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PREFACE

To Part 1

It is common for Departments of Mathematics to offer a junior-senior level course on Linear
Algebra. This book represents one possible course. It evolved from my teaching a junior level
course at Texas A&M University during the several years | taught after | served as President. | am
deeply grateful to the A&M Department of Mathematics for allowing this Mechanical Engineer to
teach their students.

This book is influenced by my earlier textbook with C.-C Wang, Introductions to Vectors
and Tensors, Linear and Multilinear Algebra. This book is more elementary and is more applied
than the earlier book. However, my impression is that this book presents linear algebra in a form
that is somewhat more advanced than one finds in contemporary undergraduate linear algebra
courses. In any case, my classroom experience with this book is that it was well received by most
students. As usual with the development of a textbook, the students that endured its evolution are
due a statement of gratitude for their help.

As has been my practice with earlier books, this book is available for free download at the
site http://www1.mengr.tamu.edu/rbowen/ or, equivalently, from the Texas A&M University
Digital Library’s faculty repository, http://repository.tamu.edu/handle/1969.1/2500. It is inevitable
that the book will contain a variety of errors, typographical and otherwise. Emails to
rbowen@tamu.edu that identify errors will always be welcome. For as long as mind and body will
allow, this information will allow me to make corrections and post updated versions of the book.

College Station, Texas R.M.B.
Posted February, 2014
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Chapter 1

ELEMENTARY MATRIX THEORY

When we introduce the various types of structures essential to the study of linear algebra, it
is convenient in many cases to illustrate these structures by examples involving matrices. Also,
many of the most important practical applications of linear algebra are applications focused on
matrix algebra. It is for this reason we are including a brief introduction to matrix theory here. We
shall not make any effort toward rigor in this chapter. In later chapters, we shall return to the
subject of matrices and augment, in a more careful fashion, the material presented here.

Section 1.1. Basic Matrix Operations

We first need some notations that are convenient as we discuss our subject. We shall use
the symbol £ to denote the set of real numbers, and the symbol ¢ to denote the set of complex
numbers. The sets Z and ¢ are examples of what is known in mathematics as a field. Each set is
endowed with two operations, addition and multiplication such that

For Addition:
1. The numbers x; and x, obey (commutative)
X, + X, =X, + X
2. The numbers x;, x,, and x, obey (associative)
(% + X2)+X3 =% + (X, +X3)
3. The real (or complex) number 0 is unique (identity) and obeys
X+0=0+x
4. The number x has a unique “inverse” —x such that.
X+(-x)=0
For Multiplication
5. The numbers x, and x, obey (commutative)
XX, = X, X,
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6. The numbers x,, X,, and x, obey (associative)

(X1X2)X3 = Xl(X2X3)

7. The real (complex) number 1 is unique (identity) and obeys
X(1)=(Q)x=x
8. For every x # 0, there exists a number 1 (inverse under multiplication) such that
X
)
X X
9. For every x,,X,, X;, (distribution axioms)

X, (X, £ X5) = X X, £ X, X,

(X, £ X,)X5 = XX, £ X X,

While it is not especially important to this work, it is appropriate to note that the concept of a field
is not limited to the set of real numbers or complex numbers.

Given the notation # for the set of real numbers and a positive integer N , we shall use the
notation #" to denote the set whose elements are N-tuples of the form (x,,..., X, ) where each

element is a real number. A convenient way to write this definition is

A ={(%, %y )|X; € 4 (1.1.2)

The notation in (1.1.1) should be read as saying “#" equals the set of all N-tuples of real
numbers.” In a similar way, we define the N-tuple of complex numbers, #" , by the formula

g" :{(zl,...,zN)‘zj e%} (1.1.2)

An M by N matrix A is a rectangular array of real or complex numbers A; arranged in
M rows and N columns. A matrix is usually written
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| A11 A12 I AlN
A21 Azz I AZN
A=| - (1.1.3)
_AMl AMZ o AMN_

and the numbers A; are called the elements or components of A. The matrix A is called a real

matrix or a complex matrix according to whether the components of A are real numbers or
complex numbers. Frequently these numbers are simply referred to as scalars.

A matrix of M rows and N columns is said to be of order M by N orM xN. The
location of the indices is sometimes modified to the forms A”, A',, or A’. Throughout this

chapter the placement of the indices is unimportant and shall always be written as in (1.1.3). The
elements A,, A,,..., A, are the elements of the i row of A, and the elements A, A,, ..., A, are the

elements of the k™ column. The convention is that the first index denotes the row and the second
the column. It is customary to assign a symbol to the set of matrices of order M x N . We shall

assign this set the symbol .#"*" . More formally, we can write this definition as

MM ={AAisan M x N matrix | (1.1.4)

A row matrix is a 1x N matrix, e.g.,*

[An A12 T AiN]

while a column matrix isan M x1 matrix, e.g.,

Ay
An
[ A
The matrix A is often written simply
' Arow matrix as defined by [A, A, - - - Ay] is mathematically equivalent to an N-tuple that we have

previously written ( ALAL AL ) . For our purposes, we simply have two different notations for the same quantity.
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A=A ] (1.1.5)

A square matrix isan N x N matrix. In asquare matrix A, the elements A, A, ..., A, are its

diagonal elements. The sum of the diagonal elements of a square matrix A is called the trace and
is written tr A. In other words,

trA=A,+A, + -+ A, (1.1.6)

Two matrices A and B are said to be equal if they are identical. Thatis, A and B have the same
number of rows and the same number of columns and

A =B;, i=1..,N, j=1..M (1.1.7)
A matrix, every element of which is zero, is called the zero matrix and is written simply 0.

If A=[A;] and B=[B; | aretwo M x N matrices, their sum (difference) is an M x N
matrix A+B (A-B) whose elements are A; +B; (A, —B;). Thus

A+B=[A *B] (1.1.8)

Note that the symbol + on the right side of (1.1.8) refers to addition and subtraction of the

complex or real numbers A; and B, while the symbol + on the left side is an operation defined

by (1.1.8). It is an operation defined on the set .#"*" . Two matrices of the same order are said to
be conformable for addition and subtraction. Addition and subtraction are not defined for matrices
which are not conformable.

If A isanumberand A is a matrix, then AA is a matrix given by
AA=[AA =M (1.1.9)

Just as (1.1.8) defines addition and subtraction of matrices, equation (1.1.9) defines multiplication
of a matrix by a real or complex number. It is a consequence of the definitions (1.1.8) and (1.1.9)
that

~A=(-D)A=[-A] (1.1.10)
These definitions of addition and subtraction and, multiplication by a number imply that

A+B=B+A (1.1.11)

A+(B+C)=(A+B)+C (1.1.12)
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A+0=A (1.1.13)
A-A=0 (1.1.14)
A(A+B)= 1A+ 1B (1.1.15)
(A+ p)A= 1A+ LA (1.1.16)
and
1A= A (1.1.17)

where A, B and C are as assumed to be conformable.

The applications require a method of multiplying two matrices to produce a third. The
formal definition of matrix multiplication is as follows: If A isan M x N matrix, i.e. an element

of #™" ,and Bisan N x K matrix, i.e. an element of .#"" then the product of Bby A is

N
written AB and is an element of .« with components ZAJ.BJ.S, i=1..,M,s=1..K. For
j=L

example, if
Ar A, 5 B
A=| A, A, and B{B“ B”} (1.1.18)
21 22
A Ao
then ABisa 3x2 matrix given by
A A, B, B,
AB=| A, Ay,
B, B
A3 A3 21 22
o (1.1.19)

A.B, +A,B,;  AB,+A;B,
= A’ZlBll + Azz le A’ZlBIZ + Azz Bzz
AuB + ABy  ALBL, +AB,,

The product AB is defined only when the number of columns of A is equal to the number
of rows of B.. If this is the case, A is said to be conformable to B for multiplication. If A is
conformable to B, then B is not necessarily conformable to A. Even if BA is defined, it is not
necessarily equal to AB. The following example illustrates this general point for particular
matrices A and B.
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Example 1.1.1: If you are given matrices A and B defined by

-2
-2 1 3
A=|2 4 | and B:{ } (1.1.20)
4 1 6
1 -3
The multiplications, AB and BA, yield
-14 1 -3
AB=| 12 6 30 (1.1.21)
-14 -2 -15
and
-1 -1
BA = (1.1.22)
20 -22

On the assumption that A, B ,and C are conformable for the indicated
sums and products, it is possible to show that

A(B+C) = AB+AC (1.1.23)
(A+B)C = AC + BC (1.1.24)

and
A(BC) = (AB)C (1.1.25)

However, AB = BAin general, AB =0 does notimply A=0 or B=0, and AB = AC does not
necessarily imply B=C .

If Alisan M xN matrixand Bisan M x N then the products AB and BA are defined but
not equal. It is a property of matrix multiplication and the trace operation that

tr(AB)=tr(BA) (1.1.26)

The square matrix | defined by
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10 0
01 0

=] (1.1.27)
_0 0o - . . 1_

is the identity matrix. The identity matrix is a special case of a diagonal matrix. In other words, a
matrix which has all of its elements zero except the diagonal ones. It is often convenient to display
the components of the identity matrix in the form

| = [5”] (1.1.28)
where
%=ﬁ ;g:; (1.1.29)
The symbol &, as defined by (1.1.29), is known as the Kronecker delta.?

A matrix A in .#™®" whose elements satisfy A, =0, i> ], is called an upper triangular
matrix , i.e.,

_Au A12 A13 I AiN |
0 Azz A23 o AZN
0 0 A,
A= - (1.1.30)
L 0 0 0 - - - Au i

A lower triangular matrix can be defined in a similar fashion. A diagonal matrix is a square
matrix that is both an upper triangular matrix and a lower triangular matrix.

If A and B are square matrices of the same order such that AB=BA=1, then B is called
the inverse of A and we write B= A™. Also, Ais the inverse of B, i.e. A=B™.

Example 1.1.2: If you are given a 2x2 matrix

% The Kronecker is named after the German mathematician Leopold Kronecker. Information about Leopold Kronecker
can be found, for example, at http://en.wikipedia.org/wiki/L eopold_Kronecker.
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all ? 1.1.31
{3 4} (1.1.31)

then it is a simple exercise to show that the matrix B defined by

11 4 -2
B:_E{—S 1} (1.1.32)
obeys
F G - PRSI
3 4|\ 2/-3 1 2| 0 -2 01
and

4 -2 1 2 -2 1
1 I N I R (1.1.34)
21-3 1 3 4 2| 0 -2 0 1
Therefore, B=A*and A=B™.

Example 1.1.3: Not all square matrices have an inverse. A matrix that does not have an inverse is

az|t© 1.1.35)
{o o} (L1

If A hasan inverse it is said to be nonsingular. If A has an inverse, then it is possible to prove
that it is unique. If A and B are square matrices of the same order with inverses A™and
B~'respectively, we shall show that

(AB)* =BA™ (1.1.36)
In order to prove (1.1.36), the definition of an inverse requires that we establish that
(B*A)AB=1 and (AB)BA™" =1 . If we form, for example, the product (B~*A™)AB, it
follows that
(B'A")AB=B'A'AB=B"(A'A)B=B"(1)B=B"'B=1I (1.1.37)
Likewise,

(AB)BA = A(BBH)A = AIA = AA " = | (1.1.38)



Sec. 1.1 . Basic Matrix Operations 11

Equations (1.1.37) and (1.1.38) confirm our assertion (1.1.36).

Exercises

1.1.1 Add the matrices

1.1.2 Add the matrices

1.1.3 Add
1 —5i
|+3
HeH
1.1.4 Multiply
. |21 8
21 3 T+2i .
. . 1 6i
{5 4+3i [ } .
3 2
1.1.5 Multiply
1 2 0
3 1
2 41 4
and
0 1 21
1 3 3
4 2 41

1.1.6 Show that the product of two upper (lower) triangular matrices is an upper lower triangular
matrix. Further, if
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A:[AJ]’ B:[Bu]

are upper (lower) triangular matrices of order N x N , then

(AB)ii = (BA)ii = Ai Bii

forall i=1,..,N. The off diagonal elements (AB); and (BA)

equal, however.

1.1.7 If you are given a square matrix

afhr A
A Ay

with the property that A,A,, — A,A,, # 0, show that the matrix

inverse of A. Use this formula to show that the inverse of

3

is the matrix
12
Afl: 10 5
3 1
10 5

A11A22 - A12A21 |:_A21 A11

i» 1# ], generally are not

P _A”} is the

1.1.8 Confirm the identity (1.1.26) in the special case where A and B are given by (1.1.20).
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Section 1.2. Systems of Linear Equations

Matrix algebra methods have many applications. Probably the most useful application
arises in the study of systems of M linear algebraic equations in N unknowns of the form

A11X1+A12X2+A13X3+"'+A1NXN :bl
A21X1+A22X2+A23X3+"'+A2NXN :bz

(1.2.1)

AnXs + AyoXo + AyaXa +o 4 Ay Xy =Dy,
The system of equations (1.2.1) is overdetermined if there are more equations than unknowns, i.e.,
M > N . Likewise, the system of equations (1.2.1) is underdetermined if there are more unknowns

than equations, i.e., N > M .

In matrix notation, this system can be written

i An A12 o AiN X b1
A21 A22 A2N X2 b2
= (1.2.2)
_AMl AMz T AMN__XN_ _bM_
The above matrix equation can now be written in the compact notation
Ax=Db (1.2.3)
where x isthe N x1 column matrix
%]
X2
x=| (1.2.4)
L Xn ]

and bisthe M x1 column matrix
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b= (1.2.5)

bM

A solution to the M x N systemisa N x1 column matrix x that obeys (1.2.3). It is often
the case that overdetermined systems do not have a solution. Likewise, undetermined solutions
usually do not have a unique solutions. If there are an equal number of unknowns as equations,
i.e., M =N, he system may or may not have a solution. If it has a solution, it may not be unique.

In the special case where Ais a square matrix that is also nonsingular, the solution of
(1.2.3)is formally

x=A"D (1.2.6)

Unfortunately, the case where A is square and also has an inverse is but one of many cases one
must understand in order to fully understand how to characterize the solutions of (1.2.3).

Example 1.2.1: For M =N =2, the system

X, +2X,=5
2%, +3X, =8

B ﬂ[:Hﬂ (1.2.8)

By substitution into (1.2.8), one can easily confirm that

e

is the solution. In this case, the solution can be written in the form (1.2.6) with

(1.2.7)

can be written

L [3 2
A _{2 _J (1.2.10)
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In the case where M =N =2 and M =N =3 the system (1.2.2) can be view as defining
the common point of intersection of straight lines in the case M =N =2 and planes in the case
M =N =3. For example the two straight lines defined by (1.2.7) produce the plot

28 . ! .

><1+2><2:5

2><1+3x2:8

1] 05 1 1.5 2

%

Figure 1. Solution of (1.2.8)

which displays the solution (1.2.9). One can easily imagine a system withM = N =2 where the
resulting two lines are parallel and, as a consequence, there is no solution.

Example 1.2.2: For M =N =3, the system

2%, —6X, — X, =—38
—3X, — X, + 7X; =34 (1.2.11)
—8X, + X, —2X, =—20

defines three planes. If this system has a unique solution then the three planes will intersect in a
point. As one can confirm by direct substation, the system (1.2.11) does have a unique solution
given by

<

N

4
_|g (1.2.12)
2

xX X
[
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The point of intersection (1.2.12) is displayed by plotting the three planes (1.2.11) on a common
axis. The result is illustrated by the following figure.

B

Figure 2. Solution of (1.2.11)

It is perhaps evident that planes associated with three linear algebraic equations can intersect in a
point, as with (1.2.11), or as a line or, perhaps, they will not intersect. This geometric observation
reveals the fact that systems of linear equations can have unique solutions, solutions that are not
unique and no solution. An example where there is not a unique solution is provided by the
following:

Example 1.2.3:

2%, +3X, + X, =1
X, + X, +%X;=3 (1.2.13)
3X, +4X, +2x, =4

By direct substitution into (1.2.13) one can establish that

Xl
X=|X, [=| X3=5 [=]| -5 [+| 5% (1.2.14)
X3
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17

obeys (1.2.13) for all values of x,. Thus, there are an infinite number of solutions of (1.2.13).
Basically, the system (1.2.13) is one where the planes intersect in a line, the line defined by

(1.2.14)3. The following figure displays this fact.

30 i

20

X, 10 -5

Figure 3. Solution of (1.2.13)

An example for which there is no solution is provided by

Example 1.2.4:

2X, +3X, + X, =1
3X, +4X, + 2%, =-80
X + X, +X%,=10

The plot of these three equations yields

I 2001
- I oome=3
B 3+, + 2024

Ling of Intersection

- - - -,

10

(1.2.15)
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ae e

B Sn e ey : .l""""-3><1+4><2+2><3:-80
_________ L -><1+><2+><3:1D

0f W

Figure 4. Plot of (1.2.15)

A solution does not exist in this case because the three planes do not intersect.

Example 1.2.5: Consider the undetermined system

X, =X, + X, =2

(1.2.16)
2% + X, =X, =4
By direct substitution into (1.2.16) one can establish that
X, 2
X=| X, |=|% (1.2.17)
X3 X3
is a solution for all values x,. Thus, there are an infinite number of solutions of (1.2.16).
Example 1.2.6: Consider the overdetermined system
X, +X,=2
X, —X,=1 (1.2.18)

X, =4
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If (1.2.18)3 is substituted into (1.2.18); and (1.2.18), the inconsistent results x, = -2 and x, =3 are
obtained. Thus, this overdetermined system does not have a solution.

The above six examples illustrate the range of possibilities for the solution of (1.2.3) for
various choices of M and N . The graphical arguments used for Examples 1.2.1, 1.2.2, 1.2.3 and
1.2.4 are especially useful when trying to understand the range of possible solutions.
Unfortunately, for larger systems, i.e., for systems where M = N > 3, we cannot utilize graphical
representations to illustrate the range of solutions. We need solution procedures that will yield
numerical values for the solution developed within a theoretical framework that allows one to
characterize the solution properties in advance of the attempted solution. Our goal, in this
introductory phase of this linear algebra course is to develop components of this theoretical
framework and to illustrate it with various numerical examples.
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Section 1.3. Systems of Linear Equations: Gaussian Elimination

Elimination methods, which represent methods learned in high school algebra, form the
basis for the most powerful methods of solving systems of linear algebraic equations. We begin
this discussion by introducing the idea of an equivalent system to the given system (1.2.1). An
equivalent system to (1.2.1) is a system of M linear algebraic equations in N unknowns obtained
from (1.2.1) by

a) switching two rows,

b) multiplying one of the rows by a nonzero constant

c) multiply one row by a nonzero constant and adding it to another row, or
d) combinations of a),b) and c).

Equivalent systems have the same solution as the original system. The point that is embedded in
this concept is that given the problem of solving (1.2.1), one can convert it to an equivalent system
which will be easier to solve. Virtually all of the solution techniques utilized for large systems
involve this kind of approach.

Given the system of M linear algebraic equations in N unknowns (1.2.1), repeated,

A11X1+A12X2+A13X3+"'+A1NXN :bl
A21X1+A22X2+A23X3+"'+A2NXN :bz

(1.3.1)

AuiXs + AuoXo + AyaXg +--+ Ay Xy = bM
the elimination method consists of the following steps:

e Solve the first equation for one of the unknowns, say, x, if A, #0

e Substitute the result into the remaining M —1 equations to obtain M —1 equationsin N —1
unknowns, X,, Xs,..., Xy -

e Repeat the process with these M —1equations to obtain an equation for one of the
unknowns.

e This solution is then back substituted into the previous equations to obtain the answers for
the other two variables.

If the original system of equations does not have a solution, the elimination process will yield an
inconsistency which will not allow you to proceed. This elimination method described by the
above steps is called Gauss Elimination or Gaussian Elimination. The following example
illustrates how this elimination can be implemented.
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Example 1.3.1: Given

X + 2%, — X% =1
2X, — X, +X; =3 (1.3.2)
—X +2X, +3X; =7

Step 1: The object is to use the first equation to eliminate x, from the second. This can be
achieved if we multiple the first equation by 2 and subtract it from the second. The result is

X +2X, — %X, =1
—5x, + 3%, =1 (1.3.3)
=X +2X, + 3%, =7

Step 2: This step eliminates x, from (1.3.3); by adding (1.3.3); to (1.3.3)3. The result is

X, +2X, — X, =1
—5x, +3%; =1 (1.3.4)
4x, + 2%, =8

Step 3: The second and third equations in (1.3.4) involve the unknowns x, and x,. The
elimination method utilizes these two equations to eliminate x,. This elimination is achieved if we

multiply (1.3.4); by g and add it to (1.3.4);. The resultis

X, +2X, =X, =1
—-5x, +3%; =1 (1.3.5)
22 44
_X3 —_-
5 5

Step 4: The next step starts a back substitution process. First, we recognize that (1.3.5); yields
X, =2 (1.3.6)
This result is substituted into (1.3.5), to yield

-5x, +6=1 (1.3.7)
and, as a result,

X, =1 (1.3.8)
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Step 5: We continue the back substitution process and use (1.3.6) and (1.3.8) to derive from (1.3.5);

X, =1 (1.3.9)
Therefore, the solution is
x=1 (1.3.10)
2

It should be evident that the above steps are not unique. We could have reached the same endpoint
with a different sequence of rearrangements. Also, it should be evident that one could generalize
the above process to very large systems.

Example 1.3.2:

X +3X, +X; =1
2X + X, +X; =5 (1.3.11)
—2X, +2X, — X, =8

We shall use Gaussian elimination to show that

X, 2
X, |=-1 (1.3.12)
X, 2

Unlike the last example, we shall not directly manipulate the actual equations (1.3.11). We shall
simply do matrix manipulations on the coefficients. This is done by first writing the system
(1.3.11) as a matrix equation. The result is

1 3 1 x] [1
2 1 1 =5 (1.3.13)
2 2 -1 -8

X
X3

The next formal step is to form what is called the augmented matrix. It is simply the matrix

1 3 1 1
A=| 2 1 1 |augmented by the column matrix | 5 |. Itis customarily given the notation
-2 2 -1 -8

(A|b). In our example, the augmented matrix is
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1 3 1|1
(Ab)=| 2 1 1|5 (1.3.14)
-2 2 -1-8

Next, we shall do the Gaussian elimination procedure directly on the augmented matrix.

