [h| ///S a”*|f(y)| da dbdy,

where (using the compact support of ¢ and 1)2)
S={(aby):la| =1, |y—bl<|aR, |o—b|<|aR}

for some R > 0. In particular, using Holder’s inequality,
3
ule 4 1) = o) Sl | ot adda 5ol
a|>1

We turn to the small scale piece, beginning again with uniform bound-
edness:

11 o _
Ifs(a:)|§//|<1 la|* T2 |a| "2 2 (£2) a2 da db

< Il / o da < 1.
la]<1
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Next, for |h| < 1, we consider fg(x + h) — fs(z) and split the integral into
two regions. First, we get the contribution

// la]® (|2 (222)] + |0 (BH2=E)) ) a2 da db
jal <A

N// a- 2dadb</ la| "1t da < |h|%,
s lal<|hl

S ={(a,b) : |la] <|h| and |z —b| < |a|R}

where

for some R > 0. Next, using the fact that vy is Lipschitz, the contribution
of |h| < |a] <1 is controlled by

/ la[*|Ala]"a "2 dadb < || a2+ < |,
S [h|<|a|<1

where we have denoted
S=1{(a,b):|h| <|a|<1 and |z—b|<|a|R}
for some R > 0. This completes the proof. O
Next, we turn to the following characterization of local Holder regularity.

Theorem 5.1.7. Suppose

[ 1@+ jal)dz < oo and 9(0) =
If f is bounded and Hoélder continuous of order o at xq, then
1 (03 (03
|(f, ") < fal2 (Jal* + [b]).

Conversely, suppose 1 is compactly supported and f € L? is bounded and
continuous. If there exists v > 0 such that

(LoD S a2 and [(f,9"70)] < lal2 (jal” + 1) (52)

(uniformly in a,b), then f is Holder continuous of order « at xg.

Proof. By applying a translation, we may assume xy = 0.
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Again, the first part follows from a computation: using [ ¢ =0,

!<f,¢“’\</!f FO)] a3 [ (22)) da
S [latlal Ho(5h) ds
< Jafot} / ()] [y + 21 dy < Jal3* + [al 3 ]pl,

as desired.

We turn to the converse statement. In fact, the argument proceeds
similar to the proof of Theorem We actually only need to establish a
suitable bound on |fs(h) — fs(0)| for |h| < 1. This time we split into four

pieces:
//a|§h&/v |a||1ha(2=2) a2 da db, (5.3)
// |a/7<|a‘<,h|(|“‘a+|10g|b||)!1/12( b)|a™? da db, (5.4)
//a|<h lal® + o) e~ 2)la™? da db, (5.5)

Sl 2ty — a2 daas
We first estimate
(5.3) < la| 7 a1 S R,

lal<|h|o/

which is acceptable.
Next, supposing the support of 1, is contained in [—R, R|, we have

-1
" SJHwQHLl / ]a\ +a da
la|<[h|

—1_(a|R+ |h])"
+f ja| ! da
IR/ <|al<[A] [ log(|alR + [h])|

rawlda] < [,

< h|® [1 + 7|101|h||
BV S Inle/ <lal<n)

Similarly,

- —1_ (la[R)*
63 < a1+ da + / o]
lal<[h| lal<h| | log(la|R)|

S [hf*
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[To solve the latter integral, make the substitution u = log(|al).]
Finally, using the Lipschitz bound for s,

. (lalR + 1))
69 < | mwﬂmw+ (lalR + 1)) da
5.9 S og([al& + 7))
. o (lalR + |afy+o
Sl e qalre+ ) + oD g
h|<la|<1 |log(|a|R)]|
< e,
This completes the proof. O

5.2 Discrete wavelet transforms

We turn to the discrete wavelet transform. We let 1 be an admissible
function. We will restrict to positive scales a > 0, so that the admissibility
condition becomes

(%) . 0 .
%=A|§Wmﬁ%=/QaWMW&<w

For a fixed dilation step ag > 1, we will restrict to the discrete set of
scales a = a* where m € Z. We next fix a translation parameter by > 0 and
define the rescaled and translated wavelets

- —m -2 x—nbya™
wm,n(«r) = CLO 2 w(ao T — nbO) = a’O ? 1/’( ‘16” 0 )7

where m,n € Z.

The basic questions we are interested in are whether functions are uniquely
determined by their wavelet coefficients (f,¥y,), as well as how functions
may be reconstructed using wavelets and wavelet coefficients.

We will need the notion of a frame.

Frames and reconstruction.

Definition 5.2.1. A family of functions {¢;};ec; in a Hilbert space H is
called a frame if there exist 0 < A < B < oo such that for all f € H,

AllFIP <Y K fel? < BILFI
JjeJ

We call A, B the frame constants. If A = B then we call {p;} a tight
frame.
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If {¢;} is a tight frame, then for any f € H we have

AP =5 D1 el
J

which implies (via the polarization identity) that

F=A" (f i) (5.7)
J

in the weak sense.
Frames (even tight frames) need not be orthonormal bases.

Ezample 5.2.1. In H = C?, {p; ?:1 defined by

Y1 = (07 1)7 Y2 = (_77 _%)7 Y3 = (737 _%)

form a tight frame with A = %

In this case, A = % gives the redundancy ratio (i.e. we are using three
vectors in a two-dimensional space). If A = 1 then a tight frame is an
orthonormal basis.

Proposition 5.2.2. If {y;} is a tight frame with bound A = 1 and ||¢;|| = 1,
then {¢;} is an orthonormal basis.

Proof. By definition, if (f, ;) = 0 then f = 0. Thus, it suffices to verify
orthonormality. To this end, we observe

logll® = >~ s o> = llesll* + D 1psr o).
k j#k
As ||p;]] = 1, this implies (p;, ¢x) = 0 for any j # k. O

We turn to the question of reconstruction. In the case of a tight frame,
one has (5.7). To deal with more general frames, we first introduce the
notion of the frame operator.

Definition 5.2.3. If {¢;},cs is a frame in H, the frame operator F' is
the linear operator F' : H — ¢2(J) defined by (Ff); = (f, ;).

The frame operator is bounded, as ||Ff||> < B|/f||>. The adjoint of F is
computed via

(Fre, £y =(c.Ff)y=> ci{f.o5) = cilej f),

J J
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which yields

F*C = ZCj(pj.

jedJ

Note that |[F*| = ||F|| < B? and that

Y Kol = IFfI? = (F*FF, f).
J

Thus, the frame condition may be written
Ald < F*F < BId.

As a consequence, we find that F*F is invertible (cf. the lemma below). In
fact, one has B~1Id < (F*F)~! < A~'Id.

Lemma 5.2.4. Let S be a positive bounded linear operator on a Hilbert

space H satisfying S > aId. Then S is invertible, with S~ bounded by
-1

at.

Proof. Exercise. O

Proposition 5.2.5. Suppose {¢;} is a frame and F' is the frame operator.
Define
b= (FF) "y,

Then {@;} is a frame with frame constants B~! and A=Y, The associated
frame operator F' satisfies

F=FFF)!
as well as
F*F=(F*F)"', F*F=F'F=Id.
Finally, FF* = FE* is the orthogonal projection in (> onto R(F) = R(F).
Proof. Exercise. O

One calls {¢;} the dual frame of ¢;. (The dual frame of ¢; is simply the
¢; again.) The conclusions of Proposition may be succinctly written

as
Z(f:‘:@] )oi=1[= Zf:@]

J

This yields a reconstruction formula for f using (f, ¢;), while simultaneously
writing f as a linear combination of the ¢;.
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Note that typically the ¢; are not even linearly independent, and thus
there may be many linear combinations of the ¢; that yield f. The particular
linear combination given above has a minimality property.

Proposition 5.2.6. If f =3, cj¢; but we do not have c¢; = (f,;), then
Dol > el
J J

Proof. First note that f = Zj cjp; is equivalent to f = F*c. Now decom-
pose ¢ = Fg+ b where Fg € R(F) = R(F) and b € [R(F)]* = nul(F*).
Then

lel® = [ Fgl” + |16

Now (since F*F = Id)
f=F¢c=FFg+Fb = f=g.

Then
D el = lel® = I1F AP+ 1012 =D 1L @0 + 116l

which implies the result. ]
Ezample 5.2.2. In the example above we had
3
%Z v, 05)¢
7=1

However, since ) ¢; = 0, we also have

winN

3
Z v, ¢5) + afp; for any o€ C.
7j=1

However, the minimal length representation occurs when we choose o = 0.

The {¢;} also play a special role in the decomposition for f, in the sense
that if f=3_,(f,¢j)u; then

> Kui 9) > 185, 9)
J J

forall g € H.
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We return to the question of reconstruction. Given a frame {¢;}, the
problem boils down to computing the inverse of F*F. Suppose r = & —1 «
1. Then we may expect F*F ~ (A + B)Id, and hence

(F*F)~! ~ ﬁQBId, and so  Q; ~ AJFLB%‘.
With this in mind, we set R = Id — A+B F*F and write
f= a5 Y (fei)ei+ RS
J
By construction, we have

B—A B—A B—A
—grald<R< 55 1d, andso |R[| <55 = o0

This shows that simply writing
[~ MLBZOC’ ©5)P;
J

yields an approximate reconstruction of f with error of size ~ r|| f]|.
Pushing this further, we can describe an algorithm for reconstruction
based on the fact that

F*F =458(Id— R), sothat (F*F)"'=25(Id—R)™"

As ||R|| < ng < 1, we can write

(Id - R)~ Z R*.

Then
o0
~ 2 k
¢ = z25 >_ R'e;.
k=0

The approximation above corresponds to keeping only the k = 0 term. More
generally, we can define

~N k ~ k N+17,~
©; :A_,_LBZR $j=¥j— A+B Z Rfpj=[Id—R +]‘Pj'
k=0 k=N+1
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It follows that

1f =D (fren@) || = sup \ =D (fen@) 9
;

llgll= j
= sgp\z<f7 el @i — &7 9)|
J
= sgp\Z(f, P (RY1 55, 9)]
J
< IRIMHIAN < (52=) "I

As for actually computing the gbj-v , one can use an iterative algorithm
(that actually is relatively practical to implement) and write

¢y = B i +R*N 1

See [7] and the references therein for more details.
Frames of wavelets.

We return to the setting of the discretized wavelet transform, with

¢m,n($) = a(;m/Qw(aam.fC — nbo)

We will next discuss necessary and sufficient conditions for this family to
form a frame in L?(R). The following appear as Theorem 3.3.1 and Propo-
sition 3.3.2 in [7].

Theorem 5.2.7. Suppose Yy, form a frame for L? with frame bounds
A, B. Then

whe A< [T e < e,
0
Y GRS

Conversely, suppose the following hold:

inf Z\w sup 3 [hlag o)l < oo,

1<[¢]<ao * 1<[¢[<ao0 ez,

and

—supZ\w 5O 1P (agé + s)]
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decays at least as fast as (1 + |s|)~(+2) for some € > 0. Then there exists
by > 0 such that the 1, n, form a frame for any by < b, with the following
frame bounds:

A= nt STIGRF - z[m%kw%kﬂ%}’

1<[¢|<ao 570
1
27r{ sup Z‘w 5 |2+Z QWk)]2}.
1<‘§|<a0 k;ﬁo

Instead of going through the technical details of the proof of Theo-
rem we will focus on discussing a few examples below. At this point,
we only remark that the conditions on v are satisfied, if (for example)

D) < €11+ €)™Y, with a>0 and ~v>a+1.

Roughly speaking, if ¢ is an admissible mother wavelet (in the sense of
the continuous wavelet transform), then we can expect that the discretized
Ym,n will form a frame for (ag, by) close to (1,0). In fact, for some examples
we can use (ag, bp) rather far from this special value.

It is convenient to consider the value ap = 2. If we hope to have an
(almost) tight frame, then the bounds

ging 0oP < B

imply that ) 1h(27€)|? should be roughly constant (for & # 0). This is a
rather strong condition. One way to remedy this is to use multiple wavelets
¢!, ... 9", and to consider the frame obtained from {¢}, , } (setting ap = 2
for each).

The analogue of Theorem for the windowed Fourier transform is
given by the following. In this case, we consider the functions

IMwoT

gmn(z) =€ g(z — ntp)

for m,n € Z.

Theorem 5.2.8. If g,,, , form a frame for L? with frame bounds A, B, then
A< Zolglle < B.

Conversely, suppose

inf (x — nto) 250 su x —nto)|? < oo
ot 2 lol —nto)f* > 0. sup 3 gl —nio)” < oo



5.2. DISCRETE WAVELET TRANSFORMS 119

and

5(s)i= sup 3" lgla - nto)l lg(o — nto + )
0<z<tg n

decays at least as fast as (1+ |s|)~0+9) for some ¢ > 0. Then there exists
wy > 0 so that the gm n form a frame whenever wy < wg, with the following
frame bounds:

A= it S lote -t - SRS 20)

k0

B = {SupZ]g x — ntp) |2 —1—2 2”1{: 2”14:)]%}

k+£0

Ezample 5.2.3 (The Mexican hat function). The Mexican hat function v is
the second derivative of the Gaussian e~*"/2. Normalizing the L? norm and
imposing ¥ (0) > 0, one finds

Pla) = Zri(1—a?)e )

If one uses at least two voices, this yields an essentially tight frame for
bo < .75. This wavelet is often used in computer vision applications.
Ezample 5.2.4. For the windowed Fourier transform, the Gaussian g(z) =

rie=v /2 g commonly used. It turns out that the ratio wotg=+2m is relevant.

In particular, the g, , form a frame whenever wyty < 27. This is related
to the notion of time-frequency density, which is discussed in detail in [7]
Chapter 4].

Time-frequency localization in frames.

We have the following result regarding time-frequency localization.

Theorem 5.2.9. Suppose Ymn(2) = m/2w(aamx —nbg) forms a frame
with bounds A, B. Suppose that

(@) € (@)™ and DO S € (e)BH

for some o > 1, >0, and v > 0. Then for any e > 0, 0 < Qp < Qq, and
T > 0, there exists a finite set B such that for any f € L?,

1F=> (s,
B

< \/%[EHJCHLQ + 1 Fllc2qes) + 1Flz2qer<ao) + 11l L2ei>a)] -




120 CHAPTER 5. WAVELET TRANSFORMS

The set B is defined by
B={(m,n):mo<m<my, |nb|<ay™T +t}, (5.8)

where mg, m1,t are chosen depending on €2y, 21,7, €.
The analogous result for the windowed Fourier transform is the following.

Theorem 5.2.10. Suppose gnm(x) = ™0%g(x — ntgy) form a frame with
bounds A, B. Suppose that

lg(z) S (@)™ and [g(&)] < (€)™

with o > 1. Then for any € > 0, there exists t.,w. such that for any f € L?
and T, > 0, we have

If = Z<f7 Gmn) Gminll L2
B

< BN e + 1 2oy + 1l z2qeoen]-
where B = {(m,n) : |mwy| < Q+we, |nto] <T +t.}.

We will only sketch a proof of Theorem Similar ideas suffice to
establish Theorem [£.2.101

Sketch of the proof of Theorem[5.2.9 We define B as in (5.8). We will es-
timate the norm by duality. Fix h € L? with ||h||;2 = 1. Then

Foh) =S U ) @ B) = S (Fy ) (Vs ).
B Be
This can be controlled by two sums. First, we have
S 1P )| + (= Pa) f o n]| (G 1)
B

where
By ={(m,n):m<mg or m>mg}.

Here we write Py to be the Fourier multiplier operator cutting off the fre-
quency support to Qo < |£] < Q5. Next, we have

S Qe f, )| + (1L = Q1) f )| (Wrm, B,

Bs
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where
By ={(m,n) :mg <m <my and |nbo| >ag™T +1t}.

Using the fact that the Jn\l/n are a frame with frame bounds B~1, A1,
we can estimate

ST~ Po) f o) | (s B
B1

(Z| (1-Po) f,wmn\:’) (Zwmn, 12)

< B:
< /B llz2qger<am + 1l 2ggsan)-

Similarly, the contribution of (1 — Q7)f to the Bs sum is controlled by
the || f||z2(jz|>7) term. It remains to show that the remaining terms can be

(1= Pa)fll 2 A% ||h| 2

controlled by s\/g IIfllz2. We deal only with the P term, leaving the Qr

term as an exercise.
Applying Cauchy—Schwarz and writing g = Po f, we are led to estimate

S g Y=
B, By

2rbs tar ™
> / D7 giboapng Z G(& 4 2mlag™by ) (afté 4 2mlby )
0

[ 560 diapeyetes

B1
2mby tag ™ ~ 2
=3 / o by DY (alre + 2mlby )| de,
mGB’
where we use Plancherel (on the torus) in the final step and
Bi={m:m<my or m>mg}
Expanding this out, this becomes
S IOIE ~ 2mtag 19O 16 — 2w de
LeZ,meB]
where

Sy = {Qo < |€], € £ 2mlag™by | < Q).
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We now apply Cauchy—-Schwarz and a change of variables. We are led to

estimate L
W I [ e )

¢ o€ex

where

Fi= " [h(ag)I* |d(agé + 2xby 0)|

meDB]

for some 0 < A < 1 to be chosen below. Now, by assumption,

[ (ag )] (ag ¢ + 2mby 1 0)] < (ag'€) " (ap ¢ + 2mby )™
SO

Continuing from above,

ZKPQf’ wm,n>|2
By

Sb HIPaflI7 > (O sup Y (e P,

Z Qo<IE|< o

The sum in ¢ converges provided v\ > 1, while

sup Y [ib(agre) 4N

Qo<IE|<

meB]
< Z <a6”Q —29(1-X) + Z 251 A)
m>m1 m<mo

5 (Qoagn)f?y(lf)\) + (QICLBRO)Z,B(lfA)_

Choosing A = (1 +~71) (say) and then choosing mg sufficiently negative
and m; sufficiently positive, we can arrange

ST Paf )| < BE2| £,
By

as desired. The Q7 f term is left as an exercise. This completes the proof.
O

Redundancy in frames

We close this section by making a brief comment about redundancy in
frames. For frames that are tight or close to tight, this can be measured by
the size of (A + B).
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Suppose {¢;};c is a frame. If additionally {¢;} is an orthonormal basis
then the map f + (f, ;) is a unitary map from H onto ¢2(.J). If the frame
is redundant, then the range is a strict subset of £2(.J).

Recall that the reconstruction formula

=Y (f00)%

jed

involves a projection onto the range of this map, written f = F*Ff.

Now, if the coefficients (f, ¢;) were modified by adding some «; (e.g. be-
cause of a roundoff error in a numerical computation) then the reconstructed
function would be given by

fapp = F*(Ff + ).

However, since F** includes a projection onto the range of F', the part of the
sequence « that is orthogonal to the range of F' does not contribute. Thus,
we expect

1 = fappll = [[E" ]
to be smaller than [|«||. This effect should become even more pronounced
if the frame is more redundant, since in this case the range of F' becomes
even ‘smaller’.

Ezample 5.2.5. Let u; = (1,0) and ug = (0, 1), giving an orthonormal basis
for C2. Let

3 1
€1 = U2, €2= —%U& — U2, €3=

s

1
uy — 5“2'

Then ey, es, e3 is a tight frame with frame bound %
Suppose we add aje to the coefficients (f,u;) or (f,e;), where a; are
independent normal random variables. Then one can compute

E{IIf =D [(f,u) + ajelug]|*} = 2€2,
while

E{|If — 2 [{f,¢;) + ajelejl*} = 2e2.

5.3 Multiresolution analysis

We turn to the notion of a multiresolution analysis.

Definition 5.3.1. A multiresolution analysis is a sequence of closed
subspaces V; C L? satisfying the following conditions:
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(i) Vj Cc Vi for all j € Z,

(i) Ujez Vi = L*(R),

(iil) ez Vi = {0},

(iv) feV; <= f(2) e,

(V) fe€Vo = f(-—n) eV, forallneZ,

(vi) There exists ¢ € Vj (called the ‘scaling function’) such that

{¢O,n ne Z}

is an orthonormal basis for V[, where
bin(x) :=2729(272 —n).

Thus, all the spaces are scaled versions of a central space V{, which is
invariant under integer translations. The final condition (vi) may be relaxed
considerably, but we begin with this simpler setting.

We will write P; for the orthogonal projection onto V;.

Ezample 5.3.1 (Haar multiresolution analysis). Let

V; = {f e L = constant for all k € Z}.

R) : f‘[QJ'k:,QJ'(k-H))
We may take ¢(x) = 1o q)().

We will prove the following theorem.

Theorem 5.3.2. If {V;}jez forms a multiresolution analysis of L?, then
there exists an orthonormal wavelet basis {1 : j,k € Z} such that

P =P+ Z<’ Vi) Vs k-
e

Proof. Let W; denote the orthogonal compliment of V; in V_1, so that
Via=V; o W;.

Thus
J—j—1

V=V, @ Wy forall j<..
k=0
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By (ii) and (iii), this implies
L =gw;.
JEZL
Next, note that the W; also inherit the scaling property (iv):

feW; < f(27) e W.

Using the scaling/transation property, the problem therefore reduces to find-
ing ¢ € Wy such that ¢ (- — k) produces an orthonormal basis for Wj.

To do this, we will utilize the scaling function ¢ of (vi). In particular,
since ¢ € Vo C V_1 and ¢_1,, are an orthonormal basis for V_;, we may
write

¢= hnd-1m, With hy=(¢,¢-1,) and I |kl =1.

We rewrite this as

¢(x) =V2) had(2x —n), sothat §(&) = J5 > hne "2G(E/2).

Defining
m(](é.) — % Z hne_ln£7

this becomes ¢(€) = mo(£/2)p(£/2), with mg a 27 periodic function.
We will now show that with

A~

(€)== P mo(§ + 1) (5), (5.9)

the functions {¢(- — k)} form an orthonormal basis for Wy (and so {9;}
form a wavelet basis for L?).

To this end, we let f € Wy, ie. f € V_; and f L Vy. By assumption,
we have

f = Z fnﬁbfl,na fn = <fa ¢fl,n>a

which becomes (as in the above computation)

F(©) = my(€/2)0(¢/2), mp(€) = J5 D fae™™.
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The assumption that f L ¢gj for all £ becomes
2r R -
0= / ¢S f(E + 2m0) Bl + 2n0) d,
0 ¢

so that . _
> f(E+2m0)d(¢ + 2ml) = 0.

14

Inserting the identities above (evaluating at 2¢), we get
me(g + Wﬁ)mo(% + ﬁé)\é(% + 70> =0
¢
As my and mg are 27 periodic, we this becomes

0=my(5)mo(5) Y |6(5 +m0)’

£ even
+mp(5+mmo(5+m) D 165+ 70
£ odd
We next claim )
S Ib(E + 20 = £, (5.10)
LeL
which then implies
myg(-)mo(-) + mye(- + m)mo(- +m) = 0. (5.11)

To prove (5.10), we rely on orthogonality. In particular,
b= [ o(@)oa Ry da
2
= [t iR = [ e S e+ 2m0 e

LeZ

which implies ((5.10]).
Now, arguing as we did to derive ([5.11]), we have

> Imo(§ + 7065 + 70 = o,
l

which yields
Imo(€)” + [mo(€ +m)[* = 1.
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In particular, mg(-) and mg(-+7) cannot both equal zero on a set of nonzero
measure, and hence (5.11]) implies that there exists a 27-periodic function
A so that

myg(§) = MEmo(§+m) and A(§) + A+ m) =0.
We rewrite the final expression as
ME) = e*p(2¢)

for some 27-periodic v. Returning to our formula for f , we get

~

F(&) = €2 mo(§ + m)w(€)d(5),

which (by periodicity) allows us to write
FO = me ™)), ie f=D mi(-—k)
k k

for suitable vy.
It therefore remains to verify that the {¢)(- — k)} belong to V_1 N Vg*
and are orthonormal. This we leave as an exercise! O

Remark 5.3.3. The proof above provides an example of a wavelet that one
can use. Such examples are not unique—one could modify 0 by multiplying
by any 2m-periodic function that has magnitude one almost everywhere.
Using this freedom, we will take

Y= Zgn¢—1,nv gn = <_1)nh—n+1-

Let us mention a few examples.

Ezample 5.3.2. In the Haar multiresolution analysis, we take ¢ = 191). In

this case
L n=0,1

hn = \/§/¢(x)¢(2x —n)dx = {\/5

0 else.
It follows that
1 0<z<}
V= Jsb0— 5o =q -1 3<a<]

0 else.

This is the Haar wavelet basis.
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Ezample 5.3.3 (Meyer basis). Define ¢ via its Fourier transform:

) ! €l < ¥
O€) = 7= - qeoslFu( e - 1)) F <[¢] <,
0 else,

where v satisfies v =0 for 2 <0, v =1 for x > 1, and v(z) + v(1 —x) = 1.
We then take Vj to be the closed subspace spanned by the (orthonormal)
set {¢(- — k)}. In this case, it turns out that

(€)= V2re 2 [p(€ + 2m) + p(z — 2m)]B(5).

See [7] (say) for more details.

In practice, orthonormality of the basis ¢(- — k) can be relaxed to requir-
2

ing that
AZ’Ck‘QS ch(ﬁ(—k) §BZ‘C[€|2
k L2

(in which case they are called a Riesz basis). In many examples, one starts
with the scaling function ¢ and then defines V) by taking {¢(- — k)} as an
(orthonormal) basis. The spaces V; are then the closed subspace spanned
by

Gin(z) =272 0z — k).

This construction will lead to a multiresolution analysis provided

b2) = 3 end(2 — )

for some {c,} € ¢2, with

0<a<) |¢E+2m0) <8< oo
)4

See [7] for more detail.

We close this section by describing the connection between multiresolu-
tion analysis and subband filtering schemes, which play an important role
in applications.

Suppose we begin with some initial approximation to a function f, say
f% = Pyf. We can then write

fo=flrdteviaomw =W,
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where f1 = P; fO is the next coarser approximation to f in the multiresolu-
tion analysis, and §' = f0 — f! = Q; f° represents the information lost in
the transition from f° to f'. Here @i denotes orthogonal projection onto
Wi.

Recalling that V;, W; have orthonormal bases ¢; x, 1, we may write

F=) ddin 6= diia

In fact, we can describe these coefficients c; and d}.. To see this, first recall
that by construction we may write

Yik = Zgn¢j—1,zk+n = Zgn—2k¢j—1,m
n n

and similarly

Gk =Y _ hn-okbj-1n-
n
Using this, we deduce

1 70 1 — 0
cp = Z hpn—okc, and d = Zgn_gkcn.
n n

In compact notation, ¢! = Hc? and d' = Gc°.
Continuing this, we can write f! = f24 62 with ¢> = Hc! and d? = Gl
In practice, one stops this after a finite number of levels. In particular,

we write the information in ¢® in the vectors d!,...,d” and a final coarse

approximation ¢’

This process is invertible, and can be summarized via

A= hnoc) t, d= Gamc) !,

= Z [hn—2kcji + gn—zkdﬁ-
k

In engineering applications, these are the analysis and synthesis steps of
a ‘subband filtering scheme’. In the analysis part, the incoming sequence
is convolved with two filters (one ‘low-pass’ and one ‘high-pass’). In the
synthesis part, the resulting sequences are subsampled (i.e. only the even
or odd entries are retained).

This type of subband filtering scheme is central to many applications of
wavelets (e.g. the JPEG2000 compression algorithm).
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5.4 Exercises

Ezercise 5.4.1. Work out the details in the discussion of Example [5.1.2
Ezercise 5.4.2. Solve the differential equation discussed in Example
Exercise 5.4.3. Show that if {¢;} is a tight frame with bound A then

F=AT (00
J

Exercise 5.4.4. Prove Lemma [5.2.4]
Exercise 5.4.5. Prove Proposition

Ezercise 5.4.6. Show that for ¢ chosen sufficiently large in the proof of The-
orem [5.2.9] we can arrange

Q7 f1I72 < Bell fI7--

Ezercise 5.4.7. Show that the functions {¢(- — k)} defined in Theorem [5.3.2]
are orthonormal. [Hint: Use the same trick appearing in the proof of the
theorem. That is, apply Plancherel and split the integral into a sum over
¢ € Z. Split the sum into even and odd parts and use the properties of myg
and ¢ that were already established.]



Chapter 6

Classical harmonic analysis,
part I

Many problems in harmonic analysis are related to the boundedness prop-
erties of certain operators on various function spaces. For example, in this
section we will study a special example (the Hardy-Littlewood maximal
function) and its variants, along with other classes of operators for which
we can understand boundedness properties.

An extremely useful tool for proving boundedness properties of operators
is that of interpolation, and so we begin there.

6.1 Interpolation

In this section we will consider sublinear operators, i.e. those satisfying
T (cf)| = | |T(f)] and |T(f +9)| <|T(f)|+|T(g)|- This includes not only
linear operators, which include many important examples, but also maximal
operators, as well as square function type operators. The latter two may
have the form

Tf=suwp|T.f| or Tf= (Z\Tnfp)%

for some collection of linear or sublinear operators T;,.
We begin by making some notions of boundedness precise.

Definition 6.1.1. Let 1 < p,q < oo and let T" be sublinear. We say T is of
(strong) type (p,q) if we have an estimate of the form

ITfllze < Cllf e

131
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for some C' = C(T,p,q) and all f € LP. Here we typically take LP(R?)
and L9(R%), but one can of course work in LP(X) and LI(Y) for more
general measure spaces. Also, we may initially only require that T’ be defined
pointwise on a dense subclass of LP; the bound above allows for a unique
extension to all of LP.

Similarly, for ¢ < co we say T is of weak type (p, q) if

1T fllzace < ClfllLe

(cf. Section [A.1)). When ¢ = co, we define weak type (p,q) to mean strong
type (p, q).

Note that if T is of strong type (p,q), then T is of weak type (p,q);
indeed, by Tchebychev’s inequality,

[T fllzae < ([ Tf| Lo
As usual, we can define operator norms
T zp—re = nf{C : |Tfllra < C|fllzr forall fe LP},

and so on.

In the following, we will always consider operators with the property
that (|Tf|,|g|) is finite whenever f, g are taken to be simple functions with
finite measure support.

We will study the problem of interpolating various types of bounds for
operators 1. Let us begin with the following application of Holder’s in-
equality, which is essentially an interpolation-type result for the identity
operator.

Lemma 6.1.2 (Holder’s inequality). We have the following estimate:

[4 —0
1Fllze S NN Zoo £ 1101

whenever 1 < pg, p1 < 0o and
1_ 60 4 1-0
5= 0t 5, forsome 6€[0,1].
To prove this, write |f| = |f|?|f|*~% and apply Hélder’s inequality with
exponents £ and 5.
Let us turn to a slightly more general result, in which we begin with
strong type bounds and vary the exponent in either the domain or target
space alone.
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Proposition 6.1.3 (Warmup version of interpolation). The following hold:

(i) Suppose T is type (p,qo) and type (p,q1) for some 1 < p,qo,q1 < oo.
Then T is type (p,q) for all q such that

1_ 6 1-0
c=ut o Jforsome 6€[0,1]

In fact,
1Tz 20 SNTN G Lo TN 100, par -

(ii) Suppose T is type (po,q) and type (p1,q) for some 1 < pg,p1,q < oo.
Then T is type (p,q) for all p such that

1 _

0 4 1-9
; o + e for some 6 € [07 1]'
In fact,

1Tl zo—szo S TN w0 o Lall TN ot s -

Proof. For (i), we apply Holder’s inequality (in the form of the lemma
above). We find

[4
ITfllze ST ANGao 1T Flzed S NTNGo—sLao 11727, Lo 11 2o,

which yields the result.
We turn to (ii). Without loss of generality, suppose p1 < p < pg. We let
A > 0 and estimate

ITflle < IT(fxqr1<n) lze + 1T (Fxqrisap) e
STl zeo s nall Fxqi 1< lzro + 1Tl 2o all FX g1 153 e

L P

_» L

SY N Tl s Spall £l
=0

Optimizing in A now yields the result. O

In the following we will extend Proposition to the setting where
we vary both of the parameters p and ¢. Furthermore, we will see that
even if we begin with weak type bounds, we can obtain strong type bounds
through interpolation. There are two standard results, known as ‘real inter-
polation’ and ‘complex interpolation’ (in reference to the techniques used in
the proofs).

Our first main goal is the following:
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Theorem 6.1.4 (Marcinkiewicz interpolation theorem). Let T' be a sublin-
ear operator and

1 <po,qo,p1,q1 <00, poF#Dpi, qoF Q-

If T is of weak type (po, qo) and weak type (p1,q1), then T is of type (p,q)
for all (p,q) such that p < q and

1 1y _ (6 1-6 6 1-6
(o) =Gt 5wt 0 ) forsome 6€(0,1). (6.1)

Remark 6.1.5. We have not pursued optimal hypotheses here. For exam-
ple, it suffices to assume ‘restricted weak type’ bounds on T rather than
weak type bounds, and the conclusion of the theorem can be stated in terms
of more general Lorentz spaces (rather than just Lebesgue spaces). We will
not pursue such generality in these notes; however, we would like to point
out that although we will work in the context of Lebesgue measure, this
result applies to operators mapping LP(du;) to L9(dus) for more general
measures.

Remark 6.1.6. We would also like to point out that to obtain strong type
bounds, the restriction to p < ¢ is necessary. To see this consider for example

Tf=l|a|"3f

in dimension d = 1. Let us check that 7" maps L? to L»* and L™ to L*°.

However, T" does not map L? into LP% for any 2 < p < oc.

First, since T'f is a.e. bounded by the function |x|7%|]fHLoo, it is not
difficult to verify that T': L= — L** boundedly. Now suppose f € L? and
let us prove that

{272 1] > o} S o Y| £l

uniformly in «; this yields the L? — L% bound. We write

{le| 21/ > a} ¢ | {lal?a~ N and [f]> N}
Ne2Z
Thus, by Tchebychev’s inequality and volume bounds we can estimate
_1 L _
{lz[721f] > a}| S D min{fa N N7?||f[|7.}.
Ne2?

Choosing the optimal N and summing leads to the desired estimate.
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2
Finally, to see that 1" does not map L? into Lr’%, consider the function

_p+2

_1
z = || 7 [log(lz| + |27 %

and observe that
x> |z log(lz] + [z 1) ~°

belongs to L! if and only if § > 1. (See the exercises for more details.)

Before beginning the proof of Marcinkiewicz interpolation, let us collect
a few preliminary lemmas. The first lemma is an improvement of Hélder’s
inequality in a special case.

Lemma 6.1.7. Let f € L9 with ¢ > 1 and let E be a set of finite measure.
Then

1
[(Fixe)l S 1 fllas | Bl

Proof. Note that the distribution function of fx g is given by
a— {zxeE:|f] > a},

so that

/|fXE|d93:/O H{x € E:|f| > a}|da.

Now, for each a we have the bound
{z € E:[f]>a}| Smin{|E],a™||fl|Tex}-

Setting
1
g = || fllLaee|E] 7,

we therefore have

ag %)
/ Fxldr < /0 B dov + / o Ly da

0

1
S fllpase|El7,
as desired. O

The next lemma is a weakened version of Marcinkiewicz.
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Lemma 6.1.8 (Weak Marcinkiewicz). Under the assumptions of the Marcinkiewicz
theorem, the operator T satisfies

11
(Txr,xe)|l S |F|?|E]Y
for all (p,q) as in (6.1) and all finite-measure sets F, E.

Remark 6.1.9. The estimate appearing above would be an immediate con-
sequence of the refined Holder inequality and a weak type bound, but only
provided ¢ > 1. In particular, we do not know a priori that this bound
holds for T" using the exponents (pj, g;). The purpose of this lemma will be
to allow us to assume g; > 1 (at the price of replacing weak type bounds
with the restricted weak type bounds appearing above).

Proof. Let F be a set of finite measure. By assumption,

1 1
al{|Txr| > a}| S lIxrlles S IF[™

uniformly in « for j = 0,1. Recalling the definition of (p, q), it follows that

1—

1 i+ 0 1
o{|Txr| > ajfs S |F|o" S |F|,
uniformly in «, and thus
1
ITxFllLaee S [F]7.

for all sets of finite measure. As we may assume g > 1 (cf. gy # ¢1), we may
apply the previous lemma to deduce

11
(Txr, xe)|l S I TxrllLe~lxelLe S FI7IE[7,
which implies the desired result. O

With the preliminaries in place, we are now ready to prove the Marcinkiewicz
interpolation theorem.

Proof of the Marcinkiewicz interpolation theorem. Our goal is to show that

1T flle S I fllze

for (p,q) as defined above. By duality and density, it suffices to prove that

KITFL gD S I llzellgll Lo (6.2)
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for f and g simple functions with finite measure support, say. Furthermore,
we may assume f, g are nonnegative.
Using Lemma [6.1.8, we may assume that assume that

(I Txrl, [xe)] 5]2(1)111{|F|1/”j|EI1/"9} (6.3)

for any F, E (cf. Remark above).
We turn to (6.2). In fact, it will be convenient to write down a different
decomposition for f and ¢g. First, writing

9= 9 Xen-1g<am),
meZL
we find (by the triangle inequality) that we may assume
meZ

where FE,, are disjoint sets such that

1
o

/ q
gl o ~ (Z gma |Em\) .

m

For f, it is not enough to use upper bounds (due to the presence of T).
Instead, we write

f= Z I X{2n-1<f<on} = Z 2" Z 2_jXAgla

nez neZ  j=1

where A, is the set of z such that 2"~! < f(z) < 2" and the coefficient of
277 in the binary expansion of 27" f(z) is 1. In particular, we may write

o0
f=227% gy,
j=1

nel

where F? are disjoint sets and for each j

(Z2wi)” S 1l (6.4)

n

Jun
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In particular, by applying sublinearity and noting that Zj>1 277 is finite,
we find that it also suffices to consider f of the form

f=> 2"xg,

ne”

with the F, obeying (6.4]).
Applying (6.3) and sublinearity, we find

TSl £ 3 202 min {1Fl /70| )

m,n

1 11 =2 1

S 2B F min{|Ful 7Bl 7 27 By ¥
m,n =01

Recalling the definition of p, g, it follows that we may rewrite the minimum
appearing above as
ERIETR s N
min [|Fn|m o | B, |1 QO] .
j=0,1
Applying a dyadic decomposition, we are now led to estimate

1 11 1 1750 1
S (X zad) w4k wst (),
]:7

A,Be2Z “n:|Fp|~A m:|Eyp,|~B

Now, because pg # p1 and qg # g1, we are in a position to apply Holder’s
inequality and Schur’s test (Lemma |A.3.4)) and bound this quantity by

S 2ar om B
1| Fp |~ A N | B |~ B o
1 1
S 2rar > 2mBY| |
n:|Fp|~A A m:|Em|~B E?BI

where we have used p < ¢ and the nesting of sequence spaces in the final
step. It therefore remains to verify that

p
1
S ea) ey S e ein
A n|Fp|~A A n:|F,|~A n

and similarly for the E% sum. The desired inequality follows from the fact
that

> 2" < [2max 2|7 < 2 > 2

nes nes
for any finite set S C Z. This completes the proof that T is type (p,q). O
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We turn to another interpolation result. This estimate requires strong
type bounds to begin with, but yields strong type bounds with no restriction
on the order of p and ¢; it also easily gives an estimate on the operator norm.

Theorem 6.1.10 (Riesz—Thorin complex interpolation). Let T' be a linear
operator and 1 < po,p1, 4o, q1 < 00.

If T is strong type (po,qo) and (p1,q1), then T is strong type (p,q) for
all (p,q) such that

Ay = (& 1200 L 120y for some 6 € (0,1).
In fact,
1Tl zo—ra S T %00 pao 1T 17wt o -

Proof. Clearly we may assume (pg, qo) # (p1, ¢1); otherwise, there is nothing
to prove. Let us prove the estimate

0 41-6
(Tf. )| < ABAT I e llgll o
for all f, g simple functions of finite measure support, where
Aj =Tl grs -
Let us first assume that none of the exponents equal infinity. Writing f =

> agXxr,, we observe that

1-0

)

0
= s lawl o | |Slanl v,

which follows from the fact that

p
S adn, = (S )

for disjoint sets Fy. In other words, we may factor
-6
f=cfofi™,
where f; is a simple function in LP/. Similarly, we may factor

0 1-0 A
g=Cghgi™?, gjeL%.

Note that under this decomposition, we have

[4 —0
1 follzoo I fLll et ~ 11 £1lze
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and similarly for g.
Now we define

F(2) = (T(cf i), < g0

One can verify (by linearity of 7" and the fact that the functions involved
are simple functions) that F' is analytic and has at most exponential growth
in z. Furthermore, we claim that by hypothesis we have

Aol follzeollgoll oy  Rez=1

1F(2)] S -
Aill fillzedllgrll o Rez=0.

Indeed, let us consider the case Re z = 1. Then we can write
féfi "= fo-h where |h|=1

on the support of f, and similarly for the g term. Thus the result follows
from Hoélder’s inequality and the assumption that 7" is type (po, qo)-

Applying the three lines lemma of complex analysis (Lemma , we
deduce that

0 A1-0 0 —0 0 —0
IEO)] S AGAT I foll oo Lf1ll o1 1190 Zao 191 1| 7o
0 410
S AAT N e llgll Lo

for 0 € (0,1), which yields the result.

It remains to consider the case when one or more of the exponents is
infinite. In light of Proposition [6.1.3], we may assume pg # p1 and qo # q1.
Let us give the idea, but leave the details to the interested reader. If, say,
p1 = oo, we use the fact that % = p% and write

[}
Db
S lashv, = (3l

in place of the decomposition above. We do a similar decomposition if one
of the g; is infinite. Following the same argument as above then yields the
result. O

A similar argument extends this to the case where T also varies analyt-
ically in z. We leave the following result due to Stein as an exercise.
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Theorem 6.1.11 (Stein interpolation). Let T, be a family of linear opera-
tors defined on {0 < Rez < 1} such that for each pair of simple functions
f, g of finite measure support, we have

2= (T.f,9)

defines an analytic function on the strip with at most double-exponential
growth. Suppose that for some 1 < pg,p1,qo, 1 < 00 we have

T\ pri e < Aj  for Rez=j.

Then
Tyl Lr—ra < Aj 7 A

for 6 € [0,1] and (p,q) satisfying

1 1y_ (0 1-6 6 1-6
Ga) =Gt 5 w0 )

6.2 Some classical inequalities

In this section we discuss some applications of the interpolation results given
in the previous section.
The first is an estimate for the Fourier transform.

Theorem 6.2.1 (Hausdorff-Young inequality). The Fourier transform F
is strong type (p/,p) for all 2 < p < co. That is,

1flee S W fllg for all 2 <p < co.

Here we recall p' is such that % + I% =1.

Proof. The Fourier transform F is strong type (1,00) and (2,2). Therefore,
by interpolation, F is strong type (p’, p) for all 2 < p < 0. O

Next we have the Hardy-Littlewood—Sobolev inequality. This is a stronger
version of what is commonly known as Young’s convolution inequality.

Theorem 6.2.2 (Hardy—Littlewood—Sobolev). The following estimate holds
for functions f,g: R — C:

1f*gller S fleellgllpaee
whenever

l<p<r<oo, 1<g<oo, and 1+%:
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In particular,
2~ fllr S 1 Fllze

whenever
D<a<d, 1<p<r<oo, and %—i—%:f.
Before turning to the proof, we recall two basic convolution inequalities.

Lemma 6.2.3. The following hold:

1f*glleee S flleellgllpers I = gllee S N Nzellgllzr,
where 1 < p < o0.

Proof. The first estimate follows from Holder’s inequality, while the second
follows from duality: for h € L¥', we use Fubini’s theorem to write

(f g, 1) = g, £+ W)L S gl llf * bl S glloa LNz 1Bl o
where f(z) = f(—z). O
Proof of Theorem [6.2.3. The first estimate implies the second, cf.

—(d— —(d—
=@ fllee S WAz lllel ™ e o < 11l

provided we define exponents as above.
We turn to the first estimate. We fix 1 < ¢ < oo and g € L9 and
consider the linear operator

Tf=7fxg.

We normalize g so that [|g||pecc = 1. Our goal is then to prove that T is
strong type (p,r) for all 1 < p < r < oo satisfying the scaling relation above.
In fact, by (Marcinkiewicz) interpolation it suffices to show that T' is weak
type (p,r) for such exponents. Thus we aim to show

{If +gl > a3l S @™ I f]Le

uniformly in « > 0. To this end, let us fix a > 0.
Let A > 0 and split g = g1 + g2, where g1 = gx{|g/<x}- In particular,

{If % gl > a}| <HIf * g1 > 5o} + [{|f * gl > 30}.
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We claim that by choosing A sufficiently small, the first term on the right-
hand side vanishes. To see this, we first need the following bound:

4 _q
g Xgl<alle < llgllfaA!™a forany 1<g<a<oo.  (6.5)

This can be deduced by rewriting the L%norm in terms of the distribution
function. We leave the details as an exercise. Then, using (6.5)) with a = p’
(which is greater than ¢ provided r < o0), we find

a

1f * g1l S Ngill o | Fllee S A T# ([ fllze,s

4
which implies the claim, provided we choose \' 77 < allflizs, ie

/ p/

A= car a2
p

for 0 < cx 1.
We are left to consider the contribution of go above. In this case, we
need the following:

g - Xjgi=allz S llgllfaeeA!™ for any 1< g < oo, (6.6)

which we leave as a further exercise (and which can again be deduced by
writing the norm in terms of the distribution function). Now, applying
Tchebychev and (6.6]), we estimate (using the form of A above)

H{If * g2l > 50} S a7 P f * gallF
S a P g2l

S a PADY L g2 e

/ /
—ptp(1—q)F— | o p—P(1=a) F—
<o PP

< ' —q
Using the scaling relations, we can simplify this to

H{If * g2| > 303 S a7 (I fIL»,
which finally completes the proof. O

An important application of the Hardy—Littlewood—Sobolev inequality
yields a class of so-called Sobolev embedding inequalities. To describe
them, we need to introduce a family of operators that extend the usual
notion of derivatives.
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Recall that differentiation operators act as multiplication operators un-
der the Fourier transform. More precisely, we found

F[0£1(6) = ()£ (¢),
which we may write more succinctly as
0% = F1(i§)*F

as operators. In fact, an important class of operators (known as Fourier
multiplier operators) arises in this fashion: given a function m(§), we
may define the operator

T = F 'm(€)F.

Using Lemma [2.5.11} we find that (as long as m is a reasonably well-behaved
function) the operator T,, is given as a convolution operator, namely

Tof = (27) 210+ f,

where 7 = F~!m. Conversely, a convolution operator (i.e. an operator of
the form T'f = g * f) may also be viewed as the Fourier multiplier operator

with symbol (27r)g§.

Remark 6.2.4. We have just observed that convolution operators and
Fourier multipliers are one in the same. We remark here that a (bounded)
operator T is of this type if and only if it commutes with translations. In-
deed, to see that this is sufficient, note that for any test function v, the fact
that T' commutes with translation implies

YxTf=TYx*f,
where T™ denotes the adjoint of 7. Thus, by Lemma [2.5.11
V-Tf=T%-f.

Choosing v so that 1/3 is everywhere nonzero (e.g. by choosing ¢ = e_|x|2, cf.
Lemma|2.5.9)), we find that 7" is a Fourier multiplier operator, as desired. Let
us finally note here that all Fourier multipliers commute with one another,
as well.
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Returning to the above, we can naturally extend the notion of derivative
and define the class of operators |V|* as Fourier multiplier operators, namely,

|V|* = F ¢S F, seR.

For —d < s < 0 these operators are instead known as ‘fractional integra-
tion’ operators. In this case we can actually compute the inverse Fourier
transform of |£|° (in the sense of distributions) and so compute the corre-
sponding convolution kernel. In fact, we already saw a special case of this
in Section [2.6] when we used a symmetry argument to deduce that

]:_1‘£|_2 :C|33|_1 when d=3.
Arguing similarly, one finds that
}-_1‘51_5 = Cs,dfw\s_d for 0<s<d.

Exercise shows how to compute exactly the constants c; 4.

Having introduced this notion of fractional derivative (or fractional in-
tegration), we can now state an important class of Sobolev embedding in-
equalities.

Theorem 6.2.5 (Sobolev embedding). Let

§s>0, l<p<g<oo and %: —

SAl
Ulw

For any f € S, we have

[ llza S UV fllze-

Remark 6.2.6. Let us briefly explain the name Sobolev embedding. Just
as one has ‘Lebesgue spaces’, there is also a notion of ‘Sobolev spaces’. In
particular, one defines the spaces

WP .= {f e S :||V|*fllrr < c0}

for 1 <p < oo and s € R. The theorem above asserts that

W*P < LY whenever s>0, l1<p<g<oo and é:%—

Qulw

That is, it yields an embedding result between Sobolev and Lebesgue spaces.
Such results have wide application in the field of PDE.
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Proof of Theorem[6.2.5. We argue by duality. For f,g € S we first observe
(by Plancherel and the definition of |V|¥) that

(Ll =KIVELIVITgL < TV Al IV I2gll -
Now, by Hardy-Littlewood—Sobolev (and the scaling relations)
V1729l < M2~ % gll o S N9l -
The result follows. ]

The result just stated only applies to the fractional derivative operators
|[V]*. What about when s € N? For example, do we have

I flle SV SfllL» whenever 1<p<g<oo and -1

Qe
I
kRIS

This would follow if we could establish that

IVIfllze S IV Fle

for any 1 < p < oco. This question, in turn, boils down to a question about
certain Fourier multiplier operators. Namely, are the operators defined with
multipliers

m;(€) =

(known as Riesz transforms) bounded on LP? The answer is quickly seen
to be yes for p = 2; this is a consequence of Plancherel. For p # 2 the answer
is still yes, but it is not as simple to prove it. We will return to this question
below.

In Theorem [6.2.5] we have not included the endpoints p =1 or ¢ = oo
While there are some endpoint Sobolev embedding estimates available, one
needs to be careful when considering the endpoints. To illustrate this point,
consider the following example, which demonstrates the possibility of failure
of Sobolev embedding into L.

Ezample 6.2.1. Let p > 1 be an integer and let s = %. We will show there

is no continuous embedding WP < L,
We let ¢ € S be a nonnegative function supported inside the set 1 <
|z| < 2. For each N € 2V, we define

N
fn(z)=|V|~ [Z e M* Mm} > eu(IVIT06) (M),
M=1

M=1
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where the sum is also restricted to M € 2N and the coefficients ¢ will
be chosen below. We will show that ||fn|lLee — o0 as N — oo, while
IIV|°fn|lLr remains uniformly bounded.

First, we observe

VI0(0) = el [~ 000) = [ 0w dy > 0.
Thus we find
N
| fnlleee > [fn(0)] 2 Z e

M=1
On the other hand, using the support properties of ¢, we have

N p
1t = | ] S e o(Mz)| da
M=1
N N
=Y cpMMSp/|¢(M:c)\pdx ~ >y
M=1 M=1

where we have changed variables and used s = %. Thus, we may arrange that
| fn||Lee — oo while ||fn||zr remains bounded by choosing the coefficients
to obey {car} € P\¢'. Recalling M € 2V, we can take cyr = [log M] ™!, say.

Finally, note that we have only stated Theorem in the setting of
the whole space R%. Sobolev embedding results for bounded domains are
certainly available (and important), but we do not discuss this topic here.
See e.g. [8] for results of this type.

6.3 Hardy—Littlewood maximal function

We turn to our topic, namely, the Hardy—Littlewood maximal function. This
is a nonlinear operator that is widely-studied within harmonic analysis, and
we will use it on several occasions in later sections.

For z € R? and r > 0, we denote the ball of radius 7 centered at z by

B(z,r)={yeR: |z —y| < r}.

Given a locally integrable function f on R? and r > 0, we consider the
average
1

Bl Blos) f(?/) dy.
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This is well-defined and is a continuous function of x. The operator

M f(x) —SUP |B(m«)|/ y)ldy

is called the Hardy—-Littlewood maximal function of f. The operator
M is called the Hardy—Littlewood maximal operator.

As a simple motivating example, let us begin with the following propo-
sition.

Proposition 6.3.1. Suppose g : R? — R obeys |g(z)| < (x)7F for some

k>d. Then
|f*g(x)] S Mf(z).

Proof. We use the definition of the maximal function to estimate

Fro) s S / W) Fdy s Y NUNYEMF(2) S Mf(a).

Ne2Z ‘NN Ne2Z

Our main goal will be to establish the following.

Theorem 6.3.2. The Hardy-Littlewood mazimal operator is weak type (1,1);
that s,

M fllpree S 1 llLr-

As one readily observes that M is strong type (00,00), we may then
apply the Marcinkiewicz interpolation theorem to conclude the following:

Corollary 6.3.3. The Hardy-Littlewood maximal operator is strong type
(p,p) for all 1 < p < cc.

Before we begin the proof, let us make a few observations about the
operator M. First, suppose f is a nontrivial function. By considering r ~
|z| > 1, we can observe that

M f(2)] 2 |z| ™.

Thus we should not expect M to be strong type (1, 1); instead, mapping into
weak L' is the natural assertion. Of course, this rate of decay is compatible
with mapping into all higher L” spaces.

We will need the following lemma.
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Lemma 6.3.4 (Wiener covering lemma). Let B; = Bj(z;,7;) be a finite
collection of balls in R%. There exists a subcollection of balls, denoted S,
such that

e distinct balls in S are disjoint,
e UB; C UsB(xj,?)’l”j).
Proof. We run the following algorithm. Begin by setting S = ().

1. Choose a ball of largest radius from the remaining collection and add
it to S.

2. Discard from the remaining collection all balls that intersect a ball in

S.
3. If no balls remain, stop. Otherwise, return to step 1.

This algorithm terminates in finitely many steps; indeed, we remove at least
one ball from the collection in each step. The balls in S are disjoint by
construction, so it remains to verify the second point. In fact, if B; does
not belong to S, it must interest a ball in S of larger radius; it then belongs
in the three times dilate of that ball. This completes the proof. O

We are now ready to prove Theorem [6.3.2}

Proof of Theorem[6.3.2 Let o > 0 and consider an arbitrary compact sub-
set K of the set

{z: Mf(z)>a}.
We need to show that |K| < oY f||: (with implicit constant independent

of K).
Let z € K. Then there exists a radius r(x) > 0 such that

1
Bar@)| /B(x ) ()l dy = o

We therefore have
K c | J B(z,r(x)),
zeK
and hence by compactness there exists a finite subcollection B; = B(xj,7(z;))
such that K C U;-VZIB]-. By the Wiener covering lemma, we may find a sub-
collection S of disjoint balls such that K C UgB(xj, 3r(x;)).
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‘We now write

K| <) 3Bl <39 [Bj|.
S S

Now, by the choice of r(z;), we have

Bj|§al/ |f(y)|dy for each j,

J

and hence (since the balls are disjoint) we have
KI<3%7 Y [ Ifldy <3t [ 1)1
s /Bj

As the implicit constant (namely, 3d) is independent of K, we may now take
the supremum over compact K C {x : M f > a} to conclude the desired
result. O

A standard application of the Hardy-Littlewood maximal inequality is
to prove the Lebesgue differentiation theorem:

Proposition 6.3.5. Let f be locally integrable. Then

. 1 _
i ke [ Sy =1

for almost every x.

The details are left as an exercise, but we sketch the idea as follows. First,
one should show that it suffices to treat functions in L! (not merely locally
integrable). Next, one should observe that the result follows for smooth,
compactly supported functions. Finally, one should extend this to L' by
approximation; it is here that the maximal function estimate will come into
play.

Let us next discuss a generalization of the result above that we will need
later. For a locally integrable function w : R? — [0, 00), we define a measure
via

W(EB) = /E () da.

Then we have the following result:
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Theorem 6.3.6. We have M : L'(Mw dx) — LY (wdz) and M : LP(Mw dx) —
LP(wdx) for 1 < p < oo. That is,

w({Mf>a}) Sa_1/|f(1:)|Mw(x)da:
/\Mf(m)]pw(x)dxg/\f(x)\pr(ac)dw for 1<p< oo,

HMfHL‘X’(wd:v) S./ ”fHLOQ(dex)'

Sketch of proof. Again, by Marcinkiewicz interpolation it suffices to estab-
lish strong type (co0,00) and weak type (1,1) bounds. For the (oo, 00)
bounds, we note

HMfHLOQ(wdx) = w(lE’n)f SU.p Mf ) < HfHLOO (dz)>»
and thus it suffices to check that

oox—lnfsu <  inf su x)| = 0o (Mo dax) -
Il fIl oo a B0, P |f ()] (Mw)(E):%EEJf( N=1fllc (Mw dzx)

(cf. Exercise[A.4.3). In fact, this inequality is a consequence of the fact that
(Mw)(F) = 0 implies |E| = 0.

For the weak type (1, 1) bound, the argument is similar to that appearing
in the proof of Theorem One constructs the set K, the balls B;, and
the subcollection S as in that proof. This time we need to estimate w(3B;)
(where 3B; := Bj(z;,3r;), which we do by writing

w(3Bj) = /SBV

J

w(z)dr < / w(z) dr < 4% Bj|Mw(y)
|z—y|<dr;
for any y € Bj, so that
OB [ 1wl 5151 || I dy
This implies (by the choice of Bj)

w(3Bj) < o™ / ()| Ma(y) dy,

B;

which then gives

K)<» w(3Bj)Sa™t FW)IMw(y)dy S o™t [ |f(y)[Mw(y) dy,
ZS: g/BJ y y) dy / y y) dy

yielding the desired bound. O
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Remark 6.3.7. It is also a natural question to ask for which weights w we
have that M maps LP(wdz) to LP(wdx) boundedly for some 1 < p < oo.
The sharp condition for this is known; in particular, one needs that

p
_p o
sw iy [ wan ([ o™ a)” 51,
B B B

In this case we call w an A, weight, and write w € A,. We will not pursue
the topic of A, weights in these notes; we refer the interested reader to [29].

We next turn our attention to so-called vector-valued maximal func-
tions.

Definition 6.3.8. For f : R? — (2(C) given by f(z) = {fn(2)}n>1, we

define .
11 = ( [ I a)

We define the vector maximal function by

5150) = (S AR ) = 0@ He

n>1
The result we will prove is the following.

Theorem 6.3.9. The operator M is weak type (1,1) and strong type (p,p)
for all1 < p < oo. That is,

{z: Mf>a}| Sal|fln

and )
IMflle S\ fllze for 1<p<oo.

Remark 6.3.10. In the scalar case, the L* case was trivial. In the vector
case, it is false! In particular, one can check that if f,(z) = X[2n7172n£(x)
then f € L™ but |M f(x)|?> = co. Instead, the trivial estimate is from L? to
L?. Indeed,

sl = | (2 wise)|
<(/ Z\an<x>|2dx)%
< </Z|fnl2dfﬂ>§ — £l

where we use that M : L? — L? boundedly.
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We now have enough tools to prove Theorem when p € (2,00).

Proof of Theorem [6.3.9 for p € (2,00). Recall from Theorem that we
have

/ M fo(2) Poo(z) dar < / )P Mao(a) dor,
so that

/ L () P () e < / 1 (@))% Mw() de

for any locally integrable w. Now let 2 < p < oo and set ¢ = (§)". Then by
duality we have

52718 = 1)) g = sup [ |01 ds

lwllza=1

< sup / 1f(2) [ Moo das

lwllLa=1

< sup 1H 1f @7l g IMwlLe S IF11Z0,

|wllLa=

where we have used that M maps L? — L9 boundedly. This completes the
proof. O

It remains to establish the weak type (1,1) bound in Theorem for
then all of the remaining cases follow from Marcinkiewicz interpolation. For
this, we introduce the so-called Calderon—Zygmund decomposition.

Lemma 6.3.11 (Calderon-Zygmund decomposition). Let f € L' (R%; ¢2(C))
and set o > 0. There exists a decomposition f = g+ b such that g,b have
the following properties:

e |[g(2)|le < @ for a.e. v € R

e The support of b is a union of nonoverlapping cubes Qy, with

d
o< /Qk 1b(2)|2 dx < 20

o We have g = f(1—>xqQ,)-

Proof. We begin by decomposing R into a mesh of equal-sized nonoverlap-
ping cubes whose common diameter is large enough that

ﬁ /Q If(x)]|p2de < a
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for all cubes in the mesh.
Let @ be one of the cubes in this mesh. Subdivide Q into 2% congruent
cubes, and let Q' denote one of the resulting cubes. If

1
@1 [ 1@ do > a.
Ql
stop and select @’ as one of the cubes (). Note that in this case we have

a< e [ 1f@)lede <2 | (@) de < 2%
QT Jor @l Jg

If instead
an [ 1F@ e de <o

then we subdivide further into 2¢ congruent cubes and repeat the same
selection process for each of the resulting cubes. We continue subdividing
until (if ever) we are forced into the first case.

We repeat this with all of the cubes in the mesh, leading to the collection
of nonoverlapping cubes Q. We then define b = f - ) xg,, which has the
desired bounds by construction.

It remains to verify that ||g(z)|lp < « for a.e. z € RY, where g = f — b.
To this end, note that for any = ¢ UQy, there exists a sequence of cubes
Q@ > = with diameter tending to zero and such that

- /Q 1)l dy < o

Applying the Lebesgue differentiation theorem (to the integrable function
x || f(z)]s2), we deduce that

|f(z)]|;z2 < for almost every z ¢ UQy.
As f = g outside of UQy, the result follows. O

Remark 6.3.12. The same proof and decomposition works for scalar valued
f. In this case we can extend the result to get a mean zero condition for b,

namely
. bdx =0
|Qk| /Qk

for each k. Indeed, in this case we let

o(e) = {f(x) x ¢ UQ,
oo, fWdy =€
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and again set b = f — g. In this case we have |g(z)| < 2%, while

/Qk b(z) dz = /Qk [f () = g(a)] da = 0.

Note that we still have

|Q1k|/ |b(x)| dz < «a.
Qk

Proof of Theorem[6.3.9. Let a > 0 and f € L'(R%¢?(C)). We use the
Calderon—Zygmund decomposition to write f = g+b as above. In particular,

{IMf| > a}| < {|Mg| > za}| +{|Mb] > a}.

We can first estimate by Tchebychev and the strong type (2,2) bound for
M:

{IMg] > 50}| € a”2(|Mg|Z> < a7?|lg]Z-.

Now, since ||g(z)]|;2 < a a.e., we have

o / l9(@) 1% da < o™ / l9(@) e dz < o Vgllon < oY £,

which is acceptable. It remains to treat the contribution of b.
Observe that by construction we have

UQk| < oY fl .

In particular, writing 2Q, for the dilate of @), with the same center, we have

W2Qx| < 2% Y| fllL

and hence it suffices to show that
{z € (U2Qk): Mb> 1a}| S a | L.

For this, we introduce an averaged version of b with components
k k

As we will see, this leads to a function b that obeys a pointwise bound of
a, an L' bound of ||b]|;: < ||f]lz1, and a lower bound of Mb 2 Mb (on
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the complement of Ui2Q)). These ingredients will allow us to complete the
estimation of the contribution of b in the same way that we handled g.
We first observe that for x € Q,

e = | [ tlan| < [ 150 <o

This also shows

Bl = 3 /Q @l do <3 /Q Wl dy < 11

Finally, note that if z ¢ Ux2Q and B(x,r) N Qy # 0, then Qf C B(x,2r).
Thus, letting S = S, = {k: B(x,7) N Q) # 0}, we can estimate

Mb(>_suprrZ/B ‘dy

kes ” Bz, T)“Qk

S sup gt 2 104 g / buly) | dy

kesS

S sup Bm2r>|/( . Z X (2 |Qk|/ y)ldy dz
§Mbn($),

whence Mb < Mb on (Up2Qk)¢.
Using the above and arguing as we did for g,
[{z ¢ Ur2Qk : Mb > a}| S {Mb 2 a}|
S a”?|| M| 7,
S a2 bz
Sa bl S el
which is acceptable. This completes the proof. O

Remark 6.3.13. The theory of vector maximal functions can be extended
to ¢4 instead of ¢, but we will not pursue this here.

6.4 Calder6n—Zygmund theory

Recall that (in the setting of Sobolev embedding) we encountered the ques-
tion of whether the Fourier multiplier operators defined via the symbol
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m;(&) = % (known as Riesz transforms) are bounded on LP spaces.
To answer this question (as well as to understand some other fundamen-
tal operators in harmonic analysis) we will need to develop what is known
as Calderén-Zygmund theory. This theory addresses the case of ‘singular
integral operators’. The precise definition we need is the following.

Definition 6.4.1. A Calderé6n—Zygmund convolution kernel is a func-
tion K : R\ {0} — C that obeys

(a) |K(x)| < |z|~? uniformly for = # 0,

(b) For any 0 < R; < Rp < o0,

/ K(x)dx =0,
Ri<|z|<R

(c) The estimate
/ |K(x+vy)— K(x)|dr <1
|z[>2[y|

holds uniformly for y € R

Item (b) is a cancellation condition. Item (c) is a type of regularity
condition and is implied by the bound |VK (z)| < |z~ as we will see
below.

Given a Calderén—Zygmund kernel K, we will consider the operator
defined via f — K x f.

—i€;

Ezxample 6.4.1 (Riesz transforms). Consider m;(§) = G The Fourier
multiplier operator with symbol m; is a convolution operator with the kernel

Kj(w) = Fmy(w) = =00, 7 (1€
Now recall that F~1(]¢|~1) = c|z|'~¢, and so
Kj(x) = cxjle|~ Y

for some c.

Using this, we readily observe that (a) holds. As for (b), let us con-
sider (without loss of generality) the case j = 1 and d > 2. Define A =
diag(—1,—1,1,...,1) and consider the change of variables y = Az. As
det A =1, |y| = |Az|, and y; = —z1, this shows

/ xj|$|7(d+1) dx = —/ xj]a:r(dﬂ) dz,
Ri<|z|<R Ri<|z[<Ry
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which shows this integral is zero. Finally, for (c) we observe that
[VEG] = O(l[7),

and hence the desired inequality follows from Lemma [6.4.2] below.

Lemma 6.4.2. A kernel K obeys (c) whenever |VK (z)| < |z|~(@+D),

Proof. We use the fundamental theorem of calculus to write
1
K(z+vy) — K(z) —/ VK (xz+6y)-ydb.
0
Thus

1
/ |K(x+y)—K(x)|dm§/ / ly||VK (x + 0y)| d dx
|| >2]y] 0 Jiz|>2[y|

1
§|y\// |x+9y]_(d+1)dxd9
0 Jiz|>2[y|

< lyl ||~ dp < 1.
|z|>2]y|

In the above, we have used
|z + 0y| > x| — O]y > 3|x]
for |z| > 2|y|, which implies

o4+ 0|~ S faf 4.

/ 2]+ dg < [y,
|z|>2]y|

which can be seen by changing to spherical coordinates:

x oo
/ |1‘|_(d+1) dxr = / / @D pd=1 g gy S / r2dr Syl
|z[>2]y] Sd=1 J2ly| 2ly|

This completes the proof. O

We also used

Ezample 6.4.2 (Hilbert transform). Define K : R\{0} — R by K(z) = .
This kernel defines the Hilbert transform

fs 71r/f(flfy—y) dy.

This kernel clearly satisfies (a) and (b), while to verify (c¢) we compute the
derivative of K.
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We turn to our first main result, which shows that Calderén—Zygmund
operators define bounded operators on L? (i.e. are type (2,2)).