Step 1: Multiply the first row by 2 (the A,; element), divide it by 1 (the A, element) and subtract
the first row from the second. The result is

1 3 1|1 1 3 11
2 1 1|5|———>/ 0 -5 -13 (1.3.15)

2xrow 1
subtracted

—2 2 —1 —8 from row 2 —2 2 —1 —8
Repeating this process, which is called pivoting,

1 3 1|1 1 3 1|1
2 1 1|5 |——=5+— 0 -5 13

2xrow 1
subtracted

—2 2 —1 —8 from row 2 —2 2 —1 —8

1 3 1|1
W) 0 5 -13 (1316)
to row 3 O 8 1 —6
1 3 1}1
———{0 5 -1/ 3
Zxrow
S5 o 0 22

The last augmented matrix coincides with the system

X +3X, +%X; =1
—5X, —X; =3 (1.3.17)
3 6

__X3 -

5 5
The next step starts the back substitution part of the process. Equation (1.3.17)3 yields

Therefore, from equations (1.3.17), and (1.3.17)1,
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—x3—3:_1

—5X, =X, =3=X, = (13.19)

X, +3X%,+ X, =1= X, =1-X%X;-3X, =2
Therefore, we have found the result (1.3.12)

The above steps can be generalized without difficulty. For simplicity, we shall give the
generalization for the case where M = N . The other cases will eventually be discussed but the
details can get too involved if we allow those cases at this point in our discussions. For a system of
N equations and N unknowns, we have the equivalence between the system of equations (1.3.1)
and its representation by the augmented matrix as follows:

ArX+ ApXy + AgXs +o o+ Ay Xy :bl 21 22 23 o ::&ZN El
—b R L
‘Alel + ApXy + AgXg + - Ay Xy 2 A, A, A, - - - b3
< (Ab)=| - - 1(1.3.20)
=b
AuXs + AX, + AgaXs + o Ay Xy N _ANl A, A, - - - A, bN_

Augmented Matrix

We then, as the above example illustrate, can perform the operations on the rows of the augmented
matrix, rather than on the equations themselves.

Note: In matrix algebra, we are using what is known as row operations when we manipulate the
augmented matrix.

Step 1: Forward Elimination of Unknowns:

If A, =0, we first multiply the row of the augmented matrix equation by ladl and subtract
1
the result from the second row. The result is the augmented matrix
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Ay by
M _ Py
AZN Au AiN 2 Ail 1
b,
Aw bN |

(1.3.21)

In order to keep the notation from becoming unwieldy, we shall assign different symbols to the
second row and write (1.3.21) as

Ay
0

Ay

A

A Ag
Al A
A Ay
Av A

An| b
0| o

N

ANN bN

(1.3.22)

Next, we repeat the last procedure for the third row by multiply the first row by Ay and subtract

the result from the third equation. The result can be written

A,

0
0

| A

Ae A
Al A
A A
Av A

1

An| by
0| p

N

ANN bN

(1.3.23)

This process is continued until the all of the entries below A, are zero in the augmented matrix.
The result is the augmented matrix
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_A11A12 A13A1Nbl
0 AL AL - Al
0 AV AY .. bY
(1.3.24)
0 AL A A by |
The augmented result (1.3.24) corresponds to the system of equations
The result is that the original N equations are replaced by
A11X1+A12X2+A13X3+'”+A1NXN :b1
Ag)xz + Ag)x3 teeet Aélrz Xy = bél)
A, + A, - ALK, b0
(1.3.25)

iz + ALK - A X, = b

Note: In the above sequence, the first row is the pivot row and its coefficient A, is called the pivot
coefficient or pivot element.

The next step is to apply the same process to the set of N —1 equations with N —1
unknowns

1 1 1 1
A§2)X2+A§3)X3+'”+A§l\)lxN :bé)
1 1 1 1
Aéz)X2+A‘§3)X3+"'+A§r\}XN :bé)

(1.3.26)

ALK+ A o A, = bl
to eliminate the second unknown, X,. This process begins by multiplying the second row of

1)
(1.3.24) by % (this step assumes Ag) # 0) and subtracting the result from the third row of

2

(1.3.24). This step is repeated for the remaining rows until the augmented matrix is transformed
into the following:
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_Au A12 A13 o7 AiN bl
0 Al AL - A
0 0 (5) . Agij) béz)
(1.3.27)
(0 0 AY - - - AUBY

You should now have the idea. You continue this process until the augmented matrix
(1.3.20); is replaced by the upper triangular form

_Au A12 A13 T ’ AiN b1
o A AN - A

0 0 A A
. o (1.3.28)

(N-2) (N-2)||{(N-2)
AN—l,N—l AN—l,N bN—l
(N-1) | 5 (N-D)
o 0o 0 0 - - b

N

Each step in the process leading to (1.3.28) has assumed we have not encountered the situation
where the lead coefficient in the pivot row was zero. The augmented matrix (1.3.28) corresponds
to the system of equations

Ak + ARX, + AgXy + -+ Ay Xy :bl
A£2X2+A£3X3+”'+A2’NXN :b2'
aXs o+ Al Xy =03

(1.3.29)

A, =B
Step 2: Back Substitution

If AN™ =0, the last equation can be solved as follows:
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(N-1)
X ——bN
N = A(N-D)
N

(1.3.30)

This answer can then be back substituted into the previous equations to solve for X, ;, Xy 5., X; -
The formula for these unknowns, should it ever prove useful, is

N

i-1 i-1
b — > A,

j=i+1
X, = !

i A(ii—l)

for i=N-1LN-2,.1 (1.3.31)

The process just described make repeated use of the assumption that certain coefficients
were nonzero in order for the process to proceed. If one cannot find a coefficient with this
property, then the system is degenerate in some way and may not have a unique solution or any
solution. Frequently one avoids this problem by utilizing a procedure by what is called partial
pivoting. The following example illustrates this procedure.

Example 1.3.3: Consider the system of equations

2X, +3%X, =8
4%, +6X, +7X; =-3 (1.3.32)
2X, —3X, +6X; =5

The procedure we described above would first create the auxiliary matrix representation of this
system. The result is

0 2 38
(Ab)=|4 6 7/-3 (1.3.33)
2 -3 6|5

Because A, =0, we immediately encounter a problem with our method. The partial pivoting
procedure simply reorders the equations such that the new A, = 0. For example, we can begin the
elimination process with the auxiliary matrix

4 6 7-3
(Ab)=|2 -3 6|5 (1.3.34)
0 2 38

The usual practice is to switch the order of the equations so as to make the A, the largest, in
absolute value, of the elements in the first column.

Example 1.3.4: In Section 1.2 we discussed Example 1.2.3 which was the system
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2%, +3X, + X, =1
X, + X, + %X =3 (1.3.35)
3%, +4X,+2x,=4

This system has the solution (1.2.14), repeated,

X 82X,
X=|X, |=| X;—=5 (1.3.36)
X3 XS

It is helpful to utilize the Gaussian Elimination procedure to see this solution. The first step is to
form the augmented matrix

2 3 11
(Ab)=|1 1 13 (1.3.37)
3 4 24

The sequence of steps described above, applied to this example, is

s 3 11 2 3 11
1 1(5

11 13—/ 5lo = =P (1.3.38)
“xrow 1 2 2|2

2
34 A e |34 2a

Repeating this process,



Sec. 1.3 . Systems of Linear Equations: Gaussian Elimination 31

5 3 11 2 3 11
11 13— [0 -1 13
“xrow 1 2 2|2

2
3 4 24] dwred |5, oy

2 3

1|1
. >0 —— SE
Exrowlsubtracted 2 2 2
15
2

(1.3.39)

from row 3 1

rT———
subtract row 2
from row 3 2 2 2

0 0 00

The occurrence of the zero in the 33 position of the last matrix means that we cannot proceed with
the back substitution process as it was described above. The modified back substitution process
proceeds as follows: The last augmented matrix coincides with the system

2%, +3X, + X, =1
5 (1.3.40)

SV SO
272 273 2

The occurrence of the row of zeros in the third row, results in only two equations for the three
unknowns x;,x, and X,. The next step starts the back substitution part of the process. Equation

(1.3.40); yields
X, =X3—5 (1.3.41)
Therefore, from equation (1.3.40),,

X, :%(1—3x2 —X;) =8—2X, (1.3.42)

Therefore, we have found the result (1.3.36)

Example 1.3.5: In Section 1.2 we discussed Example 1.2.4 which was the system
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2%, +3X, + X, =1
3X, +4X, + 2%, =-80 (1.3.43)
X, + X, + X, =10

It was explained in Section 1.2 that this system does not have a solution. This conclusion arises
from the Gaussian Elimination procedure by the following steps. As usual, the first step is to form
the augmented matrix

2 3 11
(Ab)=|3 4 2-80 (1.3.44)
1 1 110

The sequence of steps described above, applied to this example, is

> 3 1 1 2 3 1/ 1
3 4 2/-80 —= 0 —% %—% (1.3.45)
EXFOW
PO R 111 1] 10
Repeating this process,
2 3 11 2 3 i
2|-80 |——| 0 _1 1168
Zxrow 1 2 2 2

2
11 1110 | dbwaces |4 9 9| 49

2 3 1| 1
1 Jo -1 1j_163 (1.3.46)
Ex row 1 subtracted 2 2 2
from row 3
o 1 119
i 2 2| 2 |
2 3 1|1 1
1 1| 163
—wmronz | 0 TS ST
from row 3 2 2 2
0 0 0 91

The last augmented matrix coincides with the system
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2%, +3X, + X3 =1

1 1 163
——=Xyt =Xy =——— 1.3.47
S Xt %= (1347)
0x, =91

Of course, the last equation is inconsistent. The only conclusion is that there is no solution to the
system (1.3.43). This is the analytical conclusion that is reflective of the graphical solution
attempted with Figure 4 of Section 1.2.

Example 1.3.6: All of examples in this section are examples where M = N =3. The assumption
M =N was made when we went through the detailed development of the Gaussian Elimination
process. The method also works for cases where the number of equations and the number of
unknowns are not the same. The following undetermined system is an illustration of this case.

X, +2X, —4X, +3X, + 9%, =1
4X, +5x, —10x, + 6X, +18x, =4 (1.3.48)
X, +8X, =16x, =7

As usual, the first step is to form the augmented matrix

12 -4 3 91
(Ab)=|4 5 -10 6 184 (1.3.49)
78 -16 0 0/7

The sequence of steps that implement the Gaussian Elimination is

1 2 -4 3 9|1 1 2 -4 3 9 (1
4 5 -10 6 184 m—) 0 -3 6 -6 -18|0
7 8 -16 0 o|7| "™ 7 8 -16 0 0|7
1 2 -4 3 9 |1 1 2 4 3 911
fSubtract7xrowl 0 -3 6 -6 180 W) 0 3 6 -6 -180 (1350)
rom row3 0 -6 12 -21 -630 rom row3 0 0 0 _9 2700

1 2 4 3 91
>0 1 -2 2 6[0
0 0 0 1 30

Divide row 2 by -3
and row 3 by -9

The last augmented matrix coincides with the system
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X, +2X, —4X; +3X, + 9%, =1
X, —2X; +2X, +6X, =0 (1.3.51)
X, +3%, =0

The back substitution process takes the third equation of the set (1.3.51) and eliminates x, or X
from the first two. In this case, the result turns out to be

X =1
X, —2%, =0 (1.3.52)
X, +3%, =0

The Gaussian Elimination process applied to the augmented matrix produces attempts to
produce a triangular form as illustrated with (1.3.28). Example 1.3.2, which involved a system
(1.3.11) that had a unique solution produced a final augmented matrix of the form (see equation
(1.3.16))

1 3 1|1

0 -5 -1|3 (1.3.53)
R

L oSl 5]

Example 1.3.4, which involved a system (1.3.35) that did not have a unique solution produced a
final augmented matrix of the form (see equation (1.3.39))

2 3 1|1

0o = 12 (1.354)
2 2|2

0 0 00

Example 1.3.5, which involved a system (1.3.43) that did not have a solution produced a final
augmented matrix of the form (see equation (1.3.46))

2 3 1|1

o -+ 4.1 (1.3.55)
2 2| 2

0 0 0 91

Our last example, Example 1.3.6, which involved an undetermined system (1.3.51) produced a
final augmented matrix of the form (see equation (1.3.50))
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12 -4 3 971
01 -2 2 60 (1.3.56)
00 0 1 30

These examples illustrate that we might not reach the triangular form if the equations are
inconsistent or if the solution is not unique. The final step in the Gaussian elimination process,
regardless of where it ends, is known as the row echelon form. This upper triangular matrix can be
given a more formal definition as follows:

Definition: A M xN matrix A isinisin row echelon form if
1) Rows with at least one nonzero element are above any rows of all zero.
2) The first nonzero element from the left (the pivot element) of a nonzero row is always
strictly to the right of the leading coefficient of the row above it.
3) The leading coefficient of each nonzero row is 1.

The above examples, with minor rearrangement in the first three cases, are row echelon
matrices. The minor rearrangement involve insuring 3) is obeyed by simply normalizing the row
by division. It should be evident that the results are

1) Example 1.3.2

1 3 1|1
o 1 1.3 (1.3.57)
5 5
0 0 12
2) Example 1.3.4
A
2 2|2
0 1 -1-5 (1.3.58)
0 0 00
3) Example 1.3.5
1 2 4t
2 2|2
0 1 -1163 (1.3.59)
0 0 0|1
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4) Example 1.3.6

12 -4 3 971
1 -2 2 60 (1.3.60)
00 0 1 30

The row echelon form is one step away from another upper triangular matrix we shall
identify in later sections called a reduced row echelon form. These concepts, which are important,
will be discussed in the following sections of this chapter.

Exercises

1.3.1 Complete the solution of (1.3.32). The answer is

g
X, 23 | T_54239
X=| X, |= 4—16 =| 0.0217 (1.3.61)
%) | &1 2.6522
| 23 |

1.3.2 Solve the system

X, +X;+X, =0
3X, +3X, —4x, =7 (13.62)
X, + X, + X, +2X, =6 o

2%, +3X, + X;+3X, =6

X, 4
) X, -3
The answer is X = =
Xy 1
X

1.3.3 Solve the system
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—X, =X+ X, =0

X, + X, +X;+X, =6
2%, +4X, + X, —2X, =-1

3X, + X, —2X, +2X, =3

X, 2
_ X, | |-1
The answer is X = =
X3 3
X, 2

1.3.4 Solve the system

X, +X, =X+ X, + X =1
=X =X, + X =-1

—2X, — 2%, +3%; =1
X+ X, + 3% =-1

X, + X, + 2%, +2X, +4x, =1

The answer is that this system is inconsistent and, thus, has no solution.

37

(1.3.63)

(1.3.64)
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Section 1.4. Elementary Row Operations, Elementary Matrices

The last section illustrated the Gauss method of elimination for finding the solution to
systems of linear equations. The basic method that is implemented with the method is to perform
row operations that are designed to build a row echelon matrix at the end of the process. If the
system allows it, one builds an upper triangular matrix that allows the solution to be found by back
substitution. As summarized at the start of Section 1.3, the row operations are simply creating
equivalent systems of linear equations that, at the end of the process, are easier to solve than the
original equations. The row operations utilized in the Gaussian Elimination method are

a) switching two rows,

b) multiplying one of the rows by a nonzero constant

c) multiply one row by a nonzero constant and adding it to another row, or
d) combinations of a),b) and c).

The first three of these row operations are call elementary row operations. They are the building
blocks for the fourth operation. It is useful for theoretical and other purposes to implement the
elementary row operations by a matrix multiplication operation utilizing so called elementary
matrices.

Elementary matrices are square matrices. We shall introduce these matrices in the special
case of a system of M =3 equations in N =4 unknowns. The generalization to different size
systems should be evident. The augmented matrix for a 3x4 a system is

Ar A As Adlby
(A|b) =l A Ay Ay Aylb, (1.4.1)
Ay A, Ay Aylb

If we wish to implement a row operation, for example, that switches the first and second row, we
can form the product

01 0A; A, Ay Alb
10 0)Ay A, Ay Aylb, (1.4.2)
001 A3l A32 A33 A34 b3

When the multiplication in (1.4.2) is performed, the result is
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01 0]A Ay Ay Aub
1 O 0 AZl A22 A23 A24 bZ
O O 1 A’Sl A32 ASS A34 b3

Ay A, Ay AylD,
=lA A Ay A bl
Ay Ay, Ay Aylb

(1.4.3)

The result of the multiplication is the original augmented matrix except that its first two rows are
010

switched. The matrix that achieved this row operation, |1 0 0|, is an example of an elementary
0 01

matrix. Note that the elementary matrix that switches rows is no more than the identity matrix with
its two rows switched. This is a general property of elementary matrices. If we were wished to

multiply the second row of (Alb) by a constant, say 4, we would multiply it by the matrix
1 00
0 4 0]. Ifwewish to define an elementary matrix that adds the second row to the and third
0 01

100

row of a matrix we would multiply (A| b) by the matrix |0 1 0. The conclusion is that row
011

operations can be implemented by multiplications by elementary matrices.

Example 1.4.1: In Example 1.3.3, we looked at the system (1.3.35), repeated,

2%, +3X, + X, =1
X+ X, + X =3 (1.4.4)
3%, +4X, +2X, =4

This example was worked with a set of three elementary row operations. These operations can be
displayed in terms of elementary matrices by the formula
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11 1 0 O
1|5

=2l=lo 1 0
2|2
0 -1 1

Subtracts row 2
from row 3

NP N
Nl ND|or e

0
1
3

01
Subtractsrow2 [ 2 _
from row 3 —

gxrow 1 subtracted
from row 3

1 0 O
0 1 O
0 -11

1

1 00

2 3 11
1 0|1 1 13
3 4 24

0
1
3

01
2 J

—

1 0 O
=0 1 0
0 -11

Subtractsrow 2 |
from row 3

1

1.45
0 01 ( )

- -
1

gxrow 1 subtracted
from row 3

The final step in creating the row echelon form from | 0

=xrow 1

subtracted
from row 2

2 3

0 O

is to normalize the first row

0(0

by a division by 2 and the second row by a division by —%. The result is
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1 E 111 1 0 O 1 00
2 2|2 1 2
0 1 -1-5/=10 -2 0]/0 1 0
0 0 00 0 0 1 0 01
- - Divide row 2
1 Divide row 1
by*E by 2
_ - (1.4.6)
1 0 0|1 00O 1 00 2 3 11
0 1 00 10 —% 1 01 1 13
0 -1 1 3 3 4 24
-~ 0140 01
gurcsonz | 2 IS
§xrow 1 subtracted ;bert(:a\:\(’:tt d
from row 3 from row 2

From a computational standpoint, the method of solution utilized in Section 1.3 is preferred.
It achieves the final row echelon form without the necessity of identifying the elementary matrices.
However, as indicated above, it is a useful theoretical result that

A M xN matrix A can be converted toa M x N matrix in row echelon form by
multiplication of A by a finite number of M x M elementary matrices.

Equation (1.4.6) illustrates this assertion in the particular case where the matrix A is an augmented
matrix associated with finding the solution of a system of M x N equations.

Example 1.4.2: In Example 1.3.6, we looked at the system (1.3.48), repeated,

X, +2X, —4X, +3X, + 9%, =1
4X, +5x, —10x, + 6X, +18x, =4 (1.4.7)
X, +8X, 16X, =7

This example was worked with a set of five elementary row operations. These operations can be
displayed in terms of elementary matrices by the formula



Sec. 14 . Elementary Row Operations, Elementary Matrices 43
1 2 -4 3 91 1 0 1 00 1 0 O
01 -2 2 6/0|=|0 00 —= 04fl0 1 O
00013000_10010—21
Row echelon form L A Subtract 2xrow2
Divide row 3 by -9 Divide row 2by 3 from fows (1.4.8)
1 0 0][1 0 0]j1 2 -4 3 91
x 0 1 0||-4 1 0{|4 5 -10 6 18/4
-7 0 1]J|0 O 1}j7 8 -16 0 0}7
Subtract 7xrowl  Subtract 4xrowl | Given augmented matrix
from row3 from row2
Exercises:
1.4.1 Find the row echelon form of the matrix
011 110
3 0 3 47
(Alb)= (1.4.9)
1 11 2|6
2 3 1 3|6
Express the result in terms of elementary matrices.
1.4.2 Find the row echelon form of the matrix
0 -1 -1 1|0
1 1 1 1|6
(Ab) = (1.4.10)
2 4 1 -2/
3 1 -2 2|3
Express the result in terms of elementary matrices
1.4.3 Find the row echelon form of the matrix
1 1 -11 11]
-1 -1 0 0 11
(Ab)=|-2 =2 0 0 31 (1.4.11)
0O 0 1 1 3-1
11 2 2 41|
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Section 1.5. Gauss-Jordan Elimination, Reduced Row Echelon Form

In Section 1.3, we introduced the Gaussian Elimination method and identified the row
echelon form as the final form of the elimination method that one reaches by the method. In this
section, we shall extend the method by what is known as the Gauss-Jordan elimination method and
identify the so called reduced row echelon form of the augmented matrix.

We shall continue to discuss the problem that led to (1.3.28), namely, a system of M = N
equations and N unknowns. Equation (1.3.28), repeated, is

_Au A12 A13 T ’ AiN bl
0 Y AV A

o o A7 - - - AQ|DBY
. . . (1.5.1)

(N=2) (N=2) | n(N=2)
: Avinag Avan by
(N=1) | L(N-1)
0 0 o 0 - . N | Py

In order to reach this result, we have assumed that the pivot process did not yield zeros as the lead
element in any row. If this had been the case, the elimination scheme would have not reached the
triangular form shown in (1.5.1). The next step in the Gaussian Elimination method is to utilize
back substitution to find the solution. The Gauss-Jordan elimination scheme is a refinement of the
Gauss elimination method. It avoids back substitution by implementing additional row operations
which zero the elements in the upper triangular part of the matrix. This scheme is best illustrated
by an example.