Theorem 6.4.3. Let K be a Calderon—Zygmund convolution kernel. Given
e > 0, define

KE(.%') = X{€<|x|<6*1}(x)K(x)'
Then for all f € S,

| Kz fllz2 S Ifllrz  uniformly in e > 0.

Consequently, the operator

f—=Kxf:=1limK,xf
e—0

extends from Schwartz space to a bounded operator on L?.

Proof. Let f € S. We will show that {K_ * f}.~0 is Cauchy in L? as ¢ — 0.
This implies that K. * f converges in L? to a limit denoted by K * f. We
will also show that f — K,  f is bounded on L? uniformly in € > 0. In this
case, we obtain

WK * fllr2 S|Ke* fllzz +0o(1) as € —0

and hence
K * fllpz S N fllze-

Now let 0 < g7 < 2. Then we may write
KEl * f(l’) - KEQ * f($)
- [ K@fe-ypay- [ K(y)f(z—y) dy.
e1<|y|<e2

ey ' <lyl<er!
Consider first the contribution of £; < |y| < 9. Using the cancellation
condition (b), the fundamental theorem of calculus, and the bound in (a),
we may write this term as

/ KW =9~ S dy]
e1<|y|<e2

1
< / ol /0 IV f (e + 0y) o dy

< / "NV Fll oo ({lylmlaly) @Y-
e1<|y|<e2
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Because f is a Schwartz function, we may bound this gradient term by
(x)~100d (where (x) = /1 + |z[?). Thus, performing the integral in y, we
find

Seg—e1—0 as e9,e1 — 0.
L2

/ o KWy

It remains to treat the range 5 < |y| < ey’

convolution inequality Lemma and (a) to bound

For this, we use the

Y
ey <lyl<e; L2

S HKXgQ—lSMSgl—l * fHL2

Sz ||KX52—1S|y‘§51—1 |22

1
2
it ([, el a)
gy <l|z[<ey

d
SWfllpies =0 as ex — 0.

Now we need to establish LZ — L2 bounds for K. that are uniform in
€ > 0. To do this, we will show that K. themselves are Calderén—Zygmund
convolution kernels. In fact, properties (a) and (b) are straightforward to
see, so we will focus on (¢). We need to bound

[ ety - Koo d

[z[>2]y]

To this end, recall that K. = Ky, where to simplify notation we write
X = X{e<||<e-1y- Then

Ke(z+y) — Ke(z) = [K(z +y) — K(z)]x(z +y) + K(z)[x(z +y) — x(@)].

The contribution of the first term above is uniformly bounded due to the
assumption that K is a Calderén—Zygmund kernel. Now consider the second
term. The part containing the characteristic function is nonzero if

e<|r+y/<et AND {jz|<e OR |z|>¢c'} (6.7)

or if
{lr+yl<e OR |z+yl>e'} and e<|z|<eh (6.8)
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Consider the scenario . Suppose |z| < €. Then the bounds |[x+y| > ¢
and |z| > 2|y| imply that |z| > 2e. Thus we are led to estimate

/ |K(z)|dx < / \x|7dd:c <1
§€<|:Jc\<s %s<|x|<z—:

uniformly in e > 0. If instead |z| > 7!, then we similarly deduce that
|z| < 2671, and we instead estimate

/ lz|~4dx < 1
e<|z|<2e 1
uniformly in € > 0.

The scenario is similar. That is, if |z + y| < ¢ then we deduce
e < |z| < 2e, while if |z + y| > ! then we deduce ¢! < |z| <71 In
particular, we obtain a suitable estimate in either case.

This completes the proof that K. is a Calderon-Zygmund kernel (with
implicit bounds independent of ¢).

To complete the the proof, we will show that | K.|z~ < 1 (uniformly
in £ > 0), which implies that K. : L?> — L? boundedly (uniformly in ¢).
Indeed,

1Ko * fllz ~ 1K fllpe S Kl £ 2
by Plancherel’s theorem.
We fix £ € R\ {0}. Then (up to constants depending only on 7, d),
K.(€) = / e K, (x) da
= / e K, (z) da + / e K () dx.
|z <|¢|~* |z[>[¢] =
Using condition (b) and then (a),
’/ e K, () d
|z[<[¢]~*
’/ [ —1]K_(z) dz
|z|<¢]~ 1

/||<|§| ! |$’1 d\§|di€ o
z|<

uniformly in £. The remaining region will take a bit more effort.
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We begin by writing

2/ e K, (x) da
|=[>]€]~1
= / e K, (x) da — / e e K () da
|z[>[¢]~ |z|> ¢~

:/ e_mgKE(m) d:E—/
|z|>1€] -1 lz+ 5%

where we have written

e K + ) dr,

‘5‘2 ‘>|£‘ !

eﬂ'i = 7”5 ‘§|2

and performed a change of variables in the second integral.
Now let us rewrite the integral above as the sum of three pieces, namely,

/ e s [KE(SU) — K (z+ %)] dzx, (6.9)
|z[>2m[¢| 1
/ e K, (x) du, (6.10)
g7t <[z[<2m¢| 1
/ e K (x + \5|2)d (6.11)
R

where R is the region
R={le] <2mlel™", Ja+ 251> [¢ .

The term is bounded uniformly by property (c). The second term
(6.10) is bounded uniformly by property (a). For the third term, we note
that in the region R we have

|§’ ! <z + ‘§|2’ < 3”‘5’717

and hence term (6.11)) is again uniformly bounded by property (a). This
completes the proof. O

Our next main result states that Calderén—Zygmund operators are weak
type (1,1) and strong type (p,p) for all 1 < p < oco.

Theorem 6.4.4. Let K be a Calderon—Zygmund kernel and K. be as before.
Then the following hold (uniformly in e > 0):

o [{[KexfI>a}| S Iflp,
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o ||K.* fllze S| fllze for all 1 < p < oo.

In particular, f — Kx*f = lim._,0 K.* f extends continuously from Schwartz
space to a bounded map on LP for 1 < p < oco.

Proof. We show the bounds and leave the extension as an exercise. Given
a > 0and f € L', we perform a Calderon-Zygmund decomposition and
write f = g + b, where the support of b is a union of nonoverlapping cubes
Qp., with

|Qlk|/ b=0 and IQlk/ || < for each Kk,
Qr Qk

and |g| < a a.e.
We then have

{IKe * fI > o} < {IKe * gl > 5a}| + {| K- b] > 5a}].

The contribution of g is handled in a straightforward fashion. We have
by Tchebychev’s inequality,
{IKe % gl > ga}| S @ 2||Ke + gl7 S a?|gll7z S a7 fller

~

where we recall that |g| < « and the definition of g (cf. Remark [6.3.12)).
Now consider the contribution of b. We let Q. denote the cube centered
at x;, (the center of Q) and dilated by 2v/d. Then

[UQi < 1@k =) V) Qkl S o HIf I
by construction of the @J, and hence we only need to show
{a € (UQR) : |K: +b()| > 5o} S @™ |l

We begin by with an application of Tchebychev’s inequality to bound
this measure by

al/ | K. | d. (6.12)
N(@Qp)°

We now use the mean zero condition on b to write

Kob(o) = 3 [ [Kula =)~ Koo~ 2)]) dy
k k
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Thus

ED <o [ 3 [ Koy - Koo - )| )| dy ds
N(Qx)e PR

k
<Y o / / K- (x = y) — Ko(x — ay)| da |b(y)]| dy.
Qr J(Q;)°

k

Now write
/ ]Kg(xy)Kg(xa:k)]dx:/ |Ke(z4xp—y)— K ()| de.
(@Qp)e —{zi Q)"

Now we claim that |z| > 2|z — y| for z,y in the appropriate sets above.
Indeed, writing £(Qy) for the sidelength of Q, we first have |z — y| <
@E(Qk) for y € Qy, while |z| > v/d¢(Qy). Thus condition (c) applies and
this integral is bounded uniformly, leading to

ED 5oy | bwldy S o Ifln,
k k

as desired.

Marcinkiewicz interpolation now yields (p,p) bounds for 1 < p < 2
(uniformly in €). It remains to treat the case 2 < p < co. To this end, we
fix 2 < p < oo and write

Ko flo = sup / / Ke(z — ) f(1)3(x) da dy

lgll,

—swp [ 1) [ Kelw - y)gla) dody

= sup(f, Ke(—) #g)
S Iflleo sup | Ee(=) * 1l

S I llze,
where we have used L?" boundedness for K. (—-), which follows from the fact
that 1 < p’ < 2. This completes the proof. O

Remark 6.4.5. Let us briefly summarize the ideas of the proofs above.
Essentially, what we showed is that the three conditions defining a Calderon—
Zygmund kernel K guarantee that K is bounded, which yields the L? — L?
bounds by Plancherel. Then, using a Calderon—Zygmund decomposition
and item (c), we showed that Calderon—Zygmund kernels have weak type
(1,1) bounds. Interpolation yields (p, p) bounds for 1 < p < 2, and a duality
argument yields (p,p) bounds for 2 < p < occ.
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Remark 6.4.6. Boundedness in L' and L™ can fail. To see this, consider
again the Hilbert transform

Hf(x) = }r/f(wy_y)dy.

Let f = Xjap € LN L'. We claim that

HxXap)(z) = %log\g;:Z},

which belongs to neither L' nor L™. Indeed, we can write

_ay Xa)(¥ — )
Hxap)(%) = 7 lim e ”

dy.

Now note that x4 (2 —y) # 0 if and only if x —b <y < x — a. Thus if
x > b, then for € sufficiently small we get

Mxn(@) = [ Lay = Lrog]2=3).

Similar considerations treat the cases a < < b and x < a (choosing € small
enough), and so the identity follows. (See the exercises.)

6.5 Exercises
Exercise 6.5.1. Show that that
© 5 |a] " log(|| + |27~
belongs to L!(R) if and only if § > 1. Use this fact to fill in the details in

Remark [6.1.61

Exercise 6.5.2. Prove the estimates (6.5)) and . Hint: Write the norms
in terms of the integral of the distribution function.

Ezercise 6.5.3. Use the Hardy—Littlewood maximal inequality (Theorem|6.3.2))
to prove the Lebesgue differentiation theorem (Proposition |6.3.5)).

Ezercise 6.5.4. Fill in the details of the proof of Theorem [6.3.6

Ezercise 6.5.5. Show that if f,,(x) = xgn-12n)(2) then f = {f,} € L> but
M f(2)? = oc.

Ezercise 6.5.6. Fill in the details in Remark [6.4.61



Chapter 7

Classical harmonic analysis,
part 11

In this chapter we primarily focus on the topics of Littlewood—Paley theory
and the theory of oscillatory integrals.

We define a partition of unity to be used throughout the chapter as
follows. We let ¢ : R? — [0,1] be a smooth C* function such that

= {! 2] < 1.4
€T =
4 0 || > 1.42.

We let ¢ : RY — [0, 1] be given by 1 (x) = ¢(x) — ¢(2z). For N € 2%, we set
YN (z) = P(5). It follows that

Z Yn(z) =1 almost everywhere.
Ne2Z

Indeed,
o (@) = () - e(FE):

N1<N<N>

In what follows, sums over N will be understood to be indexed by N € 2%,

7.1 Mihlin multiplier theorem

Recall the notion of a Fourier multiplier operator, i.e. an operator of the
form
T, = F 'mF for some m:R?Y— C.

166
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It is a simple consequence of Plancherel’s theorem that 7T}, maps L? — L?
boundedly whenever m € L*°. The following theorem concerns the more
general question of LP boundedness for Fourier multiplier operators.

Theorem 7.1.1 (Mihlin multiplier theorem). Suppose m : RN\{0} — C
satisfies

|9gm(€)| < 1€ (7.1)
uniformly in & € RIN\{0} and for all multiindices o of order 0 < |a| < [%EL].
Then T,, = F~'mF is bounded on L? for all 1 < p < oo.

Proof. Observe that T, is given by convolution with mm = F~'m. Now, as
just mentioned, the L? — L? bound for T}, follows from the assumption
that m is bounded (which is just with |a| = 0).

Thus, revisiting the proof of LP boundedness for Calderén-Zygmund

operators (cf. Remark following Theorem [6.4.4]), we only need to verify
that condition (c) holds for 7, i.e.

/ |m(x +y) — m(z)|de <1 uniformly in .
| >2]y|

Recall that this condition would be implied by the estimate |Vimn(x)| S
2|~ (@) uniformly in 2 € R¥\{0} (cf. Lemma [6.4.2). Let us first see that

this stronger condition holds if we assume ([7.1)) holds up to |a| < d + 2.
We write

m(&) = ZmN(g), where mpy = ¥ym.
N

By the product rule, for a given multiindex «, we have

lag[gm]\f” = Z Coq,oegagl (fm(§))3§‘2¢N
a1 tas=«

S 2L NPT gy
al1tas=«a

Thus
|2V | L S N0 [Emn]ll

S ) g1l N leal g

a1+a2:a ‘€|NN
d+1—|a
< NtHI=lel,
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Applying this with |a| = 0 and |a| = d + 2 yields
Vi ()| S min{ N N7 2|2
uniformly in . Thus

[Vri(2)] S Z Nt 4 Z ]\f*1|g;‘*(d+2)§J|ac‘f(d+1)7
N< 2|~ N>|z|~1

as needed.
Let us now prove condition (c) assuming ([7.1) holds only up to |a| <
[%] By Plancherel and the computation above,

/ 2%y () i ~ / 02 ma (O de
< D ||~ 2lenl N—2le2l ge

al1tas=«a |£‘~N

S Nd72|a|'

Using Cauchy—Schwarz and applying the above with |a| = 0, we find
[ ix@)lde s VR
|z[<R

On the other hand, applying the above with |a| = [41],

/x|>R el = (/ 2% (@) dx) % </|ac|>R jar| 21 dﬂ:);

S (VR)EIHT,
Choosing R ~ <, we find
/|mN(:c) dr <1 uniformly in N.
Arguing in the same way, we have
/|aBmN(x)| dw < NP,

In particular, this shows

/ (@ + y) — (@) do < Nyl
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Thus we have

m(z )| dz my(z x)|dx
/|wz2|y|’ (@ +y) —mz) <Z/x i (2 +y) = 1oy ()]

[z[>2ly]
Z Nly| + Z [ (x)] da
N<|y| 1 N>Jy|-1 |lz[>]yl
S1+ Y (T g
N>[y|~1
This completes the proof. O

Remark 7.1.2. This result is sharp in the sense that L' and L* bounds
can fail. To see this, let us re-use the Hilbert transform example, which
essentially corresponds to taking m(z) = i in d = 1. By using contour
integration (say), one can verify that m(¢) is a multiple of the signum func-
tion. In particular, it satisfies . However, as we saw before, the Hilbert
transform is not bounded on L' or L.

Remark 7.1.3. One application of the Mihlin multiplier theorem is the
following ‘Schauder’ type estimate, which is useful in the setting of elliptic
PDE: for any 7,5 =1,...,d and 1 < p < o0,

82
lg2dlle S IAf] Lo

(uniformly for f € §). Indeed, this is equivalent to the LP boundedness of
the Fourier multiplier operator

mig(€) = $%,

which is a consequence of the Mihlin multiplier theorem. (This can also be
deduced by using boundedness of Riesz transforms twice.)

7.2 Littlewood—Paley theory

Definition 7.2.1. For N € 2%, we define the Littlewood-Paley projection
operators Py via

In(€) = Puf(€) = vn () f(€).

In particular,

fu(z) = / N (Ny) f(z — y) dy.
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Note that Py is not an actual projection, in the sense that P]%, # Py. We
further define P<x by

Fen(€) = Pen (&) = o(%)£(8).
Finally, we have P>N =1- PgN and PNS-SM = ZNSKSM PK.

Remark 7.2.2. There is an alternate definition of frequency projection that
utilizes heat flow. Recall that the solution to the heat equation

ug = Au,  u(0,z) = f(x)
is given by u(t, z) satisfying

a(t, €) = e 1P f(g).

We may alternately write this as u(t) = e/® f. Suppose f is a nice function
(e.g. f € 8). Then at time ¢t > 0, @ will mostly be concentrated where
€| < % In particular, we can consider

Peyfi= eV f
to represent a projection of f to frequencies < N. We could then define
pr _ eA/N2f . 64A/N2f_

This viewpoint is useful in settings in which one may not have a nice notion
of a Fourier transform, but one can still solve the heat equation (e.g. on
manifolds).

We next prove some basic properties of the Littlewood—Paley operators.
Proposition 7.2.3. The following hold:
(a) Pn and P<y are bounded on LP for 1 < p < oo (uniformly in N ).
(b) We have the pointwise bound
[fn (@) + [ fen (@)] < [M f](2)
for all N, where M denotes the Hardy—Littlewood maximal function.

(¢c) For1 <p<oo and f € LP, the sum ) fn converges in LP to f.
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(d) For1<p<q< o0, we have

d_d
[fnlloe S Nv-all falle

and o
[f<nllLe S N7 4| f<nlLe-

(e) For1 <p<oo and s € R, we have

VI fnllze ~ N[ fxllr-

In particular, for s > 0,

VI fenllze S NI fllze,
If>nfllie S NEIVE e

Remark 7.2.4. The estimates in (d) and (e) are known as Bernstein esti-
mates. Item (c) may fail in L' and L>. To see this, first observe that for
each N, we have that P<yf € C* (since P<y is convolution with a smooth
function), but C*° is not dense in L*. Alternately, note that f = 1 belongs
to L°°, while

fn(x) = / J(y)dy = 0.

To see why (c) fails in L', note that any individual piece fy (and hence any
finite sum of pieces) has mean zero, while mean zero functions are not dense
in L'. Indeed,

/fN(x) dz = fn(0) = 0.
The proof of (c) above, however, will show that f<y — f in L' as N — oo.

Proof. Item (a) follows from the fact that Py and P<y are given by con-
volution with L' functions with uniformly bounded L'-norms (in N). In
particular, by Young’s convolution inequality and a change of variables,

1PN e = IF " on] * floe < IFHondlpll fllze < 11£1lze,

and similarly for P<y. This argument also proves (d), since

IF = ] * fllze S IF owlllzr | f ]l

for % +1= % + %. By a change of variables, one readily checks that

d

d_
17~ o]l S N> e,
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which yields (d).

Item (b) follows from the general fact that convolution with a spheri-
cally symmetric L'-normalized function is always controlled by the maximal
function, which we state as Lemma below.

Next consider (c). Writing >y, < ny<n, f~N = f<n, — f<ni, the problem
reduces to showing f<y — f as N — oo and f<y — 0 as N — 0; here
the convergence is in LP. For the first point, we need only to observe that
the family of convolution kernels corresponding to the operators P<y is
of the form {N?3(N-)}, where ¢ € S. That is, these kernels correspond
to convolution with L'-preserving rescalings of a fixed L' function. Thus
they form a family of good kernels and the result follows from the usual
approximation tot he identity argument (see e.g. Lemma . Note that
this part of the argument works even when p = 1.

For the second point, recalling that |P<x f| < M f pointwise, we see that
by dominated convergence (and the maximal function estimate) it would be
sufficient to establish P<y f — 0 pointwise. In fact, by item (d), we have

d
|P<nfllee S Ne||fllLp =0 as N — 0.

Finally, we turn to (e). It suffices to prove the bound for fu, for the
remaining two estimates can then be obtained by summation over M < N
or M > N. We consider the Fourier multiplier operator with multiplier

my(€) = N7°|€[* 4w (€),

where ¢y is a slight fattening of Y. As Yy is supported away from & = 0,
we have my € S. Thus F~!(my) € S and a change of variables shows

IF= mm)l S 1

uniformly in N. Writing Py for the Fourier multiplier with symbol ¢y, we
have that Py Py = Py. Thus we deduce from Young’s inequality that

IIVIEfnllze < N[ lze-

However, since s € R was arbitrary, the argument above also shows the
reverse inequality. This completes the proof. ]

The following lemma was used in the proof above and may be of inde-
pendent interest.

Lemma 7.2.5. Suppose K € S is nonnegative. For any N > 0, we have

N / K(N(z — )/ ()| dy S M[a].
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Proof. Without loss of generality, assume f > 0. Then
[N =) dy
SNd/ f(y)dy+2/ NYK(N(z—y))f(y) dy
Nlz—y|<1 R

R>1 <N\x—y|<2R

S Mfa)+ Y hG [ IN(z — )| K (N (@ - 1)) dy

R1 Nle—y|<2R

SMf(z)+ Y RIMf(x) S Mf(x),
R>1

where we sum over dyadic R > 1 and the implicit constants depend only on
() K| oo O

Our next result is the Littlewood—Paley square function estimate.

Theorem 7.2.6 (Littlewood—Paley square function estimate). Let

snw = (% |fN<:c>|2>§.

Ne2Z

Then
ISfllee ~ Ifllr  for all 1< p< oo.

The proof we present will make use of a probabilistic result known as
Khinchin’s inequality.

Lemma 7.2.7 (Khinchin’s inequality). Let X, be independent identically
distributed random variables on a probability space with X, = £1 with equal
probability. For any 0 < p < 00,

(B exl}) ~ (Slen)
for any {c,} € 2.
Here independence of X and Y means that
E{f(X)g(Y)} = E{f(X)} E{g(Y)}

for any measurable, bounded f,g. Note that E{X,} = 0 for the random
variables defined above.
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Proof. Without loss of generality, take ¢, € R. By Tchebychev’s inequality,
for any A > 0 and ¢t > 0 we can write

}P’{Z enXn > A} < e ME{e! 2 Xn)
< e~ HE{etchn}
n
< efAt H %{etC" + eftcn}
n
< e—AtH€t2c%/2 < e—AtetQEci/?
n
Here we have used the inequality
%[69 +e9 < /2,
A similar argument yields
]P’{Z cnXn < —A} < e Mel* L en/2,

Now choose t = ﬁ to get the bound

2
P{> enXn| > A} < 9¢ IT

Writing the LP(dP)-norm in terms of the distribution function, this implies
1 ~ 1
(E{ chxnv’}> - (/ PN D en Xl > A} d>\>
0

[e'e) _L %
< (/ pA\P12e 2 d>\>
0
1

where in the final inequality we have made the substitution
1
p=0_ch)zx

and used finiteness of the integral [ e/ 2ur=tdyp.
It remains to establish the reverse inequality. We claim that

S =Y eXa ).
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Indeed,
E{Y enXu|’} = ]E{chcanXm}
= Zc E{X2}+ ) cnom B{X,} E{X,}

n#Em

= Zc + ) enem B{X,} E{Xn} = ch,

n#m

where we used E{X?2} = 1 and independence.
Thus, for 1 < p < co we may use Holder’s inequality and the inequality
proved above to get

Zci = E{| ZCan|2}
< (B, eaXulP))? (B Y caXul?})¥
< B eXal))r ()2,

which yields the result.
Finally, for 0 < p < 1, we argue similarly to get

Z 0721 = E{’ Z Can‘p/2| Z Can|27p/2}
< (B enXal D) P EL S en Xl 7)
S (B eaXal}) (30 )

Rearranging now yields the desired inequality. O

’U»—t

We turn to the proof of Theorem

Proof of Theorem|[7.2.6, Let Xy be independent identically distributed ran-
dom variables with Xy = +1 with equal probability. By Khinchin’s inequal-

ity,
(Sf)(x (E{}ZXNfN )
Thus
1571 ~ B |3 Xn (e da}
=E{I)_ Xnfnls} = E{llmx = fII7,),
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where

mx (§) = Z Xnn ().
N

Let us now show that myx is a Mihlin multiplier (with bounds independent
of the value of the Xy), which will imply ||Sfllzr < ||f|lze. We compute

9emx (€)= 'ZXNN—'%W@\ < e[,
N

where we use the fact that for ¢ € C°(R9\{0}) only finitely many of the
terms above will contribute to the sum.

Remark 7.2.8. The proof shows that the bound ||Sf||z» < ||f|/z» holds
for a wider class of ‘square functions’. In particular, instead of using the
multiplier ¢ (that defines P;), one could use any C2° function supported in

R4 {0}.

It remains to establish || f||zr < ||Sf|lz». This will actually depend on
the fact that ¢y is a partition of unity. Define

pN:PQ + Py + Py, so that pNPN:PN.
2

Then by duality, Proposition [7.2.3[c), and the estimate proved above, we
have the following estimate for any g € L'

<f79>_/Z]5NPNfgdm
N
Z/%:Pfo’Ngdﬂ?
</ (; rPNf@:)P) : (%j \PNg@c)P) "

S 1S FllzellSgll Lo
S ISFleellgll Lo

where S denotes the square function defined in terms of the multipliers for
Py. This completes the proof. O

In the following, we will establish some ‘fractional calculus’ estimates
that are useful in applications to PDE. We begin with the following corollary.



7.2. LITTLEWOOD-PALEY THEORY 177

Corollary 7.2.9. The following hold:

1
2
NV Al ~ep (Z N28|fN<a:)r?) \ (7.2)
N Lr
foralls e R and 1 < p < oo, and
2
IV £l ~s (Z NQS\f>N(x)\2> (7.3)
N Lr

forall s >0 and 1 < p < oo.

Proof. Using the (proof of) the square function estimate, we first observe

< gl
Lp

1
2
H (} jN?S\PNwrng)
N

Taking ¢ = |V|°f now yields RHS(7.2) < LHS(7.2). For the reverse in-
equality, we use Plancherel, Cauchy—Schwarz, Holder, and the estimate just
established to write

(g,h) 2 = /ZNS|V|_3PNg-N‘S\VPPth:v

1 1
2 - 2
</ (ZN28|PN|V|—89|2) (N—2S|PN|V|%|2> dz
N
1 ~ 1
< I NP Py IV g2) E o | (3 N2 BV P) 2

1
S N*1PnIVI g ) 2| e lIhll -

Taking the supremum over h € L and applying this to g = |V|*f yields
LHS(7:2) SRHS([T2).
We turn to ([7.3])). We will show RHS([7.2)~RHS(7.3)). Using

IN = [>N — f>on

and the triangle inequality, we readily deduce RHS([7.2) SRHS([7.3). For the
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reverse, we estimate as follows:

Zst‘f>N‘2§ZN25 Z ’leHfN2’

N1,N2>N

= 22N2S Z Nle;Nf|fN1|N§’sz|

N<N1<Ny

2s
Z Z N]\SstN1|fN1‘N2|fN2|

N1<Ns N<N1

S > NllfNI\NzlfN2|<ZN23|f 2,

N1<N>

where in the last step we have used Schur’s test (Lemma |[A.3.4). This
completes the proof. ]

We turn to the following fractional calculus estimates due to Christ and
Weinstein [6].

Theorem 7.2.10 (Fractional product rule). Let s > 0 and

1i_ 1,1 _ 1,1
p_p1+p2 q1+q2’

with 1 <p,q,pj,q; < oo. Then

IIVPUD e S VI fllzedllglize: + 1 flla Vgl e -
Proof. We use

IV ~ (S N2 Py (£9)[2) 2110

Now write

9= Fon/ag+ f<n/ag9>nN/a + f<n/a9<nya,
so that

Pn(fg) = Pn(fsnya9) + Pn(f<njag>nya)-

Thus (using Proposition [7.2.3])
Z ]\ﬂSuDN(JcQ)’2 < Z ]\725\PN(JC>N/49)|2 + Z st’PN(ng/49>N/4)‘2
S ZN2S‘M(f>N/49)\2 + ZN28|M(Mf9>N/4)\2‘
Now, by the vector maximal inequality and the corollary,

1
| (Z NQS\M(f>N/49)\2) 2| S H(Z ’st>N/4|2)1/2gHLp
S gllee2 [V £l e -
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Similarly,

1
IO SN IM(M fgona) ) e SUM O IN*gonyal®) [ o
SIMfllLa Vgl e
S AL lIVEgl e

This completes the proof. O
Theorem 7.2.11 (Fractional chain rule). Let F': C — C be such that
|F(u) — F(v)| < |lu—v|[G(u) + G(v)] for some G:C — [0,00).

Then for any 0 < s <1, 1 <p,p1 <00 and 1 < ps < oo with

we have
[VIP(Fou)lre S NGw)|lrez[[[V[Pul e -

~

We will need the following lemma, similar in spirit to Lemma

Lemma 7.2.12. Suppose |h(x)| < g(x), where g is a radial decreasing func-
tion with lim, .o r%g(r) = 0. Then

[(hx £)(@)| < llgllr (M f) ().

Proof. By the fundamental theorem of calculus, we have

o(y) = /y| X (1)(=22) () dp.
Thus

s D@1 < [ [ x50 = ldody
<[] /Wf(:c—y)\dy}(—zz)(p) an
SM@ [ P50 o
SMIG) [ oot o S gl S,

Note that to integrate by parts used r%g(r) — 0 as r — co. This completes
the proof. ]
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Proof of the fractional chain rule. We write
S s 1
IIVEF@) e ~ 1O NPy F(@)]*)2 | 10

Now, using that | ¥ =0, we write

[Pr(F(u)))(x) = / NG (Ny)[F ou(z —y) — F o ulx) dy,
so that

PN (F (u))](z)] < /Ndliﬁ(Ny)IIU(ivy)U(w)I[GOU(xyHGOU(x)] dy.
(7.4)
We decompose

u(z — y) —u(z)] < [usn(z — )| + lusn (@) + D Juk (@ —y) — uk(@)].
K<N

We will now prove

ke (z = y) — uk ()] S Klyl(Muk(z —y) + Mug(z)). (7.5)

It suffices to treat the case K|y| < 1. We may apply the fattened projection
Pg (abusing notation and writing the corresponding convolution kernel as
1) and write

ug(r —y) —ug(x) = /Kd’l])(KZ)[uK(.% —y—z) —ug(x—2)]dz
— [ KU~ ) - S (o~ ) ds
— /Kd /1 Ky - Vi(Kz — 0Ky) dug (x — 2) dz.
0
Thus, using the lemma above,

i~ ) = wie@)] £ Kyl [ crsdifyooatunc(o - )] dz

S Kly[Mug ()| K41+ K|2)) 7% 11

which is acceptable.
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Continuing from (7.4)), we bound |Px(F o u)(x)| by

[Py (F ou)(z)|
< M(usyGou)(x) + M(usy)(x)|G o u(z)]
+ |usn (2)[M(G o u)(z) + usn(2)(G o u) ()]

£ 30 [ NGO M — o) + Mug(z)]
K<N

< {IG o u(w — )| + |G o u(@)]} dy.
The contribution of the first four terms can be bounded by

M(usnGou)(z) + M(usy)(z)M(G o u)(x).
The contribution of the sum can be bounded by

> BAM(Mug G ou)(z) + M[Mug|M[G o u(z)}.
K<N

Now we can estimate

1Y N |PyF(u)?)? | s

IO N*|M(usnG o u) 2| 1o (7.6)
I N2 M (usn) M (G o u)[2)? | s (7.7)
HIO N> EM(MugG ou)|?)? || (7.8)

K<N
HIO NS EM(Mug)M(G ou)|?)?||z. (7.9)
K<N

It remains to bound these four terms.
First, by the vector maximal inequality and the corollary to the square
function estimate,

1
(76) S1Gou> N*lusn|?)z| Lo
S NG oul e[|V IPul| Los -
Arguing similarly,

T < IM(G 0w o2 |(Y [M(N*usn)[?)2 | oo

S G o ull e [V Pul o -
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Note that ps = oo is allowed.
For (7.8) and (7.9), we need the following general inequality:

ZNQS‘ Z %CKE < ZNQS\CN\Q provided s < 1. (7.10)

K<N
Using this and arguing as above suffices to treat (7.8) and (7.9). The proof
of (7.10) (and (7.8) and (7.9)) is left as an exercise. O

7.3 Coifman—Meyer multipliers

In this section we will prove a version of the Coifman—Meyer multiplier
theorem. This may be viewed as a generalization of the Mihlin multiplier
theorem (cf. Theorem to the case of bilinear operators. In particular,
given m : R4xR¢ — C we may define the bilinear operator T}, by prescribing
its Fourier transform:

FITA .00 = [ m(& = n.mF€ = n)itn) dn

Equivalently, we may write

To(f.9)(x) = / [ (e~ nm e - matn dn e

Note that if m = 1 then T,,(f,9) = fg (cf. Lemma . Similarly,
if m(&1,&2) = a(&1)b(&2) then T,(f, 9) = [Tuf][Trg], where T, is the Fourier
multiplier operator with symbol a.

We may also understand T,, by observing that (formally)

Tm(e2m'x§1 7 627”'36{2) _ m(fb 52)627rim(£1+£2)_

Indeed, this follows from F[e?"%%] = §(¢ — &;). This shows that T}, multi-
plies plane waves (adding their frequencies) and modulates their amplitude

by m(&1,&2).
Our goal will be to prove LP x L™ — L% mapping properties for bilin-

ear operators of this type. We will consider multipliers/operators of the
following type.

Definition 7.3.1. We call m : R x R* — C a Coifman—Meyer symbol if
it obeys
laglangm(ghﬁé) S\a1\»|a2|7d (‘51’ + ’f2|)_|a1|_|a2|

for all multiindices a1, ao. We call T;,, a Coifman—Meyer multiplier.
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Remark 7.3.2. This should be compared with the definition of a Mih-
lin multiplier (see again Theorem . In practice, only finitely many
multiindices (depending on the dimension) are needed, but we will not be
concerned with this refinement.

Note that the product of two Coifman—Meyer multipliers is again a
Coifman—Meyer multiplier.

In the setting of Mihlin multipliers, we sought to prove L — LP bounds.
For Coifman—Meyer multipliers, it is more natural to seek Holder-type esti-
mates, i.e.

1Tl Dl S I oliglzn, 5+ 1= 1.

In fact, we will prove the following.

Theorem 7.3.3. Let m be a Coifman—Meyer symbol. Then the multiplier
T,, maps LP x LY — L" boundedly for all 1 < p,q,r < 0o satisfying
1,1 _1
p T
Remark 7.3.4. This theory can be extended to handle the endpoints p, ¢, €
{1, 00}; however, we will not pursue this extension here. See e.g. [23] for a
clear presentation.