Example 1.5.1: In Section 1.3, we worked Example 1.3.2. This example involved finding the
solution of

X +3X%, +X; =1
2% +X,+X; =5 (1.5.2)
—2X, +2X, —X; =—8

The augmented matrix is given by (1.3.14) and the row echelon form, which in this case, was an
upper triangular matrix is given by (1.3.57). This row echelon form is

1 3 1

1 3 1|1 i .
2 1 1]5 |—o——{0 1 o-2 (1.5.3)
1

Series of
Row Operations
-2 2 -1-8

0 0 2
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The Gauss-Jordan process begins with (1.5.3) and proceeds as follows

1 3 1

i 3 1 3 11 1 3 0]-1
01 =H-—= n >0 1 O-1l|—mmei—|0 1 0-1
5l 5 Subtract =xrow 3 fr%mr?gwr (iw
fromrow52 0 0 1 2 0 0 1 2
0 0 12 (1.5.4)
1 0 02
Subtract 3xrow 2 0 1 0-1
from row 1 O O l 2
The final matrix in (1.5.4) shows that the solution is
x| [2
X=X |=|-1 (1.5.5)
X; | |2
1 0 02
which is the result (1.3.12). The matrix |0 1 0[-1| in (1.5.4), as the end result of the Gauss-
0 0 12
Jordan elimination process, is the reduced row echelon matrix in this example.

Example 1.5.2: In Section 1.3, we considered Example 1.3.3. The augmented matrix in this
example is given by (1.3.34), repeated,

4 6 7/-3
(Ab)=|2 -3 6|5 (1.5.6)
0 2 38

The Gauss elimination portion of this solution is
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4 6 7/-3 46
2 -3 65 ~—>|0 -6
Subtract =xrow 1
0 2 3 8 from row 2 0 2
4 6 7 |-3
5 13
Divide row 2 O _E _E
by -6 and
row 3 by % 00 1 g
L 23

71-3
5|13

2| 2
3|8

Add %xrow 2
torow 3

The Gauss-Jordan portion of the solution picks up from (1.5.7) with the steps

46 7]-3
01 2|13 5
12 12 Addﬁxrow3
00 1 g to row 2
L 23 |
46 0 123
Subtract 7xrow3 01 0 —
from row 1 00 1 46
61
L 23
497
100 32
Divide row 1 1 O —_—
by 4 00 1 46
61
i 23 |

o O b~
[l )]
o
|

Subtract 6xrow2
from row 1

a7
6 7|-3
e
2|2
o 26
6|6
499
23
1
46
61
23

(1.5.7)

(1.5.8)

Therefore, the reduced row echelon form of the augmented matrix is the last matrix in (1.5.8) and

the solution is
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" 499 ]
92
1
46
61
| 23 |

X<

(1.5.9)

x

Il

xX X
N

Il

w

The Gauss-Jordan elimination method illustrated above is easily applied to cases of

underdetermined systems and overdetermined systems. The following illustrates the method for an
underdetermined system.

Example 1.5.3: In Section 1.3, we considered Example 1.3.6. We looked at the same example in
Section 1.4 when we worked Example 1.4.2. The end of the Gaussian Elimination process
produced the augmented matrix(1.3.60), repeated,

12 -4 3 91
01 -2 2 60 (1.5.10)
00 0 1 30

The special form of (1.5.10) makes the Gauss-Jordan part of the elimination simply from a
numerical standpoint. Consider the following steps

1 2 4 3 91 1 2 4 3 91
01 -2 2 60————/01 -2 0 00

2xrow 3

00 0 1 30| ™™™ 1o 0 0 1 30

(1.5.11)
1 2 -4 0 01 10 0 0 o1
W) 0 1 —2 O 00 W) O 1 —2 0 00
™™ g 0 0 1 30| ™™ 1o o0 0 1 30

The final result, which is in reduced row echelon form, displays the solution (1.3.52), repeated,

X =1
X, —2X; =0 (1.5.12)
X, +3%;, =0

The reduced row echelon matrix, that is determined after completion of the Gauss-Jordan
elimination method, is defined formally as follows:

Definition: A M xN matrix A isinis in reduced row echelon form if
1) Rows with at least one nonzero element are above any rows of all zero.
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2) The first nonzero element from the left (the pivot element) of a nonzero row is always
strictly to the right of the leading coefficient of the row above it.

3) The leading coefficient of each nonzero row is 1 and is the only nonzero entry in its
column.,

If this definition is compared to that of the row echelon form of a matrix given in Section 1.3, then
a reduced row echelon form of a matrix is a row echelon form with the property that the entries
above and below the leading coefficient are all zero. In Section 1.4 it was explained how the row
echelon form of a matrix can be found by a series of multiplications by elementary matrices. If the
additional row operations that implement the Gauss-Jordan elimination are represented by
multiplications by row operations, we have the equivalent result

A M x N matrix A can be converted toa M x N matrix in reduced row echelon
form by multiplication of A by a finite number of M x M elementary matrices.
Exercises:

1.5.1 Use row operations to find the reduced row echelon form of the matrix

011 1|0
3 0 3 47
(Alb)= (1.5.13)
111 2|6
2 31 3|6
1000 4
i . . . .1/01 0 0 -3
This augmented matrix arose earlier in Exercise 1.3.2. The answer is 0010
0 001

1.5.2 Use row operations to find the reduced row echelon form of the matrix

1 2 -3 -4 6
(Ap)=|1 3 1 -2 4 (1.5.14)
2 5 -2 510

1 0 -11 0 10
Theansweris|0 1 4 0 -2]|.
00 0 1 0
1.5.3 Use row operations to find the reduced row echelon form of the matrix
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0 -1 -1 1]0
1 1 1 1|6
(Alb) = (1.5.15)
2 1 -2/-1
3 1 -2 2|3
1000 2
. . . : . /01 00 -1
This augmented matrix arose in Exercise 1.3.3. The answer is
0010 3
0001 2
1.5.4 Use row operations to find the reduced row echelon form of the matrix
11 11 11
-1 -1 0 0 1-1
(Ab)=l-2 -2 0 0 31 (1.5.16)
0 0 1 1 3-1
11 2 2 41|
1 0 0 0 0 O]
01 0000
This augmented matrix arose in Exercise 1.3.4. Theansweris|0 0 1 0 0 O
000100
|10 000 0 1
1.5.5 Find the solution or solutions of the following system of equations
2X, =X, + %X, =—4
X, —2X, =2 (1.5.17)

—2X, —2X, +5X; =2
1.5.6: Find the solution or solutions of the following system of equations

X\ +X, +%X;=6
2%, +5X, —2X, =6 (1.5.18)
X, + 71X, —1X; =6

1.5.7: Find the solution or solutions of the following system of equations
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X, +2X, —3X;, —4X, =6
X, +3X, +X; —2X, =4 (1.5.19)
2X, +5X, — 2%, —5x, =10
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Section 1.6. Elementary Matrices-More Properties

In this section we shall look deeper into the idea of an elementary matrix. This concept was
introduced in Section 1.4. In that section, we explained that an elementary matrix isa M xM
matrix that when it multipliesa M x N matrix A will achieve one of the following operations on
A:

a) switch two rows,
b) multiply one of the rows by a nonzero constant,
¢) multiply one row by a nonzero constant and add it to another row.

The objective of the elementary matrices is to cause row operations which can transform a matrix,
first, into its row echelon form and, second, to its reduced row echelon form. In Sections 1.4 and
Sections 1.5, this fact was summarized with the statement

A M xN matrix A can be convertedtoa M x N in row echelon form and its
reduced row echelon form by multiplication of A by a finite number of M x M
elementary matrices.

The row echelon form as the result of multiplication by elementary matrices was illustrated with
examples in Section 1.4. The additional multiplications by elementary matrices that convert a
matrix from its row echelon form to its reduced row echelon form are illustrated by the following
example.

Example 1.6.1: Example 1.4.2, which originated from a desire to solve the system of equations,

X, +2X, —4X, +3X, + 9%, =1
4x, +5x%, —10x, + 6%, +18x, =4 (1.6.1)
X, +8X, 16X, =7

The solution process produced (1.4.8), repeated,
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1 2 -4 3 91 1 0 O 1 00 1 0 O
01 -2 2 6/0(=(0 1 00 —% 0ff0 1 0
00 0 130 |5, g o 1|0 21

Row echelon form 9 _| ~———— Subtract 2xrow2

\————— Dividerow2by-3  fromrow3
Divide row 3 by -9 Y (1.6.2)

1 0 0][1 0 ol]l2 2 -4 3 9|1
x 0 1 0||-4 1 0{|4 5 -10 6 184
-7 0 1J{0 0 1|7 8 -16 0 0|7

Subtract 7xrowl  Subtract 4xrowl Given augmented matrix
from row3 from row2

1 2 -4 3 91
The problem is to find the elementary matrices that will convert the matrix (0 1 -2 2 6|0
0 0 0 1 30

Row echelon form

into is reduced row echelon form. As explained in Section 1.4, the elementary matrices are derived
from the identity matrix by applying the desired row operation to the identity matrix. The three
row operations that achieve this step are shown in equation (1.5.11). Therefore the elementary
matrices that achieve these steps are as follows:

1) 2xrow 3 subtracted from row 2

1 00 1 0
010 2xrow 3 subtracted 01 -2 (163)
0 0 1 from row 2 0 1

2) 3xrow 3 subtracted from row 1
1 00 1 -3
010 3xrow 3 subtracted% 0 (164)
0 0 1 fromrow 1 00 1

3) 2xrow 2 subtracted from row 1
1 00 1 -2 0
010 2xrow 2 subtracted  ~ 0 1 0 (165)
0 0 1 fromrow 1 0 1

Therefore, the reduced row echelon form is given by
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10 0 0 01 1 -2 0jl1 0 3|1 0 O
1 -2 0 00(=0 1 0j0 1 00 1 -2|x
00 0 1 30 0 0 1|0 0 140 1 1

2xrow 2 subtracted 3xrow 3 subtracted 2xrow 3 subtracted

from row 1 from row 1 from row 2
Calculates reduced row echelon form
from row echelon form
- . (1.6.6)
1 0 O
1 0 O 110010010012—4391
00—50010010—41045—106184
00—1001‘0_21,,_701,,001‘78_16007,
L 9_%,_/ Subtract 2xrow2  Subtract 7xrowl  Subtract 4xrowl Given augmented matrix
Divide row 2 by -3 from row3 from row3 from row2

.
Divide row 3 by -9

Calculates row echelon form

It is a property of elementary matrices that they are nonsingular. We shall illustrate this
assertion by consideration of three examples.

Example 1.6.2: If you are given the elementary matrix that corresponds to switching the first and
second row, i.e.,

010
E,.=(1 0 O (1.6.7)
0 01
Then the inverse of E;, must obey
010/ (010 100
E'/1 0 0|=(1 0 O|E,*=/0 1 O (1.6.8)
0 0 1] |0 01 0 01
The matrix
010
E'=|1 00 (1.6.9)
0 01

can be substituted into (1.6.8) and verify that it is the inverse. Just as (1.6.7) corresponds to
switching the first and second row, its inverse, (1.6.8), corresponds to switching them again to
return to the original matrix.
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Example 1.6.3: If you are given the elementary matrix that corresponds to multiplying the second
row by a nonzero constant, i.e.,

100
E,=|0 4 O (1.6.10)
0 01
Then the inverse of E, must obey
1 0 0] |1 0O 100
E,)/0 2 0|=|0 4 O|E,'=|0 1 O (1.6.11)
0 0 1| |0 0 1 0 01
The matrix
100
. 1
E, =0 = 0 (1.6.12)
A
0 0 1

can be substituted into (1.6.11) and verify that it is the inverse. Just as (1.6.10) corresponds to
multiplying the second row by the nonzero constant A, its inverse, (1.6.12), corresponds to
dividing the second row by the nonzero constant 1.

Example 1.6.4: If you are given the elementary matrix that corresponds to multiplying the third
row by a constant and adding the result to the first, i.e.,

10 4
E,=|0 1 O (1.6.13)
0 01
Then the inverse of E, must obey
10 4] (1 0 2 100
E,{0 1 0|=|0 1 O|E;'=|0 1 O (1.6.14)
0 0 1] |00 1 0 01

The matrix
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-A

1
E;'=|0 0 (1.6.15)
0 1

o - O

can be substituted into (1.6.14) and verify that it is the inverse. Just as (1.6.13) corresponds to
multiplying the third row by a nonzero constant and adding the result to the first, (1.6.15)
corresponds to multiplying the third row by a nonzero constant and subtracting the result from the
first row.

In summary, we have the following two facts about elementary matrices:
1) Anelementary matrix isa M x M matrix obtained from the M x M identity matrix by an
elementary row operation.
2) If E is an elementary matrix, then E is nonsingular and, its inverse, E™ is an elementary
matrix of the same type.

Definition: A M xN matrix B is row equivalentto a M x N matrix A if there exist a finite
number of elementary matrices E,E,,...,E, such that

B=E,-E,EA (1.6.16)

This definition is an adoption of the idea of equivalence to matrices which we introduced in Section
1.3 for systems of equations. It is possible to use the definition (1.6.16) to establish the following
two important properties of row equivalence:

1) If B isequivalentto A, then A isequivalentto B.
2) If B isequivalentto A and A equivalentto C, then B is equivalentto C.

The proof of the first property follows directly from the definition (1.6.16). The details are as
follows. Because each elementary matrix is nonsingular, we can repeatedly use the identity
(1.1.36) and establish from (1.6.16) that

A=(E -—-EE) B

=(E.,-EE) E'B

1 g -
(Ek—2 E2E1) Ek—llEle
(1.6.17)

=E'E,"---E.'B

Since the inverse elementary matrices are themselves elementary matrices, this result establishes
property 1). The proof of the second property follows from a similar line of reasoning.
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If we are given that A is a square matrix, we can identify three properties of A that relate
to whether or not it is nonsingular.

Theorem 1.6.1: The following three conditions are equivalent for a square matrix A.

a) A is nonsingular.
b) The equation Ax =0 only has the solution x=0.
C) A is row equivalent to the identity matrix | .

Proof: The proof requires that we accept any one of the propositions as true and, from that
proposition, prove that the other two are also true. We begin by accepting a) and showing that a)
implies b).

a)=Db): If Ais nonsingular, the equation Ax =0 can be multiplied by its inverse to obtain
A'AXx =Ix=x=0. Thus b) is established.

Given b), we shall next show that it implies c).

b)=c): We are given that the system Ax =0 only has the solution x=0. Let E ,E,,...,E,
be elementary matrices selected such that

U=E, ---E,EA (1.6.18)
is in reduced row echelon form. It follows from Ax =0 and (1.6.18) that
Ux=E, ---E,E/Ax=0

Because x =0 is the only solution allowed by the equation Ux =0, the matrix U cannot have a
zero on its diagonal. If it did, for example, in the NN position, this would allow x, =0 which

would violate the condition that x =0. Because the reduced row echelon form of the matrix which
has nonzero diagonal elements has the identity | for its reduced row echelon form, the result is
established.

Given c), we shall next show that it implies a).

c) =a): We are given that A is row equivalent to the identity matrix | . Therefore, there
exists elementary matrices E,,E,,...,E, such that

| =E, - E,EA (1.6.19)

Because each elementary matrix is nonsingular, this last result implies that the matrix A is given
by
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A=(E, ---EFE) =E'E,*E* (1.6.20)

where the identity (1.1.36) has been used. Given (1.6.20), it follows that A™ is given by

ElEl)

( -1
() () (") (1.6.21)
E, --E,E,

where we have again used the identity (1.1.36). Equation (1.6.21) establishes that A is
nonsingular.

It is a corollary to the last result that the system of N equations with N unknowns Ax=Db
has a unique solution if and only if A is nonsingular. The argument to prove this corollary is as
follows: First, assume the square matrix A is nonsingular, it then follows from Ax =b that the
solution exists and is uniquely given by x = A™b. Conversely, we need to prove that if only
unique solutions exist, the square matrix A must be nonsingular. The proof of this part of the
corollary, like virtually all uniqueness proofs, begins with the assumption that the solution is not
unique and then establishes condition that will force uniqueness. We begin with the assumption
that there exist two solutions, x;, and X, , that obey

Ax,=b (1.6.22)
and
Ax, =b (1.6.23)
Given (1.6.22) and (1.6.23), it is true that
A(X,—X,)=Ax,—Ax,=b-b=0 (1.6.24)

Equation (1.6.24) and part b) of Theorem 1.6.1 tell us that x, —x, =0 if and only if A is
nonsingular,

Theorem 1.6.1 tells us that in those cases where A is nonsingular we can construct the
inverse A™ by finding the elementary matrices E,, E,,..., E, which satisfy (1.6.19). When these

elementary matrices are known, we can calculate A™* from (1.6.21).

Example 1.6.5: As an example, consider the matrix
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1 3 1
A= 2 1 1
-2 2 -1

(1.6.25)

which is the coefficient matrix in Example 1.3.2. This is also the matrix utilized in Example 1.5.1.

Consider the following sequence of elementary matrices:

Step 1:
1 0 0|1 3 1 1 3 1
EA=|-2 1 0|2 1 1|=/0 -5 -1
0 0 1-2 2 -1 -2 2 -1
2xrow 1
subtracted
from row 2
Step 2:
1 0 0|1 3 1 1 3 1
E,(E,A)={0 1 0/ 0 -5 -1|=|0 -5 -1
2 0 1|2 2 -1 0 8 1
2xrow 1 added
torow 3
Step 3:
1 0 0|1 3 1 1 3 1
E,(E,E,A)=|0 1 0[|0 -5 -1|=|0 -5 -1
o 34108 thjy o 3
L 5 L 5]
8

torow 3

Step 4

(1.6.26)

(1.6.27)

(1.6.28)
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Step 5

Step 6

Step 7

Step 8

Elementary Matrices-More Properties

E, (E,E,E,A) =

1
E, (E,E,E.E,E,E,E,A)=|0 1

Subtract 3xrow 2
from row 1

Given equation (1.6.33), it follows from (1.6.21) that

1 011 3 1 1 3 1
0 0j]jo0 -5 -1|=|0 -5 -1
00 -2|lo o -3 001
3L 5
multiple row
Sby—g
1 0 02 3 1 1 3 1
=0 1 1|0 -5 -1|=|0 -5 0
0 0 1|0 0 1 0 0 1
Add row 3
to row 2
1 0 -1|j1 3 1 1 3 0
E,(EE,E,E,E,A)=|0 1 0|0 -5 0|=|0 -5 0
0O 0 11(/0 0 1 0 0 1
Subtract row 3
from row 1
1 00 1 3 0 1 30
! 0{|0 -5 0(=(0 1 O
0 0 1 0 0 1 0 01
Divide row 5
by -5
-3 0|1 3 0 1 00
00 1 0|=/0 1 O
0 0 10 0 1 0 01

61

(1.6.29)

(1.6.30)

(1.6.31)

(1.6.32)

(1.6.33)
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A = E,E.E,E.E,E.E,E,

1_30-100

1
=0 1 0|0 —= 0}|0
0 0 1 0

Eq [ Ee Es

1|x

o O -
[N

(6]
g1l B O

N

=

o

o

I 3L T S (1.6.34)

m
&

m
@

4 2 2
3 3
at=lo L 1 (1.6.35)
3 3
, _8 5
i 3 3]

Example 1.6.6: As an additional example, consider the following matrix A and the following
sequence of elementary matrices:

1 4 3
A=-1 -2 0 (1.6.36)
2 2 3
Step 1:
1 0 0|1 4 3 1 4 3
ELA=|1 1 0||-1 -2 0|=|0 2 3 (1.6.37)
0 0 12 2 3 2 2 3

Add row 1
to row two

Step 2:



Sec. 1.6

Step 3

Step 4

Step 5:

Step 6:

Elementary Matrices-More Properties

1 0 O|1 4 3 1 4 3
E,(EA)=| 0 1 0]|0 2 3|=|0 2 3
-2 0 1|2 2 3 0 -6 -3
Multiply row 1
by -2 and add
to row 3
1 (; 0 1 4 3 1 4 23%
E,(E,EA)= |0 > 0[]0 2 3j=j0 1
00 1|0 b 31 5 3
| —
Multiply row 2 by 1/2
1 0 1 4 2 1 4 2
E,(EEEA)=|0 1 00 1 S1F01 3
00 -1lo 6 -3 1
6 01 =
| - L 2_
Multiply row 3
by-%
1 0 0 1 4 2 1 4 2
E,(E,EEEA)=[0 1 0]/0 1 S0t 5
L_,li o 1 1| [0 0 -1
Subtract row 2 n
from row 3 L 2_
10 0 1 4 2 1 4 2
E, (E.E,E,E,EA)=[0 1 00 1 S0t 3
00 -1llg 0 1| |0 0 1

%/_/
Multiply row 3 by -1

63

(1.6.38)

(1.6.39)

(1.6.40)

(1.6.41)

(1.6.42)
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Step 7
14 ot 4 : 10 —33
E, (E,EE,E.;E,EA)=|0 1 0f0 1 S1=l01 3 (1.6.43)
0 0 1
0 0 1 0 0 1
Multiply row 2 by 4
and subtract from
row 1
Step 8:
10 0310—33 L0 3
E, (E,E.E.E,E,E,E,A)=|0 1 -0 1 S|=j0 10 (1.6.44)
00 100 1| 001
Multiply row 3
by —3/2 and
add to row 2
Step 9:
1 0 3|1 0 -3 1 00
E, (E,E,E.E.E,E;E,E/A)=[0 1 0||0 1 0 (=[0 1 0= (1.6.45)
0 0 1{/0 0 1 0 01
Multiply row 3
by 3 and
add to row 1
Therefore,
A" = E,E,E,E,E.E,E.E,E,
1 0 3 100 1 4 0}|1 0
=0 1 0|0 1 —% 1 040 0 |x
0 01 0 1}/0 -1
_O 0 1] ‘
= _\Ef—' E; Ee
1 0 0}|1 0 1 2 0 1 01 0
0 1 0 0050010110
0 -1 0 1 -2 0 1|0 1
L~ ~— 20 0 -=||0 0 1} |
Es L 6_ e G E, E (1646)
—_— E;
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If this multiplication is performed, the following result is obtained for A™

ol AP

1
2

1
2
1
4

1
2

Elementary Matrices-More Properties

1
2
1

cnll—\J>

65

(1.6.47)

The above two examples illustrates how the elementary matrices generate the inverse for a
nonsingular matrix. These examples are illustrations of the theoretical formula (1.6.21). As a
practical matter, we are typically only interested in the inverse and not the recording of the
individual elementary matrices. A computational algorithm based upon the augmented matrix
approach gives the answer more directly. We shall illustrate this algorithm for the matrix in the
second example above, i.e. the matrix defined by (1.6.36). The procedure is as follows:

First, form the augmented matrix (A| I ):

(Al

1 4 3100

)=|-1 -2 00 1 0

2 2 300 1
A [

(1.6.48)

We next perform row operations on this auxiliary matrix until an identity appears in the left slot.
The step by step process is the following:

Step 1(Add row 1 to row 2.)

1
0
2

N N B

iy
>

|
ﬂ{

w w w
o L B

Step 2:(Multiply row 1 by -2 and add to row 3.)

1 4
0 2
0 -6

3
3
-3-2

N

o — O
O O

o — O
— O O

E,EA

E

m
it

(1.6.49)

(1.6.50)
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Step 3(Multiply row 2 by 1/2.)

1 4 3|1 0O
0 1 3|11 1 0 (1.6.51)
212 2
0 6 -3-2 0 1
E,E,E A EsE,E;
Step 4(Multiply row 3 by — 1/6.)
1 4 311 0 O
01 3t 1 4 (1.6.52)
212 2
01 1o -1
2|3 6
E,E;E,E A E,E;E,E,
Step 5:(Subtract row 2 from row 3)
10 31 0 O
01 )11 0 (1.6.53)
2 2
0 0 -1 1 1
EEEEEA| 6 2 6
L EsE,E5ELE,
Step 6:(Multiply row 3 by -1.)
1 4 3|11 0 O
0 1 311 0 (1.6.54)
212 2
001111
EsEsE4EE,EA6 2 6
%,_J
L EsEsE,EsEpE; |
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Step 7:(Multiply row 2 by 4 and subtract from row 1.)

1 0 -3|-1 0 O
01 311 0 (1.6.55)
2 12 2
00 1]1 11
E7E6E5E4E3E2E1A 6 2 6
\_ﬁf_—J
L E7E6EsE4E5ELE, |
Step 8:(Multiply row 3 by — 3/2 and add to row 2.)
10 -3 _11 _i 01
01 0 |= —-= —-= (1.6.56)
0 0 1 4 44
EgE,EqEsE4E3E,E(A 1 1 1
8=7-6-5-4-3=2"~1 6 2 6
L EgE;EsEsE,E3EoE |
Step 9:(Multiply row 3 by 3 and add to row 1.)
111
oo 1 i 21
010 - = = (1.6.57)
00 1 4 4 4
I=EgEgE,;EqEsE,E5E E A 1 1 1
—H=9=8=7=6 54321 6 2 6
L A =EyE; E¢E5E, B4, |

If the matrix A is singular, the above calculation process will not reduce to the identity
matrix in the left slot. In the singular case, of course, the formula (1.6.21), i.e., A* =E, ---E,E,, is
not valid.

Exercises:

1.6.1 You are given the matrix
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1 3 3
A=|1 4 3 (1.6.58)
1 3 4
7 -3 -3
anditsinverse A*=|-1 1 0 |. Express A" as the product of a finite number of elementary
-1 0 1
matrices.
1.6.2 Use the computational algorithm illustrated above to determine the inverse of
2 10
A=-2 2 0 (1.6.59)
0 1
1.6.3 Use the computational algorithm illustrated above to determine the inverse of
011 1
3 03 4
A= (1.6.60)
1 11 2
2 3 1 3
The answer is
17 -2 -8 -3
-10 0 20 -10
At= _1 (1.6.61)

200-13 -2 -8 7
3 2 -12 3
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Section 1.7. LU Decomposition

At this point in our understanding of Matrix Algebra, we have two closely related
approaches for solving systems of linear algebraic equations. One is based upon Gaussian
Elimination, and the other method is based upon Gauss-Jordan Elimination. There is another class
of solution methods based upon decompositions of the matrix A. Decomposition is the ability to
start with an M x N matrix A, and derive from A two or more matrices which allow A to be
decomposed into the product

A=AA A (1.7.1)

Decomposition methods are useful because the factors in the decomposition have properties which
make the subsequent solution of

Ax=Db (1.7.2)
easier. One such method is called the LU Decomposition. For our purposes, there are two kinds
of LU decompositions. For our purposes here, we shall call the first kind the elementary LU
decomposition. After we discuss this calculation, we shall discuss the second kind, which we shall
call the generalized LU decomposition.

The Elementary LU Decomposition

The question is under what circumstance can an M x N matrix A, can be decomposed in
the form

A=LU (1.7.3)
where
U = An upper triangular M x N matrix
and

L = A lower triangular nonsingular M x M matrix with 1s down the
diagonal.?

While not sufficient, it is certainly going to be necessary for the number of unknown
elements of L and U to be equal to the given number of elements of A, namely MN . Itis
helpful to do a little counting of these various elements in order to characterize the cases where this
necessary condition is obeyed. For the square M x M matrix L:

® In some discussions of the LU decomposition, the diagonal elements of L are not required to be unity. It can be
shown that this requirement insures that when the decomposition exists, it is unique.
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Number of Unknown Elements of L = % M (M -1)
For the M x N matrix U , there are two cases

IM(M+1)+(N-M)M  for N2M
Number of Unknown Elements of U = 1
EN(N+1) for N<M

The total number of unknown elements in L and U is, therefore,

Iv(m —1)+%M (M+1)+(N-M)M  for N>M

Total Number of Unknown Elements=

%M (M —1)+%N(N +1) for N<M

These totals can be rearranged to yield

MN for N>M

Total Number of Unknown Elements= 1
N+E(M—(N +1))(M-N)  for N<M

In the case N > M , the necessary condition is clearly satisfied. Inthe case N <M it is generally
not satisfied unless M =N +1. These two pieces of information mean that we shall base our
following discussion on the cases where N, the number of columns of A, obeys N >M —1. In
other words, the number of columns can be one less than the number of rows or it can be equal to
or greater than the number of rows. Most, but not all, of our examples will be for square matrices.
We shall briefly discuss later in this section the issues that arise when N <M —1.

Example 1.7.1: If A is the matrix we have used before
2 4 2

A=|1 5 2 (1.7.4)
4 -1 9

then the following is an elementary LU Decomposition
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242100242
1 5 2:% 1 0/lo 31 (1.7.5)
4 -19] |5 5 (/008
—_— —
A .

Later in this section, we shall develop the computational procedure that constructs the
decomposition (1.7.3).

The example (1.7.5) shows that elementary LU Decompositions do exist. However, one of
the many questions about LU decompositions is whether or not they always exist. If it does not
always exist for every M x N matrix with N > M —1, then can we characterize those situations
when it does? The answer is that it does not always exist. It is this fact that will cause us to look at
the generalized LU decomposition mentioned earlier. Returning to the elementary LU
decomposition, it turns out that the factorization (1.7.3) always exists if the following is true:

If the M x N matrix A, with N >M —1, can be reduced to upper triangular form without
using partial pivoting (i.e. row switching) then A has an elementary LU decomposition.

We shall give an example below where the elementary LU decomposition does not exist. For the
moment, we shall proceed and see what problems arises as we attempt the construction.

It is useful to note at this point one of the reasons the LU decomposition is useful. If we
have the decomposition, (1.7.3), then the system of linear equations Ax = b can be written

LUx=b (1.7.6)
Because L, is nonsingular, we can multiply on the left by L™ and obtain
L*LUx = IlUx =Ux = b (1.7.7)
Thus, our problem is reduced to solving
Ux=L" (1.7.8)

Because U is an upper triangular matrix, (1.7.8) can be solved, for example, by back substitution
or Gauss-Jordan elimination. Another benefit of the LU Decomposition is that it depends only on
the properties of A. In other words, the decomposition does not depend upon b. This means that
we can perform the decomposition and then solve for x for a variety of choices of b. The
methods we have used to date, Gaussian Elimination and Gauss-Jordan Elimination, involved

manipulations of the augmented matrix, (A| b) , and, as a consequence, the intermediate
calculations depended upon the specific b.
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The source of the method to create the elementary LU Decomposition is actually Gaussian
Elimination. When the decomposition can be achieved, Gaussian Elimination will give us the
matrix U . Our challenge is to discover how to find L such that A= LU . The construction of U
begins with certain row operations on A. As these operations are conducted, either with
elementary matrices or by row operations, we shall see that we build the matrix L.

As a motivation of how Gaussian Elimination plays a role in the derivation of A=LU , itis
instructive to try what is essentially a brute force method. We shall briefly illustrate this method in
the case where A isa 4x3 matrix. In this case, the equation we hope to derive, namely (1.7.3),
can be written in components as

A A, A 1 0 0 0juU, U, U,
A= A Ay Ay _ L, 1 0 0] 0 U, Uy, (1.7.9)
Ay Ay Ay L, L, 1 0} 0 0 U
Ar Ap Ay , L, Ly Lg 1 ‘ 0 0 0
L u

Equation (1.7.9) connects the given twelve components of A on the left side to the unknown six
components of L and the six components of U on the right side. If we expand the product on the
right hand side, the result is

All Al2 Al3 Ull U12 U13

A21 A22 AZS — LZIU 11 L21U 12 +U 22 L21U 13 +U 23

A31 A32 A33 I‘31U11 I‘31U12 + L32U 22 L31U13 + L32U 23 + U33
A4l A42 A43 I‘41U11 I‘41U12 + L42U 22 L41U 13 + L42U 23 + L43U 33

(1.7.10)

Our goal is to calculate the twelve unknown quantities that appear on the right side of (1.7.10). As
we proceed with this calculation, we shall see explicitly how the calculation might fail and give
some motivation for the generalized LU decomposition.

Our first step in the determination of L and U from (1.7.10) is to equate like elements on
both sides of (1.7.10), the first row yields

[

(1.7.11)

ccc
I
> > >

w

Given (1.7.11);, we can equate the remaining elements in the first column of the two matrices and
conclude
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A21 = L21U11
Ay =L Uy (1.7.12)
A41 = L41U11

If we assume A, which by (1.7.11); equals U,,, is nonzero, it follows from (1.7.12) that

I—21 = i = i

Uy, Ay

P Ay
L, = U, = A (1.7.13)

L, = i = ﬂ

Uy, A

The fact that we have committed to the special case U,, = A, # 0 represents one way that our

calculation is special. Next, we equate the remaining unknown elements in the second row of the
two matrices and obtain

A,=LU,+U,, =LA, +U22H2 Egs and 2 Unknowns
Azs = L21U13 +U23 = L21A13 +U23 (U22 and Uzs) (1'7'14)

Because we have assumed A, # 0, the two unknowns in (1.7.14) are given by

Uy =A, -LiA, =A, _ﬁAH

AA; (1.7.15)
Uy =A;—LiA; = Ay, __1A13
Ay
Equating the remaining unknown elements in the second column yields
A, =LU, + LUy, (1.7.16)

A42 = I—41U12 + I—42U 22

If we assume U,, =0, which is a further specialization of this calculation, equations (1.7.16) yield
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Y
_A32_L31U12 _A32 (AMJAQ
L32 - U - A2
& A~ A&l A,
A: (1.7.17)
A42 — I—41U12 A4 [ Aii ] A12
L, = U = A,
Azz _EAQ
Equating the remaining unknown element in the third row yields
Ay = LU+ LUy +U (1.7.18)
A, S _(ZMJA” A
U33:%3_L31A13_L32U23 A33 [ 1]A1 - - [Azs__lAisJ (1-7-19)
AT _/::1 N A

Next, we assume U,, # 0 in this special case and equate the 43 elements of (1.7.10) to obtain

Ay
NN
Aa—Dap, | L {Azs Aa A&sj
A11 _ i A11
A, A A,
L43 — A43 B L41LLJJls B L42U 23 _ AL (1.720)
* Asz - {1] A12
A33 - (AmJ A13 - An [Azs A21 Am]
A11 _ h A11
A, A A,

In summary, if we assume A, #0,U,,=A,-L,,A,=A, —%Alz #0 and
1

A [A“j/x
2 A 2 A
3= Ay — Ly Ay — LUy = Ay - (%1}0&_ - [Azs——lAB}tO,thenthe
All A2 AZlA1 A11

As

elementary LU decomposition (1.7.9) is given by*

* In the case of an arbitrary M x N matrix with M > N , the above results generalize to
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1 0 0 0]
A 1 0 0
A
M
A P 1 0
A A, A Aﬂ A _':i A
L A )
A31 A32 Asa A4 A42 - [Ailj A12 Az
A41 A42 A43 A43_71A12_ : {Az3_lA13J
A4 —[AMJAl All Azz_iAlz Aﬂ
Ay ? A, ? A 1
& Azz - i 2 - {AmJ
A, AN Y
Ass As A, Aos As
A11 A22 -2 A12 A11
Ay ]
A A, As |
) Ay
0 2 Ty 37 A 13
A ™ A A A, A
Ay
Asz o (] A12
0 0 A33 (ij A13 Aﬂ (Azs - i Am}
Ay NN Ay
A
0 0 0 ]
) (1.7.22)

j-1
Uj = Ay — Zl: LU
q:

for the unknown components of U , and

for the unknown components of L

for k=12,..,N and j<Kk

for k=12,..,Nand k< j<M
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It is a simple calculation to specialize the above to the case of a 3x 3 matrix and use the resulting
formulas to produce the result (1.7.5) shown in Example 1.7.1. This derivation also shows that not
all matrices have an elementary LU decomposition like (1.7.3). An example where the above
formulas cannot be used is the following:

Example 1.7.2:

(1.7.22)

Because of the two zeros in the second column of the matrix (1.7.22), (1.7.15); shows that U,, =0

which invalidates the derivation of (1.7.17). Thus, the elementary LU decomposition as defined by
(1.7.3) does not exist for (1.7.22). When we discuss the generalized LU decomposition, we shall
see how it avoids the problems that cause this example to fail.

In those cases where A, #0, U,, #0 and U,, # 0 are valid, it should be noted that the
steps dictated by the above formulas implement the following rearrangements to

An A12 A13 U11 U12 U13
A= A21 Azz A23 to reach Uzz U23:
A Ay Ay 0 0 Ug
An Ap Ag 0 0 0
A Ay Ag
A P Pl
Ay Ay Ag
An Ap Ag
A, A, As |
P B
U11 U12 U13 ° AZZ An A12 A23 An A13
0 Uy Uyl A,
00 Uyl | . Ay Aﬂ_(/ﬂl]% a0
0 0 0 Ass_ K A13_ A21 A23_KA13
! A22_7A12 !
Ay
| 0 0 0 |

This result shows that the second row of U is simply the second row of the matrix equivalentto A
obtained by Gauss elimination. If one studies the above formulas one can also conclude that the
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third row is also what one would obtain by Gaussian Elimination. These facts reveal an alternate
way of generating the LU Decomposition.

Recall that we implemented Gaussian Elimination by performing row operations.

a) switching two rows,
b) multiplying one of the rows by a nonzero constant
c) multiply one row by a nonzero constant and adding it to another row.

We mainly used c). The operation b) was used when we chose to normalize a row such as occurs
when finding the row echelon form of a matrix. The operation a) was used when the occurrence of
a zero made it necessary to change the pivot row. An important fact is that the method of finding
building the LU Decomposition will only make use of c). It will not proceed with row operations
that produce the row echelon form or the reduced row echelon. It will proceed to the point where
the coefficient matrix is an upper triangular form as with the Gaussian Elimination examples
discussed in Section 1.3. Of course, we can view these row operations in the equivalent way as
elementary matrix operations.

The key to finding the matrix L with the specified properties is to simply set up a tracking
system as the matrix U is derived. The key to the tracking system is equation (1.7.8). Itisa

feature of the calculation that we shall actually construct L™. After it is calculated, it can be
inverted to yield the L in the decomposition A= LU .

We begin the calculation with the equation Ax =b. We shall perform row operations of
the type c) above (or elementary matrix multiplications). These row operations, providing we do
not confront a division by zero, will transform the matrix A into an upper triangular matrix we

shall call U . It turns out that when we introduced the augmented matrix (A|b) and did row

operations, we were, implicitly building the matrix L™. The construction was masked because we,
in effect, multiplied each step by b. To make this step explicit, we shall first write the equation
Ax =D as

Ax=1b (1.7.24)
where | isthe M x M identity matrix.

As we do row operations on A, we shall perform the exact same row operation on | . At
the end of the set of operations which convert A to U, | will be converted to L™. Just as we
facilitated the calculation of U , by use of the augmented matrix (A|b) , we shall facilitate the

calculation of U and L by starting the calculation with the M x(N +M ) matrix (A1) defined by
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Ail A12 . . . A1N 1 0 - . .0
A21 A22 . . . A2N 0o 1 - . .0
(An= . ' (1.7.25)
AMl AM2 . . . AMN 0O 0 - . .1
L A an MxN matrix I an MxM matrix i

We shall perform row operations of the type ¢) on (A| I ) until we achieve the conversion

(Al )W(U ) (1.7.26)

The following example will help illustrate the process just described.

Example 1.7.3: An example of the LU Decomposition for a matrix where it does exist is the
following. We are given the matrix

w

(1.7.27)

>

Il
A ON
e

H

o

o1

The first step is to form the augmented matrix (A| I ) Therefore,

(Al1)=[6 4 10

o O BB
o - O

0
0 (1.7.28)
1

A |

Next, we wish to perform row operations of the type c) that convert A to the upper triangular
matrix that we shall call U . It is important to stress again that we shall only use row operations of
the type c). Therefore, we will not reach the row echelon form of A. Because, we are interested in
the elementary matrices that are equivalent to these row operations, they will be tracked during the
step by step operations on (1.7.28).

Step 1:
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where

Step 2:

where

Step 3:

where

LU Decomposition

21 311 00 2131 00
6 4 100 1 0|———: 011310
4 1 50 0 1| #omowz |4 1 50 0 1
— | ——— —
L A I ] | EA El=E
1 0
E,=|-3 1 0
0 0 1
2131 00 1 3/1 0 0
01 1-31 0|—r 1 1/-3 1 0
41 50 0 1| fomes |0 -1 -1-2 0 1
H_/%,_/
EA El i E,EA E,E;
1 00
E,=[0 1 0
2 0 1
2 1 3/1 00 2 131 00
0 1 1|3 1 0|]—=>—|0 1 13 1 0
0 -1 -14-2 0 1| “™ |0 0 0-5 1 1
\—W_—J
E,EA E,Eyl E;E,E A EE,E,
100
E,=|0 1 0
01 1

The result of the last row operation is the upper triangular matrix

(1.7.29)

(1.7.30)

(1.7.31)

(1.7.32)

(1.7.33)

(1.7.34)
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2 1
U=EEEA=|0 1 1 (1.7.35)
00
and the matrix we shall denote by L™ given by
1 00
L'=EEE=[-3 1 1 (1.7.36)
5 11

Because the matrix we have denoted by L™ is equal to the product of three elementary matrices, it
is nonsingular as the notation suggests. We can use (1.7.36); in (1.7.35); and obtain

U=L"A (1.7.37)
or, equivalently, the decomposition
A=LU (1.7.38)

We can obtain the explicit formula for L in this example by inverting the matrix (1.7.36). With the
tools we have developed thus far, the easiest way to find L is to use (1.7.36); to write

-1 -1

0 0
1 1
0 1
1 0 O 1 0
0 1 0|=|3 0
0 -11 2 -1 1

where the formulas (1.7.30), (1.7.32) and (1.7.34) have been used. We have also used equations
like (1.6.15) to construct the inverses in (1.7.39),. Therefore, for this example, the LU
Decomposition of (1.7.27) is

071
0
1

(1.7.39)

P O o o -

2 1 3] 1 0 o][2 1
6 4 10|=[3 1 0|0 1 1 (1.7.40)
41 5| |2 -1 1/l0 0

A‘ L ‘U

The general conclusion from the explanation above and the example just completed is that,
providing we do not encounter the necessity to divide by zero, we can find a finite number of row
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operations of the type c) as represented by elementary matrices E,,E,,...,E, suchthata M x N
matrix A has the decomposition

A=LU (1.7.41)
where
U=E, EEA (1.7.42)
and
L=(E,-EE) =E'E'E* (1.7.43)

As the example indicates, the row operations continue until U is in upper triangular form. The
resulting L, as calculated from (1.7.43), is lower triangular with 1’s for diagonal elements because
of the special forms of the elementary matrices E , E,,...,E,.

Our numerical examples thus far have been for the case where A is square. We have
asserted that the calculation scheme works when N >M —1. A case where N > M is the
following example.