Ezxample 7.3.1. Define

§1-€
m(€17§2) = m7

- T(f,g) = (—A) V] - Vg].

Then m is a Coifman—Meyer symbol, and hence

(=) V-Vl S I fllzellgl s
for 1 < p,q,r < oo satisfying % = % + %.
The proof of Theorem [7.3.3] will firstly rely on a ‘paraproduct decompo-
sition’ for Coifman—Meyer multipliers. In particular, we need the notion of
high-high, high-low, and low-high multipliers:

e We call T}, a high-high paraproduct if [£;]| ~ |€2] on the support of
m.

e We call T, a low-high paraproduct if [£; +&2| ~ |£2] on the support
of m.
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e We call T},, a high-low paraproduct if |; +&2| ~ |£1] on the support
of m.

We have the following paraproduct decomposiion:

Lemma 7.3.5. Given a Coifman—Meyer paraproduct T,,, we may decom-
pose

T = Thh + Thl + Tin,
where Thy, Thi, T are high-high, high-low, and low-high Coifman—Meyer
paraproducts.
Proof. We recall the Littlewood—Paley multipliers ¥y, ¢ from Section

In particular, as the 15 form a partition of unity (where we take N € 22),
we can write for any (&1, &2),

1= dn(&)vu(&)
N,M

= szv(fl)so%(fz) +> v (E)n (&) + Y P (E)on (&)
N N

<M<8N N

oz

These three expressions are high-low, high-high, and low-high multipliers,
respectively. If we multiply by m(&;,&2), then we complete the proof of the
lemma. O

Thus, to prove the Coifman—Meyer theorem, it suffices to treat low-high
and high-high multipliers; the high-low case follows by symmetry.
We will need the following technical lemma.

Lemma 7.3.6. Let f be a Schwartz function and N € 2Z. For any .y, we
have the bound

|P<v )| S (N(y — 2))'Mf (=),
where (x) =1+ 22 and M is the Hardy-Littlewood mazimal function.

Proof. We begin with the estimate

N / B(N(y — 2)| 1£(2)] dz < N / (N(y — 2))" %% £ (2)] de,

where we use the fact that ¢ is a Schwartz function.
For the region (z — x) < (y — ), we estimate

d __y\—100d d
N /w)sw)uv(y )7 () a5 N [ ()] dz

(=) ly—2)
S Ny —2)Mf (),
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which is acceptable. For the remaining region (z — z) > (y — x), we use
Lemma [7.2.5] to estimate

N / (N(y — 2))" 1% (2)] d
(z—x)>(y—z)
< N / (N(z — 2)) % £(2)| d= < M f(2),
which is also acceptable. O

Lemma 7.3.7 (High-high paraproducts). Let mpp be a high-high paraprod-
uct. Then mpy, satisfies the bounds appearing in Theorem [7.3.3,

Proof. We write

mhn(f,9) = Y Tan(PN Py f, PrrPurg),
NM

where Py denotes the operator corresponding to the fattened Littlewood—
Paley multiplier. Now, the operator

7hn (P, Par-)

is zero unless N ~ M in this case, it is a bilinear multiplier with a symbol
mpy, which is a bump function supported where |£1] ~ |2 ~ N. Writing
TNM for TmNM’ we find

mn(f,9)| < D [Tnm(Paf, Pug)-
N~M

Now consider the symbol m ;. We will decompose mpyas(£1,&2) using
a Fourier series on a torus in R? x R¢ of sidelength CN for large enough
C > 0:

mNM(§1;§2) = Z cnl,n2627"i("1'€1+n2'52)/0N

ni,na€Z4

on the support of ¥ (&1)Yar(€2). Now, using the definition of the Fourier co-
efficients and integration by parts, the Coifman—Meyer condition guarantees
that

Cnymg S (1 ] + [na]) 710 (7.11)
(see Exercise [8.3.2)).
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The advantage of this decomposition is that it factors m into a sum of
terms of the form a(&;)b(&2). In particular, we compute

Inm(Pnf, Pug)(z)
= 3 cuna P (= &) Pusle — ).

ni,n2
so that
|Thn(f, 9) ()]
S Y3 At Il o) P f (e — Bl Purgle — )l

N~M ni,n2
We write Py f = ]SNPN f and use Lemma to estimate
1P f(e = &) S () "M Py f]().
Similarly, recalling N ~ M,
|Prg(z — &%)| S (n2)?M[Parg) ().

Thus
[The(f, 9) ()] S Z Z |n1‘+|n2| 100d|MPNf( )M Prg()|
N~M ni,n2
S Y IMPyf(@)||M Pag(x)l
N~M

(s (Smmtor)

and hence, using Holder’s inequality, the vector maximal inequality (Theo-
rem|6.3.9) and the Littlewood—Paley square function estimate (Theorem 7.2.6))

Il fs Dller < (Z|MPNf ) (DMPNg )
.
< @WPNf(m)F)Q ) (;|MPNg<x>|2)2 )
< (;\PNMF)% ) @rPNg(a:)Ff )
<11 flloo gl oo

provided1<p,q,r<ooand%+%:l. ]

T
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It remains to treat the case of low-high paraproducts.

Lemma 7.3.8 (Low-high paraproducts). Let m, be a low-high paraproduct.
Then my, satisfies the bounds appearing in Theorem . (In fact, we may
allow p = 00.)

Proof. We write
Th fa Z’frlh f:PNPNg) ZTmN(PS%fapNg)a
N N

where

my(£1,62) = m(fl,&)@%(ﬁ)iw(&)-

Here m denotes the multiplier for 7y,. In particular my is a bump function
supported where |£1| < N and |[€2| ~ N. Thus, we may perform a Fourier
series decomposition for my(&1,&2) as before and write

min(f:9) Z Z Cny,na <Nf —on)Prgle = 2f)

N ni,n2

with
|eny | S (] + [nal) 717

We estimate the L™ norm by duality. We fix h € L. Noting that
PoxfPng = pN[PS%fPNQ],

we use Lemma [7.3.6] Proposition [7.2.3(b), the vector maximal inequality
(Theorem :6.3.9}, and the Littlewood—Paley square function estimate (The-
orem 7.2.6‘ , to estimate

[ 3 lenm Py flo = ) Pugte — &) Pah(o)] da

N ni,n2

/Z > W In1\+\nz| Tl (M )M [Py g)| Pxh] da

N ni,n2

</ er\(ZrM[PNgn?)é(ZPmﬁ)édx
(Z |M([Pyg] \2> (Z rPNhP>

S A lzeliglzallpll Lo

Taking the supremum over unit h € L yields the result. O

SIIM e
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Proof of Theorem |[7.3.54 Combining the high-high and low-high estimates,
we complete the proof of Theorem [7.3.3] O

7.4 Oscillatory integrals

In this section we discuss the theory of oscillatory integrals. There are two
types of integrals one often considers.
Oscillatory integrals of the first kind are written

I\ = / @y (1) dir,

where A > 0, ¢ : R = R, and ¢ : R* — C. In this case we are interested in
the asymptotic behavior of I(\) as A — oo.
Oscillatory integrals of the second kind are written

Ty /() = / DK (2, ) () dy,

where A >0, ¢ : RE xR 5 R, K : R? x R? - C, and f : R — C. In this
case, we are interested in estimates on the operator norm of T as A — oo.

We begin by considering oscillatory integrals of the first kind in dimen-
sion d = 1.

Proposition 7.4.1. Let ¢ : R — R and ¥ : R — C be smooth functions.
Suppose 1 has compact support inside an interval (a,b) and ¢'(x) # 0 for
all z € [a,b]. Then

b
I(\) = / e @) (2) da:

satisfies
1IN Sy AN forall N >0.

Note that without the assumption of compact support inside (a,b), the
best possible decay is A1, which is realized by ¢(z) = x and ¢ (z) = 1.

Proof. First, the bound |[I(\)| < 1 is immediate. Next, we write

i\ _ 1 d i\
M) = L 4 (il

and integrate by parts. This yields

o) = — / M) [ ()] dr,
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so that
I S A

To continue, define the operator D via
Df(x) = g def (@).
The computation above shows that the adjoint D! is given by
t _ _d 1
D'f(z) = _@[iw(x) ()].
For any N > 0, we may write e*? = DNe? and so
b .
I(\) = / e?(DYHNy da.
a
This yields

IV < / (DY | de

N
- 07p(9™1¢) - - (9** )
<\ N
~ Z 2 _ H (¢/ )N+ L1 ([a))
k=018|+]ai[++|oax|=N '
ng AN,
This completes the proof. O

Proposition 7.4.2 (Van der Corput Lemma). Let ¢ be real-valued and
smooth. Let k > 1 and suppose

W(k)(x)‘ >1 forall x€]Ja,b].

If k = 1, assume additionally that ¢’ is monotone. Then

b
I()\):/ () dg

satisfies
[T)] Sk AF,

where the implicit constant is independent of A, §, a, b.
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Note that if &k = 1 then one needs more than just |¢/| > 1. This can be

seen first by noting that

b .
/ @) 4y

Now, if ¢ is chosen so that ¢’ is very large when cos¢ < 0 and ¢’ ~ 1 when

>

/ ’ cos(6(2)) da

cos ¢ > 0, then one can arrange that

/ ’ cos(o()) da

Proof of Van der Corput. First consider k = 1

— o0 as b — oo.

Then an integration by

parts yields
b
1 [etre(d) iXp(a) 1 iA¢ d 1

As the integral is bounded by
k d 1
/ dz (¢’(m)) dx

(since ¢’ is assumed to be monotone), the result follows in this case.
For k£ > 2, we proceed by induction. Suppose the result holds at level

<1

k > 1. Replacing ¢ by —¢ if necessary, we may assume that
ot () > 1 forall x € [a,b).
In particular, ¢ is increasing, so there is at most one point ¢ € [a, b] such

that ¢*)(c) = 0.
Case 1. Suppose there exists ¢ € [a, b] so that ¢(*)(¢) = 0. Then for any

6 > 0 we have
0" (z)| > 6 forall z € [a,b]\(c—6,c+d).

We write
ct+é b )
e da + / e dx.
c+o

c—6
I0) = / €M da 4 /
a c—4
We estimate by the change of variables z = (5_%y:

=5 1 0k (c=d) 1
/ e dx| = ‘(T’c / PRACIRE)) dy‘
a 1

SOTREATE,

Ee

ESE

Sl
N
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where we have used the inductive hypothesis and the fact that
o6 ky)l = 6710 = 1.

The contribution of (¢ + 9, b) is treated similarly, while the contribution
of (¢—40,c+9) is bounded by the length of the interval, i.e. 20. In particular,

b
/ iAp dx
a

as can be seen by choosing § ~ )\_k%l.
Case 2. Suppose ¢F) # 0 for = € [a,b]. If $*)(a) > 0 then we have
¢®)(z) > 6 for z € [a + J,b]. Then we can write

1 1

S+ (6N)TF S AT,

b at+d b ]
/ e dx| < / e do| + / e dg
a a a+d
<6+ (6N)F
SATE

choosing § as above. If ¢(¥)(a) < 0 then we have ¢*)(b) < 0 and so ¢*)(z) <
—¢§ for x € (a,b — §). Then we can argue similarly. This completes the
proof. O

Corollary 7.4.3. Let ¢ : R — R be smooth. Let k > 1 and assume that
0" (@) > 1 for all z € |a,b].

If k = 1, assume additionally that ¢' is monotone. Then

b 1
/ M) dir| o A (B0 + 141 qas .

Proof. We write

/‘W@ m—/¢ / W) dy da

— ¥(b) / Py [ e [ e dy .



192 CHAPTER 7. CLASSICAL HARMONIC ANALYSIS, PART II

Thus
| ePovds < )| [ e dy’
+ s | [ a1/
xz€la,b]l/a
_1 _1
S UOIANTE + ATk ([ 1,
where in the final step we use the van der Corput lemma. O

Proposition 7.4.4 (Stationary phase). Let ¢ : R — R be smooth. Assume
¢ has a nondegenerate critical point at xg, that is,

¢'(x0) =0 and ¢"(x) # 0.

If ¢ : R — C is smooth and supported in a sufficiently small neighborhood
of xg, then

I\) = / @y (1) d
satisfies

A_%[@”(ﬂco)]_%eiw(m)ﬂ)(ﬂﬂo) + (9()\_%) as A\ — oo.

N[

I(\) = (2mi)

Proof. Let us first get the decay rate.
Let a € C satisfy a(x) = 1 for |z| < 1 and a(x) = 0 for |z| > 2. We
write

I(A) = Ii(A) + I2(N),

where
B = [ PHp@)a(x (o - 20) da,
B = [ 0@t - a(x (o - 20)] da.
Thus by a change of a variables,
L) S A5

On the other hand, using integration by parts (and the fact that ¢'(z) # 0
on the support of ¢ away from z = xg), we can get

1LV Sy AT
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for any N.
To get the exact coefficients, we argue as follows. By Taylor’s theorem
and ¢'(zg) =0

o(x) — d(x0) = 30" (w0)(x — 20)*{1 + n(x)},

where 7 is smooth and n(x) = O(|x — xg]).
Now let U be a small neighborhood of z¢ so that (i) |n| < 1 on U and
(ii) ¢’ = 0 on U\{xo}. We make the change of variables

1
y = (z—xzo){1 +n(z)}>,
which is a diffeomorphism (i.e. differentiable bijection with differentiable in-
verse) from U to a small neighborhood of y = 0. Assume that 1) is supported
in U.
Now we write

I(2) = (@) / NP =000 g (1)
U

= ) [ LD ) ay

where 91 € CZ° is supported in a neighborhood of y = 0. Set \; =
)\¢”<$0)/2.

Introducing another C2° function 9 (equal to one on the support of 11 ),
we can write

/6“1?’21#1@) dy = /6ikly26y26y2¢1(y)¢2(9) dy.

We now use Taylor expansion to write

N

e“1(y) = > ay’ +y Ry (y) = P(y) +y" R (y)
j=0

for some N > 2. Note ag = ¥ ().
Thus
N
/ei)\ly26y2€y2wlw2 dy = Zaj/ez’/\lyzey2yj dy (7.12)
j=0
+ / MY e~V Py — 1) dy (7.13)

+ /eMly2e_y2yNRN1[)2 dy. (7.14)
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First consider (7.12)). Then, using the change of variablesﬂ z=y(l -
i)\l)% and using (1 +2)7% =1 — az + O(2?), we have

/eiher—yzyj dy = /e—yQ(l—i/\l)yj dy
=(1- i)\l)_%_% /6_22Zj dz
= (—id) TR A T /ez2zj dz
_ (—Ml)—%—%u+0(A;1))/e—z2zﬂ‘ dz.
Thus the leading term of ([7.12]) is
—’l " T _l
EONGES S

_3
as desired. The next terms are all O(\; ?) = O()\_%) (note that the integral
in the j = 1 case vanishes).

We would like to show that (7.13)) and (7.14) are (9()\7%).
For term (|7.13]), we note that

eV P(y)[a(y) — 1]

is supported away from zero, so that we may integrate by parts to deduce
(7.13)) is <, A™™ for any m > 0.
We turn to (7.14]). We write

/Ci)\lyQyNeyQRNl/Jg dy _ /eiAlyQyNeyQRN¢2a(g) dy (715)
n /ei)\ly2be(y)[1 —a(Y)] dy, (7.16)

where
b(y) == e Ry (y)ta(y).

Now,
N N+1
@I < [ l¥laD]dy ¥
To deal with ([7.16]), we may use the identity

iNy? 1 d idy?
€  2i\y dye )

ITPechnically this should be done more carefully using contour integration.
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since the integrand in ([7.16)) is supported away from y = 0. Then

_ / MV [~ L) [N b(y)(1 — a(L)) dy.

Thus, choosing m > N + 1,

YN |goable=02 800 1 — o] (L)

|-‘ SA mz Z / |y|mtk dy

k=0 a1 +as+az=m—~k

o [ e

ly|>e

S )\l—m Z €N+1—m—(k+a1+o¢3)
k,a
5 )\lfmf_:N—l-l—Qm.

1

Now choose & ~ A; 2, so that

N+1 )\1_m€N+1f2m.

€
We have Na s

(@I <A 2 S
for N > 2. This completes the proof. O

Ezample 7.4.1 (Linear Schrédinger equation). Consider the linear Schrodinger
equation

u(0,z) = uo(x),
where u : Ry x R, — C. We can solve this using the Fourier transform.
With

{i@tu = —%Au,

fo =@n [ i
we have
iga(t, §) = gl¢*a(t, €),
so that
u(t.o) = (2m) 4 [ e R ) e
Stationary phase allows us to describe the long-time behavior of solutions.

In particular, we write

. s 2 . .
6190{ 2 /2 _ ezt@({,t,x), <I>(§, t, x) _ %g - %52
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We compute the critical points of ®:

O®=5-6=0 for §=E = 7.

As 8?(1) = —1, we have that & is a nondegenerate critical point.
Thus, stationary phase yields

ult, x) = (2m) "2 (2mi) 212 (—1)2 (0728 g (¢5) + O(¢72)
as t — oo. Simplifying this we get the Fraunhofer approximation
ult, ) ~ (it) "2 2y (L),

Roughly, this states that the long-time spatial distribution is determined by
the initial momentum distribution.

Ezxample 7.4.2. Consider the Klein—-Gordon equation
Ut — Upy + m2u = 0.
Using the Fourier transform, this becomes
ay = —(6% +m?)a,

and so

it €) = A()etVETM | p(e)emitVETm?

for some A, B defined in terms of the initial data. In particular, to un-
derstand the asymptotic behavior we need to understand the asymptotic

behavior of
[ eI ) e

Consider first
= FE+VE+m?

so that ) ,
/I _ oz 2 2\—= //: m _
P =F+EE+m )2, @ N # 0.

The stationary point of ® occurs when
2 2\y—1
=8 +m7) 2.

Squaring both sides leads to
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and thus we get a stationary point if [§| < 1. Considering separately the
cases ¢ < 0 and z > 0, we find that the stationary point is given by

~—

—m(
1—

z
t

Rk

o =

—~

In this case, we get that

(&) = mm and ®"(&) = ms [1 _ (%)2]—%’

and so

/ TEHINETME o) e (2mi) 2t 2m T [1— (2)2) 3V I (L)

provided || < 1.
For the other phase, observe

etV (g ag

= /e—mgm\/mw(&) de
_/eim&z‘t\/qu(_&) de
~ (—2mi)b e Em L — (2)2)dem i ),

4

=
—
-
~—
)

Now return to the PDE. Suppose ul;—g = f for some f : R — R and
Opuli=o = 0. (We leave the more general case as an exerﬁcise). Solving for

A and B above then yields A = B = %f Noting that f(—¢) = f(€) (for
real-valued f), we deduce

SoE]

)23 Re{izeV1-() f(_ 2

)}

u(t,x) ~ t*%m*%[l —(

I8

i
—
|8
—
[

for |z| < t. Alternately, writing p = (#2 — ‘l’|2)%, we can write
u(t, x) ~m p” % Refize™ f(mp)], |z| <t.

We turn to the higher dimensional case. We begin with the following.
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Proposition 7.4.5. Let ¢ : R* — C be smooth and compactly supported.
Let ¢ : RT = R be smooth, with V¢ nonzero on the support of 1. Then

I\) = / M@y (1) d

obeys
IV Sy AN forall N >0.

Proof. The case N = 0 is immediate. Let us demonstrate the N = 1 case;
the extension to N > 2 then follows from iteration.
We use the fact that

Ve = iAVge?,

so that .
i _ Vo - Veire
iNVo|?
We can then write
V¢ - Velrd
IN= | ———d
() o Ve
d -
0;¢ } ,
= —0; | —2 e dzx,
;/ 4Oz
and so Vo
IV S YV ] <AL
As mentioned above, the case N > 2 follows from iteration. O

We skip the analogue of van der Corput’s lemma, which would yield a
1

bound of A™ Tel whenever one has lower bounds on 9%¢.
Instead, we will move to stationary phase in higher dimensions. The
result is the following.

Proposition 7.4.6. Let ¢ : R — R be smooth. Assume ¢ has a nonde-
generate critical point at xo. If 1 : R — C is smooth and supported in a
sufficiently small neighborhood of xqy, then

I(\) = /ei’\‘z’(x)v,l)(x) dx
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satisfies
(2mi) 2 e29(@0) ) (1

(det[525(wo)])

d d
2

I(\) = )\ +0o(\ 2

N=| O

as A — 0.

We also write ( 822;;]_) = D?¢.

The proof is similar in spirit to the d = 1 case. The key step there was to
use a change of variables to turn the phase into an exactly quadratic phase.
The necessary result in higher dimensions is the following:

Lemma 7.4.7 (Morse lemma). Let ¢ : R? — R be smooth with a nonde-
generate critical point at xg. Then there exists a smooth local change of
variables y = y(x) such that y(z9) =0, %’ro = Id, and

d
d(z) = (o) + Z AU,
i=1

where \; are the eigenvalues of D*¢(xo).

With the Morse lemma in hand, the proof of the stationary phase lemma
is very similar to the proof in one dimension. So, we will conclude our
discussion of oscillatory integrals of the first kind by proving the Morse
lemma.

Proof of the Morse lemma. Noting that D?¢(z¢) is symmetric, we may (by
a change of variables) assume that

D2¢(x0) = diag()\la <o 7)‘d)'

Now we can write
1
¢(x) = ¢(x0) + Vé(xo) - (x — o) + / (1 — )5 [p(wo + Hx — z0))] dt,
0
as one can check by integrating by parts in the final integral. In particular,

d 1 82¢5

o(e) = olaw) = 37 (= an)i ) [a-o5
d

=: Z (x — x0)i(z — z0);mij(z).

3,j=1

(xo + t(x — x0)) dt

Lj
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Observe that m;; is smooth, with m;; = mj; and m;;(zo) = %%(IBO)-

We proceed by induction. Suppose we have found a smooth local change
of variables y = y(x) so that

o) = d(x0) + 3MyT + -+ A1yt + Z vy mi; (y),

Lj2r

where y(xg) = 0, %|x=az0 = Id, and the m;; are smooth and symmetric.
(The computation above gives the base case r = 1 with y(z) =z — x9.)
Now we compute

O, 0, (3 AkYR) = Mk (O, Uk, i) + M (O, Oy i) -
In particular, at x = x¢ we have
O, 02, (3Ne¥) lo=a0 = MikSji-
Thus
D*(3Myf + -+ + SN2 ) emao = diag{\1, ..., Ar—1,0,...,0}.
Using the fact that
D*(¢() — ¢(x0))lo=sy = diag{A1,..., Ad},

we deduce
D2 < Z yiyjrhij(y)> = diag{O, e ,O, )\r, ey /\d}~
1, >T
In particular, this implies
[ (y(20))i jzr = [ (0)]i j=r = 3diag{Ar, ..., Aa},

because if any y; survives undifferentiated then the contribution of the term
will be zero.

We would now like to define a change of variables 3’ so that y; = y; for
any j # r, while

Z yiyjﬁ%-j(y) = %/\r(y;,)Z + Z yiyjm;j(y)

$j2r izl
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for some smooth symmetric m;] This will imply all of the desired properties
for the new variable ¢/. To this end, we write

Z yiyimii (y) = mee()ys + Yr Z mjr(y)y; + Z Yiymmij (y)-
ij>r j>r 4 B>+

We now ‘complete the square’. That is, we take

! mr‘r(y) ( 1 2 : mjr(y) >
Yr = 1 Yr + 2 ~ Yj
V 5)\7« i) mrr(y)

and modify the matrix m;; accordingly. With this change of variables, one
can now verify all of the desired properties and hence complete the induction.
O

We conclude this section with one sample result regarding oscillatory
integrals of the second kind. We will merely scratch the surface of a very
rich subject.

Define the family of operators Ty by

<nﬁ@»—/cﬂMMW@@vmwm

Rd

where A > 0, ¢ € C®(R? x RY), and ® : R? x R? — R is smooth. Assume
that on the support of 1 the Hessian of ® is nonzero:

(2,8
det( 9. 0¢, ) # 0.
We will prove:
Proposition 7.4.8. Under the assumptions above, we have
_d
IT\l[z2z2 S A2

Remark 7.4.9. Note that for fixed \, we can easily obtain L? boundedness:

1T Flsz < [ NG Ollzz 1£@) da < ol 111

The interesting point is to obtain decay as A — oo.
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Proof of Proposition[7.4.8 Let Ty denote the adjoint of 7. By the method
of TT*, it suffices to prove that the L? — L? norm of T\Ty is bounded by
A~4. (See Exercise [7.5.5])

We may write

T\T; (€)= / K€ m)f(n) di,
where
Ka(é,m) = / ROy (2, )0, ) de.

We will prove bounds on K.

Now let us denote by M (z, &) the matrix %. Given a € R?, denote

by V¢ differentiation in the a direction.
For fixed (£,7n), denote
A= A($7£ﬂ 77) = vg(m) [(I)(Zﬂ,f) - (I)(JI,’I’])]
where a(z) € R? is to be determined. We have
A = M(z,&a(x) - (€ —n) + O(lg — ).
As M is invertible, we may take
a(x) = a(z,€,1) = M(x,6) " &=,
so that
M(& na(x) - (€ —n) = —nl.
Now, if the support of 9 is sufficiently small, then we can guarantee
|A(z,&m)| = c|§ —n| for (& n) € supp K.
Now set D, = [IAA(z, &, n)]*lvg(l’). We use the identity

(Dw)N(ei)‘[q)(xvg)_q)(xvn)]) — ei/\[q)(x7§)_q>(xvn)]

and integrate by parts IV times to obtain

Raeon) = [ | Mol (DI iy, €)i (e )] da.

This yields

[EAE | S (L+AE—n)) ™ = Ax(€ —nl)
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for any N > 0. Thus

ITNIXF (O] S [Ax = [£11(6),
so that (applying Young’s inequality and a change of variables), we get

ITNTS Fllze S ALl e S A0S e

This implies the desired result provided the support of 1 is sufficiently small.
To deal with the more general case, we employ a partition of unity to split
the support of 1 up into a finite number of sufficiently small pieces. This
completes the proof. O

7.5 Exercises

Ezercise 7.5.1. Complete the proof of (c) in Proposition
FExercise 7.5.2. Prove and complete the proof of ([7.8]) and (7.9 . Hint:

Expand the inner sum and change the order of 1ntegratlon Performing the
sum in N leads to a bound of

Z (%)1—SKSCKLSCL’
K<L
which can then be dealt with by Schur’s test.
Ezercise 7.5.3. Show that

™

lim N [ tsin(3)cos(Nt)dt = 0.

N—o0 0

[Thanks to D. Grow for suggesting this exercise!]

Ezercise 7.5.4. Prove the stationary phase lemma in higher dimensions, us-
ing the Morse lemma to find the change of variables that makes the phase
exactly quadratic.

Exercise 7.5.5. Let T : L? — L? and let T* be its adjoint. Show that
|77 = 171> = | 7T

Ezercise 7.5.6. In this exercise, you will prove the stationary phase lemma
in the special case of an exactly quadratic phase: Show that for u € C2°(R?)
and N > 1, we have

N-1

/ iz Qm/?h _ Z

o (29) k| det Q|2 k!

2 k+¢ T T sgn @
MR D ) (0) S ),
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where D, = —iV, and
S (1, 1)| S W2,

Here sgn (Q denotes the signature of (), which is a nondegenerate real sym-
metric d X d matrix.
Hint: Use Plancherel and the Fourier transform to prove

/eix'QI/Zhu(a:) do = hie' 521 Q| det QF% /eihg'Qlf/Qﬁ(f) dg.
Then use Taylor’s theorem to write

N—-1 /. \k
. it N
et =3%" @ k? +odn).

k=0

Exercise 7.5.7. Let o denote the surface measure of the sphere S C R¢ with
d > 2. Show that

where
5(x) = /Se””E do(€) and (x):=+/1+|z|2

Hint: As do is invariant under rotations, we can write

5’(1’) = / el|$|fdda(§) N/ ei|x|cosG[Sin0]d_2d9
s 0

where 0 is the angle between x and e4. To estimate this integral, use sta-
tionary phase and the van der Corput lemma.



Chapter 8

Semiclassical and microlocal
analysis

In this section we discuss some of the basic concepts and results in semiclas-
sical and microlocal analysis, following [20].

8.1 Semiclassical analysis

Semiclassical analysis was developed largely in order to give rigorous mean-
ing to the ‘Bohr correspondence principle’, which informally states that one
recovers classical mechanics from quantum mechanics in the limit A — 0
(where h is Planck’s constant). One of the key tools in semiclassical anal-
ysis is known as pseudodifferential calculus, which in turn has applications
in a wide range of related fields (e.g. partial differential equations and other
areas of mathematical physics).
We begin with some basic definitions.

1. Let g be a nonnegative smooth function on R". If for all multi-indices

a we have

99 =0(g)
uniformly over R™, then we call ¢ a order function on R™. For
example,

1, "=0+zP)%7 and ®
are order functions. If g is an order function, so is 1/g (check!).

2. Given an order function g, we define Sy(g) to be the set of all functions
a = a(z; h) (defined on R? x (0, hg] for some hg > 0) that are smooth

205
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in x and satisfy
95 a(z;h) = O(g)

uniformly over (z,h) for any multi-index «. Frequently, one works
with the order function g = 1, noting that a € Sy(g) if and only if
ag~t € Sy(1).

3. Let a and {a;} belong to Sq(g). We write

o
~ I,
a E ha,;
j=0

if for any N, a there exists hn o > 0 so that

N
o5 <a -> hjaj> ’ Sna by
j=0

uniformly on R4x (0, hy o). If a ~ 01in Sy(g), then we write a = O(h*°)
in Sq(g)-

We have the following result.

Proposition 8.1.1. For any sequence {a;} of symbols in Sq(g), there exists
a € S4(g) such that a ~ Y hla; in Sy4(g). Furthermore, a is unique up to
the addition of an O(h®) symbol.

Remark 8.1.2. One calls @ a resummation of the formal symbol Y h/a;.

Proof. We only sketch the proof; the complete details may be found in [20,
Lemma 2.3.3]. Without loss of generality, take g = 1. One first constructs
a sequence £; — 0 such that if |a| < j,

11 = x(G))0%a]l e < b7
for h small enough, where y is a bump function. One then defines
a(z;h) =Y W (1= x(3))a;(z: ),

which for any h > 0 is actually only a finite sum. One can then verify that
a~Y ha;. O
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Ezample 8.1.1 (WKB approximation). The resummation of a formal series
can be used to construct approximate eigenfunctions for 1d Schrodinger
operators.

In particular, let V' be a smooth function on R and suppose V(zg) < E.
For x near xg, we define solutions to the ‘eikonal equation’

(L) =E-V

by setting
prla) = [ VE=V(dy.
xo

Using this, a direct computation shows

(—h22 +V — E)(ae"/™) = —2ih\/¢ [(a/?) — ihQ%}ei@/h

for ¢ = ¢+ and a smooth near xy (check!). We then recursively define af
by solving the following transport equations:

+ r N + Y -(‘1:":—1)”_
(@l =0, (af ey i o

for j > 1. We then let ai(x;h) be a resummation of the formal symbol
ST hi a;-t. By construction one can check that

(=h202 +V — E)us(x,h) = O(h™), where us = aye*/h,

Indeed, this follows from the fact that the formal series
( i)//

> w[(aFyfeh) — ihyr]

>0

is identically zero.

These approximate solutions are called WKB solutions (after Wentzel,
Kramers, and Brillouin).

We only considered the case V(zg) < 0. In the case V(zg) = E (called
a ‘turning point)’, this technique breaks down. In this case one can instead
use a power series expansion for V(z) — E. Solving the ODE to first order
leads to an equation known as the Airy equation, which is solved with spe-
cial functions (the Airy functions). One then needs to patch together the
approximate solutions away from and near the turning points (which will
only be possible for special values of E).
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Pseudodifferential operators.

We next define the semiclassical Fourier transform of a Schwartz
function v on R"™ by

Fru(€) = a(€) = (2mh) ™2 / e~/ hy(z) da.

n

This is an L?-isomorphism with inverse

Fy to(z) = (27Th)3/ e/ (¢) de.

n

As with the standard Fourier transform, JFj, extends to an isomorphism on
tempered distributions. Writing D, = —id,., we have

Fn(hDgu) = EFpu and  Fp(au) = —hDeFru,
generalizing the familiar identities obtained for the standard Fourier trans-

form.
Expanding out }"h_l]-"hu = u leads to the identity

u(z) = (2h)™" // e @=VE/ Py (y) dy de.
Our next goal is to make sense of more general operators of the form
u(w) > (2mh) ™ [ [ D ey, uty) dy de
for some kernel a(x,y, ). This requires that we make sense of the integrals
@) = Iaiz,y) = [ &% a(a,y.€) de. (8.1)

Suppose a(z,y,&) € S3,((§)™). If m < —n, the integral I(a) converges and
for u € C2°(R™) we may define

Agule,h) = / =V (g g €)uly) dy de.

Now observe that

Lei@=e/h — gile=y)e/h  where [ .= 1+1§2 (1 — hEDy).
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Thus we can write
Aqu(z, h) = Tyu(z) = / @ E/EL (e hDy)|F (au) dy dE

where ! denotes transpose and we have

("L)*(aw) = (52522) " (au) = O((€)™ )

uniformly as |¢| — co. Thus we have
o [iu(z) converges provided m < k —n,
o [iyu = Iju for all £ > 0.

Thus for any m € R, a € S3,(({)™), and u € C°(R™), we may define
Agu(e, ) = [ DL 1D, () dy d

for any & > m + n. One can check that A, defines a continuous linear
operator from C2° to C°°; in particular, (by the ‘Schwartz kernel theorem’)
we may find a distribution K on R™ x R™ (called the distribution kernel
of A,) such that

(Aqu,v) = (K, v ® u),

where u,v € C2°, ® denotes tensor product, and (-, -) denotes the pairing of
distributions and test functions. We denote the distribution kernel by ({8.1)).

Example 8.1.2. If a = 1, then choosing k > n we may verify that
Agu(z) = (2mh)"u(x),
so that
/ei(‘”—y)g/h d¢ = (2wh)"é(y — )

in the sense of oscillatory integrals.

In light of the above, we make the following definition.

Definition 8.1.3. Given a € S3,((¢)™) and u € C°(R"), define

Opy(a)u(z; h) = (2mh) ™" / ¢ ha(z, y, E)uly) dy dE.
Then Opy,(a)u € C*°(R™). For any v € R, the operator
h™"Opp(a) : C°(R™) — C*(R")

is called the semiclassical pseudodifferential operator of symbol h™"a.
We say h™"Opy,(a) is of degree m and order v.
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Proposition 8.1.4. For a € S3,(({)™), we can extend Op,(a) to a map
from S — S or from S’ — S'.

Proof. Let us show that Opp(a) : S — S. We write
2P Tu(x) = /xﬁaﬁ[ei(x_y)g/h(tL)k(au)] dy d¢
and split the integral into two regions I; and Is, where

I ={lz -yl < 5lal} and Ir={|lz —y| > jlz[}.

Here we recall L = (1 +&2)71(1 — h&¢D,). For k > m +n+ |al, the integral
over I; is uniformly bounded since

2R () 77 = O((g) el 1)

for any v > 0 on {|z — y| < 3|z[}. Choosing v > |3| + n, this contribution
is integrable with respect to y and &.
For the remaining region, we write

L= e (L + h(z —y)De).

Integrating by parts N times with respect to £, the integral over I5 is written
as a sum of terms of the form

[t e (L) o) dy de
lz—y|>35 x|

(with ag+ag = «). Choosing N > |3|+n, the contribution of I5 is uniformly
bounded. This shows Opy(a)u € S, and in fact these estimates suffice to
show that the mapping is continuous. O

Ezample 8.1.3 (Semiclassical differential operators). If

a(z,y,&) = Zb

laj<m

with by € Sy (1), then

Opy,(a Z ba(

laj<m

a(z,y,§) = Zb

laj<m

If
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with by € Sp(1), then

Opy(a) = Y (hD4)"ba(x).

laj<m

Remark 8.1.5. If we replace e'(@=%&/ with e#(@¥:/h where ¢ is a phase
function, then we are led to ‘Fourier integral operators’, often abbreviated
FIOs.

Remark 8.1.6. Given a(z,y,£), we define
a*(z,y,§) = aly, v,§).
Then the operator
[Opp(a)]" := Opy(a®)
is the formal adjoint of Opya, which satisfies

([Opp(a)]"u, v) = (u, Opy(a)v)

for all u,v € S.

Composition of pseudodifferential operators.

Let a € S3,((€)%) and b € S3,((z)*), and let A = Opj,(a) and B =
Op;,(b). The composition of A and B is defined formally by

(Ao B)u(z) = (2rh)™" / '@V (2, y, &) Bu(y) dy dé
= (2wh) ™" / e!@=2mlbhe, () 2 n)u(z) dz dn,
where
cn(w, z,m) == (2wh)™" / e E e (3 y E)b(y, 2,1m) dy dE.

To show that Ao B is again a pseudodifferential operator, we need to verify
that ¢, € S3,((€)™) for some m. We will prove the following:

/

Theorem 8.1.7 (Composition). Given a € S3,((§)™) and b € S3,({(§)™),
there exists ¢ € Sz, ((x)™t™) such that

Opy(a) o Opy(b) = Opy(c).
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A choice for c is given by

a#b(z,y,§) = (27Th)_”/ei(l’_z)(n_s)/ha(%Z,U)b(z,y,ﬁ) dz dn,

which satisfies

lel Ao qga
aFtb ~ ZI}L\ vaz 877( (x7z,77)b(2,y,f))‘n:§, =T
|a|>0

in S ((€)™™).

To prove this, we rely on the method of stationary phase, specifically in
the form of Exercise In particular, an application of that result with
d = 2n, and @ the block matrix with —I in the top-right and bottom-left
corners, we may deduce

(27rh)_"/e_my/hu(x,y) dedy = Z il 07 0yu(0,0) + Sn  (8.2)

ilalal
lo|<N-1

for u € C2°(R?"), where

Sy ShN YT 0205 (050y) N ul| 1 men).
lo+8]<2n+1

Proof of Theorem [8.1.7 Proceeding as above, we may write

£,0—0t

Opy,(a) o Opy(b)u(z) = lim (27h)™" / e @) e (2, y, )uly) dy de,
where

cs(z,y,€) = (2mh) ™ / @ =O/h=0=30 o (5 2 m)b(2,y, €) dz dn.

We will show that c5 = O((€)™+™) uniformly in §, so that we may pass to
a limit ¢y as 6 — 0 (by dominated convergence). We will then show ¢y €
S, ((€)™+™") which allows us to send e — 0 (and interpret the resulting
integral in the sense of oscillatory integrals).

We turn to the details. We define

2
Ly= [+t )7 - 2D, 4 222D ).
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We next let x1 € C°(R) satisfy

(5) 1 ]s] <1
S) =
x 0 |s|>2

and let x(z,y) = x1(]z — y|). Choosing k > |m| 4+ 2n + 1, we can write
6(5(337 Y, g)
= Gzt [ oML S0, 2 . €)} d

=: d(s(l',y,f) + eé(xayvg) + f5(x7y7§)7

where djs includes the cutoff 1 — x(&,7n) before a, es includes x(&,n)[1 —

X(-’L’,Z)], and f5 includes X(fﬂ])X(%Z)
We regard ds and eg as perturbative terms. In particular, we can write

n _ (™)™’
(27Th) d(g(SU, Y, 5) - /|£_77|>1 O{ (1+h*1|£77717|+h*1|mfz|)k } dz d77

_ o (™) } n.
/ {<1+<2h>1s—n>’“—"—% 7

Thus, for example, if m > 0, we can deduce (writing ()™ < (€)™ +({—n)™)
that

|(27h) " di (2, y, €)| S BF3 (€)™

which is acceptable. We leave the remaining case m < 0 as an exercise (hint:
split into regions where || < (¢) and |n| > 3(¢) and estimate each piece
separately). Similarly one can deduce that

|(27h) " es(x,y, )] S RF3 (€)Y

for k > |m| + 2n + 1. We leave this estimate as an exercise. We also note
that one can get the same estimates for any number of derivatives, i.e.

0%ds (2, y, )| + [0%es(x, y, £)| = O(h (€)™ ™)

uniformly over (z,y,§) and 6 > 0. In fact, taking derivatives just produces
powers of |x — z| or |n — |, which can always be overcome by choosing k
larger.

It remains to consider fs, which (undoing the integration by parts) has
the form

f5(x7ya§)

— (2nh) " / =09/ (¢ ) (a, 2)e )W a(a, z,m)b(z, . €) d= dn.
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We will understand the behavior of this integral through the stationary
phase theorem (in the form (8.2])). We write 2/ = z —x and / =7 — ¢, so
that fs has the form

f(;(x,y,ﬁ) — (27Th>n/eiZln,/huiy,g(Z/,n/) dZ/ d77/7
with appropriate
ud (2 1) € CX(RY x RYY).
In particular, by (8.2)),
h‘al a o,
fd(%y»f) = Z maz 677 Ux,y,g(Z,ﬁ)

la|<N-1

2=0,n=0
where

N N, ¢
(Sl ShY Y 110207(0:00) " ug y ll o o ey
|a+B|<2n+1

<N / (™)™ dz dn
[n—¢€|<2, |[z—2z|<2
< WY gy

In fact, we can get the same bound for any derivatives of f.
Collecting the estimates, we can deduce that cs(x,y,§) — co(x,y,§),
where

co(,y, &) = (2mh)™ / e @A=L )R (a2, z,0)b(2,y, €)) dz dny.

Furthermore, since the estimates above were uniform in §, we can deduce
that co € S3,((£)™F™"). Finally, taking the limit as § — 0 in the stationary
phase approximation for f, we can deduce the asymptotic expansion for
a+#b. This completes the proof. O

Note that when a is a polynomial in &, so that Op(a) is a differential
operator, then the formula giving a#b is an exact formula.
We now give an application of the composition theorem. We call a
symbol a € S4(g) elliptic if
lal 2 g
uniformly on R? x (0, ko] for some hg. The following result shows how we
may use the composition theorem to invert elliptic symbols up to errors
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that are O(h*°). (One can compare this to the case of Fourier multiplier
operators; in this case, if [m(&)| = 1 then the inverse operator is simply the
operator with symbol %)

Proposition 8.1.8. Let a € S3,((§)™) be elliptic. Then there exists b €
S3n,((€)™™) such that

Opp(a) o Op,(b) =14 Opy,(r), where r=O(h>) in Ss,(1).
Similarly, Opy,(b) o Opy(a) =1+ Op,(r') for some O(h™) symbol r'.

Proof. Let us only sketch the first claim. The idea is to construct b in the
form b~ 3" hjbj in such a way to guarantee that a#b ~ 1, where a#b is as
in the composition theorem. To do this, we firstly set by = 1 € S5, ((£)™™)
(cf. the chain rule). We can then define b; for j > 1 recursively. For
example, the linear in A terms in the sum will involve ¢, for |a| = 1 and
by, along with ¢, for |a] = 0 and by, which we use to define b; (so that the
total contribution is zero). Proceeding in this way, we can construct b as

desired. 0

Quantization and symbolic calculus.

Classical observables are given as functions of the position x € R™ and
momentum £ € R™. We would therefore like to define pseudodifferential
operators with symbols depending only on 2n variables (z,&). There is an
inherent nonuniqueness here—indeed, the symbol z;§; could be associated
with either x; - thj or thj Ty

Now, for a € S2,({§)™) and t € [0, 1], we have

a((1 = t)z + 1y, &) € Szn((5)™)-
Thus we may define
Op},(a) := Opy (a((1 — )z + ty, £))-
In particular, we have:
e If t =0, we get the standard or ‘left’ quantization.
e If t = %, we get the Weyl quantization (denoted by Op}’ (a)).

o If t =1, we get the ‘right’ quantization.
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The Weyl quantization yields a symmetric operator whenever a is real-
valued; for this reason it is useful in the setting of quantum mechanics.

We will state two results regarding quantization of symbols; for the de-
tails see [20, Section 2.7].

Proposition 8.1.9. Given b = b(z,y,£) € Szn(

(&)™) and t € [0,1], there
exists unique by(x,§) € Son((€)™) such that Opy,(b)

= Op},(by). In fact,
by(z, &) = (2mh)™" / &0y (4 10,2 — (1 — 1), ') de’ dbf
R2n
in the sense of oscillatory integrals, and
(_1)|o¢|h|a| @ o
bi(x,8) ~ > Wag Igb(z + 10,z — (1 —1)0,8)|o=0
in Son((§)™).

In this result, b; is called the symbol of index t of B = Op,,(b), and we

denote
bt = O't(B) .

When ¢ = 3, we call by = b" the Weyl symbol of Op(b).
2
This proposition is proven by seeking b; satisfying

/ e My, y, €) dE = / Iy (1 = t)a + 1y, €) de.

This ultimately leads to the oscillatory integral above; the asymptotic ex-

pansion is a consequence of the stationary phase theorem (after isolating the

relevant part of the integral, as in the proof of the composition theorem).
In the case t = 0, one can write

o0(B)(x, & h) = e M B,
Ezample 8.1.4. f V =V (z) € S,(1), then for every t € [0, 1] we get
or(—hPA+V) =& +V(z),
which is independent of ¢.
The next result we state concerns composition:

Theorem 8.1.10 (Symbolic calculus). Let a = a(x,§) € S2,((§)™) and b =
b(x,§) € Sgn(<§>m/>. For all t € ]0,1], there exists unique ¢; € S2n(<§>m+m’)
such that

Opj,(a) o Opj,(b) = Opj,(cy).
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In fact, one can write down a formula and asymptotic expansion for
the symbol ¢; in the preceding theorem. The proof proceeds by applying
the composition theorem to write the composition in the form Opy,(c) for
some symbol ¢, which then satisfies Opy,(c) = Op},(c;) for suitable ¢; (by the
previous theorem). The asymptotic expansion is again a consequence of the
stationary phase lemma.

If A and B are pseudodifferential operators with symbols in Sa,((£)™)
and Sa, ((€)™'), then for all ¢ € [0, 1] one can show

01(Ao B) = 01(A)oy(B) + O(h) in S, ((&)™™).

In the case of the commutator of two operators, namely [A, B] := AB — BA,
we instead get

oi([A, B]) = B{a,b} + O(h?) in  San((&)™T™),

where {a,b} is the Poisson bracket defined by

{CL b}zaa(‘)b Jda b
)

o€ Ox Ox O¢°

A symbol a € S9,({£)™) is said to be classical if it admits an expansion

of the form
(L(:L', & h) ~ Z h]aj(x7 5)7
Jj=20

where a; € S2,((£)™) do not depend on h, and ag is not identically zero.
For v € R, we call h¥ag(z, ) the principal symbol of the classical pseudod-
ifferential operator A = h*Op}, (a). In particular, changing the quantization
does not affect the classical character of a pseudodifferential operator, nor
does the principal symbol depend on the choice of quantization. We define

h"ag = op(A).
Then one has

0p(AB) = 0y(A)op(B) and  op([4, B]) = §{op(A), 0,(B)}.

7

L? boundedness.

Our final topic will be to consider the L? boundedness of pseudodiffer-
ential operators. To this point, we have only considered such operators as
acting on S or §’. We will prove the following result.



218 CHAPTER 8. SEMICLASSICAL AND MICROLOCAL ANALYSIS

Theorem 8.1.11 (Calder6n—Vaillancourt). Let a € Sz,(1). Then there
exists M = M (n) such that

10pn()ll2sr2 S D 10%all oo gsny-
la] <M

We will need the following lemma, which may be of independent interest.

Lemma 8.1.12 (Cotlar—Stein Lemma). Let H be a Hilbert space, { A} ,czq
a family of bounded linear operators on H, and w : Z% — [0,00) satisfying
the following:

o For all p,v € 7%,

[ALADN + 1 ALAL N < w(p —v).

e Cp:=3, Vw(p) <oo.

Then for any M > 0, we have

> Al < Co
[ul<M
Proof. First set S =3, -)s Ay Using Exercise we have
S|P = 115*s )™

Next, observe that
157S[I™ = [[($*S)™|| for m > 1.

Indeed the > direction is clear. For the reverse, we argue essentially as in
, using the fact that S*S is a bounded, positive, self-adjoint operator.
In particular, we can write S*S = [(S*S)m]% and use the general bound
|T?|| < ||T||%; this yields the desired estimate.

Now observe that

ss= (X 4a) = X g,
il Jo1 <M el el <M

By assumption, each summand obeys the bound

< 1A v - AL, Av || < Wi = v1) - w(pm = vm).



8.1. SEMICLASSICAL ANALYSIS 219

Using instead the bound
1ALI1P = 1| 47,Aull < w(0),
we can also bound each summand by
I 11 < Vw@w(n = pa2) - w@m—1 = pm) V/w(0).
Taking the geometric mean of the previous two estimates yields the bound
|11 < w(O)w(in — v1)w(vr — p2) @ (m — V)]

Thus, continuing from above, we perform one sum at a time (starting from
the vy, sum, then p,,, then v,,_1, ...) to get

I(578)™ < 3 (Ol — v — ) w(im — v

el lvel <M
< ) V(O crt < 2M + 1)/ w(0)epm
|p1|<M

Hence

ISP = [1(S*9)I™ < (2M + 1)*y/w(0)Cg™ .

Taking the ﬁ root of both sides and sending m — oo yields the desired
result. O

Proof of Theorem[8.1.11 Using Proposition we may find b € Sy, (1)
so that A = Op}”(b). Moreover, by integrating by parts in the integral
expression for b, we can control derivatives of b in terms of derivatives of
a. Thus we may take A = Op}’ (a) for some a € Sy, (1). Furthermore, by
rescaling & — h&, we can further reduce to proving the theorem for the case
h = 1. That is, we may take A = Op}’(a).

Now let xo € C2°(R?") yield a partition of unity through the translations
Xu(2) = x0(z — p) for p € Z4. In particular, douXu =1 We set ay = axy
and observe that

0%, < sup ||0%a|Le uniformly.
|8]<le

Define A, = Op{" (a,), so that

Au = Z Ayu forall ue CF(R"™).
m
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This series can be summed in L2, for example. To proceed, we will prove
estimates for the operators A, A} and then apply the Cotlar-Stein lemma.
To this end, we write

A Aju(z) = /K v y)uly) dy,

where

Kpup(z,y) = (2m) 7" / et g (52, )ay (Y57, ) de dn dE.

Now, a,, and a, are smooth and compactly supported, so that K, , is smooth
on R?". We now use the operator

L=+ =2 +]y—2*+|=n") 7 (1+ (2~ 2) D¢ = (y— 2) Dy = (€~ 1) D>),

which obeys
Lje!@&yn—28tzn)] — gilaé—yn—z&tzn)

Thus for any N > 0, we may integrate by parts IV times to get

Kpup(z,y) = (2m) 7" / elesmun==etam ()N, (242, €)a, (52, )] d= dn d€.

Now, if |u — v| is large enough, then in order for a,(t,7)a,(s,o) to be
nonzero we must have

[ =v[~ |t =s|+[r =0l

Thus, if we write pu = (u1, u2) and v = (v1,v2) and define the following set
Of (y7 Z7 ’r]? 5)7

Dy ={lp—vi~le—yl+1€—nl, 1§—plST, n—rl31}

then we find

/rKu,m,y)\dys/ Lt Jo— 2|+ Jy— 2| + 1€ — )~ dy dz dn d,

8%

where the implicit constant depends on

sup Haaaﬂ%m.
la|<N

Now we use the fact that

|t — 2|+ |y — 2| > |z -y
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and the definition of D, to get the bound

[+ |p — v[]Pr+2=
K, (z,y)| dy < dy dz.
f etewian s [ g e e

In particular,

sup / Ky, ) dy < sup [10%]30e - [1+ [ — o[22V,
@ ja| <N

A similar argument yields

sup / Ko (2, y) e < sup (0%l - [1+ i — ]2
Y lo| <N

Thus by Schur’s test (cf. Remark , we deduce

1A A |22 S sup 0% Zee - [L+ [u— w2 F27Y

|| <N

uniformly in p,v. The same argument handles A} A,.
We now choose N = 4n + 3 and apply the Cotlar—Stein lemma with
d = 2n and
w(p) ~ (L+[p) ™71 sup [[0%|Ze,
|| <N
where the implicit constants depend only on the dimension. In particular,
we can get

> Awullzz < Collullzz  uniformly in M >0 and u€ L?
lul <M

which then implies ||Aul|z2 < Collul|z2 for any u € L?. This completes the
proof. O

We close this section with a few applications.

First, combining Proposition with the L? boundedness result, we
have that if a € S3,((§)™) is elliptic then we may find b € Ss3,((£)™™) such
that

Opp(a) o Opy(b) =1+ Ry and  Opy,(b) o Opy(a) =1+ Ry,

where
[Rillp2—r2 + | Rallp2—sr2 = O(h™).
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In particular, if m = 0 and h is sufficiently small, then Op(a) is invertible
on L%, with inverse satisfying

Opy,(a)~" = Opy,(b) + O(h™).
Finally, we prove the following estimate:

Proposition 8.1.13 (Garding inequality). Suppose a € Sa,(1) is real-
valued and satisfies a > % Then for any C1 > C', we have

Opy(a) > &= on L*(R™)
for h sufficiently small, i.e.
(Opy (a)u,u) > &-|lull72  for all ue L.

Proof. Let C < Cy < (C so that

\/a— CL2 € Son(1).
B = OpZV(\/a — C%),

so that B is bounded and self-adjoint on L?(R"). By the symbolic calculus,
we may write

Write

OpyY (a — C%) = B? 4+ hR, where ||R|2_z2 <1
Since B? > 0, we may find C’ so that
Opy, (a— &) = —C'n,

and hence
for h small enough. O

8.2 Microlocal analysis

We begin this section by introducing the global FBI transform (here FBI
stands for Fourier—Bros-lagolnitzer).
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Definition 8.2.1. We define the operator T : 8" — C* by

Tu(w, € h) = 22 (xh)~3n/4 / (iE—)E (=) 20y ()
_ 2—n/2(7rh)—3n/4<u(y)’ ei(z—y){/h—(x—y)2/2h>S/ 3.

The motivation for this definition is ‘microlocalization’, which refers to
the simultaneous localization in physical and Fourier space.

We record the basic properties of the FBI transform in the following
proposition.

Proposition 8.2.2.
(i) Forue S, efQ/hTu(:L’,ﬁ; h) is holomorphic in z = x — i&.
(it) We have ||Tul|p2geny = [[ull L2rn)-

(111) We have hD,Tu = (£ + ithD¢)Tu.

Proof. Let’s show (ii). We fix u € C°(R™) and write

[ Tull L2 (53 5)
= 27" (k) ~3n/2 / el (W' —0E/h—(w—y)* /20— =y')* 2oy ( Vi () dy dy dE da,
Sm,N
where
Sun = {]z| < M, || < N}
Using that

(27rh)"/ W ge 5 5y —y) as N — oo
lgl<N
in the sense of distributions, we obtain

-n —(z—y)?
ITulas,, o) — (7h) ™2 / @V )Py s N - oo
’ |€|<M
— |lul?s as M — oo,

where we have used the dominated convergence theorem and the fact that

/e_(z_y)2/h dr = (ﬂ'h)”/2.
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Corollary 8.2.3. We have T*T = Id on L.

This identity may be extended to the setting of tempered distributions,
and we can identify the defining integral in the sense of oscillatory integrals.

By definition, we call properties of T'u the ‘microlocal’ properties of u.
Since u = T*Tu, we may hope that understanding the microlocal properties
of u may tell us information about w.

Definition 8.2.4. For h-dependent u € S’(R") and (z0,&) € R?", we say
that u is microlocally exponentially small near (xg, &) if there exists 6 > 0
such that

Tu(z, & h) = O(e™%M)

uniformly in a neighborhood of (xg, &) and A > 0 small. The complementary
closed set is called the microsupport of u, denoted MS(u).

Our eventual goal is to study MS(u) for solutions to partial differential
equations of the form P(z,hD;)u = 0. We will utilize estimates for T'u.

Lemma 8.2.5. Let p € So,(1). For any t € [0,1], we have
T o Opj,(p) = Opj,(p) o T,
where p € San (1) is defined by
p(x,§ 2%, &%) = ple — &, 2%).
Here x*,£* are such that Op(x*) = hD, and Op(§*) = hDg.

The proof follows from direct computation, and so we will omit it.

We next suppose that @ = Op,(q(x, &, x*,£*) is a bounded pseudodiffer-
ential operator on R?" with ¢ € Sy,(1) and t € [0,1] and let ¢ : R*™ — R
be smooth. We then have the following theorem.

Theorem 8.2.6. There exists §(z,&;h) € San(1) and a bounded operator
R(h) : L?(R?") — L2(R?") such that for all u,v € L?,

(Qe¥/MTu, ew/hTU>L2(R2n) = ((G+ R(h))e¥/"Tu, €¢/hTU>L2(R2n)a
where

gz, &h) ~ D higi(x,8) in San(1),
j=0

qNO(xﬁg) = q(x,§,§ - a£w7az¢)7
[R(ML2mr2 = O(h®) as h— 07,
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Sketch of the proof. Applying Taylor’s theorem, we may write

7”1(.%',5,37*75*) = q(x7§7x*7£*) - q(x7§7§ - 851/173z¢)
= (2" =&+ 0p)q1 + (£ — Out)qo,

where q1,q2 € Syn(1). We now set
F =hD,; — £+ 0g,
G = hDg — Dy,

Using the symbolic calculus, we may find re € Sy, (1) so that

Opj(r1) = 2(Q1F + FQ1) + (Q2G + GQ2) + hOp},(r2).
Using
(hDy — €)T = —ihDeT

and setting Ty (u) = e?/" Ty, we may also compute
(hDy — £+ 10;9) Ty = (ihDg — Og) Ty,

which yields F'Ty, = iGT,. Using this and some algebraic manipulation, we
may obtain

(Op} (@) Tyu, Tyv) = (q(x, &, € — 0, 0ut) Ty, Tyv) + h(Op},(¢') Ty, Typv).

Repeating this argument for ¢’ and iterating, we may obtain the expansion
for q.

Next, we let § € S2,(1) be a resummation of the series just obtained,
and we set

R =T1,[Op},(q) — |1y,

where II;, is the orthogonal projection onto the range of Ty, (which is a closed
subspace of L2(R?"). Using Calderon—Villaincourt and the expansion of g,
we can obtain

(RTyu, Tyv) = O(WN) | Tyul 2| Tyo]| 2

for all N, so that
IRz 12 = O(h).

(To obtain this, split u € L? into uq + ug, where u; is in the range of 11,
and us is in HQJ/;) O
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Corollary 8.2.7. Suppose p € Sa,(1) extends holomorphically to the strip
{(2,6) €C*" : |Imz| < a, |Im¢| < b}

and 0% = O(1) uniformly on this strip. Suppose also that ¢ satisfies
IVatlle < and [|Vellp= < a.

Fiz t € [0,1] and let P = Op},(p). Finally, let f € Sa,(1). Then there exists
p(z,&h) € Sou(1) and R(R) : L? — L? such that

(fe¥!"TPu, ew/h'l))LQ(RQn) = ((p+ R(h))e¥/"Tu, ew/h>L2(R2n),
for any u,v € L?, with

Jj=0
po(z,€) = f(z,&)p(x — 20:4), € + 2i0:1)),
[R(h) |22 = O(h™),
where 9, = §(Vy 4+ iV¢).
Sketch of the proof. Since
feWhTPu = Qe¥/"T,

where

Q = fe"Opj(p(a — £, 2"))e /",
the proof boils down to showing that () is a semiclassical pseudodifferential

operator that admits the correct expansion in powers of h. See [20] for the
details. O

We also have:
Corollary 8.2.8. Under the assumptions above,
I fe?/"TPul?,
= |If - pla — 202, & + 2i0.9)e?/ " Tul 7, + O(h)|[e? " Tul|7..
Sketch of the proof. With @) as above, we have
erw/hTPuH%Z = (Q*Qe¥"Tu, e¥/"Tw).

We now observe that Q*( is a semiclassical pseudodifferential operator, with
the first term in its asymptotic expansion equal to

(2, &)p(x — & — i0etp, ™ + i0,0) .
The result follows. ]
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Finally, recalling u = T*T'u and choosing ¢ = 0, we obtain:

Corollary 8.2.9. Let p € San(1) and P = Opl(p). Then there exists
p(z,&h) € Sopn(1) and R(R) : L? — L? such that for all u,v € L?,

<PU7U>L2(RH) = <(ﬁ+ R(h))T'LL,T'U>L2(R2n),
with
Bz, &h) ~ Y Wpj(a,€) in San(1),
j=0

ﬁO(xﬁé) :p(ﬂf,{),
[R(M)|| 122 = O(RT).

As an application of the above, we establish the following;:

Theorem 8.2.10 (Sharp Garding Inequality). Let p(x, &) € Sa,(1) be non-
negative. Then there exists C > 0 such that for all w € L? and for all h > 0
small enough,

(Op} (p)u, u) > —Chllul3.
Proof. The left-hand side may be written
((p+ R(h))Tu, Tu).

Now,
[(R(h)Tu, Tu)| = O(h™)||Tul7. = O(h™®)|u]?..

On the other hand,

(FTu, Tu) = (pTu, Tu) + O(h)||Tul|?2
> —Ch|lul|2.

O

We turn to some applications to PDE of the type P(x, hD,)u = 0, where

P= )" aa(z)(hDy)".

laf<m

We begin with a few definitions.



228 CHAPTER 8. SEMICLASSICAL AND MICROLOCAL ANALYSIS

Definition 8.2.11. Let m € R. Denote by Sy!((€)™) the set of p €
Son((£)™) that can be extended holomorphically in a band

Zo = {(2,€) € C*": |Ima| + | Im¢| < a}
for some a > 0 (independent of h).
Definition 8.2.12. Suppose p = p(z,&, h) € S2,((§)™) is of the form
p(z,&5h) = po(x, &) + e(h)r(z, & h),

where pg,r € S2,((§)™) and limp_9e(h) = 0. For t € [0,1] given, let
P = Op},(p). The set

Char(P) = {(z,€) € R*" : po(z,€) = 0}
is called the characteristic set of P.
Our first result is the following.
Theorem 8.2.13. Let p € SEU((£)™) have the same form as above. Suppose
Pu=0 and |ul; <1,
where P = Opl, (p) for some t € [0,1]. Then
MS(u) C Char(P).

Proof. By precomposing with Op((£)~""), we can assume m = 0.

We let (z9,&y) ¢ Char(P), and we want to show that (zg, &) ¢ MS(u).
That is, we want to show T'u is exponentially small near (zg, &p).

We next let U be a complex neighborhood of (zg,&p) and Cy > 0 such
that |po| > Cio on U. In particular, |p| > ﬁ on U for h small enough.

We now take 1) € Sy, (1) be real-valued and satisfy:

(i) ¥y =00n U
(ii) |Va,e9| is small enough that
(z — 20,4, € +2i0,9) € U for (x,€) € UNR?",
where 9, = $(9; +10¢);

(iii) ¥ = 0 > 0 in a neighborhood of (z, &).
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This implies
p(x = 2051, € + 2i0.9)| > & for  (2,8) e UNR™

Applying Corollary we obtain
0= [|e*/"TPul3,
= | — 20:0,€ + 2i0.9)e? " Tul[ 7. + O(h) ||/ * Tl ..
This yields
Ip(a = 20.4, € + 2i0.9)e " TulJ2 gy = O(h)]|e/ " Tu[72,
which in turn (using the properties of ¢) implies
e/ " Tul|Z 2 rrgany = ORI Tull 2 + € Tul| 2 remany }-

and hence
[ M Tl 2aggony = OB |Tul2 = O(h).

If we now set
V={(,6) e R :9(x,6) =6} C U,

then we obtain
|Tul| 20y = O/,
as desired. 0

As an application, let us consider the following example.

Ezample 8.2.1. Let H = —h?A + V, where V € SP(1) is real-valued.
Suppose u satisfies
Hu=Fu and |ulz =1,

where E = E(h). Suppose that

lim E(h) = Ejp.
e (h) 0

Then we may apply the theorem above with P = H — F to obtain
MS(u) C {(x,€) : € + V(z) = Eo},

where the set on the right-hand side is the ‘energy surface’ associated with
Ey.
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Propagation of the Microsupport.

For p = p(z,£) € C°(R?*%;R), we set
n
_ dp 0O op 01 _. /0 0
Hy=) [2d —ooae] = (3.~ 5)
j=1

as a vector field on R?" (the Hamilton field). Given (z0, &) € R?", we may
solve (locally) the Hamilton-Jacobi system

{amwﬂmz%mmw»
(2(0),£(0)) = (0, &),

ie. = %zg and f = —%. We denote this solution by

(x(), (1)) = (exptHp) (o, &)

and call
(t7 .’E, 5) = exp(th)(:c, 5)

the Hamilton flow associated to p. We observe that
2 exp(tH,)(,€) = Hyexp(tH,)(,€).
Ezample 8.2.2 (Harmonic Oscillator). Let p(z,¢) = &2 + 2. Then, using
i=2¢ and €= —2u,
we obtain & + 42 = 0. Thus
x(t) = Acos(2t) + psin(2t), &(t) = —Asin(2t) + pcos(2t)
for some p, A € R™. In particular,
exp(tHp)(xo, &) = (xo cos 2t + &y sin 2t, —xg sin 2t + & cos 2t).

Proposition 8.2.14. For any (xo,&) € R?™ and for t, s small enough, we
have

exp((t + s)H)) = exp(tHp) exp(sHp)

and
pexp(tHy,(zo,&o)) = p(wo, o).
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Proof. For the second identity, we apply % and observe that the left-hand
side is constant in {. O

Remark 8.2.15. If p(xzg, &) = 0 then p(z(t),£(t)) = 0. We call a curve
{exptHy(20,60) : t € (To,T1)} with  p(x0,80) =0
a null bicharacteristic of p.
We turn to our last main result.
Theorem 8.2.16. Let
p = p(,£,h) = po(w,§) +e(h)r(w, & h) € Sy ((6)™)
be as above, and suppose u satisfies
Pu=0 and |ullz2 <1, where P = Opl(p).

Suppose (zo,&) € R?™ and that exp(tH,)(wo,&o) exists for t € (Tp,T1).
Then

(x0,&) € MS(u) <= Vte (1y,T1) exptHp,(xo,&0) € MS(u)
< dte (To,Th) exptHp(xo,&) € MS(u).
That is, MS(u) is invariant under the flow of Hp,.

Proof. By the previous proposition and the fact that MS(u) C Char(P),
we may assume that p(xg,&p) = 0. We may also assume without loss of
generality at m = 0 (see [20, Lemma 4.38]). With pg,7 € Shol(1), we will
show that

V(zo,&) € MS(u) 36 > 0:Vt € [—0,0] exptH,(xo,&) € MS(u).

With this, a standard ‘clopen’ argument finishes the proof.
We assume that V, ¢po(xo,&o) # 0 (for otherwise Hy,(x0,&0) = 0 and so

exp tH,(xo, &) = (20, &o) for all t).
We suppose towards a contradiction that for any § > 0, there exists

ts > 0 such that
(x5,&5) = exptsHp(xo, &) & MS(u).
In particular, there exists ay > 0 and neighborhood Wy 3 (x5, &5) so that
Tu(z,&h) = Oe™ /M) for all (z,€) € Ws.