Example 1.7.4: In Example 1.3.6, we studied the solution of the system (1.3.48), repeated,

X, +2X, —4%X; +3X, + 9%, =1
4%, +5X, —10x, + 6%, +18%x, =4 (1.7.44)
7% +8X, =16X, =7

The matrix of coefficients in this case is

12 -4 3 9
A=[4 5 -10 6 18 (1.7.45)
78 -16 0 0

The matrix (A| I) is

1 2 -4 3 9/]1 00
(All)=|4 5 -10 6 180 1 0 (1.7.46)
7 8 -16 0 0/0 0 1

The row operations sufficient to reduce A to upper triangular form can be read off from equation
(1.3.50). Utilizing this previous calculation, it follows from (1.7.46) that



-4 3 9
-10 6 18
-16 0 O

82
1 2
4 5
7 8

where

and

A

Therefore, from (1.7.42)

ELEMENTARY MATRIX THEORY

1 00 1 2 -4 3 911 O
0 1 0|l —pmzroe|0 3 6 6 -18§-4 1
O 0 1 from row2 7 8 —16 O 0 O 0
—
! - L EA E,
1 2 -4 3 911 0 O
Subtract 7xrowl -3 6 -6 -18-4 1 0
from row3 0 —6 12 _21 _63 _7 0 1
L EEA E,E,
1 2 -4 3 9|1 0
fSubtract 2XTOW2 -3 6 -6 -18-4 1
rom row3 0 0 0 _9 _27 1 _2 1
i U=E,E,E,A LLE.E,E,
- 1 O_
E,=|—4 1 0
|0 0 1]
- 1 O_
E,= 10
-7 0 1
1 0 O
E.=|0 1
0 -2 1
1 2 -4 3 9
U=E;EEA=|0 3 6 -6 -18
O 0 0 -9 -27

(1.7.47)

(1.7.48)

(1.7.49)

(1.7.50)

(1.7.51)
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and from (1.7.43)

1 0 Off1 0 Off1 0O
L—(ESEZEI)IEllEzlEsl—[O 10 {0 1 0(|-4 10
0 -2 1||-7 0 1|0 0 1
(1.7.52)
1 0 Off1 0 0|1 0 O 1 00
=0 1 0||0 1 0|4 1 0|={4 1 O
0 2 1j|7 0 1(0 0 1 7 2 1
Therefore, the LU Decomposition for this example is
12 -4 3 9 1 0 0f1 2 -4 3 9
4 5 -10 6 18(=(4 1 0|0 -3 6 -6 -18 (1.7.53)
78 -16 0 0 7 2 1|0 0 0 -9 -27
‘ A ‘ ' L . U ’

It is instructive to briefly discuss the case where N <M —1. Anexample is the 4x2

matrix
Ail A12 1 0 O 0 U 11 U 12 U 11 U 12
AZl A22 — L21 1 O 0 0 U 22 — L21U 11 I-21U 12 + U 22 (1 7 54)
A31 A32 LSl L32 1 0 O 0 L31U 11 L31U 12 + L32U 22
A41 A42 I‘41 I‘42 L43 1 O 0 L41U 11 L41U 12 + L42U 22

There are eight given elements of the matrix A. Unfortunately, there are nine unknown elements
in the two matrices L and U . The element L,, is simply not determined by A. In other words, it

does not appear in the product LU . In this case, the convention seems to be to take L,, to be zero,
and the resulting decomposition is

Ail A12 1 0 0 0jju 11 U 12 U 11 U 12

AZl A22 — LZl 1 00 0 U 22 — L21U 11 L21U 12 +U 22 (1755)
ABl A32 L31 L32 10 0 0 LSlU 11 L31U 12 + L32U 22

A41 A42 I‘41 I‘42 01 0 0 L41U 11 L41U 12 + L42U 22

Because
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0 0 o0Ju, U,] 1 o0 U, U,
I‘21 1 O 0 O U 22 — L21 1 |:U 11 U 12 :| — L21U 11 L21U 12 + U 22 (1756)
L31 L32 1 0 O O L31 L32 O U 22 L31U11 L31U 12 + L32U 22
L41 L42 O 1 O O L4l L42 L4lU 11 L4lU 12 + L42U 22

for the kind of case being discussed, we could relax the requirement that L be a square M xM
and that U be M x M and generate a different kind of decomposition.

The Generalized LU Decomposition

The discussion of the elementary LU revealed a couple of restrictions. First, in order to
satisfy the necessary condition that the number of unknown elements in L and U equal the number
of elements of A, we restricted our discussion to cases where N > M —1. We shall see that in the
generalized case, this restriction is unchanged. We also, in the elementary case, had to limit our
discussion to cases where the Gaussian Elimination process would proceed to an upper triangular
form for U without row switching. This was achieved by assuming certain coefficients that arise
in the elimination process were not zero. It is this restriction that we shall relax for the generalized
case. We shall begin with (1.7.25) and proceed with row operations of both types a) and c) until
we reach an upper triangular M x N matrix U in the first slot. In other words, we proceed with
row operations of types a) and c), repeated,

(A| | )m(u | D) (1.7.57)

At this point the M x M matrix D is something the process will determine. How it relates to a
lower triangular nonsingular matrix L is something we shall also determine.

We shall associate with each row operation of the type ¢) an elementary matrix of the type
introduced in Example 1.6.4. Likewise, the row operation of the type a), the row switching, can be
associated with an elementary matrix of type introduced in Example 1.6.2. In this discussion, we
shall refer to row switching elementary matrices as permutation matrices. Permutation matrices
shall be given the symbol P . In order to distinguish row operations of the type a) from those of
type c¢), we shall denote the latter by the symbol E. As we learned in Section 1.6, elementary
matrices are nonsingular. The inverse of a permutation matrix P is the transpose P".> Given
these preliminaries, then the upper triangular M x N matrix U can always be written

U=E,,P,, EPEPA (1.7.58)
where our convention for the elementary matrices is as follows

P; = Row switch that brings a non zero element into the jj position, forj=1,2,..,.M -1

> The transpose of a matrix is defined in Section 1.9.
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E, = Elementary matrix resulting from type c) row operation to elements below jj element
forj=12,...M -1.

If a zero is not encountered which forces row switching, the associated permutation is the trivial
one represented by the M x M identity matrix. Equation (1.7.35) is an illustration of (1.7.58) in
the case where every permutation matrix is the identity matrix.

In the elementary LU decomposition case, we obtained the M x M matrix L from
equations like (1.7.35). In the generalized case, we first define the overall permutation matrix P

by
P=P,,--PP (1.7.59)

The elementary matrices E,,E,...,.E,, ; and B,P,,...,P,,_, are known quantities. We define a
M x M nonsingular matrix L by

L =(EysPusER)PT =(EysPus - ER) (AP PI) (1.7.60)

Given the definitions (1.7.60) and (1.7.59), it follows from (1.7.58) that
PA=LU (1.7.61)

Equation (1.7.61) is the generalized LU decomposition. We know that P isan M x M
permutation matrix, and we know that U is an upper triangular M x N matrix. We also know that
the M x M matrix L, as defined by the inverse of (1.7.60) is nonsingular. What we do not know
as yet, but what is true, is that L is a lower triangular and it has 1s down its diagonal. These
properties follow from the specialized properties of the elementary matrices that make up the
definition (1.7.60).

An elementary example of the property just described can be illustrated at this point by
applying the above argument to the matrix that we considered in Example 1.7.2.

Example 1.7.5: Equation (1.7.22), repeated, is the matrix
0
2

A= (1.7.62)

o O BB

0
0
1 -1

In Example 1.7.2, we explained why this A does not have an elementary LU decomposition. Our
first step in illustrating that it does have a generalized LU decomposition is to construct (1.7.58)
for this case. First, there is not a need for a row switching in order to make A, nonzero. Also, we

already have zeros below A;,. Asaresult,
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00

10 (1.7.63)
0 1

We do need a row switch

100
P=|0 0 1 (1.7.64)
010

in order to place a nonzero element in the 22 position. The result is

0 0
PA=[0 1 -1 (1.7.65)
0 2

which is in the desired upper triangular form. As a result,

100
E,=|0 1 0 (1.7.66)
0 01
These results and the definition (1.7.60) yield
1 0 0|1 0 0] |1 OO
L' =(E,RER)(R'P/)=PP =[0 0 1|[0 0 1|=0 1 0 (1.7.67)
0 1 0|0 1 0] [0 0 1
Also, the permutation matrix P is given by (1.7.59) which yields
100
P=PR=P,=(0 0 1 (1.7.68)
010
Thus, the generalized LU decomposition in this case is
10 0fl1 0 O 10 0ff1 0 O
0 0 1|0 0 2|=|0 1 0}j0 1 -1 (1.7.69)
0 1 0|0 1 -1] |0 O 1}j0 0 2
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An example that is more substantial is the following:

Example 1.7.6: We are given the matrix

(1.7.70)

>

Il
o N o
o © o
o o u

Because A, =0, this matrix will not have an elementary LU decomposition. We can built the

matrix U by identifying the row operations that give us (1.7.58). We can switch the first and third
rows with the permutation P, defined by

0 0 1][0 5 5| [6 8 8
PA=/0 1 0|2 9 0|=|2 9 0 (1.7.71)
1 0 0|l6 8 8/ |05 5
R

The row operation that creates a zero in the 22 position is E, defined by

11 0 0 6 8 8 6 12 88
0o 01|93 |0 5 5

E

Because the 22 element of (1.7.72) is not zero, P, is the identify matrix. The row operation that
creates a zero in the 32 position is E, defined by

too oo 0 e
EPEPA=[0 1 o0 =2 -S|zlp =2 _% 1.7.73
2'271"1 15 3 3 3 3 ( )

0 -2 1f0 5 5] |, , 1%

19 I 19 |

Therefore, from (1.7.58) and (1.7.73)
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6 8 8
U=E,REPA=|0 % —% (1.7.74)
0 o 1B
L 19 |
It follows from (1.7.60) that
Lﬁl:(Ezszlpl)(PlszT)
100100100001001100
=010010—§10010010010
0_§1001001100‘100001
L 19 P, R Y P
E =
1 0
2Ly
3
5 15 (1.7.75)
L 19 19
The inverse of the matrix (1.7.75) yields
1 0 0
1
L= 3 1 0 (1.7.76)
0 5
L 19 |
and the generalized LU decomposition becomes
001055100618988
010290=§100§—§ (1.7.77)
1 0 0||6 8 8 15 135
x—— % |0 = 1|0 0 —
L 19 L 19 |
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In addition to illustrating that L is a lower triangular matrix with 1s down its diagonal, Example
1.7.6 also illustrates that the generalized LU decomposition is not unique. A different permutation
could have been used for P, in order to address the zero in the 11 position of the matrix (1.7.70).

This would have started the calculation with
0 1 0||0 5 5 2 90
PA=|1 0 0|2 9 0|=/0 5 5 (1.7.78)
0 0 1||6 8 8 6 8 8
R
which would have created a different set of row operations and a different U and L.

Exercises

1.7.1 Show that the elementary LU Decomposition for the matrix

1
A= 2 1 1 (1.7.79)
-2 2 -
is
1 3 1 1 3 1
2 1 1|={2 1 0|0 -5 -1 (1.7.80)
-2 2 -1 8 3
. - |2 ——= 1)|0 0 -—-=
A L 5 1L 5]
L U

1.7.2  Show that the elementary LU Decomposition for the matrix

(1.7.81)

>

Il
w kN
A P W
N R
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5 3 1 i 0 0|2 31 i
11 1={= 1 0|0 —= = (1.7.82)
3 4 2 2 2 2
3 11 0O 0 O
A E ﬁ,—/
SCRME
1.7.3 Show that the elementary LU Decomposition for the matrix
2 1 2 1
3 0 1 1
A= (1.7.83)
-1 2 21
-3 2 31
IS
1 0 0 0][2 1 2 1]
212 1|2 1 o ofo -2 2 -1
s 01 ’ ’ ’ (1.7.84)
—12—21‘-%-% 1 ooo-%% o
S 231 3 7 4 20
) " |-—— —— —-—— 1|0 o0 0 —
L 2 3 13 | 13 |
L U
1.7.4 Start with the permutation shown in (1.7.78) for the matrix
0 55
A=|2 9 0 (1.7.85)
6 8 8
and illustrate that the generalized LU decomposition that results is
1 0|0 5 5 1 0 02 9 0
1 0 0f2 9 =0 1 0|0 5 5 (1.7.86)
0 1||6 8 8 19 0 0 27
‘ 3 — 1|« -
P A L 5 | U

rather than the result derived in Example 1.7.6.
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Section 1.8. Consistency Theorem for Linear Systems

The various examples discussed in Sections 1.2, 1.3 and 1.5 reveal some of the possibilities
when one attempts to construction to systems of linear equations of the form (1.2.1), repeated,

A11X1+A12X2+A13X3+"'+A1NXN :bl
A21X1+A22X2+A23X3+"'+A2NXN :bz

(1.8.1)

AM1X1+A1V|2X2+AN|3X3+”'+A1\/|NXN :bM

In the case where M = N, we encountered examples where the system had a unique solution,
examples where the system had a solution that was not unique and a system where there was no
solution. The corollary to Theorem 1.6.1 told us that the system Ax =b has only unique solutions
if and only if A is nonsingular. For the case of an over determined system, i.e., when M > N, we
gave an example where the system did not have a solution. Finally, for the case of an
undetermined system, we gave an example where the system had a solution, but it was not unique.

One of our objectives in the study of linear systems is to find general theorems that will
allow one to have information about the solution before a solution is attempted. In this short
section, we shall look at one such theorem. It is called, the Consistency Theorem.

As we have done in several sections, we shall often write (1.8.1) in the matrix form
Ax=Db (1.8.2)

In Section 1.1, we introduced the notation .#"*" for the set of M x N matrices. The matrix A is
an element of the set .#™™ . This fact is expressed symbolically by writing Ac .#"" . Viewed
as a function, the matrix A is a function that maps column matrices in .#"** into column matrices
in .#"™*. Itis customary to express this functional relationship by writing

ANt —> ™ (1.8.3)
The set .#™* is the domain of the function A. The range of the function A is the set of all values

of the function. In other words, the range is the set of possible values of Ax generated for all
possible values of x in .#"*. It is customary to use the symbol R(A) for the range. A more

formal way to introduce this notation is to write

R(A)={Ax| xe.4""} (1.8.4)
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Note that R(A) is a subset of .M. As such, it is not necessarily true that all column matrices in

4™ are also in the range. The following figure should be helpful.

v

ijl ‘/%MX].

The above definitions allow the statement of the following theorem:

Theorem 1.8.1: Given a matrix Ae.#™ ™" and a vector b e .#"*, the system Ax =b has a
solution if and only if be R(A).

Theorem 1.8.1 is known as the consistency theorem for linear systems. A less formal way of
stating the same result involves writing the product Ax as
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Au A12 A13 o AiN | X
A21 A22 A23 o AZN X,
A31 Aaz Aas D X3
AX = .
AMl AM 2 AM3 . AMN 1R

i A11X1+A.L2X2+"'+A1NXN ]
A21X1+A22X2+"'+A2NXN
A31X1+A32X2+“.+%NXN

_AM1X1+AM2X2+"'+AMNXN_

Ay A, As A
Ay Ay Ay Ao
Ay Ay Ass As
= - X ] (X [ X ] Xy (1.8.5)
LAl (A2l [Avsl LA

Linear Combination of Column Vectors

As a further rearrangement, we shall use the symbol a; for the j™ column of A. Therefore, we
are writing

a =| - for j=1,2,..,N (1.8.6)

LA ]

This definition allows (1.8.5) to be written

AX =a,X, +8,X, + 85X, + -+ 8y Xy (1.8.7)
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Given (1.8.7) the linear system (1.8.2) is the equation
X +a,X, +aX; +--+ayX, =b (1.8.8)
Given (1.8.8), we can restate Theorem 1.8.1 as

Theorem 1.8.1a: The linear system Ax = b is consistent (has a solution) if and only if b can be
written as a linear combination of the column vectors of A.

Example 1.8.1: Example 1.2.4 is concerned with finding the solution of a system of linear
equations given by (1.2.15), repeated,

2%, +3X, + X, =1
3X, +4X, +2x, =-80 (1.8.9)
X, + X, + X, =10

We discovered with this example that it did not have a solution. The above theorem indicates why
it does not. Itis not possible to find an x;,x, and x, for which, forming (1.8.5),

2 3 1 1 1
3 (X +|4|x,+|2|x, will add to obtain | —80 |. In the words of Theorem 1.8.1, the vector | —80
1 1 1 10 10

2 31
isnotintherangeof A=|3 4 2|.
111
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Section 1.9. The Transpose of a Matrix

In this section, we shall return to a discussion of matrix algebra. In particular, we shall
briefly discuss the important operation of taking the transpose of a matrix. This operation begins
with a matrix Ae.#™" given by

Ail A12 A13 I AiN
A21 A22 A23 I AZN
Ar Ay Ag
A=| - (1.9.1)
_AMl AM3 AM3 o0 AMN |

and constructs a matrix, called the transpose of A, in .#"*" obtained by interchanging the rows
and columns of A. The transpose of A is denoted by A" . It is easily shown that

(AT = A (1.9.2)
(AA)T = AAT (1.9.3)
(A+B) = A" +B' (1.9.4)

These properties are easily established from the definition of the transpose. Another important
property of the transpose is

(AB) =BTAT (1.9.5)

for matrices Ae .#"™" and B e.#"". The proof of (1.9.5) is a little tedious but straight forward.
It involves no more than constructing the left side and the right side of (1.9.5) followed by a
comparison of the results. Let

A=[A] and  B=[B] (1.9.6)

where Ae #™" and B e.#"". Then the definition of matrix multiplication introduced in
Section 1.1 tells us that C = AB, a member of .#"*", has components
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N
C, =D ABy i=12,..,M and j=1,2,..,L (1.9.7)
k=1
Therefore,
—Cll C:21 CMl_
C12 C:22 CMZ
C'=(AB)" =
_ClL C2L CML_
N N N N
z Aik Bkl z Azk Bkl z AIVIk Bkl
k=1 k=1 k=1
N N N
zAszkl ZAszkZ ZAMkBkz
k=1 k=1 k=1
N N N
B B B
_kZﬂ:Am kL kz=1:A2k kL kzzl:AMk kL_ (1.9.8)
Next, we shall form BT A .
_Bll 821 o7 BNl__Ail A21 T AIVIl_
BlZ Bzz o7 BN2 A12 Azz T AMZ
BTA" =| ' (1.9.9)
_BlL BZL BNL_ _AiN AZN AMN n

If this product is multiplied by use of the rule for multiplying matrices, we find
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M N
Z ABy
k=1

N
Z A By,
k=1

B'A" =

N
Z AyBy
| k=1

Equations (1.9.9) and (1.9.10) establish the result (1.9.5).

The Transpose of a Matrix

N
Z A By
k=1

N
2 AuBy
k=1

N
Z AyBy
k=1

" _
Z AuwBi
k=1

N
2 AuB
k=1

N
kz AMk BkL
-1 ]

97

(1.9.10)

Example 1.9.1: It is perhaps useful to verify (1.9.5) with a specific example. You are given

1 21
A=|3 3 5
2 4 1
Therefore
1 3 2
AT={2 3 4
1 51
and, as a result,
1 2 1
AB=3 3 5
2 4 1
and
10
(AB)" =| 34
15

Next, evaluate the product

and

and

g N

0
1
4

6 6
23 17
8 11

g N -

w O B

T

A P, O
PP oW

R RN

6

=134 23 17
15 8 11

10 34 15
6 23 8
6 17 11

(1.9.11)

(1.9.12)

(1.9.13)

(1.9.14)
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1 2 5|1 3 2] [10 34 15
B'TAT=|0 1 4(|2 3 4|=|6 23 8 (1.9.15)
31 1)1 5 1| |6 17 11

which confirms (1.9.5) in this example.

Another important property of the transpose arises when Ae.#"*" is nonsingular. In this
special case, it is true that A" is also nonsingular and its inverse is given by

(A) " =(at) (1.9.16)

The proof of (1.9.16) requires an application of the definition of inverse given in Section 1.1. In
order to establish (1.9.16), we need to establish that

(A1) A" =A(AY) =1 (1.9.17)
We start the proof of (1.9.17) with the definition of the inverse of A which is
AAl=AA= (1.9.18)
The transpose of (1.9.18), after (1.9.5) is used, is
(A1) A" =A(AY) =1 (1.9.19)

which confirms the result (1.9.17).

There are other definitions involving the transpose of square matrices that are useful to
introduce at this point. A square matrix Ae.#"" is symmetric if A= A" and skew symmetric if
A=—A". Therefore, for a symmetric matrix

A=A, (1.9.20)

and for a skew symmetric matrix

A=A, (1.9.21)

Equation (1.9.21) implies that diagonal elements of a skew symmetric matrix are all zero.

It is an interesting fact that every square matrix A can be written uniquely as the sum of a
symmetric matrix and a skew symmetric matrix. The proof of this assertion arises simply by
writing the identity
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A:%(A+ AT)+%(A—AT) (1.9.22)

The first term is symmetric because

1 )1 .
E(A+ A") =§(A+ A") (1.9.23)
Likewise, the second term is skew symmetric because
T
[%(A—AT)) :%(AT —A)=—G(A—AT)) (1.9.24)

There is another way to build a symmetric matrix. In this case, the matrix A need not be
square. In particular, given a matrix Ae.#™" | it is straight forward to use the definition of
symmetry to show that AA" is a symmetric matrix in .#"*" and A"A is a symmetric matrix in
INXN .
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Section 1.10. The Determinant of a Square Matrix

The determinant of a matrix is a property of a square matrix. The determinant of a square
matrix A shall be written det A. On occasion, it will be convenient to use the alternate notation

|A|. The determinant has many uses in matrix algebra. For our immediate purposes, the most

important property of determinants is the fact that a square matrix A is nonsingular if and only if it
has a nonzero determinant. We need to define a determinant of a square matrix and then establish
this result.

There are many equivalent definitions of a determinant of a square matrix. Some depend
upon more abstract ideas than we shall use in this introduction to matrix algebra. For our first
discussion, we shall simply use a direct method of stating the formula for various cases. One of our
goals later in this section is to provide a definition based upon more general linear algebraic
concepts. We shall begin the discussion of a determinant as a series of definitions.

Definition: If A isa 1x1 matrix, i.e. a number, its determinant, written det A, is defined by

detA=A (1.10.1)
Definition: If A isthe 2x2 matrix
A:{A” A”} (1.10.2)
A Ay
its determinant, written det A, is defined by
det A= AA, - A,A, (1.10.3)

It is customary to distinguish the matrix A which we write as in (1.10.2) from its determinant by
writing

Ar A
Ao Ay

det A= = A A, — ALA, (1.10.4)

It is possible to show that the absolute value of the determinant (1.10.4) is the area of the
parallelogram
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(A11+A12'A21+A22)
(A, A,)

Area=|AA, — AA,|

(AL A)

A couple of features of the definition (1.10.4), that are general properties of determinants of all
sizes, are

a) The determinant is a linear function of each column.
b) The determinant is skew symmetric in its columns. Thus, if you switch the two columns
you change the sign of the determinant.

For a 3x 3 matrix, the definition of the determinant is given by

Definition: If A isthe 3x3 matrix

A A Ag
A=Ay Ay Ay (1.10.5)
A Ay Ag
its determinant is defined by
A A Ag
Ao Ay A, As A, As
detA=|A,; A, Ay=A,; - Ay + Ay,
A, A, A, An Ay An Ay Ao Py

= Au (A22A33 - A32A23) - A21 (AizAss - A32A13) + ASl(A12A23 - A22A13) (1-10-6)
= A11A22A33 - A11A23A32 - A12A21A33 + A13A21A32 + A12A23A31 - A13A22A31

The absolute value of the determinant (1.10.6) is the volume of the parallelepiped formed from the
three column vectors in (1.10.5).