Our task is then to show that this implies (zg, &) ¢ MS(u).
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Lemma 8.2.17. For g € S2,(1) (real-valued), there exists ¢ > 0 such that
for all® >0 and v € L?,

19/ T Po||72 > 6°||(Hpo9)e®/ " Tl 12 — c(h + [e(B)] + 67) | ?/ T 7,
uniformly for sufficiently small 0, h.

Sketch of the proof of the lemma. Applying Corollary and Calderén—
Vailliancourt, we firstly obtain

99/ Pol[22 = llpo(e — 200, € + 2i60.9)e/ " T
+ O(h+ (W) Tv]3a.

One can now apply Taylor expansion to deduce
Im[po(x — 20,9, & + 2i00.9)] = 0Hpyg + O(0%) in S, (1).
Feeding this into the bound above leads to the result. O

The key to completing the proof is to apply the preceding lemma with
a good choice of function g.

First, recalling the nonvanishing of V, ¢pp, we may use a local change
of coordinates on a neighborhood V' > Wjs to coordinates (y1,---,y2n) for
which

Hp, = 5% and  (z5,&5) = (t5,0).

We now choose a,b € R and ¢ > 0 so that
{(y,y) a <y <b, |y| < c} C W5,

where (y1,y') € R x R?"~1. We then let f = f(y1) be a smooth function
such that:

e f(0)=1as, with 0 < f < ay;
e f =0 outside [—2d, b];
e f/>0o0n [-2d,d] and |f'| < 8 on [—d,al,
where d, 8 are sufficiently small. We also define xg : (—¢,¢) — [0,1] so that
e xo=1on [—c/4,c/4];

e xo0#0on [—c/2,¢/2];
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e x < 1 outside [—¢/2,¢/2].

Finally, let g(y) = x(|¢/]) f(y1) (extended to zero outside of V'), which then
obeys the following:

e Hyyg=0o0n Ve
o Hpg<0on Vs:={(y,y):y1 €[~d,a], |y| <c/2},

g(zo,&0) = %a(;, with g < as everywhere.

o g < % for ||+ |yi| > c/2.
Now we apply the lemma above to deduce
| (o) " Tull gy < COFEE 4 0)]1e/M T 7.
Noting that |Hp,g| 2 1 on Vj, this implies
h+|e(h
6%/ Tl gy < (FHE 4 0)]|e? T 7.
For 6 small (and h small), this implies
€99/ T 32 vy S €99/ Tl 2 gom vy
Now we claim that
as _
€49/ T ul vy = O(1 4+ /F—50)

Indeed, on V¢ we have g = 0, and on V\Vs we may obtain g < %oz(; — Bd

(which is > ia(g for 8 small enough). In particular, restricting to a possibly
smaller neighborhood Vj on which g > %a — %ﬁd, we have

I Tull 2y S O(ePHIR 4 e=0ls=BD2h < O (=M,

This implies that T'u is microlocally exponentially small near (xg,&p). (In
fact, the definition used the L>-norm, but it is also acceptable to use the L?
norm — see [20, Remark 3.2.4]). In particular, (zg,&)) ¢ MS(u), yielding
the desired contradiction. O

We close with one last application.
Ezample 8.2.3. We return to the eigenvalue problem
Hu=Bu, |l =1,
with H = —h?A+V,V € S"(1), and E = E(h) — Eg as h — 0. The null
bicharacteristics of P = H — E are given by
() = 26(t),  &(t) = =VV(2(t), £(0)* + V(2(0)) = Eq.

These are the classical trajectories of energy Ey. In particular, MS(u) is a
union of maximal classical trajectories of Fjy.
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8.3 Exercises

Ezercise 8.3.1. Prove (8.2)).
Ezercise 8.3.2. Prove (7.11]).



Chapter 9

Sharp inequalities

9.1 Rearrangements and the sharp
Gagliardo—Nirenberg inequality

In this section and the next we will consider the problem of existence of
optimizers for some functional inequalities. We will consider some particular
cases of the Gagliardo—Nirenberg inequality and the Sobolev embedding
inequality, namely

1 3
11l < CanlfIIIVfIlf. for fe HYR?)

and .
Iflle < Csobl|Vflz2 for fe HY(R?).

Here we use Coy and Cg,, to denote the best possible constant in these
inequalities. Our goal will be to prove that there exist functions that attain
the best constant. The basic idea is to take an optimizing sequence and
try to prove the existence of a limit, which one then proves is an optimizer.
However, one must contend with a lack of compactness due to the presence
of symmetries that leave the inequalities invariant, namely, translation and
scaling invariance. For example, suppose one already knew that there existed
an optimizer f* to one of these estimates. Then f,, := f*(byx + z,,) would
be an optimizing sequence for any choice of parameters b, € (0,00) and
z, € R3. However, one can readily choose these parameters so that f,
converges weakly to zero (i.e. |z,| — oo, b, — 0, or b, — o0; see the
exercises).

Thus, to prove the existence of a limit, we need to restore the loss of com-
pactness. For the case of Gagliardo—Nirenberg, we first perform a rescaling

235
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to suitably normalize the sequence. We will restore the loss of compactness
due to translations by taking radial decreasing rearrangements and exploit-
ing the compactness of the embedding H! a4 L*. For the case of Sobolev

ra

embedding, a different approach is needed, as the embedding H 1ad Y ART

”
not compact. We will use the technique of concentration compactness and

profile decompositions, which allows us to understand precisely the ways in
which a bounded sequence in H' could fail to be compact. See [19] for an
alternate approach.

We begin by proving the following:

Lemma 9.1.1 (Gagliardo—Nirenberg inequality). There exists C > 0 such
that for all f € HY(R3),

1 3
[fllza < ClAAIL IV 72 (9-1)

Remark 9.1.2. This is a special case of a more general range of inequalities
of the form

1 lze S IFNZ V11 R° (9-2)

We leave the investigation of the general case as an exercise.

Proof of (9.1). Using the triangle inequality and Bernstein estimates, we
have for any Ny € 2% the estimate

1Fllzs <D I fwl s
N
3 1
S Y NI fle+ > NTHVSr

N<Np N>Np

3 _1
S No'llfllez + Ny IV £l 2
Optimizing in Ny yields the result. O

We define the optimal constant Cgy by

1 3
Con = {170V FI = 1 flpe - £ € H(R*)\{0}}.
We will prove the following:

Theorem 9.1.3. There exists f € H'(R3)\{0} such that

1 3
[fllzs = Canllfllz2 IV FlI7e-
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Remark 9.1.4. Using the Euler-Lagrange equation associated to the opti-
mization of Gagliardo—Nirenberg, one can deduce the existence of solutions
to the nonlinear elliptic partial differential equation

—AQ+Q-@*=0, Q:R®=R.

To prove Theorem [9.1.3] we will need to develop a few tools, specifically,
the notion of a radial decreasing rearrangement, and several compactness
tools.

We first introduce radial rearrangements. We give here an abbreviated
introduction; for more details and further results, see [19, Chapter 3].

For a measurable set S C R%, we define the radial rearrangement of
S (denoted S*) to be the ball centered at the origin such that |S*| = |S|.
The radial rearrangement of a function f is then defined by

f*(x)Z/O X{If>ap+ () dA,

where yg denotes the characteristic function of S. This can be compared
with the level set (or “layer cake”) decomposition

|f(z)] 00
f(a)] = /O dx = /0 ity () dA. (9.3)

To make sense of this, we only consider functions such that [{|f| > A}| is
finite for all A > 0.
This definition guarantees that xg = xs+. Indeed, noting that

S Ae(0,1)

{XS”}:{@ A> 1

we find .
o) = /0 xs+ (@) dA = xs+ (2).

By construction, the rearrangement f* of a function f is a nonnegative,
radial (i.e. spherically symmetric), decreasing function. Furthermore, the
level sets of f* are the rearrangements of the level sets of |f|, that is,

{7 > A =Alf1> A"

This implies that rearrangements preserve all LP norms (cf. (A.1)).
We need the following estimate. We only sketch the proof; complete
details may be found in [19].
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Proposition 9.1.5 (Riesz rearrangement inequality). For non-negative f, g, h,
(frg*h) <(f*,g"*h").

Proof. We first consider the one-dimensional case. Using the decomposition
, we may first reduce to the case when f, g, h are characteristic functions
of sets of finite measure. Using approximation by open sets, we further
reduce to the case of open sets. Writing open sets as countable unions
of open intervals and using monotone convergence, we further reduce the
problem to considering finite disjoint unions of open intervals, say

J3

J1 J2
f@)=> filx—aj), gl@)=> gjlx=0b), hlx)=>_hjlz-c)),
j=1 j=1

Jj=1

where fj, gj, h; are characteristic functions of an interval centered at the
origin. Now for ¢ € [0, 1] let

Lige(t) = / fi(x —taj)gn(x —y — thy) hy(y — tee) do dy
= / fi(@)gr(z — y)he(y + t(a; — by — c;)) dz dy
=: /ujk(y)hg(y +t(a; — b — cg)) dy.

We have that u; is a symmetric decreasing function of y, and so I is a
decreasing function of ¢.

We now start sending ¢ | 0. As soon as two intervals corresponding to
one of the functions intersect, we stop the process and redefine the function
so that it contains an interval that is the union of these two intervals. We
now repeat this process finitely many times until we are left with just three
intervals centered at the origin with the same measures the intervals com-
prising f, g, h (i.e. until we have constructed f*, ¢g*, h*). As this process has
only increased Iz, this implies the result.

To prove the higher dimensional case, we introduce the Steiner sym-
metrization. Given a direction e, we define the Steiner symmetrization of
A, denoted A*¢, to be the 1d symmetrization of A along lines that are par-
allel to e. Given a rotation p of R? with pe = e1, we define pf(z) = f(p~'x)
and and let [pf]*! be the 1d symmetrization of pf with respect to 21 (keeping
xf fixed). We then set

="
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This notion of symmetrization preserves measurability of sets and functions
(exercise).

We will focus on the case d = 2. Again, we may reduce to considering
f, g, h to be characteristic functions of finite measure sets, say A, B,C. By
the 1d rearrangement inequality, we have

I(A™, B*,C7) == (f*, g™« ) = (f,g x h) = I(A, B,C)

for all directions e € S'.

Now let « > 0 be an irrational multiple of 27 and let R, denote rotation
by angle a. Let X,Y denote Steiner symmetrization along the x,y axes.
We set

Ap = (YXR,A)F

and similarly for By, C. Note |Ax| = |A| and each Ay has reflection sym-
metry about both the x and y axes. Furthermore,

I(A7B7C) < I(AkaBka Ck) < I(Ak—l—laBk—i—l?Ck—i-l)

for all k. The key is to prove that x4, — x4+ in L? along a subsequence, and
similarly for By, Cy. This suffices to complete the proof, since we estimate
along this subsequence

< [Ixas = xaglezllxs-lz2lxcs o + [Ixa-

+ Ixapllzzlxse o Ixes — xe 2
—0 as k — oo.

r2llxss — XBk||L2HXC*||L1

We now sketch how to prove the desired convergence. We first note that
each Ay is of the form

Ak ={(z,y) : ly| <wr(|z])}

where wy, is a symmetric decreasing function. We can further reduce to
the case that A, B, C are all contained in a ball. Then we can use uniform
boundedness of the w; and a diagonal argument to find a subsequence on
which wy converges at every rational point. Using monotonicity, we can get
convergence at all but countably many points (where jumps may occur). We
can then get L? convergence of the 4, (and x B, , xc,) along a subsequence,
say to some x ;. To complete the proof, one needs to show that A is a ball,
for then it must necessarily be A*.
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To see this, one can introduce v = e~1e1* consider the sequence ajp =
Il — x4, |lL2, which converges to a = Hy — Xjllz2- Using symmetries of
and the double reflection symmetry of A, we can deduce

/ YRax ;s < / VX Rax < / VY X Rax s = / YRax i,

which implies that Rox ;1 = XY R ;. This relies on Exercise Using
this, we find x ;1 = R2qX 5. To complete the argument, one relies on the fact
that any 6 may be approximated by irrational multiplies of 2. O

We will use the Riesz rearrangement inequality to establish the following
estimate.

Lemma 9.1.6. We have

IVl < IV £llze-

This estimate is known as the Polya—Szegd inequality, and it actually
holds in LP for all 1 < p < cc.

Proof. Recall the heat kernel e/® introduced in Section We compute
IVFIZe = =, A7)
= (f,— gle" flle=o)
: _d “la—yl? I
—tim {113 - ()£ [[ e 0 ) oy .

Applying the Riesz rearrangement inequality and reversing the steps above,
we find

1961 > fig 41771 = amt) 4 [[ ool ) o) oy}
= |V f|[7-.
This completes the proof. O
The next result we need is a compactness result due to Riesz.

Theorem 9.1.7 (Compactness in LP). Suppose {fn,} C LP satisfy the fol-
lowing:

e Boundedness: there exists M > 0 such that || fn|lLr < M for all n.
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o Tightness: for any € > 0, there exists R > 0 such that
[ itapds <
|z|>R

for all n.

o FEquicontinuity: for any e > 0, there exists § > 0 such that

[ 1) = e < ¢

for all n and all |y| < 0.
Then f, converges in LP along a subsequence.

Proof. Let ¢ be a smooth bump function supported on the unit ball with
[ ¢=1. For R > 0, we define

(@) = 6(%)[RYG(R) * ful(x)

for each n. For any R, we have that {ff} is a sequence of continuous
functions on the compact set {|x| < R}. Note that for any R > 0, the {f}
are uniformly bounded:

d
17Nz < 0| RIG(R) * fullee S IRUG(R) o | fullw S RY M

for all n. We next show that {f} are equicontinuous for fixed R > 0. As ¢
is smooth, it suffices to show that for any £ > 0, there exists § > 0 so that

IRYG(R) % folz + 1) — RIG(R) * fol@)|1oe < €

for |y| < d. As convolution is linear, this follows from the LP-equicontinuity
of the f, and the estimates above.

By the Arzeld—Ascoli theorem, it follows that for any R > 0, every
subsequence of {f£} has a subsequence that converges in L>®({|z| < R})
and hence in LP({|z| < R}).

Now let € > 0. We claim that there exists R > 0 large enough that

| fo = fE» <& forall n. (9.4)

To see this, write

Fo= IR = U= ()] fn + 0(5)fn — RIG(R) * ful-



242 CHAPTER 9. SHARP INEQUALITIES

The first term can be made small in LP (uniformly in n) by employing
tightness. For the second term, we safely ignore ¢(%) and argue as in the
proof of approximation to the identity (Lemma. Recalling that proof,
we see that we may make this term small uniformly in n due to the fact that
we have uniform boundedness and uniform equicontinuity for the functions
fn

Finally, let us show that {f,} has a convergent sequence in LP. To see
this, we will show that for any € > 0, there exists J such that

{fu} C U1 Be(f)- (9.5)

Let us first see that this does the job. We apply this with the sequence
e = 27% to find a sequence fn i satisfying fr p41 € Bo—k(fnr). Such a
subsequence is necessarily Cauchy and hence convergent in LP.

In fact, by , it is enough to establish the total boundedness property
for any {fF}. However, this follows from sequential compactness. To
see this, suppose towards a contradiction that for some gy, we have

{ff} ¢ UL, B.,(ff) for any J.

Then we can inductively build a subsequence ffk such that

frlz%,kJrl ¢ B€0 (ffk)

By construction, this sequence can have no convergent subsequence, which
yields a contradiction. This completes the proof. O

Using this, we can establish the following result.

Lemma 9.1.8 (Compact embedding). Let H! ,(R3) denote the set of radial
functions in H'. Then H} ,(R®) is compactly embedded in L*(R3).

Remark 9.1.9. This is a special case of a more general result. In particular,
H! (RY) is compactly embedded in LP(R?) for 2 < p < % (where the

exponent d%cg should be taken to be 0o in dimensions d = 1,2).

Proof. The fact that H' Cc L* is a consequence of Gagliardo-Nirenberg.
We need to show that any bounded sequence {f,,} in H} , has a subse-
quence that converges in L*. We will use Theorem In particular we
need to check boundedness, equicontinuity, and tightness.
Boundedness in L* is a consequence of Gagliardo-Nirenberg.
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For equicontinuity, we argue as follows. We first apply Gagliardo—Nirenberg
to estimate

[fn() = faC + )L S Nfn() = ful- + y)\lizllvfnll,%z,

so that it suffices to establish equicontinuity in L2. In fact, this also follows
from H' boundedness. Indeed, using Lemma [2.5.8]

1l +9) = Fa()l ~ / Ful©)Plev S — 12 de
< Jyf? / ()P dE < IylRIV full2e,

which yields equicontinuity.

Finally, we need to prove tightness. Here we rely on the radial symmetry.
We write f,, = f,(r) where r = |z| and denote the radial derivative by 0,.
By the fundamental theorem of calculus, we have for any radial function f
and any 7 > 0,

215 =

2 [ 100,00 dp\
< / o7 ()| 210, (o) dp
0

<(/ pzlf(p)\zdp)é< / pQrapf@)r?dp)% < 11,

where in the last line we compute the integral using spherical coordinates.
In particular, we have

/| n@rta B2 [ i)l e S Rl
x|> x|>

< R fallz,

which implies tightness. This completes the proof. O

Remark 9.1.10. The estimate used to establish tightness is often called a
radial Sobolev embedding inequality.

With the requisite compactness tools in place, we can now prove exis-
tence of optimizers for Gagliardo—Nirenberg.
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Proof of Theorem[9.1.3. Let

Tz
J(f) = LILZ I L2
=797,

for f € HY(R®)\{0}, so that Cgy = inf J(f). We take a sequence f, €
H(R3)\{0} satisfying

. _ 4
nh_)rgo J(fn) = Con-
We now wish to pass to a limit; however, we need to make some modifications

to restore the compactness that is lost to scaling and translation symmetries.
We will first define

In(T) = an fr(bn)

for suitable a,,, b,. In particular, if we define

1
_ llE

3
IV full 72

y e

IV fallL2

then
lgnllz = IVgnllz2 = 1.

Note that g, remains an optimizing sequence, i.e. J(g,) — C’(_;fv.

Next, we take radial rearrangements and define h,, = g;;. By Lemma|9.1.6
and the fact that rearrangements preserve LP-norms, we have that h, is a
bounded sequence in H! ; (in fact ||y 2 =1 and ||V, |2 < 1) satisfying

J(hn) < J(gn)-

In particular, h,, is also an optimizing sequence.
By boundedness in H}ad, we have that h,, converges to along a subse-
quence to a limit A, weakly in H! and strongly in L* (cf. compact embedding

and Lemma |A.2.3). Using Lemma we deduce

n—oo

J(h) < lim J(hy,) =inf J(f),

thus giving the existence of an optimizer, as desired. ]
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9.2 Concentration compactness and sharp Sobolev
embedding

In this section we will introduce techniques related to ‘concentration com-
pactness’, specifically the notion of a profile decomposition. We will apply
these techniques to prove the existence of optimizers for a Sobolev embed-
ding inequality proved in Section These techniques also play an impor-
tant role in the setting of current research in nonlinear partial differential
equations.

Recall from Section that we have the following general inequality:
there exists C' > 0 such that for all f € H'(R?),

I fllemsy < CIV £l L2ws)- (9.6)
We define the optimal constant Cg,, by

Csop = sup{ || fllpss) = |V fllr2s) : f € H'(RP\{0}}.  (9.7)
Our goal in this section is the following theorem.

Theorem 9.2.1 (Existence of optimizers for Sobolev embedding). There
exists f € HY(R3) so that

1 f1l s (r3) = CsobllV £l L2(m3),
where Csop is as in (9.7).

Remark 9.2.2. Similar to the case of Gagliardo—Nirenberg, we can use
optimizers of Sobolev embedding to find solutions to the nonlinear elliptic
PDE —AW = W5.

The basic idea is to take an optimizing sequence and to extract a suitable
limit, which can then be shown to be an optimizer. The key to proving con-
vergence is to use a ‘profile decomposition’, which decomposes an arbitrary
bounded sequence in H! into a sum of bubbles (with well-defined spatial
positions and scales), plus a remainder that vanishes in the L% norm. We
then show that an optimizing sequence necessarily contains only one bubble.

The starting point is a refinement of Sobolev embedding that allows us
to identify a scale for concentration.

Lemma 9.2.3 (Refined Sobolev embedding). For f € H(R3),
2 1
1flles < [Slz\lfp 1fnllze] 2 IV 122,

where fxy = Py f denotes Littlewood—Paley projection.
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Proof. We use the Littlewood—Paley square function estimate, Theorem |[7.2.6]
Then

£11%6 N/(Zfzvl2>3dw

N

~ Z /fN1|2|fN2|2|fN3|2dx

N1,N2,N3

DY /|fN1|2|fN2’2|fN3|2dx.

N1<N2<N3

Continuing from above and applying Hoélder’s inequality and Bernstein’s
inequality (Propostion [7.2.3)), we find

IA1Se < D0 Ifwallzeell o lzs L fno I Fo Il v s | vl 2

N1<N2<N3
4 Ni\ s
S lsupllivliee]™ >0 () IVImllee IVl eo
N1<N2<N3
4 N\ & N
S b lvlie] Y () o8GR IV w219l
N1<N3

Applying Schur’s test, we deduce
4
1£11%s < [sup [|fx 7] Y IVl
N

which implies the desired result. ]

Next, we combine this result with Hélder’s inequality to demonstrate
how to extract a bubble of concentration from a bounded sequence in H'.

Proposition 9.2.4 (Inverse Sobolev). Suppose {fo} € H'(R3) is a sequence
satisfying

limsup |V fullz <A and lirginf | fnlls > € (9.8)

n—oo

for some A > 0 and € > 0. Passing to a subsequence, there exists ¢ € Hl,
A € 2% and z, € R3 such that

A2 fu (e + ) — ()
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weakly in H', with
5
Vo2 Z e(5)3. (9-9)

We have the decouplings

Tim [|Vul22 = [91fa = dulll3z = [ Vénll32] = 0
and
Tim [l fallfe = £ = éullfs = énl%6] =0,
where

fn(@) = A 2 B(Z520).

Proof. Passing to a subsequence, we may assume the bounds in hold
for each n. Then using Lemma [9.2.3] we may find a sequence IV,, such that

1
1PN, fullLe 2 €(5)2

for all n. By Holder’s inequality and Bernstein’s inequality,

(NI

1 2
S PN, fllee S PN, full L2 1PN, frll Foo
_1 1 2
S No 2 IV fall g2 P, fll 7o

_1 5 2
S N P A3 [Py, fol| oo

(%)

Thus X
= 5
| PN, fulloes 2 eNg (5)4,

and hence there exists z,, € R? such that
_1 5
Nn 2| Pn, fo(zn)] 2 e(5) 1.

We now set A\, = N,; ! and define

T (2) = A2 fahnz + 20).

As h,, forms a bounded sequence in H'(R?), Alaoglu’s theorem implies that
hy, converges weakly along a subsequence to some ¢ (cf. Lemma. We
now claim that ¢ is nonzero; in particular, we have exhibited concentration
for f, at the physical scale \,, and spatial position x,.
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To prove the claim, we let K denote the convolution kernel of the
Littlewood—Paley projection P;. Then

/ K(2)hn(z) dz = / K(@)ME fuontt + ) dt
= N F [ NNl = 20) ) dy = No PPy, ()
In particular, by construction, we have
(K, 6) = lim [(K, )| 2 e(5)1,
which by Hoélder’s inequality and Sobolev embedding implies
(501 < N9llzs S 1V 2.
The H* decoupling follows from weak convergence and the fact that
hn = ¢ = [Vhn[[}2 = V] — halllfz = [VoIZ:

(check!).

For the L5 decoupling, we will need the following refined version of Fa-
tou’s lemma due to Brezis and Lieb [I]: if a,, is a sequence of LP functions
with limsup,, , ||an|/zr < 0o and a,, — a almost everywhere, then

lanllz, = llan = allzy — llal%,- (9.10)

We prove this below. Assuming (9.10|) for the moment (see below), we now
claim that

1
Arngn(Anx + 5571) — ¢

almost everywhere along a subsequence. To see this, we first observe that
HY(K) — L*(K) is a compact embedding for any compact K C R? (cf.
Theorem and the proof of Lemma . Thus, the weak convergence
implies strong L? convergence along a subsequence for any compact K C
R3. Using a diagonal argument, we can then deduce almost everywhere
convergence along a subsequence. (See Exercise m)

Thus, by (9.10)), we have

1 1
A7 fr(Anz + xn)HﬁLﬁ — A2 faAn + 20) — @l s — ||¢”%6a

which after a change of variables yields the desired L% decoupling. O
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It remains to prove the refined Fatou lemma due to Brézis and Lieb [I].

Proof of (9.10). Let € > 0 be arbitrary and define
Wen = H lan|P” — |a? — |a, — a’pl —elan — a|p]+7
where + denotes the positive part. By assumption, W,.,, — 0 as n — oo.
On the other hand,
lanlP —lal? — |an — al?| < |lan” — |ay — al?| + |al?
< elan —al? + C:lal? + |al?,
where we have used the fact that for any € > 0, there exists C; > 0 such

that
|z + ylP — |afP| < elaf? + Cely/P.

To see that this holds, consider the cases |y| < |z| and |y| 2 |z| separately;
the first case leads to the first term on the right-hand side, while the second
case leads to the second term.

Continuing from above, we deduce

0<Wep <(1+Co)|alP € L.

Thus the dominated convergence theorem implies that f Wen — 0asn —
o0. Now we observe that

llanl? = |alP = |an — a|’| < Wep + €lan — al?,

and hence we deduce
limsup/’]anV’ —lal? — |an — a|p’ dr Se.
n—oo
As € > 0 was arbitrary, this completes the proof. ]

We can now turn to the main technical tool needed for the proof of
Theorem [9.2.1], namely, a profile decomposition adapted to the Sobolev em-
bedding inequality.

Proposition 9.2.5 (Profile decomposition). Let {f,} be a bounded sequence
in HY(R3). There exist J* € {0,1,2,...}U{cc}, profiles {W}}]:p positions

{x%}‘jll, and scales {)\%}‘inl such that along a subsequence in n we have

J .
falw) =D ]G () + 0] for 0< T < I
j=1 !

Furthermore, the following properties hold:
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o We have H' decoupling:
J .
suplimsup |||V full32 = Y IV (13, — | Vr]][72| = 0.
J n—oo j=1
e The remainder vanishes in L5:

lim sup limsup ||/ [|%6 = 0,
J—J* n—o00

and we have the LS decoupling

J

lim sup lim sup ||| fn [|%6 — Z 1¢7(|%6| = O.
J—=J* n—oo j=1

Proof. We define r0 = f,. If f, — 0 in L%, then we stop. Otherwise, we

apply inverse Sobolev to identify the first profile ¢! (and the parameters

(1, AL)) and define

1 _pl
rh =t - R )

If L — 0in L5 then we stop. Otherwise, we again apply inverse Sobolev to
identify the next profile and parameters, defining r2 analogously to above.
Proceeding in this way, we construct the profiles, parameters, and remainder
terms. We may need to apply this (countably) many times, passing to a
subsequence in n each time. This determines whether J* is finite or infinite.

We now need to verify the properties claimed in the proposition. The
H? decoupling follows by induction and by construction.

Let us verify the vanishing of the remainder in L5. We define

ey= lim |[rl|s and Ay = lim |Vr]| 2.
n—00 n—o0
By construction Ay < Ag. Thus, by and construction, we have
. .5 .5
IV N7 2 €1 (F5H) 2 2 e (B2
Hence, by H' decoupling,
J J A
d e (G S IV S A3
i=1 =1

J

which implies £; — 0 as j — oo. Finally, the L5 decoupling follows from
induction and the vanishing of the remainder in LS. O
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With the profile decomposition in place, we turn to the proof of Theo-
rem [9.2. |

Proof of Theorem [9.2.1. We let {f,} be a sequence in H'\{0} such that
. _ 16
nh~>n;o J(fn) = Csop,

where
JO) =115 = IV FIS-

Let us first normalize the sequence by replacing

fuo with e,

so that ||V fn|| 2 = 1. We now apply the profile decomposition to f,, to write
J

fo= D AT (555 + 7

J=1

along a suitable subsequence. Now observe by the L8 decoupling and Sobolev
embedding,

J* J*
Clop = lim J(fa) = Y 1¢11% < Chyp D IV |52
Jj=1 Jj=1
On the other hand, by the H? decoupling,

J*
> IVe|i. < 1.

=1

Using the nesting ¢2 C £6, this implies that all of the inequalities above are
equalities. In particular,

J* J*
D IVelGe = IIVelIz. = 1.
j=1 J=1

Since the ¢/ are all non-trivial, this implies that there must be only one
profile, say ¢, which satisfies [|[V¢| 2 = 1. We therefore have

_1
Jn=2n 2¢(%) + T,

1
with A3 fn(Anz + z) — ¢ and ||V |2 = |[Vé| 2 = 1. In particular,
1

A2 fn(Anz+1,) converges strongly to ¢ in H'! and hence in LS. In particular,
J(p) = Cgab, i.e. ¢ optimizes Sobolev embedding. O
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9.3 Exercises

Ezercise 9.3.1. Let f € L?>(R?). Show that g, := f(z+x,) converges weakly
to zero if |z,| — oco. Show that h, = A 2f()\nav) converges weakly to zero
if A, = 0 or A\, — oo.

Ezercise 9.3.2. Prove that the embedding H}, ,(R?) < L5(R?) is not com-

T
pact. Here the subscript ‘rad’ denotes the restriction to radial functions, i.e.

f satisfying f(z) = f(|a]).
Ezercise 9.3.3. Investigate the allowed range of exponents in ((9.2)).

Ezercise 9.3.4. Let f, g be nonnegative functions such that [{f > A}| and
[{g > A}| are finite for all A > 0. Then

f@)g(x)de < | f*(2)g"(z)dw.
Rd Rd

If f is strictly radially decreasing, then equality holds if and only if ¢ = g*
a.e.

Ezercise 9.3.5. Show that Steiner symmetrization preserves measurability
of sets and functions.

Ezercise 9.3.6. Prove the existence of optimizers for Gagliardo—Nirenberg
by developing an appropriate profile decomposition.

Ezercise 9.3.7. Let K C R? be a compact set. Show that H'(K) — L?(K)
is a compact embedding. As a result, show that if g, — g weakly in H'(K),
then g, — g strongly in L?(K) along a subsequence.



Chapter 10

Restriction theory and
related topics

Our goal in this chapter is to provide an introduction to restriction theory
and some related topics, including ‘Strichartz estimates’ in the setting of
Schrédinger equations.

10.1 Restriction theory and Strichartz estimates

In this section, we give a brief introduction to restriction theory, focusing
on an early result due to Strichartz [32].

Restriction theory concerns the basic question of when it makes sense to
restrict a function’s Fourier transform. In particular, given S C R" (with
n > 2) and a positive measure du supported on S, we can consider the
following two problems:

A. For which p € [1,2) do we have the following restriction estimate:
1 £l z2 @y S W fllee@ny 7
B. For which ¢ € (2, 00] do we have the estimate

I dp) Nl paeny S INF 2@y ?

1).

Note that if f € L', then the Riemann-Lebesgue lemma tells us that f
is continuous with f — 0 at infinity. In particular, it makes sense to restrict
f to sets of measure zero. On the other hand, if f is merely in L? then
f € L? and it does not necessarily make sense to restrict f in this way.

By duality, these problems are equivalent provided g = p’ (i.e. %—F%

253
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Ezample 10.1.1. There exists a function belonging to L for all p > 1 whose
Fourier transform is infinite on an entire hyperplane. Let ¢ : R — C be
a bump function and set

f(x) = (1 -+ ‘.%'1‘)_1¢(1‘2, ey xd).

Then f € LP for all p > 1. However, if we now set S = {¢ € R? : & = 0},
then we observe that

f©) = @m) Hhea, . 0 [ et don = o0

for £ € S.

The issue in the previous example is that the hyperplane S has no cur-
vature.

Following [32], we will first focus on the case that S is a quadratic surface;
we return to some more additional cases in Section For simplicity, we
will restrict our attention to the case of the paraboloid

S:{x:xn:—[:r%+---+x,%_1]},

although more general quadratic surfaces may be treated by similar methods
(see [32]). In our case, the relevant measure du is simple to describe. In
particular, for a function F' on R", we have

| F@ine) = [ Pl (10,1
We begin by observing that by Plancherel and Holder, we may write

1F 122y = F: Fda) = (Fodix £) S 1 F ool £l

Thus, the restriction estimate in A. would hold for a choice of p € [1,2)
provided we could prove the convolution estimate

ldu* fll o S 11 £l ze (10.2)

for the same choice of p. We will look for p such that ((10.2) holds. We will
utilize the Stein interpolation theorem, Theorem [6.1.11
In what follows, we will use the notation

z = (y,r,) € R" xR.
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We introduce the the following analytic family of distributions:

Ko (x) = 5(2) [z — W) (10.3)
where + denotes the positive part. Here z € C and 7(z) is an analytic
function to be determined below with a simple zero at z = —1. To connect

these distributions to the problem above, let us prove the following:

Lemma 10.1.1. Define K, as above and suppose v has a simple zero at
z = —1. Then there exists a constant c such that

lim K, — cdu

z——1
in the sense of distributions.

Proof. Let F' be a test function on R". Then by a change of variables we
have

[ @r@ s =) [| [ Foen+ Pl do|
=) [P« [ 1)) d.
Recalling ((10.1)), the problem therefore reduces to establishing
Y(2)[ 1L = cd as 2z —1, (10.4)

where §y is the Dirac delta distribution. Indeed, with (10.4]) in place we get

[ K@ F@ e [ PlyPdy=c [ Fla)duta),

as desired.
As « is assumed to have a simple zero at z = —1, to prove ((10.4)) it is
enough to establish

(z+1[-]7 =6 as z——1,

which we now prove. We let H denote the Heaviside distribution

H(’T):{l T>0

0 7<0,

which satisfies 0, H = §g. We now observe that

(z+ 1)1 =0- [7’+]Z+1.