Example 1.10.1: The determinant of the matrix
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2 1 2
A=13 2 2 (1.10.7)
1 2 3
is, from the definition (1.10.6),
2 1 2
2 20 |11 20 |1 2
detA=|3 2 2/=2 -3 +
2 3 2 3 |2 2
1 2 3
=2(2x3-2x2)-3(1x3-2x2)+1(1x2-2x2) (1.10.8)

=2x2-3x(-1)+1x(-2)=4+3-2=5

Example 1.10.2: The determinants of the elementary matrices E ,E, and E,, given in equations
(1.6.7), (1.6.10) and (1.6.13), can be showed from (1.10.6) to be

010
detE,=[1 0 0/=-1 (1.10.9)
001

detE, = (1.10.10)

S O =~
o N~ o
P O o
Il
N

and

10 -4
detE,=0 1 0]=1 (1.10.11)
00 1

As with 2 x2 matrices, the definition (1.10.6) reveals a couple of general properties of
determinants. They are as follows:

a) The determinant is a linear function of each column.

b) The determinant is skew symmetric in its columns. Thus, if you switch the two columns
you change the sign of the determinant.

A more formal display of the property a), utilizing the first column, is the formula
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Ap+4By A, Al |Ar Ay Al 4By A, A
P +ABy Ay Agl=1Ar Ay Agl+|ABy A, Ay
A+ABy Ay Ayl (A Ay Agl 4By Ay Ay
A Ay Ag By A, As
=Ay Ay AgltABy A, Ay
Ay Ay, Ay By A, Ay

(1.10.12)

for all real numbers 1 € Z. Likewise, b) is summarized by the formulas

Ar A Asl A A Al A2 A A
A Ay Agl=—|Ay Ay Agl=lA, Ag Ayl et (1.10.13)
Ar A Agl A A Al A A Ay

Relationships like (1.10.13) are often used to explain that a determinant is a completely skew
symmetric linear function of the columns of A. Itis a consequence of this skew symmetry that if
two columns of a matrix are identical the determinant is zero. This simple fact follows if we form a
matrix with two identical rows, switch the rows and obtain a determinant equal to minus itself. The
only conclusion is that the determinant is zero.

It is useful to look at (1.10.6)4 as a source of a greater insight into a more general definition
of the determinant. The essential idea that one needs in order to interpret (1.10.6), is the idea of a
permutation. The idea of a permutation of the ordered set of the first three positive integers,

(1,2,3), isas follows: A permutation is a rearrangement of the three integers (1,2,3) into a

reordered set of the same three integers. Viewed as a function, which we shall denote by o, the
following are a list of possible permutations of (1,2,3):

1,2,3)— (12,3

o

(12,3)——(423)
(1.2.3)——(1,3,2)
(1'2’3)—0>(2,1,3)
(12,3) (31,2) (1.10.14)
(12,3)——(231)
(12,3)——(321)

1,2,3)— (2,31

o

—

o

1,2,3)—> (3,21

o

As this example reflects, there are 3!=6 possible permutations of the ordered set (1, 2,3) . The list

(1.10.14) includes the identity permutation (1.10.14);. A permutation is even if it takes an even
number of transpositions of the values in the above list to return the starting ordered set (1,2,3). A

permutation is odd if it takes an odd number of transpositions of the values in the above list to
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return the starting ordered set (1, 2,3) . For example, the even and odd permutations in the list
(1.10.14) are®

(1L2,3)—>(12,3)

%,_/
Even

(1,2,3)——(1,3,2)

o

Odd

(1,2,3)—(2,1,3)

odd (1.10.15)
(1,2,3)—>(3.1,2)

o

Even

(12,3)—>(2,32)

Even
(1,2,3)—0>(3,2,1)
Odd

The parity of a permutation is the even or odd designation of that permutation. Given the idea of
parity, it is customary to utilize the symbol ¢_ defined as follows:

£ = (1.10.16)

o

+1 if o isan even permutation of (1,2,3)
-1 if o isanodd permutation of (1,2,3)

This definition tells us that for the permutations in (1.10.15)

® Sometimes the permutation o is displayed symbolically by the notation

0=(a?1> a?z> oiaﬂ

where o (1),0(2)and o (3) are distinct elements from the set {1, 2, 3} .
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(1,2,3)——(12,3)= ¢, =1
Even

(1,2,3)—(L32)=¢, = -1
Odd

(1L2,3)——(213)=>¢, =1

o (1.10.17)
(1,2,3)—(312)= ¢, =1 o

o

Even

(1L2,3)—>(231) =¢, =1

o

Even

(L2,3)—(321) =g, =-1

o

Odd

Given the idea of a permutation and the associated idea of its parity, the definition (1.10.16)
allows us to write the definition of the determinant of a 3x 3 matrix, equation (1.10.6)4, as
ZACT

detA=> s, A A, (1.10.18)

)27 o(3)3

where the sum is understood to be over all permutations of the ordered set (1,2,3). The formula
(1.10.18) is often the starting place for the definition of the determinant of a 3x3 matrix. It should
be evident that the idea of permutation generalizes to permutations of ordered sets of the type
(1,2,3,...,N) and, for example, the definition (1.10.3) can be expressed in a fashion entirely similar

to (1.10.18).

Returning to the result (1.10.6) or the more formal expression (1.10.18), there are important
conclusions that can be reached about the determinant of a 3x 3 matrix. The expression (1.10.6)
for det A can be rearranged to yield an expansion in terms of the first row rather than the first
column. The rearrangement takes the following form:

A A Ag
det A= A A, A
A Ay Ag

= A11A22A33 - A11A23A32 - A12A21A33 + A13A21A32 + A12A23A31 - A13A22A31 (1-10-19)
= A11(A22A33 - A23A32) - A12 (A21A33 - A23A31) + A13 (A21A32 - A22A31)

A A A A A A
“Aila, A Ml Al Mea, A,

In a notation like that used in (1.10.18), (1.10.19) can be written
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det A= e, A, 1A A (1.10.20)

The results (1.10.6) and (1.10.19) give us the interesting result that the determinant of a matrix and
the determinant of its transpose are the same, i.e.,

det A= det A" (1.10.21)

The form of (1.10.18) and (1.10.20) reveal an interesting characteristic of determinants that
one can expand about any row or column to obtain the answer. One simply must assign the proper
sign to the column or row utilized. As an example of an expansion of a 3x3 expanded about its
second column consider the following

Ao Ay A A, A A,
Sla ad Sl Al e A,
= A (A21A33 - A23A31) Ay (AuAsa - A13A31) + Ay (AnAzz - A13A21)
= A13A21A33 - A13A23A31 - A22A11A33 + A22A13A31 + A32A11A22 - A32A13A21
=—A, (A22A33 - A32A23) + Azl(A12A33 - A32A13) — A (AL A — AyA,)

o A o (1.10.22)
“Aia, A A, A A, A,
A A A,
== A21 Azz Azs =—detA
A3l A32 A33

This result simply reflects the fact that the determinant is also a linear function of each row and, as
a function of its rows, it is completely skew symmetric.

The definition (1.10.18) generalizes to higher order square matrices. For example, for a
4 x4 matrix, the definition is as follows:

Definition: If A isthe 4 x4 matrix

Ar A A A
A= AZl AZZ A23 A24 (1.10.23)
A Ap A Ay
An Ap As Ay
its determinant is defined by
det A= &, A 1A Pes P (1.10.24)
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or, in expanded form

oo e A A A A A,
det A=| 2 2 3 al _ _
et A, A, A, A, AllA, Ag Ay-ALA, A A

A, A, A, A, Ar A A Ae A A (1.10.25)

A As Ay A A A
+A31 A22 A23 Az4_A41 Azz A23 Az4
Ao As Ay Ap A Ay

where the 3x 3 determinates are evaluated by (1.10.6). Both of the formulas (1.10.24) and
(1.10.25) reveal the feature identified above for 3x3 matrices that the determinant is linear in each
column and completely skew symmetric in its columns.

The expansion in our definition (1.10.25) can be rearranged into an expansion by the first row of A
just as was done for the 3x3 matrix in (1.10.19) above. The formula in this case looks like

21 22 23 2“ Ay Ay A A Ay A,
det A=| 2 2 3 al _ _
et ABl Asz A33 A34 An Asz A33 A34 A12 &1 &3 A34

A A, A, A, Ae As A Ar A Ay (1.10.26)

Ay Ay Ay Ay Ay Ay
+A13 A31 A32 A34_A14 A31 A32 A33
An Ay Ay An Ap Ag

As an alternate to (1.10.26) as an expansion by rows formula, one can establish the generalization
of (1.10.20), namely,

detA=>" ExA o) Poo) P Piota) (1.10.27)

Just as (1.10.21) holds for 3x 3, the last result shows that it also holds for 4 x4 , indeed, for
N x N matrices.

The pattern illustrated by (1.10.4) for 2 x2 matrices, by (1.10.6) for 3x 3 matrices and by
(1.10.26) for 4 x4 matrices can be generalized to square matrices of arbitrary order. More
formally, the expressions (1.10.18) and (1.10.24) generalize to

det A= Z‘% AP Poe Ao (1.10.28)
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for the determinant of a N x N matrix. Again, we see that the determinant is linear in each column
and it is completely skew symmetric in each column. It is also true that an expansion by rows will

yield the same result, i.e.,
det A= zgo'AlO'(l)AZO'(Z) A Ao

and, thus, again it is displayed that

det A=det A

Example 1.10.3: The identity matrix in .#"*" is given by (1.1.27), repeated,

10 - - - O]
01 - - -0
| =
00 - - - 1]
It follows from (1.10.28) or (1.10.29) that
detl =1

(1.10.29)

(1.10.30)

(1.10.31)

(1.10.32)

Example 1.10.4: A matrix that arises in multiple applications is the Vandermonde matrix.® Itis a

square matrix that takes the form

[ 1 1 1 11 1]
X, Xy X X
2 2 2 2
V = X X, X3 Xy
N-1 N-1 N-1 N-1
R X5 X3 XN

It turns out that the determinant of this matrix is

detV :lﬂ[(xi -X;)

i,j=1
i>j

(1.10.33)

(1.10.34)

® The Vondermonde matrix is named after Alexandre-Theophile Vandermonde, a French musician and chemist.

Information about Vandermonde can be found, for example, at http://en.wikipedia.org/wiki/Alexandre-

Th%C3%A90phile VVandermonde.
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Given (1.10.34) it is evident that the determinant of V is nonzero if the numbers x, X,,..., X, are

distinct. This fact is evident from (1.10.33) because if two of the numbers were the same, the
determinant would have two equal columns and, as a result, have a zero determinant. We shall first
illustrate (1.10.34) in the case where N =3 and use the expansion (1.10.6). The result is

1 1 1
X, X 1 1 (1 1
detV =Ix, X, X|=1]5 5S|=%|, Ll+X
2 2 2 X2 X3 X2 X3 X2 XS
Xl X2 X3
1 1 1 1 .1 1
= %X X2 2 tX
X2 X3 X2 XS X2 X3
2 2 2
:x2x3(x3—x2)—xl(x3 —x2)+xl(x3—x2) (1.10.35)

= (% =% ) (XX = X, (X3 + X, ) + X7 )

=(X3 _Xz)(xs _Xl)(XZ _Xl)

The same kind of straight forward expansion based upon (1.10.26) yields

1 1 1 1
X, X, X X
detV =5 2 5 a= (%= %) (X =% ) (X =% ) (Xs = %, ) (X — %) (X, — %) (1.10.36)
Xl X2 X3 X4
¢ oK K

Example 1.10.5: One can continue the individual expansions, as with the derivations of (1.10.35)
and (1.10.36), and infer the general result (1.10.34). It is instructive to reach (1.10.34) by
utilization of the property that a determinant is linear in each of its columns and derive a formula
that works directly with the determinant

1 1 1 1
Xl XZ X3 XN
2 2 2
X X X X
detvV =| ? : N (1.10.37)
XlN -1 XzN -1 X?l’\l -1 XS -1

The first step is to subtract from (1.10.37) a series of determinants, each having values of zero, as
follows:
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1 1 1 1 1 1 1 1
Xl XZ X3 XN Xl Xl Xl Xl
2 2 2 2 2 2 2 2
X X X X X X X X
detV — 1 2 3 N [ 1 2 3 N
N-1 N-1 N-1 N-1 N-1 N-1 N-1 N-1
Xl X2 X3 XN Xl X2 X3 XN
=0 (1.10.38)
1 1 1 1 1 1 1 1
Xl X2 X3 XN Xl X2 XS XN
Xl2 Xl X2 Xl X3 Xl XN Xl2 X22 X§ Xl%l
N-1 N-1 N-1 N-1 N-1 N-2 N-2 N-2
Xl X2 XS XN Xl Xl X2 Xl X3 Xl X N
=0 =0
The linearity property illustrated with equation (1.10.12) allows (1.10.38) to be written
1 1 1 1
0 X, = X, Xs — X, Xy — X,
2 2 2
detV = 0 X;—=XX, X3 — X X, Xy — X Xy
N-1 N-2 N-1 N-2 N-1 N-2
0 X, —XX, Xg =X X3 Xy — X Xy
1 1
1
0 x, X3 Xy
= (% =% ) (X =%,) - (Xy = %)
N-2 N-2 N-2
0 X, X3 Xy
1 1 1
X2 X3 XN
= (Xz - Xl)(XS - Xl)"‘(XN - Xl)
1.10.39)
N-2 N-2 N-2 (
X2 X3 XN

N -1 dimensional VVandermonde Determinant
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If the above process is repeated on the N —1 dimensional Vandermonde determinant, we obtain a
product involving the N —2 dimensional Vandermonde determinant and so forth. This iterative
scheme produces the result (1.10.34).

Another, equivalent, way of defining the determinant of a N x N matrix is to introduce the
minor and the cofactor of a matrix.

Definition: Givena N xN matrix A, where N >1, the determinant of the (N —1)x (N —1) matrix
obtained from A by omitting the i" row and the j™ column is the minor of the ij element of A.

It is customary to denote the minor of the ij elementby M.

Example 1.10.6: For a 3x3 matrix

A Ay Ag
A=Ay Ay Ay (1.10.40)
Ay Ay, Ay
it follows from the definition that
I T T VI R
Ay, Ag Ay Ay Ay Ay,
wo=h AL A AL, A A (11041)
Ay, Ay Ay Ay Ay A,
M31 — A12 A13 M32 — Ail AlS M33 — Ail A12
A22 AZS A21 AZS A21 AZZ

Definition: The ij cofactor of the nxn matrix A is

cof A, =(-1)"' M,

Il

(1.10.42)

For the 3x 3 example above the cofactors are
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R N L AN

e N !

cofAzzzlvlzzzﬁi 22 cofAZS:—MB:—::i 22 (1.10.43)

S Y B e
HEE S

The results (1.10.43) allow (1.10.6), the formula for the determinant of a 3x 3 matrix, to be
rewritten

dotaca | Poloa B A, A A
Ay Ay Ay Ag Ap Ay (1.10.44)
= A, cof A, + A, cof A, + Ay cof A,
Likewise, the formula (1.10.19) yields
R S N S N
Ay Ag A Ay Ay Ay, (1.10.45)
= A, cof A, + A, cof A, + A cof A,
We can generalize (1.10.44) and (1.10.45) for N x N matrix A by the formulas
N
detA=>" A cof A, (1.10.46)
k=1
and
N
det A=>" A, cof A, (1.10.47)
k=1

As with the 3x 3 matrix discussed above, it is possible to write the determinant of a N x N matrix
A as expansions about any column or any row. As a practical matter, one chooses the row or

column so as to capitalize on as many zeros as possible. In any case, the formula which reflects
this last assertion is
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N
det A=>" A, cof A, i=1..,N (1.10.48)
k=1

for an expansion about the i" column and

N
detA=>" A, cof A, j=1..N (1.10.49)
k=1

for an expansion about the j™ row. The fact that a determinant vanishes when two of the columns
or rows are the same tells us that

N

0=> A;cof A, i # (1.10.50)

k=1

for an expansion about the i™ column and
N
0=> A, cof A, j#i (1.10.51)
k=1

for expansion about the j™ row. Fortunately, the four formulas (1.10.48) through (1.10.51) can be
written as two formulas if we utilize the Kronecker delta defined by (1.1.29), repeated,

1 fori=j
5 = ) (1.10.52)
"0 fori= j

With this definition, equations (1.10.48) and (1.10.50) can be written
N
5, det A=Y A, cof A i,j=1..,N (1.10.53)
k=1
and equations (1.10.49) and (1.10.51) can be written

N
5, det A=>" A cof A, i,j=1..,N (1.10.54)

k=1

The right sides of equations (1.10.53) and (1.10.54) are of the same general form as the
N
formula, ZA;B,-S ,1=1..,M,s=1..K,introduced in Section 1.1 for the product of two
j=1

matrices A and B. We shall next exploit this fact and rewrite (1.10.53) and (1.10.54) as the
product of two matrices. We have already introduced the symbols A=[ A; | and I =[ 5; | for the

matrix whose components are A; and J;

; » respectively. The matrix whose components are the
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cofactors, cof A, ,isan N x N matrix called the adjugate matrix of A " Itis given the symbol

adjA. Inorder to accommodate the different order of the indices in (1.10.53) and (1.10.54), over

that used in the definition of matrix multiplication, the definition of the adjugate involves the
transpose of the matrix of cofactors is follows

[cof A, cof A, cof A, cof A, |
cof A, cof A, cofA, cof A,
cof cof cof :
adjA= A & & (1.10.55)
| cof A, cof Ay
Transposed Matrix of cofactors of A
Thus, the adjugate matrix is simply the transposed matrix of cofactors.
Example 1.10.7: If A isthe matrix (1.10.7), then
(220 B2 B 2T
2 3 1 3 1 2
. 1 20 |2 2 2 1
adjA=| - —
2 3 |1 3 1 2
1 2 2 2 |21
12 2 3 20 3 2
22 |12 |1 2]
2 3 2 3 |2 2
3 2 2 2 2 2
=|- - (1.10.56)
1 3 |1 3 3 2
3 2 2 1 |12 1
12 120 3 2|
(2 1 =2
=7 4 2
4 3 1

The definition (1.10.55) allows us to write (1.10.53) as the matrix equation

" Many textbooks use the word adjoint for what we have called adjugate. The adjoint name is growing less common
because of another operation, which we shall see later, given the same name.
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(adjA) A=(detA)l (1.10.57)
Likewise, we can write (1.10.54) as
A(adjA) = (det A) (1.10.58)

Thus, the adjugate matrix, adj A, has the interesting property that when it multiplies A on
the left or the right, one gets the diagonal matrix (det A) I . These last two results lead us to an

important result in matrix algebra. Namely, when the determinant of a matrix A is nonzero, it is
nonsingular. This assertion follows by recalling from Section 1.1 that a matrix A is nonsingular if

there exists a matrix, which we wrote as A™, that obeys
AAT=ATA= (1.10.59)

If det A= 0, the two equations (1.10.57) and (1.10.58) can be written

(a‘lAJA: A(adij y (1.10.60)
det A det A

Thus, A not only exists when det A= 0, it is given explicitly by

Al adjA

= 1.10.61
det A ( )

Example 1.10.8: For the matrix (1.10.7) whose determinant is given by (1.10.8) and whose
adjugate matrix is given by (1.10.56), its inverse is given by

2 1 2
5 5 5
A_1:M: 42 (1.10.62)
det A 5 5 5
4 31
) 5 5|
Example 1.10.9: You are given the 2x2 matrix
A{A“ Aﬂ (1.10.63)
AT

The determinant of this matrix is given by (1.10.4). When we assume that det A is not zero, we are
assuming that
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APy, = ApAy #0 (1.10.64)

From the definition of cofactor and the definition of the matrix adj A, it is given by

aole{COfA11 COfAﬂ}{Aﬂ _Aﬂ} (1.10.65)
cof A12 cof Azz _A21 An

and, from (1.10.61) the inverse of A is given by

Ato_— 1 {Aﬂ _Aﬂ (1.10.66)

TAA,-AA, A A,

detA Swap position of diagonals
Switch sign of off diagonals

The theoretical formula (1.10.66) was used in Example 1.1.2 to calculate the inverse given in
equation (1.1.32). This formula was given without proof in Exercise 1.1.7.

The equation A™ = % is a valuable theoretical result which allows one to determine
e
when a matrix is nonsingular and to actually calculate the inverse. The converse result, namely,
that if A is nonsingular, then its determinant is nonzero is also true. This is a result we shall

develop as soon as we derive one more theoretical result.

The theoretical result we need concerns the determinant of the product of two matrices. If

A andB are in .#"" matrices then the product AB is also in .#"" . The theoretical result we
need is

det AB = det Adet B (1.10.67)
This interesting and simple result is either easy or hard to prove depending upon how one

introduces the idea of a determinant. The essential features of the general proof are well illustrated
in the special case where N =2. For this case, the product AB is

AB — {Ail AlZ“iBll B12} — |:AilBll + A12 BZl A11812 + A:L2 BZZ} (l 10 68)
AZl A22 BZl BZZ AZlBll + A22 BZl AZl BlZ + AZZ BZZ
The determinant of this product requires that we expand
det AB — AilBll + A12 BZl A11812 + A12 BZZ (1 10 69)
AZlBll + AZZ BZl AZIBIZ + A22 BZZ
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The fact that the determinant of a matrix is linear in the column or row vectors allows us to write

(1.10.69) as

AilBll + A12 BZl A11812 + A12 BZZ
AZlBll + AZZ BZl A21812 + AZZ BZZ
Use linearity in first column

AllBIZ + A12 BZZ A12 BZl
AZl BlZ + A22 BZZ A22 BZl

det AB

All Bll
A21 Bll

+

A‘il BlZ + A&Z BZZ
A’Zl BlZ + A22 BZZ

Use linearity in second column

All Bll A12 BZZ
A’Zl Bll AZZ BZZ

Factor constants
from columns

A12 BZl A12 BZZ
A22 BZl A22 BZZ

Factor constants
from columns

Ar A
A Ay

All Bll All BlZ
A21 Bll A21 BlZ

Factor constants
from columns

A12 BZl Ail BlZ
AZZ BZl AZl BlZ

Factor constants
from columns

Ar Ay
Ay Py

Identical
columns
=det zero

Ar A
Ao A

+

+ +

= Bll BlZ + Bll Bzz

A A
Ao Py

[ —
Identical
columns
—=det zero

As Ay
A Py

Switch colunns
change sign

+ BZl BlZ + BZl BZZ

Ar A
A Ay

=0+B;B,, +B,,B,, +0

Ar A

1 2

= (BllBZZ - 821312) =detBdet A

(1.10.70)

The generalization of the above argument to N x N matrices requires a little care, but follows the

same type of argument just utilized for 2x2 matrices.