256 CHAPTER 10. RESTRICTION THEORY AND RELATED TOPICS

Thus, for any test function ¢, we get

((z+D750) = ~(r57,¢) = —(r{7 H,¢') = —(H,¢') = (d0, ¢)
as z — —1. This completes the proof. O

In light of the lemma above and ((10.2), we have now reduced the restric-
tion estimate A. to establishing the LP — L¥ boundedness for the operator

frToaf =K ixf,
with K, as in ((10.3)). Writing 7>, f = K  f, applying Plancherel and Hélder
yields the estimates
IT:fllze < Kzl fllrz, ie || Tellp2pe < [[Kzlle
ITofllee < MLl fllpr e [T:llpispee < (1A Izoe.

Then, to apply Stein’s interpolation result (Theorem |6.1.11]) we will look for
xo > 1 and an analytic function « with a simple zero at z = 1 satisfying the
following on the strip —xg < Rez < 0:

(i) |y(z +dy)| has at most exponential growth as |y| — oo,
(ii) K.(z) is bounded when Re z = 0.
(iii) K,(x) is bounded when Re z = —x.

Then, by Theorem [6.1.11] we can interpolate between the estimates at
Rez =0 and Rez = —z¢ to deduce

2x0
zro+1°

”T—1||Lp_>Lp’ S 1, where p=

Lemma 10.1.2. Let I' denote the Gamma function

T — > —tyz—1 dt.
(2) /0 et t
Define

2(z) = T(z+ 1))

and let K, be as in (10.3)). Then v has a simple zero at z = —1 and satisfies
items (i) and (ii) above. Furthermore, writing x = (y,x,) as above, we have

. _[yqntl
K.(z)=c¢ exp{—%}izxn[ T (10.5)

for some constant c. In particular, item (iii) holds provided

n+1

Rez = —xg 1= —"3
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This is the key lemma. With Lemma [10.1.2]in place, we conclude:

Theorem 10.1.3 (Restriction estimate for the paraboloid). The restriction
estimates A. and B. on the paraboloid S C R™ are valid for

_ 2(nt1)
— n+3

and g =p =200

respectively.

We turn to the proof of Lemma, [10.1.2)

Proof of Lemma[10.1.3. For basic properties of the Gamma function, we
refer the reader to [31] (say). In particular, since I' is nowhere zero, we get
that v(z) is analytic. As I' has a simple pole at z = 0, v has a simple zero
at z = —1. One can also check (i) and (ii); for example, for (ii) we observe
that for z = io,

Ko (@)| = (i) - 2 — [y[27] S Fy(io).

One can then check (using Stirling’s formula, say) that [I'(1 + io)| — oo as
|o| = oo, which yields boundedness of |y(io)|.

Thus, the proof boils down to establishing . This computation will
also explain the origin of the mysterious choice of ~.

We begin with a change of variables and contour integration. We write
x = (y,x,) and the dual variable as £ = (n,&,). Then

/ei[yn+xn€n] [xn . ’yﬂi do — /ei[yn—ir&nly?} [/OO eiétn&nmz dmn] dy
0

n

B Caa N / il éalyl?] gy,
Next, a Gaussian integral computation (i.e. completing the square) implies
/]Rnl eilvnténlyl’] dy = c@f%l exp{—i%}. (10.6)
In particular, continuing from above leads to
/e”ynﬂng”] [a:n — ]y|2]i dx = cI'(z + 1)i‘z§;[z+%ﬂ] exp{—%}.

Multiplying both sides by y(z) = [['(z + 1)] 7! yields (10.5), as desired. [l
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Restriction theory remains an active area of research within harmonic
analysis. We have truly just scratched the surface by demonstrating a single
result. Instead of delving deeper into restriction theory at this point, we
will now return to one of the themes appearing frequently in these notes,
namely, applications of harmonic analysis to partial differential equations.

We will first show that the restriction estimate for the paraboloid is
equivalent for a space-time decay estimate for solutions to the Schrédinger
equation. In fact, today these estimates go by the name of Strichartz esti-
mates, in honor of Strichartz and his seminal work [32].

Recall that in Example we used the Fourier transform to solve
the initial-value problem for the linear Schrédinger equation on Rz x Re. In
particular, the solution to

00+ 8)u=0 0
uli=o = ¢ € L*(RY),
is given by
u(yt) = 204 [ i) an, (10.8)
Rd

where we temporarily use d; to denote the Fourier transform on R

Proposition 10.1.4 (Strichartz estimate). Let u : R9T! — C be the solution

to (10.7). Then

<
full 2w ) S 1lage

Proof. Let n =d+ 1. As above, we set

g= 2 _ 20t g oy

We estimate the L4(R™) norm of u by duality. Employing ((10.8) and denot-
ing elements of R by (y,t) € R, we are led to estimate

// =t 3(n) f (y, t) dny dy dt = /qz?(n)f(n,—ln\Q)dn

for f € LP(R™), where f denotes the Fourier transform on R™. Thus, by
Plancherel, ((10.1]), and Theorem [10.1.3

[(u, £)] S Ml 2l f 0, =)l po ey
SNl e eyl £l 2gap
S 16l L2 wayl f I e )
The result follows. O
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10.2 Strichartz estimates

In the previous section we established a space-time estimate for solutions to
the linear Schrodinger equation by means of a restriction estimate. In this
section we will extend the range of estimates by different methods.

Let us shift notation slightly and denote the solution u = u(t, z) to

(10 + A)u=0, u(0)=2¢

by
u(t) = 2.

t

Here €2 is the Fourier multiplier operator with symbol e~#¢ ‘2, ie.

. _ i 2
eZtA = F 16 it|¢] F.

Our goal is to prove space-time estimates for e*®¢. We begin by estab-
lishing estimates for fixed time ¢. By Plancherel, the representation above
immediately yields the L? bound

Heim¢”L2(Rd) = H¢”L2(Rd)-
On the other hand, using Lemma [2.5.11] we can also write
R = ]ffl[efiﬂw]:qb} = (271')%}'71[67”'5'2} * Q.

However, we have essentially already computed F 71[6*”'5‘2] in (10.6). In
particular, we find

"20(a) = (amit) 4 [l g(y) dy,
Rd
which readily implies the ‘dispersive estimate’

: _d
HelmfﬁHLw(Rd) ST 28 L ey

Then, by interpolation we deduce

ol

. _(4_d
H@ZtA¢|’Lp(Rd) < |t| ( p)”QZ)HLI’/(Rd) for 2 <p < oo, (10.9)

where as usual p’ denotes the Holder dual to p, i.e. the solution to % + % =
1. This will be an essential ingredient in proving the following Strichartz
estimates.
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Proposition 10.2.1 (Strichartz estimates). Let d > 1 and suppose 2 <
q,r < 0o satisfy the scaling condition

2 d _ d
2 +2¢=4 (10.10)

Then
I ZtA¢||L‘1LT ®xrd) S 191l L2 (ra)- (10.11)

Proof. We seek to prove
T:=e"™ maps L? — LIL".

We will employ the method of TT*. In particular, we need to compute the
adjoint T™ and prove that

TT* LY LY — LILT,

where ¢’ and r’ denote the dual exponents to ¢ and r.
To compute the adjoint, we rely on the fact that e® is unitary on L2

for each t. Thus,
(Tf,G // A f(2)G(t, x) da dt

/f /e tAG(t, z) dt dz,

T*G(x) :/e_iSAG(s,x) ds.
R

which shows

In particular,
TT*F(t,x) = / AP (s, 2) ds. (10.12)
R

We now use the dispersive estimate ((10.9)), the Hardy—Littlewood—Sobolev
inequality (Theorem [6.2.2)), and the scaling relation (10.10)) to estimate

17T Flige S | [ 1t~ sl DIEG) Iy ds]

_2
S < IF @ gy || o

_2
rg |||t q”Lt%,ooHFHLg/Lg’

SIE]

’
q /9
LY Ly
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yielding the desired bounds for T7T*. Note that the application of Hardy—
Littlewood—Sobolev requires ¢ > 2.

By the method of TT* (see e.g. Exercise , we deduce the desired
L? — L{L" boundedness of €4, O

Remark 10.2.2. Note that this result covers the special case ¢ = r =
%dsz) covered in the previous section. The endpoint case ¢ = 2 (which is
compatible with only for d > 2) is also allowed provided d > 3; it is
valid in d = 2 in the radial setting. However, proving endpoint Strichartz

estimates is a much more challenging problem (see [17]).

Apart from the missing endpoint ¢ = 2, one may ask about the optimality
of the condition ; i.e. are there other exponent pairs for which we
may expect an estimate of the form ? If we insist on putting the
function ¢ in L?, the answer is no. One can check that the scaling relation
is necessary by considering ¢*(x) := ¢(Ax). Then we firstly have

_d
||¢/\\|L2(Rd) =A"2| ¢l 2.

On the other hand, the solution to the linear Schrédinger equation with data
& is ‘ ‘
AP O)() = [ Al (Ma),

and so )

. LI
||6ZtA[(Z>)\(‘)]||L§Lg(R><Rd):/\ q r”etAd)HLng(RXRd).

In particular, the estimate is only possible if the powers of A match, which

is exactly ((10.10)).
One may also ask whether ((10.11)) could hold with (g, r) satisfying ((10.10))

but 1 < g < 2. The answer is also no. To see this, let us give the following
heuristic argument. Fix a nice function ¢ and consider the linear solution
u(t) = e*¢. Supposing the Strichartz estimate holds in L{L", we can
find a sufficiently long time interval around the origin (of length 7', say) so
that ‘most’ of the norm is contained this interval. We now consider time-
translates of u by {tj}é-vzl, which are separated by a length > T. Then,
using time-translation symmetry of the equation, we should have

N

> ult—t))

j=1

> Na
LILT (RxRA)

(by splitting into the disjoint time intervals where each u(-—t;) is nontrivial).
On the other hand, by linearity, we recognize ) u(t —t;) as the solution to
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the Schrodinger equation with data Y e~ A¢. Thus, applying Strichartz,
the fact that e=%%¢ and e~"2¢ are almost orthogonal (provided |t; — t|
is large enough), and Cauchy—Schwarz, we deduce

N
> ult—t))
j=1

In particular, if 1 < ¢ < 2, then we can reach a contradiction by choosing
N large enough.

One can also prove that the endpoint estimate (d,q,7) = (2,2, 00) fails
in general, but is recovered in the case of spherically-symmetric solutions
(see the papers [21] 24]).

Strichartz estimates play an important role in the settling of nonlinear
Schrodinger equations. For example, Strichartz estimates are the essential
ingredient in the well-posedness theory for equations of the form

N

Z e—itjA(z)

j=1

<

~y

LiLr,

< N

L2

(10 + A)u = F(u), (10.13)

where F' is a nonlinear function of u; common examples include power-type
or Hartree nonlinearities, i.e.

F(u) = MNuPu or F(u) = X|z|™7 * |u*)u.

In particular, to connect Strichartz estimates to the well-posedness the-
ory for , observe that a variation of parameters argument (i.e. looking
for a solution in the form u(t) = e*®v(t)) leads to an equivalent integral
formulation, known as the Duhamel formula:

t
u(t) = e Pug — i / A E (u(s)) ds,
0

where ug denotes the initial condition u|;—¢. In particular, solving the PDE
is equivalent to finding a fixed point of the operator

t
du(t) = ePug — z/ DA F (u(s)) ds.
0

The usual strategy is to utilize the Banach fixed point theorem, which re-
quires proving that ® is a contraction on a suitable complete metric space.
In particular, this requires mapping properties (i.e. estimates) for the oper-
ators appearing above.
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We may apply Strichartz estimates directly to . The remaining op-
erator

t
F(t,a:)l—>/ e IAE (5, 1) ds
0

is similar to the operator TT* appearing in (for which we proved
estimates); however, it is not identical due to the truncation of the integral.
In the remainder of this section, we will discuss a result due to Christ
and Kiselev [5] that allows us to deduce bounds for the truncated operator
appearing in the Duhamel formula. The general result is the following:

Theorem 10.2.3 (Christ—Kiselev lemma, [5]). Let X and Y be Banach
spaces, and let

T:IP(R; X) = LYR;Y), 1<p<q< oo,

be given by an integral transform
TF(#) = / K(t,5)f(s)ds, K:RxR— L(X,Y).
R

Defining
t
Tot) = [ K(t.s)g(s)ds
we have that T is bounded from LP(R; X) to LI(R;Y).

Remark 10.2.4. In the generality stated above, the assumption p < ¢ is
necessary (e.g. one can truncate the Hilbert transform to find a counterex-
ample with p = ¢ = 2). We may allow p =1 or ¢ = oo, in which cases p = ¢
is allowed; we leave the investigation of these details and extensions to the
reader.

Remark 10.2.5. To apply this in the setting of Strichartz estimates for the
Schrédinger equation, we use

Tf(t) - /Rei(t_S)Af(S) ds, p= q/a X = LT,v Y=L".

Thus we have p < 2 < ¢, and '¢=9)2 ¢ L(X,Y) by the dispersive estimate.

Sketch of the proof of Theorem [10.2.5 Fixing f satisfying

110y = 1
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we aim to prove
1T fl arsyy S 1-

We will use a ‘Whitney decomposition’ of the region S = {z < y} C R? in
order to decompose K (t,s)f(s). In particular, we need the following:

Whitney decomposition (see [29]). We may decompose S into a countable
disjoint union of dyadic squares {Q}qep, i.e. squares of the form

Q=1IyxIy, Ip=k27,(k+1)277], j ke,

such that I(Q) ~ d(Q,dS), where [(Q) denotes side-length of Q.

To prove this, one takes (), to be the largest dyadic square containing x
with 1(Q) < d(Q,0S). Then verify that this leads to the desired decompo-
sition.

Now, with the nondecreasing function F': R — [0, 1] defined by

F(t) = / 1£()I% ds,

we claim that for any ¢t € R, we may decompose

K(t,9)f(s) = Y Xm@(F(1))K(t,8)xmo(F(s))f(5)] (10.14)

QeD

for almost every s < t, where m (A x B) = A and m2(A x B) = B. Indeed, if
F(s) < F(t), then by properties of the Whitney decomposition there exists
a unique Q(s,t) € D such that (F(s), F(t)) € Q(s,t). Then by linearity,
K(t,5)f(5) = XqQs.) (F(s), F(t)) - K(t,5)f(s)
= Xﬂ'QQ(S,t) (F(t))K<t7 S) [erlQ(s,t) (F(S))f(s)]
— RHS(T0.14).

On the other hand, for any ¢t we have by construction

[ @l =o
FH(E()

which implies that f(s) = 0 for almost every s < ¢t with F(s) = F(¢). Thus,
in this case we have that both sides of (10.14)) are zero (almost surely in s).
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Continuing from , we write
770 = Y xa(F(0) [ K(t.5)0xmo(F(s)1(:)) s

QeD
= 3 Xma(FO)TI(xmq o F)A()
QeD

oo 29—1

- Z Z Z [ijk © F]TKXMQ o F)f],

j=0 k=0 QED:mQ=1}},

where we have omitted the terms in which m@Q) = I 1 or [;; (cf. F e
[0,1]). Now observe that for fixed j, we have (using disjointness of supports
and the linearity and the boundedness of T')

oo 271 q
TSy <D0 D (o F) - Tl(xme o F)f]
7=0 k=0 "'QeD:m2Q=1;;, La(R;Y')
q
<> 1l oF)T[ > (meOF)f}
gk QED:m Q=1 Li(R;Y)
q
< Z Z (XmQ © F)f
.k 1QeED:mQ=Ij, Lr(R; X)
oo 27—-1

< Z Z Z [(xm@ © F)fH%P(]R;X)'

j=0 k=0 QeD:m2Q=I}},

Now, by construction, if /(Q) = 277 then we have

aj

H(Xﬂ’lQ o F)f“%p(]R;X) ~2 r.

Furthermore, using properties of the Whitney decomposition, for fixed j, k
there are a bounded number of @ such that 72(Q) = I;;. Therefore

~ oo 2791 4 00 TR
1Tl ey SD_D 2 7 S 27 051
j=0 k=0 j=0

[\

b

il

provided 1 < p < g < co. This completes the proof. ]

We have succeeded in proving a range of Strichartz estimates for the
linear Schrodinger equation. Of course, this is not the end of the story; e.g.
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we have left out the important endpoint estimate of [I7], along with many
other extensions and possible refinements. To conclude our discussion, we
will show how to use these estimates to establish a local well-posedness result
for a nonlinear Schrédinger equation. (We also refer the reader to [3] for a
thorough textbook treatment, as well as [I8] for an expository introduction
into some more advanced techniques.)

10.3 Application: local well-posedness for NLS

Let us focus our attention on the following one-dimensional cubic nonlinear
Schrédinger equation
i0pu 4 O%u + |ul*u = 0, (10.15)

which plays an important role in the setting of nonlinear optics. As described
above, this PDE is reformulated as the following integral equation:

. t .
u(t) = ePuyg —I—i/ =98y Pu(s) ds,
0

where ug € L?(R) is the initial condition. The existence of a solution is then
reduced to establishing the existence of a fixed point for a suitable operator.
For this, we rely on the following general result:

Lemma 10.3.1 (Banach fixed point theorem). Let (X,d) be a complete
metric space. Suppose ® : X — X and

d(®(u), ®(v)) < 3d(u,v) for all u,v e X. (10.16)
Then there exists a unique u € X such that ®(u) = u.

Proof. Let up € X and define the sequence {u,} C X inductively via u, 1 =
®(uy,). Observe that by iterating (10.16)), we have

d(ugy1,up) < 2_kd(u1,uo).

Then for n > m, we have by the triangle inequality that

n—1
d(una um) < Z d(uk+17 uk)
k=m

n—1
< Z 27 Fd(uy, up) < 2-27™d(ur,up) = 0 as m — oco.

k=m
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Thus there exists u such that u,, — u in X. Now observe that by the triangle
inequality we have

d(®(u), P(uy)) + d(P(uy),u)
2d(u,up) + d(tunt1,u) — 0

as n — oco. Hence ®(u) = u.
To show uniqueness, we suppose that ®(u) = u and ®(v) = v. Then

d(u,v) = d(®(u), (v)) < %d(u,v),
whence u© = v. O

Proposition 10.3.2 (Local well-posedness for the 1d cubic NLS). Let ug €
L? with M = ||ug|| 2. Then there exists T = cM~* and a unique solution

we LPLEN LI ([-T,T) x R)

to
t
u(t) = e*Pug + Z/ e =98y 2u(s) ds.
0

Proof. Let T'> 0 and C' > 1 to be determined below and define

X={uec L¥L2NL{L([-T,T] x R) :
lullpers <20M  and [ullae < 20M},
with
d(u,v) = [lu — UHL;”L%([—T,T]XR)-
Throughout the proof, space-time norms will be taken over [T, T] x R.
As (X, d) is a closed subset of the complete metric space L L2 ([T, T x

R), it follows that (X, d) is a complete metric space.
We let

. t .
d(u(t)) = ePugy + Z/ =98y Pu(s) ds.
0

We will show that (i) ® : X — X and that (ii) d(®(u), ®(v)) < 1d(u,v) for
u,v € X.

(i) Let w € X. Then applying Strichartz estimates and Holder’s inequal-
ity, we have

19(w)llLgerz < OM + Cl|uful 13 12
1
< CM + C2T)%||ull7s pee el £e 12
< CM + C(2T)2(2CM)3.
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Thus if
1

< -
~ 128CSM*’

where C' > 1 is the constant in the Strichartz estimate, we have ||®(u)| peor2 <
2C' M. Similarly,

T

@)l pape < OM + \HU\QUIIL? .

1 2 1 3
< CM + (272 HuHLtooL%HuHL;;LgO <CM+C(2T)2(2CM)° <2CM

under the same constraint on 7. Thus, with this choice of T" we conclude
that & : X — X.
(ii) In what follows, we use the estimate

[JuPu = [v?o] < 4fu —v[{[ul? + |v[*}.
Then for u,v € X, we obtain

12(u) = 2(v)llrger2 < Clllulu — o]ull L2
1
< 40QT) 2 {||ullZapoe + 017 oo Hlu = vl Lo 2

< 8C(2T)2 (2CM)?||u — vl o2

Thus for

1
T< —ou—
~ 819206 M

we obtain that
A(®(w), (v)) < Sd(u, v).

With (i) and (ii) in place, we conclude that ® has a unique fixed point,
yielding our desired solution. O

10.4 Return to restriction theory; Tomas—Stein
lemma

In this section, we return to the restriction problem introduced in Sec-
tion Along with the paraboloid (discussed in Section this problem
has been widely studied in the setting of the sphere and the cone. Just as
the restriction theory for the paraboloid is connected to the Schrédinger
equation, the cone problem is connected to the linear wave equation.
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We will focus on the case of the sphere. Similar to the paraboloid case,
we will be interested in estimates of the form

1f1slzas o) S 111y, (10.17)

where S = {¢ € R?: |¢| = 1} and do denotes surface measure on the sphere.

We begin with a few remarks. First, if p = 1 then holds for all
q € [1,00] (cf. Holder’s inequality and Hausdorff-Young). Next, if p = 2
then fails for all ¢ € [1,00], as f may be an arbitrary L? function
(and hence could be = 0o on 5).

Finally, note that if holds with some pair (p, ¢), then it also holds
with any (p,¢) with p < p and ¢ < ¢. To see this, let ¢ be a bump function
with ¢ = 1 supported on B(0,2). Then

f|S:f*§0‘Sv

so, by Hoélder, Hausdorff—Young, and Young’s inequality, we have

If1sllza(s,ao) S I * lla S+ elle Se [1f1e-

Thus the goal is to take p, ¢ as large as possible in (({10.17]).
As in Section we can formulate a dual version of . Define
R: LP(R%) — L4(S,do) by } R
Rf = fls.
The adjoint R* : L9 (S,do) — L (R%) (where primes denote Holder duals,
as usual) is computed by

(RS, 650 = /S RE(©)g(€)do(€)

_d ; .
=t [ 1) [ el do©)do = (1. (9d0) )
In particular, R*g = (¢ do)", which is bounded if and only if

H(gda)VHLP,(Rd) S HQHLq’(sydU)- (10.18)

We begin by finding necessary conditions for R, R* to be bounded.
Ezample 10.4.1. Let g = 1. Then ((10.18]) becomes

Hé-HLP/(]Rfi) S L
As |o(x)| = O((x>_%) (cf. Exercise , we find that we must have

Ly >d, e p< i (10.19)
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Ezample 10.4.2 (The Knapp example). Let R > 1 and g = xx, where K is
a spherical cap centered at the south pole & of radius R~!. Then K c D,
where D is a disk of radius R~! and thickness R~2; indeed, with & = (£, &),

1= —/1- |2 = ~[1 - }I6* + O(elh)] = 1 + O(R™),
Then
(9do) (z) = eixgo/ el(€—€o)z do ().

K

If |(€ — &)x| < 1, then (gdo) (z) is of size o(K) ~ R~(4=1),
Now, observe that for £ € K, we have

za(€ —&0)al S1 if |2a| S R?

while
Z(§ &) 1 if |z SR

In particular, (gdo) (z) ~ R~(4=D throughout the ‘dual tube’ T to D,
centered at the origin, with height R? and radius R. So

d+1
7

(g do) | = B-@-D|T])7 > R-E@-VRY .

On the other hand,

1
||g||Lq/(S,d()‘) So(K)r SR .

Thus for (10.18]) to hold, we must have

da+1 d—1

REVRY SR 7, fe 4 <dol (10.20)

The restriction conjecture for the sphere states that the necessary

conditions (|10.19) and (10.20f) are in fact sufficient.

Conjecture 10.4.1 (Restriction conjecture for the sphere). We have

I f1sllzatdo) S 1 fllporay if and only if p < 2, <

IN

d—1
7

This has been resolved completely in d = 2 [33], while the full result
remains open in higher dimensions.

In the rest of this section, we will discuss a positive result due to Tomas
and Stein.
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Theorem 10.4.2 (Tomas-Stein). We have

r 2(d+1
1 flsllz2(s.do) S NfllLomey whenever 1 <p < (d+3)-

Note that when ¢ = 2, the necessary conditions in Conjecture
reduce to
< 2(d+1)
= Td¥3 0

so this result is sharp for the choice ¢ = 2.

Proof of Theorem [10.4.3. We will prove the result up to (but not including)

the endpoint p = 2%:31). We begin by obtaining the smaller range
1<p<gh

by simply relying on the decay of do; recall the case p = 1 always holds.
Denoting
Rf=fls and R*g=(gdo),

we will employ the method of TT* and endeavor to prove R*R : LP(RY) —
L (R%). Note that R
R*Rf = (f|lgdo) = fxa.

By Hardy—Littlewood—Sobolev (Theorem [6.2.2)), we have

1f* 0l S N llzelloll 2o

L2(p-1)

Now observe that since |5| < |27 for v € [0, %3] (cf. Exercise 7.5.7)),
we have

5 P oo . 2d(p—1 d—1 : 4d
5 e L2261 provided % €(0,%], ie 1<p< 3d+1-

To go beyond this range, we employ the Littlewood—Paley partition of
unity and write

fxo=Fx(p8)+ Y [ *(Yno).

N>1

Because ¢ € § and ¢ € L, we may use Young’s inequality to write
1 o)l S W lzellodll o S0 llze-
To estimate the sum, we wish to prove

1% @no)lw S NZIfller forsome e=c(p) >0,  (10.21)

~
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for then we may sum to deduce the desired estimate.

To prove ((10.21]), we will interpolate between an estimate for p = 1 and
an estimate for p = 2.

First, for p = 1, we have by Holder’s inequality and the decay of &

_(d=1
£ (one)llzee S UFN Lol poe oy S N2 L1

On the other hand, we have by Plancherel and Lemma [2.5.11

1f * Wnd) e S £zl * do| pee.

Now, fixing € R¢, we may write

iy o) < N [ 19N G = )ldot0) £ [ g

for any m > 0.

To estimate this integral, we split into two regimes: (i) y € S with
|z —y| < <, which has a volume of ~ N~(¢=1_ In this regime the integrand
is bounded by N?. (ii) y € S with |z — y| ~ 4 for some M < N, which
has a volume bound of M ~(?=1) (which could of course be replaced by < 1
if M < 1). In this case (N(z —y)) ~ 4, and if we choose m = d in the
estimate above we get that the integrand is bounded by M¢.

Thus

[y do(@)] S NT-NTET ST MM SN,
M<N

We now interpolate between the (1, 00) and (2, 2) estimates and check the
range of p for which we end up with a negative power of N. As % =0+ 17_9

when 6 = %, we get
. _d-12-p orp—l
If# (no)lw SNTF 7 N £l
One can check that this power is negative provided p < ZST;). This com-
pletes the proof. O

10.5 Exercises

Ezercise 10.5.1. Prove (10.6)).

Ezercise 10.5.2. (Challenge problem.) Develop a profile decomposition adapted
to the Strichartz estimate in order to prove existence of optimizers to this
inequality.



Chapter 11

Additional topics

11.1 Linear Scattering Theory

In this section we consider a problem in ‘linear scattering theory’. We follow
the presentation of [26] rather closely. Our presentation will be rather brief.

We are interested in the long-time behavior of solutions to a linear
Schrodinger equation in the presence of an external potential. Restricting
attention to the three-dimensional case, we consider the equation

i0u = Hu, uli=0 = f, (11.1)

where

H=A+V forsome V:R>—>R.

To keep things relatively simple, we assume that V' is smooth and compactly
supported. We denote the solution to by e~ £ we will describe this
operator more precisely below.

In this context, ‘scattering’ refers to the statement that as ¢ — +oo
(say), the solution to behaves like a solution to the ‘free’ Schrodinger
equation i0;u = Au. That is, for any f € L?, there exists W, f € L? so that

eTHf _eTUAW L F 50 as t— oo (11.2)

in a suitable topology (e.g. weakly in L? or strongly in L?). We may
equivalently aim to establish the existence of the limit

Wif= tliglo etBe=itH § (11.3)

for f € L? (using the same topology as above). One can consider the same
problem backward in time and construct an analogous operator W_. The

273
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composition W+W__1 is then known as the scattering operator and is relevant
for applications.

We will see below that H can have at most finitely many eigenvalues,
all of which must be negative. The existence of such eigenvalues, how-
ever, would rule out the possibility of . Indeed, if Hf = Af, then
e H f — ¢ £ which does not behave like a solution to the free equation.
Thus, we must either restrict to potentials V' so that H has no eigenval-
ues (or understand that the results below apply only to f belonging to the
orthogonal complement in L? of the space spanned by eigenfunctions of H).

Our approach will be to present the main ideas, taking several facts for
granted along the way. Then we will fill in some of the details below.

We start with the following.
Proposition 11.1.1. The limit (11.3) exists (as a weak limit in L?).
Proof. We need to show that for f,g € L?, the limit

t]igl()@itAe_itHf? g>

exists. Taking for granted the following fact:

tH

o ¢ is ynitary on L?,

we can first observe that

A
("™ F ) < IIfllz2llgll e

uniformly in ¢. Using this, we see that we may assume that f,g € C°(R3).
Now, by the fundamental theorem of calculus, we find that the existence of
the limit would be implied by the following estimate:

oo
/ |%<e”AeﬂtHf,g>| dt < oo.
1
To prove this, we begin by computing
%eitAef’L’tHf — eitA [ZA _ ZH]efltHf — _ie’itAVefitHf'

Thus, using unitarity of e®?, the dispersive estimate for e”®, and Cauchy—
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Schwarz, we may estimate
/loo}czlit@itAe—z‘tHf,gM dt < /loo (Ve it f e=itA )| gy
S N

oo
_3 i
5/1 72Vl g2lle™™ fllc2llgll o at
SAIVIe2llfllzzllgllze,
which is acceptable. O

While it was fairly straightforward to establish the existence of W, f
(albeit only as a weak limit in L?), the argument provided us with no insight
into the structure of W,. Our second main result will be the following.

Proposition 11.1.2. The following formula holds:
W, =F"'Fyg

i the weak Cesaro sense, i.e.

lim (5/ e et BT M £t g) = (Fuf, Fg),

E—00 0

where F is the usual Fourier transform and Fp is the ‘distorted Fourier
transform’ adapted to H.

To make sense of this proposition, we should first describe the distorted
Fourier transform Fpy in some more detail.

Lemma 11.1.3. There exists a unitary operator Fg : L?> — L? of the form

Fuf©=c | J@)(y)dy

such that
e itH _ fﬁle%n?mg\?}—H'

Here ®¢ is a ‘distorted plane wave’ of frequency £ that satisfies the general-
ized eigenvalue equation

(H + 47%[€*)®¢ = 0.
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Note that with this lemma, we already obtain unitarity of e*# (one of

the facts needed above). Taking this lemma for granted for the moment, let
us prove the second proposition.

Proof of Proposition|11.1.4. We integrate by parts to write

<€A e_aeitAe_itHf dt,g> = <f7 g> +/0 e_ <ddt€ZtA _ZtHf, >

Computing as in the proof of the first proposition, we find

o0

(Wi tf,g)=(f.g) —lim | e “(ie"2Ve ™ f g)dt

e—0 0

Noting that (f,g) = (Fuf, Fug), we find that the problem reduces to prov-
ing
o0

lim ei€t< AV e ’tHf 9)dt = {(Fuf,Fuag— Fg).

e—0 0

The left-hand side may be expanded as

limci / / / e~ AL Ty £(€) M2 g( ) da dE dt

e—0

_ hIIl ci // (I)§ ) FufV(z )/ zt[A+47r2|£|2+z€] tg(x) d€ da
= hmcz//cl)E VFuFEV (2)(A + 4n | 4 ie) ' g(x) d€ da.

We now need the fact that
e the solution to (A 4 47%(k + i)?)w = h is given by
1
Ar?((k +ig)? — |€7]
The functions G, have a limit G}, as € — 0.

we = hx G, where Cji(ﬁ) =

Thus, the limit above reduces to

- / / Be(2) Fuy f(€)V (2)g G () dar dE = / Fuf(€)(~ Ve G g) dE.

We now write ‘
(I)g(l‘) = 627”33g —+ We (:L‘),
so that we solves

(A 4472 € + Vwe () = — Ve,

(In fact, this is how we will construct ®¢ below!) We then rely on another
fact:
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e For any h € L? with compact support, the equation
(A + 47> +V)w =h
has a unique solution obeying a certain ‘radiation’ condition; it satisfies

w=(h—Vw)x*Gg.

Thus we may write
We = [—V€2mm£ — ng] * Gm = —V@S * G|£|
= V&G = o — ™7,

Continuing from above, we obtain

/ Fuf(E){=VP¢ x G, g) d§ = / Fuf©)[(®e, g) — (€2, g)] dé
as desired. ]

In the rest of this section, we therefore need to prove Lemma [11.1.3
along with the facts used in the previous proof (see the bullet points above).
We need to address the following general problems:

e Solve the free Helmholtz equation (A + 47k?)w = f.

e Establish existence (and uniqueness...) for the Helmholtz equation
(H + 47k*)w = f with f € L? of compact support.

e Define the distorted Fourier transform and demonstrate it has the
properties needed above.

We discuss each of these in the following subsections.

11.1.1 Solving the free Helmholtz equation

Given k > 0 and f € L? of compact support, we seek solutions of
(A + 47K w = f
as limits of solution to the problem

(A + 472 (k +ie)Hw. = f, > 0.



278 CHAPTER 11. ADDITIONAL TOPICS

The operator on the left-hand side is of the form 7'+ io (with 1" closed and
self-adjoint and o # 0) and hence is guaranteed to be invertible; indeed, one
can verify that

(T +is) 72 = s*lIf 72 and (T +is)" flI72 = s f]72-

In fact, using the Fourier transform we may obtain the formula
6271'1'365
k+ie)? — [¢]?]

we = f*xGE, where Gf(x) :/47r2[( d¢.