Next, we shall utilize the formula (1.10.67) to prove that if a matrix is nonsingular, its
determinant is nonzero. We begin by assuming we are given a matrix Ain .#"" . Because, by

assumption A is nonsingular, there exists a matrix A™in .#"" such that

AAT = ATA=|

(1.10.72)
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If we calculate the determinant of this equation and use (1.10.67) and (1.10.32), we obtain
det AA™' =det A det A=detl =1 (1.10.72)

The equation det A" det A=1 rules out the possibility that the determinant of a nonsingular matrix
can be zero.

In summary, we have learned that a nonsingular matrix A in .#"" is nonsingular if and
only if its determinant is nonzero.

Exercises

1.10.1: Show that the determinant of the matrix

4 3 0
A=[3 1 2 (1.10.73)
5 -1 -4

is det A=58.

1.10.2: Show that the inverse of the matrix (1.10.73) is

IR
At=—|22 -16 -8 (1.10.74)
8l g 19 -5

1.10.3: Show that the determinant of the matrix

-1 2
A=|1 3 2 (1.10.75)
1
is det A=0.
1.10.4: Show that the determinant of the matrix
3 31
A=(0 1 2 (1.10.76)
0 3

is det A=-3.
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1.10.5: Show that the inverse of the matrix (1.10.76) is

. -1 -7 5
A'=—2l0 9 -6 (1.10.77)
0 -6 3
1.10.6: Show that the determinant of the matrix
2 -1 3
A=-1 2 =2 (1.10.78)
1 4 0
is det A=0.
1.10.7: Show that the determinant of the matrix
1 1 11
2 -1 3 2
A= (1.10.79)
0 1 21
0 0 7 3
is det A=0.
1.10.8: Show that the determinant of the matrix
2 1 1
3 0 1 1
A= (1.10.80)
-1 2 21
-3 2 3 1
is det A=20.
1.10.9: Show that the inverse of the matrix (1.10.80) is
10 -5 0 -5
26 -23 4 -7
a1 (1.10.81)

20| 4 -2 -4 2
34 37 4 13
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1.10.10: If A isin .#"" and is an upper triangle matrix

_Au A12 A13 R AiN 1
0 Azz A23 T AzN
a<| 0 M ' (1.10.82)
0
100 0 A
show that
det A=A ALA;- Ay (1.10.83)

Thus, the determinant of an upper triangular square matrix is simply the product of the diagonal
elements. A similar result holds for lower triangular matrices and, trivially, for diagonal matrices.

1.10.11 If Aisin .#""and has the LU decomposition (1.7.3), show that
det A=detU (1.10.84)

In certain numerical applications, it is numerically better to evaluate the determinant with (1.10.84)
after a LU Decomposition.

1.10.12 If A and B arein .#"" show that
adj( AB) =adjBadjA (1.10.85)
1.10.13 If A is anonsingular matrix, establish the following properties of the adjugate matrix:

det (adjA) = (det A)" "
adj(adjA) = (det A)" * A (1.10.86)
det (adj(adj A)) = (det AY"

1.10.14 If Ais nonsingular, show that adjA is nonsingular and given by
(adjA) " =adjA™ (1.10.87)

1.10.15 Show that adjA" is given by
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adj A" = (adjA)’ (1.10.88)

1.10.16 Show that the adjugate and the inverse of the Vandermonde matrix

1 1 1
V=X X X (1.10.89)
2 2 2
X2 x5 X
are given by
X Xg (Xg =X, ) X5 — X5 X=X,
adiV =| XX, (X, =%X;) X=X X —X, (1.10.90)
XX (X, =X) X =X; X=X
and
I X, Xq B X, + Xg 1 |
(% =%, ) (% = %) (x=%) (% =%) (% =% ) (% —X;)
viz|— X, Xs X, 1 X L (1.10.91)
(X =%) (% = %) (X =%, )(%, = X;) ( =%, )(%, = X;)
X X, 3 X + X, 1
(%= %) (% = %) (% =%) (% = %) (X =%)(X, = %) |

1.10.17 There are applications where the elements of a matrix depend upon a parameter and it is
necessary to differentiate the determinant with respect to this parameter. If, for example, N =3
and the matrix is written

A
det A(t): Azl(t) A, (t) Ao (t) (1.10.92)
A

show that
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dA, (t)

) 1450 ) s

dA, (t)
dt
dA,, (t)
dt

2O A a2 @) a0 An 2

- (i)

As () |AL(t) A(t) ‘

A, (1) As(t) [A(t)

A (1) + A (1) An(t)

(1.10.93)
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Section 1.11. Systems of Linear Equations: Cramer’s Rule

The formula (1.10.61), repeated,

Al adj A

= 1.11.1
det A ( )

is useful when one wants to calculate the inverse. While they are numerically more useful
algorithms for large systems, (1.11.1) is a formula with a lot of applications. One of these arises

when one knows that a matrix Ae.#"*" is nonsingular and the goal is to find the solution to the
linear system

Ax =D (1.11.2)

We know from Section 1.6 that this system has a unique solution when the matrix A is
nonsingular. Equation (1.11.1) allows us to write that solution in the explicit form

x=A"b= Ole%(adj A)b (1.11.3)

Example 1.11.1: In the special case N =2, we can use the formula (1.10.66) to express the
solution (1.11.3) as

blAZZ — b2A12
|:Xl:|: 1 { Azz _A12j||:b1:|: A11A22_A12A21 (1.11.4)
X, AnAzz - A12 A21 _A21 A11 bz _blA21 + bz Au
A11A22 - A12A21
One way the solution (1.11.4) is sometimes written is
b A, A, b
X, = % and X, = 2112—2; (1.11.5)
A Ay A Ay

Equation (1.11.5) is an example of Cramer’s Rule®. One simply places in the numerator of each
formula the determinant formed from the determinant of the matrix of coefficients except that the
first column is replaced by the components of b in the formula for x; and the second column is

replaced by the components of b in the formula for x,.

8 This rule is named after the Swiss mathematician Gabriel Cramer. Information about Gabriel Cramer can be found,
for example, at http://en.wikipedia.org/wiki/Gabriel _Cramer.
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Just as (1.11.5) follows from (1.11.3), Cramer’s rule for systems of arbitrary order also
follow from (1.11.3). The first step is to express (1.11.3) in the component form

(cof A;)b (1.11.6)

X =——r

l N
det A4z
Just as (1.10.53) expresses the determinant as a cofactor expansion, one can recognize the
numerator of (1.11.6) as a determinant. Except that it is a determinant with the j™ column of A
replaced by the components of b. For example, in the case N =4, the four solutions are given by

b A, As A Ar b Ay A,
b, A, A Ay Ay b, Ay A,
b3 A32 A33 A34 A31 b3 A33 A34
(o b A A AL A B A A,
AL A A A AL A A A
A Ay Ay Ay A Ay Ay Ay
Ay Ay Ay Ay A Ay As Ay
Ar Ay As A Ar Ap Az A
Ail Al2 bl Ai4 Ail A12 AiS bl
A21 A22 b2 A24 A21 A22 A23 b2
ASl A32 3 A34 A31 A32 A33 3
X:A“ A42 4A44 X=A41 A42 A43 4
AL A A A AL A A A
A Ay A Ay A Ay Ay Ay
Al Ay As Ay Al Ay A Ay

A Ay A A, Av Ay A A, (1L7)
Example 1.11.2: In Example 1.3.1, we solved the system (1.3.2), repeated,

X, +2X, —%X; =1
2X, =X, + X, =3 (1.11.8)

=X, +2X, +3X; =7

Cremer’s rule tells us that if det A= 0 the solution is
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b1 A12 A13 1 2 -1
bz Azz Azs 3 -1 1
‘= b, A, A [T 2 3 _1(—5)—3(8)+7(1)_—22_l
TIA, A, A [T 2 1 1(-5)-2(8)-1(1) -22
Ay Ay Ay |2 -1 1
A A Ayl I 23
A b A, 11 -1
Ay by Ayl |2 3 1
LA by Al -1 T3 _1(2)—2(10)—1(4)_—22_1
*T1A, A, A [T 2 1 1(-5)-2(8)-1(1) -22
A21 A22 Azs 2 -1 1
Asl %2 %3 -1 2 3
A, A, bl 1 2 1
A21 Azz bz 2 -13
« - Ay A, bl -1 2 7 _1(—13)—2(12 —1(7)_—44_2
A, A, ALl |1 2 - 1(-5)-2(8)-1(1) -22 (111.9)
A21 A22 Aza 2 -1 1 o
A31 Asz Ass -1 2 3
which, of course, is the earlier result (1.3.10).
Exercises
1.11.1: Utilize Cremer’s rule to find the solution of the system
2%, +4x,=9
(1.11.10)
2%, +X, =6
1.11.2: Utilize Cremer’s rule to find the solution of the system
2X +3X, + %X, =9
X, +2X, +3%, =6 (1.11.11)

3%, +X, +2X; =8

1.11.3: Utilize Cremer’s rule to find the solution of the system
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3X =X, +2X; =6
2X + X, +X; =6 (1.11.12)
X, —3X, =6
1.11.4: Utilize Cremer’s rule to find the solution of the system introduced in Exercise 1.3.2, i.e.,
the system
X +3X, + X, =1
2X, + X, + X, =5 (1.11.13)
—2X, +2X, = X; =8
1.11.5: Utilize Cremer’s rule to find the solution of the system introduced in Exercise 1.3.3, i.e.,
the system
2X, +3X; =8
4%, +6X, +7X;, =3 (1.11.14)
2%, —3X, +6X, =5

1.11.6: Utilize Cremer’s rule to show that the solution of the system

X +2X, +1%; =5
2X +2X, +1X, =6 (1.11.15)
X, +2X, +3X; =9

isx=|1].

1.11.7: Utilize Cremer’s rule to show that the solution of the system

X, +X,+X, =0
3X, +3X;, —4x, =7 (111.16)
X, + X, + X5 +2X, =6 o

2%, +3X, + X, +3X, =6
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is X =
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Chapter 2

VECTOR SPACES

Chapter 1 consisted of a quick summary of a lot of topics in matrix algebra. Matrices
represent an excellent introduction and example of a concept known as a vector space. Another
example is the geometric one in the form of a directed line segment. This one is usually
represented graphically as a straight line with an arrowhead. The topics of this chapter involve
abstracting and generalizing the matrix algebra concepts from Chapter 1 and the geometric
concepts of a directed line segment. The generalization leads to the study of Vector Spaces or,
equivalently, Linear Spaces. The concept of a vector space put forward in this chapter is purely
algebraic. It is a set with a prescribed list of properties. After the abstract idea of a vector space is
introduced, it will be illustrated with examples that should provide a good connection with the
discussions in Chapter 1 plus a connection with that of a vector as a directed line segment. Other
connections will be made with examples of vector spaces that arise in other subjects.

Section 2.1. The Axioms for a Vector Space

Before, we list the formal axioms that define a vector space, it is useful to introduce a few
fundamental concepts. One of the basic building blocks to assigning structure to a set is a function
called a binary relation. Prior to giving this definition, we need to be sure we understand the idea
of the Cartesian product of two sets.

Definition: If & and # are two sets, their Cartesian product is a set denoted by & x # defined
by

o x#={(ab)acs andbeB) 2.1.1)

In words, the Cartesian product is simply a set of ordered pairs, the first element from & and the
next element from % .

It should be evident how to generalize the above definition to the Cartesian product of an
arbitrary number of sets. We have already seen this definition, for example, when we wrote #" in
equation (1.1.1) as short hand for what is really ZxZx---x%.

N times

Definition: A binary relation on a set ¥~ is a function ¥ x¥% — % .

In words, a binary relation on a set ¥~ is simply a function that takes a pair of elements of ¥~ and
produces an element of 7.

131



132 Chap. 2 . VECTOR SPACES

A vector space is a triple, i.e. a list of three quantities, written (7",#, f ). The first

quantity, denoted by 77, is a set known as an additive Abelian or commutative group. This is sort
of a mouthful. More importantly, it is a set with a property call “addition” which we shall note
by+. This property, or function, is a rule which takes two members of ¥ and produces another
member of ¥~ according to a certain set of rules. The rule is an example of the binary relation or
binary operation just introduced. In the notation above, the + function is the rule

+:V xV > (2.1.2)
If u,ve? , we write the value of the + functionas u+v.
This function has properties defined by the following four rules:

(a) There exists a binary operation in ¥~ called addition and denoted by + such that

(1) (U+Vv)+w=u+(v+w) forall u,v,we? .

(2) u+v=v+u forall uvey .

3) There exists an element 0 €% such that u+0=u forall ue?".

(4)  Forevery ue? there exists an element —u €7".such that u+(-u)=0.

Rule (al) is an associative rule, (a2) is a commutative rule, (a3) specifies the existence of an
additive identity and (a4) specifies the existence of an additive inverse. . In this definition the
vector U+V in ¥ is called the sum of u and v and, when needed, the difference of u and v is
written U—V and is defined by

u-v=u+(-v) (2.1.3)

The second quantity, denoted by # in the definition of a vector space, is an algebraic
structure known as a field. This structure was briefly introduced in Section 1.1. For the sake of
completeness, we shall repeat the definitions here.

A field is a set of quantities # which is equipped with two binary operations + and - such
that

(bl)  The binary operation + is a commutative group whose binary operation is called
addition and whose members, therefore, obey

(1) A+p=p+1 (commutative)
(2) A+p)+y=A+(L+y) (associative)
3) O+a=«a (identity)

4) For every a € & , there exists an element, written —« , such that
a+(—a)=0. (inverse)
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(b2)  The binary operation - is a binary operation on & , called multiplication, whose
members obey

1 A-p=p-1 (commutative)

2 A-p)r=4-(B7) (associative)

3) 1-1=2 (identity)

(4) For every element « € # , there exists an element, written o', such that
a-(a)=("-a=1 (inverse)

(b3)  The multiplication operation distributes over addition such that

1 A-B+y)=1-p+i-y
2 AP y=Ay+pBy

It is conventional in the following not to indicate multiplication between elements of fields
by a special symbol such as -. In the following, our convention will be to write

AB=1-p (2.1.4)
and the - will be understood.
Example 2.1.1: Examples of Fields

a) The two most important examples of fields we shall confront in this course are the two
introduced in Chapter 1. Namely, set of real numbers # and the set of complex numbers
% .

b) The set of rational numbers can be shown to form a field. Recall that rational numbers are

real numbers of the form O/B where o and g are integers (f #0).

Example 2.1.2: An example of a subset of # that is not a field is the set of integers. They are not
a field when you use the usual definitions of addition and multiplication. The problem is the
inverse under multiplication. The integers do have inverses that are real numbers but they are not
integers.

The binary operations we have introduced thus far are examples of internal binary
operations. Addition in ¥ is an operation on elements of ¥~ . Likewise, the two operations we

have defined on # are operations on elements of % . The third element of the triple (V I 1 ) is

the function f which takes an element of & and an element of ¥~ and, through a specific set of
rules, produces an element of ¥”. More formally, f isa function f : % x¥ — %", called scalar
multiplication, such that

(©)
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M (A4 f(mv))="1 (V)

(2) f(A+pu)="f(2u)+f(mu)
(3) f (2, u+v)=f(2,u)+f(1,v)
4  f(Lv)=v

forall A,ue# andall u,vevy .

The operation f :# x¥ —% is an example of an external operation. It takes two elements from
different sets in order to produce the result.

The elements of ¥~ are called vectors. The elements of the field # are called scalars. The
notation (V I, 1 ) for a vector space will be shortened to simply ¥". It is also customary to use a

simplified notation for the scalar multiplication function f . It is customary to write

f(A,v)=A4v (2.1.5)

and also regard Av and VA to be identical. In this simplified notation we shall now list in detail
the axioms of a vector space.

Definition of Vector Space Restated:

Definition. Let ¥ be asetand & afield. ¥ is a vector space if it satisfies the following rules:
(a) There exists a binary operation in ¥~ called addition and denoted by + such that

(1) (U+Vv)+w=u+(v+w) forall u,v,we? .

(2) u+v=v+u forall u,vey .

3) There exists an element 0 €% such that u+0=u forall ue¥?".

(4)  Forevery Ue¥ there exists an element —u €7".such that u+(-u)=0.

(b) There exists an operation called scalar multiplication in which every scalar 4 e #
can be combined with every element U ¥ to give an element AU €%  such that

(1)  A(uu)=(Ax)u

2)  (A+p)u=Au+pu

(3)  A(u+v)=Au+Aav

(4) lu=u forall A,ue# and all u,ve? .
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If the field & employed in a vector space is actually the field of real numbers #, the space is
called a real vector space. A complex vector space is similarly defined. For the most part, it is
useful to think of the vector spaces being discussed here as complex. Many of our examples will
be for real vectors spaces as a special case.

There are many and varied sets of objects that qualify as vector spaces. The following is a

partial list:

a)

b)

d)

A trivial example is the set consisting of the zero element O of any vector space. This
single element is a vector space.

The set of complex numbers &, with the usual definitions of addition and multiplication by
an element of # forms a real vector space.

The vector space ¢" is the set of all N-tuples of the form u= (/11 Y /N ), where N is a
positive integer and A, ,4,,...,4, €€ . Since an N-tuple is an ordered set, if

V= ( Hy oy iy ey My ) is a second N-tuple, then uandv are equal if and only if
u, =4, forall k=1,2,..,N (2.1.6)

The zero N-tuple is 0=(0,0,...,0) and the negative of the N-tuple U is
—u= (—/11 sy ey = Ay ) . Addition and scalar multiplication of N-tuples are defined by the

formulas
UtV = + 4ty + Ay iy + Ay ) (2.1.7)
and

pU = (Ldy iy s..oos i) (2.1.8)

respectively. The notation ¢" is used for this vector space because it can be considered to
be an N™ Cartesian product of # .

The set ¥ = .#4™" of all NxM complex matrices is a vector space with respect to the

usual operation of matrix addition and multiplication by a complex number. Of course, the
zero matrix and the negative matrix (additive inverse) are defined as in Chapter 1.

Let ## be a vector space whose vectors are actually functions defined on a set & with
values in ¢ . Thus, if he #, xes then h(x)e® and h:o/ > . If K is another vector of

2 then equality of vectors (functions) is defined by
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h=k if and only if h(x)=Kk(x) forall xes (2.1.9)

The zero vector (function) is given the symbol 0 and is defined as the function on &/
whose value is zero for all x. Addition and scalar multiplication are defined by

(h+k)(x)=h(x)+Kk(x) for all x e/ (2.1.10)

and

(4h)(x)=4(h(x)) forall xe . (2.1.11)

respectively.

Example 3 is frequently stated in a more elementary context. Recall that

[a,b]= {x|a <x< b} is a closed interval of the set of real numbers and (a,b) = {x|a <X< b}

is an open interval of the set of real numbers. Let C[a,b] be the set of real valued functions
defined by

Cla,b]= { f | f continuous on every open subinterval of [a,b]} (2.1.12)
i.e., the set of all real valued functions defined on every closed interval [a,b] and

continuous on (a,b). The set C[a,b] is a vector space providing one defines addition and

scalar multiplication as above with (2.1.10) and (2.1.11). In particular addition is defined
by

(f+9)(x)=f(x)+g(x) forall xe[a,b] (2.1.13)
and scalar multiplication by

(Af)(x)=4(f(x)) forall xe[a,b] (2.1.14)

Let C°[a,b] be the set of real valued functions defined by

C’[a,b]= { f | f twice differentiable on every open subinterval of [a,b]} (2.1.15)

If the above definitions (2.1.13) and (2.1.14) of addition and scalar multiplication are
adopted, it is easily shown that C*[a,b] is a vector space.
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h) Let £ denote the set of all polynomials p of degree equal to or less than N defined, for all
Xe¥, by

P(X)=2) + A X+ A, X2 4+ 4 X" (2.1.16)

where 4,4, ,4,,...,A4y €% . The zero polynomial in £, is given the symbol 0 and, formally,
is defined by

0(X) =0+ 0X + 0X> + -+ + OX" (2.1.17)

The set £, forms a vector space over the complex numbers # if addition and scalar
multiplication of polynomials are defined in the usual way, i.e., by

(p,+p,)(X)=p, (X)+p,(x) forall xe® (2.1.18)
and

(Ap)(x)=Ap(x)  forall xe% (2.1.19)

Exercises

2.1.1 Let ¥ and % be vector spaces. Show that the set ¥ x % is a vector space with the
definitions

(ux)+(v,y)=(u+v,x+y)
and

A(u,x) = (Au,Ax)
where u,ve? ; X,ye%;and 1€ ¥
2.1.2 Let ¥ be a vector space and consider the set ¥ x7". Define addition in ¥" x¥ by

(uv)+(xy)=(u+x,v+y)

and multiplication by complex numbers by

(A+iu)(u,v)=(Au—puv,uu+Av)
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where A, z€%. Show that ¥ x ¥  is a vector space over the field of complex numbers.
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Section 2.2. Some Properties of a Vector Space

Next, we shall prove certain results which follow by a systematic application of the above
properties of a vector space. Aside from yielding important information, the proofs are excellent
illustrations of how the axioms of a vector space are used to deduce additional conclusions. First,
we shall prove that the zero vector, 0, and the additive inverse of an arbitrary vector u, which we
call —u, are unique.