By a rescaling argument, we may obtain GJ,(-) = kGi/k(k-), and so it will
be enough to consider the case k = 1. For this, we have the following:

Lemma 11.1.4. For all x # 0, we have a limit G5 (x) = G1(z) as e — 0.
The function G1 obeys the bound

Gi(@)] S |=[7 for |zl <C

along with the asymptotic formula

e2mi|z|

G = CW + (’)(]a:\*:z/z) for x| >C,

and the ‘radiation condition’
0.G1(z) — 2miGy (z) = o(|z| ") as x| — oo,
where O, = V - ﬁ is the radial derivative.

Sketch of the proof. By radiality, it suffices to work with « = z;e; for some
r1 > 1 and € < (z)71%. Let us just describe how to obtain bounds inde-
pendent of €.

We use a partition of unity to split the integral defining G, that is,

627riz§
/ (1102 e ©

into the regions {|¢| < 3}, {3 < |¢| < 4}, and {N < [¢| < 2N} for dyadic
N > 4.

On the region |¢| < 3, we recognize the inverse Fourier transform of a
Schwartz function, yielding a term that decays fast as |x| — co. On a region
|€] ~ N for N > 4, we can either estimate the term directly as

(e N)
| i g e = o)
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or use the identity

2mizé 1 2mixé
e  2mixy 851 €

and integrate by parts repeatedly to obtain an estimate

T Q(E/N) -
/Mtwdf—O(N-(N!xD °).

We then obtain the acceptable bound

> Nmin{l, (Nla)) 7} S {’x“ 2] <1

&, 2= Jal 2 1.

The main contribution is therefore coming from the region |£| ~ 1, which
requires the most delicate analysis. We sketch the treatment of this term:
Using spherical coordinates £ = pw, we write this term as

2mipwiT1
// 0 iy dp
1+ie—p

for a suitable cutoff function . We then use a smooth cutoff to split into
three regimes: (i) wy > %, (i) |w1| < 3, and (i) wy < —1.

The contribution of region (ii) can be seen to be rapidly decaying, which
we see as follows: We first split into regions where |p — 1| > |27 and
p—1] < |2, say:

For the first term, we see that the w integral is an oscillatory integral
with non-stationary phase, and hence is O((z)~!%). The p integral can then
be seen to be O(log(x)), and hence this part is acceptable. For the second
term, we write

I (p) = HTPATIY(1) 1 O] — 1]).

The O(|p—1|) term is readily estimated to obtain an acceptable contribution.
For the main term, the dp integral works out to be im + O(|z|~?°). This

leaves us to estimate
/ 627mw1z1 dw
\w1\<%

which we may do by the principle of non-stationary phase.
Regions (i) and (iii) may be treated in a similar fashion, so let us only
consider region (i). We begin by writing

¥(p) = v(1)x(p) + (p— 1) (p),
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where Y, 1; are bump functions and y = 1 near p = 1. Then the &(p) integral
leads to an oscillatory integral with non-stationary phase and hence leads
to rapid decay in x. The x integral can be dealt with by extending y into
the complex plane and using contour integration. In the end, by shifting the
contour upward, we end up with a main contribution of

—2migh(1)e” T

by the residue theorem. In particular, the main term is of the form

C 627rzw1:p1 dw,
w1>i

which (by the method of stationary phase, with the stationary phase point
& = e1) can be seen to be of the form

ceQﬂixl |$’71 + O(|$’73/2)

for |z| > C.
To prove the radiation condition, we again consider x = z1e; and need
to prove
(8%1 — 270)G1(x1e1) = o(|z| 7).

In this case, the left-hand side can be expressed as a Fourier transform (like
G itself), with an additional factor of 27wi(§; — e1). As this factor vanishes
at the stationary point £ = e;, we may obtain the improved estimate. O

We note also that the function 7 in the above lemma obeys
(A + 473Gy = &g

in the sense of distributions.

11.1.2 Existence and uniqueness for the Helmholtz equation

We turn to the equation
(H + 47%k*)w = f,

where f is a compact L? function.
It is convenient to first address the question of uniqueness, which (by
linearity) is implied by the following.
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Lemma 11.1.5 (Uniqueness). If w € L} satisfies
(H + 47°k*)w = 0
along with the radiation condition
w=0(z|™"), and Ow —2mikw =o(|z|™') as |z| = oo,
then w = 0.

Brief sketch of proof. Using the radiation condition and Green’s theorem,
one can firstly obtain the identity

w = (—Vw) * Gy.

Further application of Green’s theorem and the radiation condition shows

lim lw|*>dS = 0.

R—o0 ‘JJ‘ZR
Combining this with the identity for w above and using
Gk(Rw — J)) — CR—1627rik’Re—27rika:w + O(R_3/2)7

this leads to
/\ﬁ(m)ﬁm =0

(more details may be found in [26]).

Now, by some standard ‘elliptic estimates’, we have that w is smooth,
and so Vw € C2°. This implies rapid decay for Vw, and since Vw vanishes
on the sphere we get -

BE) = g

Am?(k* — [¢]%)
is also analytic and rapidly decreasing. Using this and integrating by parts
repeatedly in the Fourier inversion formula, we can deduce that w is com-

pactly supported.
The final ingredient is the following ‘Carleman estimate’:

627rN3:1,w , < N72 e27rN:r1Aw )
| 2 S L
for compactly supported w and N > 1, which follows from the identities

FleMw)(€) = d(€ —iN), FleN"Aw](€) = —4n*[¢ —iN[*d (¢ — iN)
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and the inequality
1 < N72|¢ —iN|?.

Using this and the equation for w, we finally obtain
27N w0 S N2 2N (Y + 4R
Sk N[N || 2,
which (choosing N = N (k) sufficiently large) yields e*™V1y = 0. O
Given € > 0, we define w. to be the (L?) solution to
(H + 47> (k + ie)*)w. = f,

where (as in the previous section) have that the operator on the left is
guaranteed to be invertible. We will show that w. is bounded in H'(Bg(0))
for any R > 0. Then, using the compactness of the embedding H*(Bg(0)) —
L?(Bg(0)), we may obtain a subsequential L? limit of w. as € — 0. (We can
then verify that the limit obeys w = (f — Vw) x G}, as well as the radiation
condition, and hence is the unique solution we are looking for.)

Lemma 11.1.6. The solutions w, are bounded in L? as ¢ — 0 and hence
(by elliptic estimates) in H'(Br(0)) for any R > 0.

Proof. Suppose not. Then we may find a sequence of solutions w. with
|lwe|lpz2 — oo and € — 0. Normalizing the L?-norm, we may obtain a
sequence w. with ||w¢]|z2 =1 but

(H 4 47%(k +ie)®)w. — 0 in L2

Using elliptic estimates, we can deduce that . is compact in L?(Bg(0)) for
any R > 0 and hence we may extract an L? limit . But then we may derive
(H + 472k?)®w = 0 (and the radiation condition) and hence (by uniqueness)
w = 0. However, this contradicts the fact that ||w:||;2 = 1. O

11.1.3 The distorted Fourier transform

The previous section shows that we may find an L? function wy satisfying
the radiation conditions and the equation

(H + 47| we = —V ™%,
The ‘distorted plane wave’

@£(x> — 62771';1:5 + wg(a:)
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then obeys the generalized eigenfunction equation
(H + 472/¢[2) ¢ = 0.

More generally, we can construct a Green’s function G for H + 4m2k?
(i.e. the integral kernel for (H + 472k?)~!), which is connected to ® via

Gu(z,rw, k) = Cr 1™ &, (x) + O(r—3/?)
and |
0,Gr(x,rw, k) = 2mikCr 1> d (x) + O(r~>/?).

In fact, an argument using Green’s theorem yields
I G (,,K) = Chlm || @) do
S2

(see [26]).

Given the facts above, let us conclude this section by defining the dis-
torted Fourier transform adapted to H and showing how it provides us with
a ‘spectral representation’ of H.

Let us begin by verifying a claim made above, namely:

Lemma 11.1.7. For any A < 0, the spectral projection X(foo,)\)(H) has
finite rank.

Proof. Writing X for the range of X(_uo 1) (H), we have
(Hf, [) < Alfllpz for feX.
Integrating by parts, this yields

IV fllzz Sxav 1 fllze-

This implies that the unit ball in X with the L? topology is a bounded
subset of H!, and hence compact. This in turn yields that X is finite-
dimensional. O

In what follows (as we have done above), we therefore assume that H has
no negative eigenvalues (or that we restrict to the orthogonal complement
of the space of eigenfunctions of H).

To define functions of H, we will use the following Plemelj formula (which
follows from contour integration):

2mi e—0

$(z) = 5= lim /OOO SO+ A— i)l — (z+ A+ie) Y dr for x>0,
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or equivalently

qb(x—lhm/ d(\) Im[(z + X — ie) "] dA.

e—0

Then, by functional calculus, we obtain

T e—=0

o(H) = hm/ SN Im(H + X —ie) L d.

By the Green’s function representation (and taking A\ = 472k?, then setting
¢ = kw), we therefore obtain

o)) = C [ [ o) 1 G, ) dy b i
0 R3
=0 [T ] o )@y dedy 2
R3 Js2

—C / / O(4m2)¢[2) 0 (2) e (y) dy de
— Fho(4n’le) Fu,

where the distorted Fourier transform Fp is defined by
Fuf(©) =C [ 1)P(y) dy.

Now one can show that Fp is a unitary operator on L?, and setting
¢ = e~ we obtain the desired representation

. i 21e12
e itH __ J—";IG 4itm?|€| Fu,

which was the final ingredient needed above.



Appendix A

Prerequisite material

The purpose of this chapter is to collect prerequisite material that is used
throughout the main body of these notes.

Let us first recall some standard notation to be used throughout these
notes.

We use the following multi-index notation. Given d > 1, a multi-index
a is an element of N, where N = {0,1,2,...}. We let

d
_ . o o ag o 8‘°‘|f
|al —Zau et =aytayt, 0%f = DR
=1

We write A < B to denote A < CB for some C' > 0. We write A < B
to indicate A < ¢B for some suitably small ¢ > 0.
We write xg for the characteristic function of the set F, that is,

1 z€eF
XE(x):{o z ¢ E.

A.1 Lebesgue spaces

Given a Lebesgue measurable subset E C R? of positive measure and 1 <
p < 00, we define LP(E) to be the space of measurable functions f such that

1 fllzr ey = </E |f(m)|pdw>p < 00.

The functions f may be either real-valued or complex-valued. The quantity
| -l zr(z) defines a norm. When p = oo, we define

[fllzoe () = nf{M = {2 € E: [f(2)| > M}| = 0},

285
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where |S| denotes the Lebesgue measure of S. The quantity | - ||1»(g) also
defines a norm. We will often drop the underlying set £ and simply write
LP.

To be precise, elements of LP should be regarded as equivalence classes
of functions that are equal almost everywhere; however, we will typically
ignore this distinction.

The spaces LP are vector spaces. Furthermore they are complete with
respect to the metric defined by the LP-norm (namely, d(f,g) = ||f — gllzr)-
In particular, they are Banach spaces. Furthermore, for 1 < p < oo, we
have that the space LP is separable (i.e. admits a countable dense subset).
On the other hand, L is not separable.

For spaces of sequences ¢ = {c;} we use

1
M@—@}wy,ww—mmy

The P spaces are nested; that is, for p; < py we have
ez with el < el

The space L? admits an inner product, denoted by

<ﬁm=/}@muma

where - denotes the complex conjugate. Finiteness of (f, g) follows from the
Cauchy—Schwarz inequality (or Holder’s inequality):

(£ < 17l z2llgll -

The space L? is therefore an example of a (separable) Hilbert space, i.e.
an inner product space that is complete with respect to the metric induced
by the inner product.

Given 1 < p < oo, we define 1 < p’ < oo via

1 1 _
Lil=1.

We call p’ the dual exponent to p. It is often useful to compute LP norms
‘by duality’, i.e. using the fact that

1fllz» = sup [(f, 9);

where the supremum is taken over all g € L? with | g[|,, = 1.
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For a measurable function f, we define the distribution function of f
by
a [{z:[f(x)] > a}].

We can compute the LP-norm of a function in terms of its distribution
function as follows:

i =p [ s > o do. (A1)
For 1 < p < 00, we define the weak LP space by
LPPRY) = {f : R = C: || fllzre < 00},

where the LP*° quasi-norm is defined by
1
| fllLeee = sup al{[ | > a}|?.
a>0

A quasi-norm refers to a quantity that satisfies all of the hypotheses of a
norm except the triangle inequality, which must be replaced by ||z + y|| <
C(||z|| + |ly|]) for some C > 0. See the exercises.

When p > 1, the LP** norm is equivalent to an actual norm, while for
p = 1 there is no equivalent norm, but there is a metric that generates the
same topology. In either case, one obtains a complete metric space.

Note that LP C LP**°; indeed, by Tchebyshev’s inequality we have

{11 > o} S 111

uniformly in o.
We have Minkowski’s integral inequality:

1 (s )llery < I1F (2, 9)ll Ly e

for 1 <p < 0.

Let us briefly discuss one other theory of integration, namely, the Riemann—
Stieltjes integral. First recall the definition of functions of bounded varia-
tion.

Definition A.1.1. Let f : [a,b] — R, and let

'={zg,...,zm}

be a partition of [a, b]. Define

m

Sr = Sr(f;ab] =Y [f(w:) = f(wia)l.

=1
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The variation of f over [a,b] is defined by
£l BV (lap)) = Sup Sr(f;a,bl.

As 0 < Sp < oo, we have ||f||py € [0,00]. If ||f|lpy < oo, we say f is of
bounded variation. We may write f € BV ([a,b]). Otherwise, we say f is
of unbounded variation.

Examples of bounded variation functions are those that are continuously
differentiable on an interval. For the reader unfamiliar with the notion of
bounded variation, feel free to replace ‘function of bounded variation’ with
‘continuously differentiable function’ and ‘BV norm’ with ‘L° norm of the
derivative’ throughout these notes.

Let us also recall the definition of Riemann—Stieltjes integration.

Definition A.1.2. Let f,¢ : [a,b] = R. Let I' = {x;}*, be a partition of
[a,b] and let {&}", satisfy
ri1 <& <ux; foreach i.

The quantity
Rr := Zf fz ;) (xZ—l)]

is called a Riemann—StleltJes sum for I'.

If

I = lim Rr
IT'|—0

exists and is finite, then [ is called the Riemann—Stieltjes integral of f
with respect to ¢ on [a,b], denoted

I_/f ) do(x /abfdgb.

We recall the following results concerning Riemann—Stieltjes integrals.

Proposition A.1.3. Suppose f € C([a,b]) and ¢ € BV (|a,b]). Then
f;fd(b exists, and

b
/ fdgb‘ < I Fllz= l9llsv-

Proposition A.1.4 (Integration by parts formula). If f fdo exists, then
so does fa odf, and

b b
/ fdé = [F(B)o(b) — F(a)b(a)] - / o df.
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A.2 Hilbert spaces

We record here a few basic results concerning Hilbert spaces. Recall that
a Hilbert space is a vector space equipped with an inner product that is
complete with respect to the induced norm. In these notes, we restrict our
attention to the setting of separable Hilbert spaces (i.e. spaces that admit
a countable dense subset).

Lemma A.2.1. Let Hy and Hs be Hilbert spaces. A linear operator T :
Hy — Hy is bounded if and only if it is continuous.

Proof. AsT is linear, it suffices to verify continuity at 0. This follows directly
from boundedness, cf.

1Ty < M|y -

Conversely, boundedness and linearity readily imply continuity; cf.

1T(f) = T(9lla, < Ml f2 = filla,-
This completes the proof. ]

Lemma A.2.2 (Riesz representation theorem). Suppose ¢ : H — R is a
continuous linear functional on a real Hilbert space. Then there exists a
unique g € H such that

(f)=(f.9),

where (-,-) denotes the Hilbert space inner product.

Proof. Let {¢y,} be an orthonormal basis for H. To obtain such a basis, start
with a countable dense subset of H and apply the Gram—Schmidt algorithm.
Given a function f € H, write f,, = (f, pn) denote the ‘Fourier coeffi-
cients’ of f relative to {¢,}. (See Section[2.2|for more details.) In particular,
we can uniquely specify a function by prescribing its Fourier coefficients.
We define g by prescribing ¢, = ¢(¢,). Then by Plancherel’s theorem

E(f) = angn = <fag>'

It remains to verify that this procedure defines ¢ € H and that the result
is unique. To this end, define Pyg = 21]1\7:1 £(¢n)en and let us prove that
|Png|lz is uniformly bounded in N. Indeed, on the one hand, by linearity

we have
N

UPrng) =) [l(en)]”.

n=1
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On the other hand, by boundedness of ¢, Cauchy—Schwarz, and orthonor-
mality, we have

N N %
pwa)l < MY ttowen| < 01(Sieen)”
n=1 H n=1

Combining the last two displays yields

N

1PNyl = <Z[f(s0n)]2>é <M,

n=1

which yields the desired bound. (This in turn may be used to show that
Pyg is Cauchy in H as N — oo and hence converges to a limit g.)

As for uniqueness, we use the fact that if (f,g) = (f,h) for all f € H
then g = h. O

Using the Riesz representation theorem, we can identify H with its dual
space via the pairing (f, g). We say that a sequence f,, converges weakly
to fif

(fnyg) — (f,g) forall ge H.

We write f, — f.

Lemma A.2.3. The following properties hold concerning weak convergence:
(a) If fn = [, then || f|| < limsup, . || fnll-
(b) If {fn} is bounded, then f, converges weakly along a subsequence.

Proof. For (a), let € > 0 and choose a unit vector g € H so that

{(£:9) > |IfIl — e

Thus by weak convergence and Cauchy—Schwarz,
Il < {f,g9) +e= lim (fn,g) +& <limsup| fn|] + .
n—00 n—o00

As € > 0 was arbitrary, this implies the result.
We turn to (b). We let S = {g} be a countable dense subset of H. For
each k, the sequence

{<fﬁ7gk>}

is bounded and hence converges along a subsequence. In particular, by a
diagonal argument we may find a subsequence such that (f,, gx) converges
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to a limit (say ci) for all k. We claim that f, converges weakly along this
subsequence.

To see this, we need to define the limit f. By duality, it will suffice to
specify the values (f,g) for all g € H. To this end, we fix ¢ € H and take
a sequence of g € S converging to g. We will show that {c;} is Cauchy,
so that it has a limit ¢; we will then define (f,g) = ¢ and check that this
defines an L? function to which f,, converge weakly. Let € > 0 and choose
K large enough that ||g — gx|| < € for k > K. Now fix k,¢ > K. By choosing
n large enough, we may guarantee that

‘<fmgk> — (fn,90) — (cx — Cg)} <e.

On the other hand, by Cauchy—Schwarz,

|<fnvgk> - <f7l7.g€>| = |<fnag/€ _g> - <fn7.g€ _g>| < 2Me,

where M is the uniform bound for the {f,}. Thus {c;} is Cauchy and hence
converges to c. An intertwining argument shows that we may uniquely define
f as a (linear) functional on H via (f, g) = c¢. To see that f € H, we observe
that

[{f,9)l =1 lim lim (fn, g)| < Mlg]l,
—00 N—00

where g € S converges to g. In particular ||f|] < M. Finally, for weak
convergence we again let ¢ € H and choose a sequence S > g — g. We
then write

<f_fnag> = <f_fnag_gk>+<f_fnygk>‘

The first term is M - o(1) as k — oo, while the second term converges to
zero by construction. This completes the proof. ]

Remark A.2.4. Item (b) in the previous lemma is a special case of Alaoglu’s
theorem.

Let T : Hi — Hy be a (bounded) linear operator. The adjoint of T,
denoted T, is the linear operator from Hs to Hy defined via

<Tf7g>H2 = <f7 T*g>H1'

We call T : H — H self-adjoint or symmetric if T = T™.

An operator T : H] — H> is called compact if it maps bounded sets to
pre-compact sets. Equivalently, T is compact if whenever {f,,} is a bounded
sequence in Hi, {T'f,} has a convergent subsequence in Hy. We also have
the following:
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Lemma A.2.5. Suppose there exists a sequence of finite-rank operators T,
so that T, = T. Then T is compact.

Here finite rank means the range of T,, is finite-dimensional, while the
convergence refers to the operator norm

IT|| = sup [ITf].
Ifl<1

Proof. Suppose T has finite-rank approximations 7, and { f,,,} is a bounded
sequence. Then f,, has a subsequence fL so that T} f;} converges. Similarly,
we can take a subsequence f2 of f1 sothat Ts f2, converges. Forn >m > K,
we write

Tfy =Tfw =T =Tk)fy +Te(fy — f)) + Tk = T)f5-

Choosing K large enough, the first and third terms may be made arbitrarily
small small due to the fact that {f},{f/"} are bounded sequences. For
fixed K, the middle term tends to zero as n,m — oo because {f} }n>k is a
subsequence of f II(( . Thus T'f]} is Cauchy and hence convergent. This implies
T is compact. O

If X CY are two Banach spaces, then we say X is continuously em-
bedded in Y if the inclusion map is continuous (i.e. bounded). We say X
is compactly embedded in Y if the inclusion map is compact.

Lemma A.2.6. Suppose X and Y are Hilbert spaces and X is compactly
embedded in Y . If x,, converges weakly in X, then x, converges strongly in
Y (to the same limit)

Proof. 1t suffices to show that weakly convergent sequences are bounded.
Indeed, if z,, is bounded, then the compactness of the embedding implies
that any subsequence of x,, converges strongly in Y along a further subse-
quence (to the weak limit of z,, by uniqueness of limits). This implies that
T, converges strongly in Y.

Let us now show that x, is bounded. In fact, this will follow from the uni-
form boundedness principle (Lemma. We view each x,, as a bounded
linear map from X — R via 2,(y) = (xy,y). Then weak convergence implies

sup [(@n,y)| < oo forall ye X.

By the principle of uniform boundedness, this implies

sup [|zn || x - = sup ||z | x < oo,
n n
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as desired. In the final step we have used the dual formulation to compute
the norm of z,, i.e. |z,| = sup{|(zn,y)|} where the supremum is taken
over all y € X. O

Let us next sketch a proof of the following fundamental fact (a basic
version of the spectral theorem).

Theorem A.2.7. If T : H — H is compact and symmetric, then it is di-
agonalizable. That is, there exists an orthonormal set {uy} if eigenvectors
for H and a sequence {\,} C R so that Tu, = Ayu, for all n, with A\, — 0.
Furthermore,

T(z)= Z An (@, Up ) Uy,

forx e H.

The fact that the A, are real is a consequence of the symmetry of T (see
Exercise . Similarly, one can verify that eigenspaces corresponding to
distinct eigenvalues are orthogonal. Without loss of generality, we take H
to be infinite dimensional.

Sketch of proof. We first show that A has an eigenvalue o with |ag| = [|A4]|.
We let v = ||A]| > 0. Using symmetry, one observes

A2 = sup (f, A%f),
lfll=1

so that we may take a sequence u, with |lu,| = 1 and (u,, A%u,) — o?.
By compactness of A (and hence of A2—exercise), we have A%u,, — o?u for
some u (along a subsequence). But then
(A% — a®)up|? = || A%un|* — 2% (uy, A%uy) + ot
< 202(a® = (up, A%u,)) — 0.

In particular, A%u, — o?u, — 0 and A%u, — o?u, so that u, — u. Thus
|lul| = 1 and A%u = o?u, so that

A+ a)(A—a)u=(A—a)(A+ a)u=0.

This shows that either o or —« is an eigenvalue of A. In fact, ||A|| must be
the largest eigenvalue of A (exercise).

Now let up be a normalized eigenvector corresponding to the largest
eigenvalue ag. Then set

HWY ={feH: (u, f) = 0}.
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This is a Hilbert space with 4 : H® — H®; indeed
(Af,ug) = (f, Aug) = a(f,ug) =0 forall fe HW,

Let Ay = A|ya). Then A; is symmetric and compact, and hence we can find
a largest eigenvalue o with normalized eigenvector ui... we now continue
in this way to construct a sequence of normalized eigenvectors {u;} that are
mutually orthogonal by construction with eigenvalues «;.

We claim that o; — 0. If not, then (passing to a subsequence) we get
a; # 0 for all j. Now consider the bounded sequence a—lju] Then {Aaijuj}
has no convergent subsequence, since

1Az s — Aguell* = llug — uell* = 2.

This contradicts compactness. The representation of T in terms of eigen-
vectors is left as an exercise. Hint: Show that

N
1T (@) = > Anle, un)unll < [Anl .

n=1
This completes the proof. O

An operator T is called positive (written 7" > 0) if (T'f, f) > 0 for all
f € H. A bounded operator T': H — H is called trace class if there exists
an orthonormal basis {¢,} such that

tr(T) := Z(Tnpn,g0n> < 0.

n

In fact, in this case the trace tr(7) is independent of the basis chosen. Trace
class operators are compact. We can prove this provided we take a few
Fourier analysis type results for granted (see Section for details).

We first claim that if T is trace class, then in fact

> ITenll* < oo (A.2)

Using this, we can complete the proof by exhibiting finite-rank approxima-
tions to T'. In particular, we set

Tnf =) (TNf,¢n)Pn-

n<N
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Then, using orthogonality and Cauchy—Schwarz, we can write
2

H(T - TN)fH2 = Z Z <f7 (Pn><T90naSDm>

m ‘n>N
< [(f, on)l” (T on, om) |2
2 itenf) (35 monent)
<112 S S T, o) P
n>N m
< AP 1Tenll® = 11117 - o1)
n>N

as N — oo, which implies the result.

It remains to show that trace class operators satisfy (which is
actually the definition of ‘Hilbert—Schmidt’ operators). In fact, will
follow from the more general bound

ITfI|> = (T*Tf, f) < |TI(TF, )

for positive operators 1', as we now prove. As positive operators are auto-
matically self-adjoint, we may replace T*T with T2. Multiplying both sides
by an arbitrary a > 0, we can reduce to the case that ||T']| is as small as we
wish, say ||T]| < %. In this case, we have by Cauchy-Schwarz

(£ 0 % ITFANAN = (T, f) =0,

and so
0<({f=TFF) <{f, ]
This shows I — T is positive and has norm bounded by 1. Then writing

T=I-(-T)

and using the power series expansion for 1 — = (which converges whenever
lz|| < 1), we can define a (unique, positive) square root of 7. Then the
desired bound follows from

|12 < T2 P72 £ < | TINTS, £)- (A.3)

A.3 Analysis tools

The convolution of f and ¢ is defined by

fgla) = / £~ 1)g(y) dy.
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We use this both when the functions are defined on all of R%, as well as
when the functions are periodic on some torus. In this section we will focus
on the case of R%.

Definition A.3.1. We call a family of functions {K,} on R? a family of
good kernels if the following three conditions hold:

1) Jpa Kn(y)dy =1 for all n,
(ii) there exists M such that for all n we have [pq |Kyn(y)|dy < M,
(iii) for each § > 0, we have f‘y|>5 | Ky (y)| dy — 0 as n — .
Ezample A.3.1. Let K : RY — R satisfy

/|K(a:)|dac <1 and /K(:c) do =

Then the functions K, () := n?K (nz) form a family of good kernels.
Lemma A.3.2 (Approximation to the identity). Let f € LP(R?) for some
1 <p<oo. Suppose {Ky} is a family of good kernels. Then

lim ||f — f* Kyl = 0.

n—oo

If f is bounded and continuous, the same result holds in pointwise. If f is
bounded and uniformly continuous (or if f is continuous and tends to zero
as |x| — 00), then the convergence is uniform.

Proof. Let us prove the LP result and leave the remaining part as an exercise.
Using [ K,(y) dz = 1, we see that our task is to prove

[ K@) - s -l dy Tde =0,

We let ¢ > 0 and observe that because translations are continuous in LP,
there exists § > 0 such that

sup [[f(z) = f(z —y)llz <e.

ly|<d

lim
n—oo

Thus (writing M as the uniform upper bound for ||K,|;: and applying
Minkowski’s integral inequality)

/ / @)~ 7w =yl dy

,Ssup/|f flx—y)|Pdx- ‘/K ) dy
lyl<é
S ePMP

p
dx

da:
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uniformly in n. On the other hand, applying Minkowski’s integral inequality
once again,

JI[ st = s =tay
= </y|>5 </ |f (@ -yl dm) g dy>p

p
dx

<\ Ky sup/lf P 17— )P da
ly|>6
o) [ Ifa)p ds
as n — oo. This completes the proof. O

We next record a result known as the principle of uniform boundedness.

Lemma A.3.3 (Uniform boundedness principle). Let X and Y be Banach
spaces and let F' be a collection of continuous linear functions from X to Y.

If

sup | T(x)|ly <oo forall ze€ X, (A4)
TeF
then
sup |7l x >y < oo. (A.5)
TeF

Proof. The standard proof relies on the Baire category theorem. Here we

present a completely elementary proof appearing in [27]. Let us omit the

subscripts from the norms below; the meaning should be clear from context.
First, for any linear operator T and any x, vy,

ITyll < IT(3(= +y) — 5(z = y))ll
<517 + )l + 1T - y)ll]
< max [|T(z £ y)]|

Thus (using linearity once again), we have for any r > 0

ITIl =7 sup [Tyl < 3 sup max|T(z+y)| < sup [T,
lyll=r lyl<r 2€B(a,r)

i.e. for any linear operator we have

sup ||Tz|| > r||T|| forall ze X,r>0.
z€B(z,r)
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Now suppose (A.5) fails; we will show (A.4)) fails as well. We choose
a sequence T, € F such that ||T,|| > 4". Define xg = 0. Proceeding
inductively, we may find a sequence x,, such that x,, € B(z,,—1,37") and

I Toznll > 137" 1Tl > 15(5)™

The sequence x,, is Cauchy and hence converges to some z. In fact, noting
that

m m
[m = 2all < D Mz —aiall < > 37 <137
j=n+1 Jj=n+1

one finds ||z — 2,|| < 1 -37". Now
ITn(z — @n)| < | Tallz 37", while || Thaa|l > 537" (|Tnl,

so that
1Tzl > 337" |T0]l > 3(3)" — o,
showing the failure of (A.4)). O

Lemma A.3.4 (Schur’s test). Let {T;;} be a matriz satisfying

sup » [Ty < C < oo and Sl;p2|j—jjk;‘ <C < .
J k j

Then |T||gw—ew S C for all 1 < p < oco.

~

Proof. Let us show the proof in the simplest case p = 2 and leave the
remaining cases as an exercise. Using Cauchy—Schwarz and exchanging the
order of summation,

ITfI17 =D 1D Tinfe
7k
SO D ATl 1P D 1T
7k I
Ssup Y [Tyl - D> > 1 Tirllfel?
I E o

SC) |fk|2-s1ép§j Ty < C? fl|%,
k J

2

which yields the result. O
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Remark A.3.5. There is a completely analogous result concerning opera-
tors of the form T'f(z) = [ K(z,y)f(y) dy for some integral kernal K (z,y).

The following is a result from complex analysis. It relies on the max-
imum principle (see e.g. [3I]): an analytic (also called holomorphic or
complex differentiable) function on a bounded domain in the complex plane
attains its maximum on the boundary.

Lemma A.3.6 (The three lines lemma). Let f be analytic on {0 < Rez <
1}. Suppose f satisfies

1f(2)] < CF*°

for some C > 0 and § > 0. Suppose that |f(z)] < My when Rez = 0 and
|f(2)] < My when Rez=1. Then we have

|f(2)] < My~Re2 My
for all z in the strip.

Proof. First suppose that My < 1 and My < 1; we will show that |f(z)| <1
on the strip.
To this end, we let € > 0 and set

g(z) = % f(2).

This is an analytic function, and because of the hypotheses on f we have
that |g(x +iy)| — 0 as y — foo for any 0 < z < 1.

Therefore, applying the maximum principle on a sufficiently large rect-
angle [0, 1] x [-R, R], we may deduce that |g(z)| < e° for all z in the strip.
As this holds for arbitrary € > 0, we may send € — 0 to deduce |f(z)| <1
on the strip.

For the general case we let h(2) = f(2)Mi "M, *. Then h has exponen-
tial bounds similar to f and is bounded by 1 on the boundary of the strip.
Therefore the previous analysis shows that |h(z)] < 1 everywhere, which
implies the result. ]

Remark A.3.7. One must impose some restrictions on the growth of the
function f above. Indeed, consider the analytic function f(z) = exp{—ie™*}.
Then |f(z + ty)| = exp{e ™sinmz}. In particular, |f(z + iy)| = 1 for
z € {0,1} but f is unbounded for z € (0,1).

Finally, we recall the Arzeld—Ascoli theorem.

Theorem A.3.8 (Arzeld-Ascoli). Let K C R? be compact and let {f,} be
a bounded, equicontinuous sequence of functions on C(K). Then {f,} has
a uniformly convergent subsequence.
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A.4 Exercises
Ezercise A4.1. Let 1 < p; < py < co. Show that
a2 < [lal| e

for all a € ¢P1.

Exercise A.4.2. Show that if T is a symmetric linear operator on a Hilbert
space, then its eigenvalues are necessarily real.

FEzxercise A.4.3. Show that

«~ = inf su x)|.
£l = inf | sup | ()

FEzercise A.4.4. Prove Schur’s test (Lemma [A.3.4) for general 1 < p < co.

Exercise A.4.5. Show that the functions in Example form a family of
good kernels.

Ezercise A.4.6. Let 1 < p < co. Find the best possible C such that

I1f + gllzeee < CLlIfllLeoe + lgllzee}

for all f,g.

Ezxercise A.4.7. Show that if f,, — f weakly in a Hilbert space H and
| fnll = |IfIl, then f, — f strongly in H.
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