Theorem 2.2.1: The zero vector, 0, is unique.
Proof: As mentioned in Section 1.6, uniqueness theorems usually begin by the assumption of a

lack of uniqueness. One then attempts to establish a contradiction. By Axiom (a3), if the zero is
not unique, we must have, forall ue v,

u+0=u and u+0'=u (2.2.1)
(@3) (a3)

where 0 and 0’ are the two zeros. Because U is arbitrary, in the first equation take u=0" and in
the second equation take U=0. The results are

0'+0=0" and 0+0'=0 (2.2.2)
Because of (a2), 0'+0=0+0", and, as a result the only conclusion from (2.2.2) is
0=0 (2.2.3)

Next, we want to establish that the additive inverse is unique. We shall approach this result by first
establishing a more general result.

Theorem 2.2.2: For every pair of vectors vV,w € ¥, there exists a unique U such that u+v=w.

Proof: As usual, assume a lack of uniqueness. As a result, for given v,we ¥,

u+v=w and U +V=WwW (2.2.4)

Our goal is to prove that u’=u. It follows from (2.2.4) that

u+v=u'+v (2.2.5)

Next, let —v be an additive inverse of the element v and, in effect, add it to (2.2.5) to obtain

U+Vv+(-v)=u+v+(-v) (2.2.6)
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Properties (a4) and (a3), reduce the last equation to

u=u’ 2.2.7)
which establishes the uniqueness of the solutionto U+v=w.
Corollary: The element (the additive inverse), for every Ve ¥  is unique.

Proof: Make the choice w =0 in equation (2.2.4) of the last theorem. As aresult, u+Vv=0. The
uniqueness of U establishes the result.

Theorem 2.2.2 established the uniqueness of solutions, U, to U+V =W . A related question relates
to whether or a solution actually exists. The axioms of a Vector Space give us this existence. The

proof is simple, one just postulates a solution and shows that it satisfies the given equation,
u+Vv=w. The postulated solution is

Uu=w+(-v) (2.2.8)

and it is elementary to substitute this assumed solution into U+ Vv =W and use appropriate axioms
to establish the validity of the solution. Recall that earlier we defined the difference in two vectors
w and V by the formula W -V =w +(-V)

The next theorems relate to relationships between the zero scalar and the zero vector.

Theorem 2.2.3:

Au=0 ifandonlyif 4=0 or u=0 (2.2.9)

Proof: The proof of this theorem requires the proof of the following three assertions: a) Ou=0, b)
A0=0 andc) AU=0=A=0oru=0. We shall establish these results in the order listed.

Part (a): We shall prove that Ou=0.

Proof: Take =0 and 4 =1 in Axiom (b2) for a vector space; then

u=u-+0u (2.2.10)
%/_/

(b2) and (b4)

Therefore, after utilizing U—Vv =u+(-Vv))
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u-u=(u+0u)—u=(u-u)+0u (2.2.11)
(al) and (a2)
where Axioms (al) and (a2) have been used. Next, by Axiom (a4) the last result is
0=0+0u (2.2.12)
Next, we can use (a3) and conclude the result 0=0u.
Part (b): We shall prove that 10=0.

Proof: Set v=0 in Axiom (b3), then

Au=Au+ A0 (2.2.13)
%/—/
v=0 in (b3)
Therefore
AU-AU=AUu+A0-Au=Au—-Au+ 40 (2.2.14)
%r_/
(al) and (a2)
and by Axiom (a4)
0=0+40=40 (2.2.15)
(a4) (ad) (a3)

Part (c): We shall prove that Au=0=>A4=0o0ru=0.

Proof: We begin with the assumption that Au=0. If 4 =0, we know from (a) that the equation
AU =0 is satisfied. If 4 #0, then we show that u must be zero as follows:

u=1lu= ﬂ(lj u= 1 (au) =2(0)=0 (2.2.16)
(b4) A A A
Mult inverse Commutative
gé%lﬁgzﬁ%meld %g%ftﬁré <(>£ N
Theorem 2.2.4:
(=Du=-u (2.2.17)

Proof:
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u+(-Hu=(1-1)u =0u=0 (2.2.18)

(b2) with A=1 and p=—1 and (b4) Part (a)

Because the negative vector is unique, equation (2.2.18) and (a4) yield the result (2.2.17).

Two other theorems of interest are the following:

Theorem 2.2.5:

(-A)u = -Au (2.2.19)

— . Negative of
Scalar multiplication vector AU

of (—A) times u

Proof. Let xz=0and replace 4 by —4 in Axiom (b2) for a vector space and this result follows
directly.

Theorem 2.2.6:

-AU =4 (—u (2.2.20)
Negative of Ng;;{f
vector AU Vecgt()r u
Proof: Take y=-1 in (bl) to obtain
A(=u)=(-A)u (2.2.21)

and use (2.2.20).

Finally, we note that the concepts of length and angle have not been introduced. They are
not part of the definition of a vector space. However, they can be introduced as additional
algebraic structure. These ideas will be introduced later in Chapter 4.
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Section 2.3. Subspace of a Vector Space

In this section, we shall introduce the idea of a subspace of vector space. The idea is
elementary. A subspace is simply a subset of a vector space that is itself a vector space. A more
precise definition is as follows:

Definition: A non empty subset % of a vector space ¥ is a subspace if:

(a) u,we# implies U+ w e % for all u,w e %.
(b) ue implies Aue % forall L%

Conditions (a) and (b) in this definition can be replaced by the equivalent condition:

(a') u,we % implies AU+ uw e % forall L €%.

A few examples of subspaces of vector spaces are as follows:

Example 2.3.1: Trivially, any vector space ¥ is a subspace of itself.

Example 2.3.2: Another trivial example is the set consisting of the zero vector {O} is a subspace of
7.

As stated in these two examples, the vector spaces {0} and ¥ itself are considered to be trivial

subspaces of the vector space 7. If % is not a trivial subspace, it is said to be a proper subspace
of 7.

Example 2.3.3: The subset of the vector space " of all N-tuples of the form (0,4,,4,,...,4, ) isa

subspace of " .

Example 2.3.4: The set of real numbers % can be viewed as a subspace of the vector space of
complex numbers €.

Example 2.3.5: Consider the vector space .#""" of square matrices with real elements. Let ¥ be
the subset of .#"" defined by

7 ={NAcu™" A=A} (2.3.1)

The question is whether or not .% , the subset of symmetric matrices, is a subspace of .#"*" .
Because
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(AA+uB)" =AA+ 1B (2.3.2)
forall A,ueZ andall A/B € ¥, then from the above definition . is a subspace.

An elementary property of subspaces is given in the following theorem:

Theorem 2.3.1: If % is a subspace of ¥", then 0 € %

Proof. The proof of this theorem follows easily from (b) in the definition of a subspace above by
placing A =0.

If one is given a set of N vectors {ul,uz,...,uN }c ¥, then one can construct a subspace as

by essentially constructing all possible linear combinations of the elements of the set. More
formally, this construction is as follows:

Definition: Let {u,,u,,...,u, } be a set of vectors in a vector space ¥ . A sum of the form
au, +a,u, +---+a,Uu, is a linear combination of u,,u,,...,u,

Definition: The set of all linear combinations of u,,u,,...,u, is called the span of u,,u,,...,u, . It
is denoted by Span(u,,u,,...,uy)

Theorem 2.3.2: The Span(u,,U,,...,U, ) is a subspace of 7 .

The proof follows directly from the definition of subspace.

Definition: The subset {u,,u,,...,uy } is a spanning set for ¥~ if every vector in ¥ can be written

as a linear combination of U ,U,,...,U, .

Example 2.3.6: Consider the vector space of 3-tuples, %°. A typical element of %’ can be written
u=(u,u,,u,) (2.3.3)

Consider the set of two vectors {i,,i,} in %° defined by

i, =(1,0,0) (2.3.4)

and

i, =(0,1,0) (2.3.5)
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The span of {i,i, }, written Span(i,,i,), consists of all possible linear combinations of the form

a,i, + a,i,. Given (2.3.4) and (2.3.5), a vector v € Span(i,,i, ) will necessarily be of the form

V=u,i, +0,i, =0,(1,0,0)+v,(0,1,0)=(v,,0,,0) (2.3.6)

Therefore, the subspace Span(i,,i,) consists of all of those vectors in %’ that have zero in their

third position. This simple example of a subspace in %’ is usually illustrated by the simple figure

Thus, Span(i,,i,) is the horizontal plane through the point (0,0,0) .

Example 2.3.7: Consider the vector space %, of polynomials of degree less than or equal to 2. A

typical element of £, can be written
p(X)=2, + AX+A,X° (2.3.7)

Next, consider the subset of &, defined by {1 — X%, X+2, Xz} . The span of {1 — X%, X+2, X2} ,

Span(l —x%,X+2, X2) , is the set of polynomials of the form

U(X)IUI(I—X2)+UZ(X+2)+U3X2 =(0, +20,) + 0, X+ (v; -0 ) X (2.3.8)

We wish to determine the is the relationship between the subspace, Span(l X5 X+2,%x° ) , and the

vector space #,. They are the same because if we force
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A, =0, +2v,
=0, (2.3.9)
A, =0, -y,
Then one can solve (2.3.9) and obtain
v =4, - 24
v, =4, (2.3.10)
v, =4, +4,-24,

Therefore Span(l —X*,X+2, Xz) =2,.

Example 2.3.8: Consider the vector space C* [a, b] of twice differentiable functions on every
open subset of [a, b] . This vector space was defined by equation (2.1.15). The subset of functions
in C° [a, b] that obey the differential equation

d*f(x)
dx?

+f(x)=0 2.3.11)

can be shown to be a subspace of C* [a,b]

Example 2.3.9: Consider the set of functions C” [a,b]. These functions are real valued functions
defined on [a,b] that have derivatives of arbitrary order on every open subset of [a,b]. This set is

a vector space when one defines addition and scalar multiplication by (2.1.13) and (2.1.14). The
vector space %, was introduced in Section 2.1. Each element is also an element of C*[a,b]. Itis

elementary to show that 2, is a subspace of C*[a,b].
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Section 2.4. Linear Independence

This section is concerned with the idea of a linearly independent set of vectors. It arises
from the desire to identify those vector spaces which have a minimal spanning set, i.e. a spanning
set with no unnecessary elements. If such a set can be found, then from the definition of spanning
set, every vector in the vector space would have the representation as a linear combination of
members of this minimum spanning set.

It is helpful to consider the following example as motivation of the idea of linear
independence and the related idea of linear dependence.

Example 2.4.1: Let ¥ = .4, the vector space of column vectors of order 3. You are given the
following three vectors in ¥ :

u =-1|, u=(71| u=|4 (24.1)

Let % =Span(u,,U,,U,) be the subspace of ¥ =.#>" spanned by u,,u,,u,. The question is
whether or not ¥ can be generated by less than the three vectors u ,u,,u,. The answer is yes
because

1 3-4 3 —4 1 —4
Uy=| 4 |=|3+7|=|-3|+| 7 |=3|-1|+| 7 |=3u,+u, (2.4.2)
8 6+2 6 2 2 2

This equation is an example of what is known as linear dependence, i.e. one of the vectors can be
written as a linear combination of the others. On the basis of this dependence, any linear
combination of the three vectors u,,U,,U, can be expressed, by (2.4.2), as a linear combination of

u,,u,. The conclusion is that

& =Span(u,,U,,U;) =Span(Uu,,U,) (2.4.3)

The choice of the two vectors U,,u, rather than, say, U,,U, is arbitrary. One can solve the

equation U, =3u, + U, for U, = U, —3U, and formally eliminate u,. The bottom line is that

& =Span(u,,U,,U,) = Span(u,,u,) = Span(u,,U,) = Span(u,, U, ) (2.4.4)
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The question naturally arises whether or not, for example, one can express U, in terms of U, and
further reduce the spanning set. If one forces a relationship

au, +a,u,=0 (2.4.5)
Then (2.4.1) and (2.4.4) would require
1 —4
a|-1|+a,| 7 |=0 (2.4.6)
2 2
As a matrix equation, (2.4.6) requires
a,—4a,=0
-a,+7a,=0 (2.4.7)

20,+2a,=0

which only has the solution ¢, = &, =0 which renders the relationship (2.4.5) trivial. The
conclusion is that one cannot express U, in terms of U, and, as a consequence, {U,,U,} is the

minimum spanning set for & .

The concept of linear independence is introduced by first defining what is meant by linear
dependence in a set of vectors, and then defining a set of vectors that is not linearly dependent to be
linearly independent. The general definition of linear dependence of a set of N vectors is an
algebraic generalization and abstraction of the concepts of co-linearity from elementary geometry.

Definition. A finite set of N (N >1)vectors {Vl’ V, oV }in a vector space 7 is said to be

linearly dependent if there exists a set of scalars {al,az,...,aN } , not all zero, such that

av. =0 (2.4.8)
It is a trivial consequence of this definition that every set of vectors which contain the zero vector is
linearly dependent.

The essential content of the definition of linear dependence is that at least one of the vectors
in the set {VL VsV } can be expressed as a linear combination of the other vectors.

Example 2.4.2: Consider the set of four vectors in ™' {i,,i,,i,,v} where
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1 0 0 1
i, =|0i,=|1]i,=|0[v=]2 (2.4.9)
0 0 1 3

The question is whether or not we can find four scalars «,,a,,a; and «a, , not all zero, such that

ai +a,i, +ai, +a,v=0 (2.4.10)

If we use the explicit forms of the four vectors given in (2.4.9), then we need to find
a,,a,,a, and ¢, such that

1 0 0 1 0
a|0|+a,|1|+0;|0|+e,|2|=|0 (2.4.11)
0 0 1 3 0
These equations require that the ¢,,«,,a, and «, obey
a+a,=0
a,+2a,=0 (2.4.12)
a,+3a,=0
Therefore,
a, =-a,
a, =-2a, (2.4.13)
a, =-3a,
If these equations are substituted back into (2.4.10), the result is
-a,i, —-2a,i, -3a,i,+a,v=0 (2.4.14)
or, since ¢, 1S nonzero,
V=i +2i, +3i, (2.4.15)

and the conclusion that the given set is linearly dependent.
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A more or less obvious consequence of the definition of linear dependence is the following
theorem:

Theorem 2.4.1: If the set of vectors {Vl, V, o,V } is linearly dependent, then every other finite

set of vectors containing {VL V, e,V }is linearly dependent.

Definition: A finite set of N (N >1)vectors {VL V, Vg }in a vector space ¥ is said to be

linearly independent if they are not linearly dependent.

Equivalent Definition: A finite set of N (N >1)vectors {VL V, . Vy }in a vector space ¥ is said

to be linearly independent if the only scalars {¢,,c,,...,@ } which obey

av. =0 (2.4.16)

are o, =, =-=a, =0
An evident consequence of this definition is the following theorem.

Theorem 2.4.2: Every non empty subset of a linearly independent set is a linearly independent set.

There is a relationship between linearly independent column vectors and matrices that is
useful to establish at this point. Let {u,,u,,...uy }=.#"" beasetof N column vectors in 4"

The test for linear independence or dependence requires determining whether or not the equation
au +a,u, +---+..+au, =0 (2.4.17)

has nonzero solutions for some of the coefficients ¢, c,,...,a . We can write (2.4.17) as a matrix

equation, as follows:

u, up, Uiy
U, U, Usn
a +a, +tay =0 (2.4.18)
| Unt | Y | Uun |
— — —_—
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or,

u, U, Un || &
Uy Uy Uy || @
= (2.4.19)
_uMl Uy, -~ - = uMN__aN_ _0_
— —
MxXN Nxl Ml

We know from the matrix algebra discussion in Chapter 1, that whether or not (2.4.19) has a
nonzero solution depends upon the properties of the matrix of coefficients. The next formal step in
the calculation would be to reduce the augmented matrix to reduced row echelon form and see
whether or not (2.4.19) allows a nonzero solution for some of the unknowns «,,a,,...,a, .

If the number of vectors and the size of the column vectors agree, i.e., M = N , then the
matrix of coefficients in (2.4.19) is square. In this case, the system has nonzero solutions if and

only if the matrix of coefficients is singular. Thus, the set {u,u,....,uy } is linearly dependent if

and only if the N x N matrix of coefficients is singular.

Example 2.4.3: Consider the following three column matrices in .4

4 2 2
u=|2),u,=/3Lu,=|-5 (2.4.20)
3 1 3
The next step is to form the sum (2.4.17)
au, +a,u, +a,u, =0 (2.4.21)

Given the definitions (2.4.20), the matrix form of (2.4.21) is

4 2 27«
2 3 5| a,|=0 (2.4.22)
31 3|«

As explained above, the linear independence of the three column matrices (2.4.20) depends upon
whether or not the coefficients ¢, a,,; are all zero. We know from the results of Theorem 1.6.1
that (2.4.22) has the zero solution if and only if the matrix of coefficients is nonsingular. We know

from the results of Section 1.10 that the matrix is nonsingular if and only if its determinant is
nonzero. The determinant of the matrix of coefficients in (2.4.22) is
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4 2 2
2 3 —5/=4(14)-2(4)+3(-16) =0 (2.4.23)
31 3

Therefore, the matrix is singular and the system (2.4.22) has a nonzero solution. As a result, the
three column matrices (2.4.20) form a linear dependent set. More detailed information about this
example is obtained if (2.4.22) is converted to reduced row echelon form. The result turns out to
be

1 0 2| ¢
0 1 3|ea|=0 (2.4.24)
0 0 0] e
Therefore,
a, =-2a, (2.4.25)
and
a, =3a, (2.4.26)

As aresult of (2.4.25) and (2.4.26), the three vectors in (2.4.21) are related by
—-2u, +3u, +u, =0 (2.4.27)

It is helpful to observe in passing that equation (2.4.27) not only defines the relationship between
the three columns of the matrix of coefficients in (2.4.22). It also defines the relationship between
the three columns of the reduced row echelon form that appears in (2.4.24). This is a general
feature we shall see in our other examples. Our theoretical results later will show the origin or this
result.

In Section 2.1 we introduced the vector space £, consisting of the set of polynomials of

degree less than or equal to N . Given this vector space, it is useful to establish a procedure for
whether or not a subset of polynomials in £, is linear independent. If we are given a subset

{p] yeees P } of #,. The check for linear independence, according to the above definition is whether

or not the equation

o p, +a,p,+-+o p =0 (2.4.28)



Sec. 2.4 . Linear Independence 153

implies that the scalars ¢,,q,,...,a, are necessarily zero. Each polynomial in (2.4.28) has the
representation

P (X) =y + A X+ 4 Ay X" for j=12,.,K (2.4.29)

Therefore, (2.4.28) can be written

P+ o P, ooy Py

=a1(/101+211x+---+/1mx“)

2.4.30
0ty (A + A X+ 2y, XV ) ( )
+oe oy (/10K +/11Kx+---+lNKxN):O
The terms in (2.4.30) can be grouped in like powers of X to yield
(alﬂm + oAy +o O‘K;LOK)
+Had, +a A, ++a X
( 12'11 2/112 Kﬂ'lK) (2431)

Ay + 0 dy, ot @ Ay ) X

+ot (o Ay, F Ay, oot A Ay )X =0

Because (2.4.31) must hold for all x, it implies the following N +1 equations, written in matrix
form, which the K coefficients, «,,...,a, , must obey

Ay A 0 Ak || @
A Ay Ak ||
' ' ) (2.4.32)
_/1N1 Ank 1L% |
5
(N+1)xK Kxl

If this system only has the zero solution, then the set of polynomials are linearly independent.
Otherwise, they are dependent.

Example 2.4.4: Consider the vector space &, and the subset of &, consisting of the following
three polynomials:
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p,(X)=3-2Xx+X’
p,(X)=8+Xx+2x’ (2.4.33)

p,(X) =7 +8X+ X’

As with the discussion just completed, the test for linear dependence or independence of this subset
requires that we look for implications of the following linear combination:

o, P, (X)+a,p, (X)+a;ps (X)

— (3 2x4 3 )+ (84 X+ 2% ) 1y (74 8%+ ) =0 (2.4.34)

In order for (2.4.34) to hold for all X, like powers of X must be placed to zero. The results are

3a, +8a, +Tat; =0 for x°
20, +a,+8a,=0 for x' (2.4.35)
a, +2a, +a,=0 for x°

As a matrix equation, these three equations can be written

3 a,
-2 1 8| a,|=0 (2.4.36)
1 a,

If you calculate the determinant of the matrix of coefficient, you find it is zero. The conclusion is
that the matrix of coefficients is singular and, as a consequence, the coefficients ¢,,a,,a; are not
all necessarily zero. As such, the set of three polynomials defined above are linearly dependent.

More detailed information about this example is obtained if (2.4.36) is converted to reduced row
echelon form. The result turns out to be

1 0 3][q
01 2|[a,|=0 (2.4.37)
00 0a

Therefore, , =3a;,a, = —2a,. These results when substituted into (2.4.34), yield the following

relationship between the elements of the set {p,, p,, p, }

3p,—2p, +p, =0 (2.4.38)
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Example 2.4.5: Consider again the vector space Z,. In this case, we are given the subset of £,
consisting of the following four polynomials:

pl(x) =1
Ez E:; : :2 (2.4.39)
P, () =x’

The test for linear dependence or independence of this subset requires that we look for implications
of the following linear combination:

a,p, (X)+a,p, (X)+ Py (X)+ a2, p, (X)

(2.4.40)
=, +a,X+a X +a,x’ =0

In order for (2.4.34) to hold for all x, we quickly conclude that o, = @, = @, = , =0 and the set
{P,. P, P;, P, } is linearly independent.

The set £, is an example of a set of functions. In Section 2.1 this set was shown to be a

vector space. Also, in Section 2.1, we introduced other sets of real valued functions by symbols
such as:

Cla,b]= { f | f continuous on all open subsets of [a,b]}

C’[a,b] = { f | f continuous and with continuous second derivatives on all open subsets of [a,b]}

We explained that, with the usual definitions of addition of functions and multiplication by scalars,
these sets are examples of vector spaces.

In the next discussion, we are interested in finding a condition that characterizes when real
valued functions in a vector space C"'[a,b], i.e. the set of real valued functions that are
continuous and have continuous N —1 derivatives on every open subset of [a,b], are linearly
independent. This question is one that arises, for example, in the study of the solutions of ordinary
differential equations. Let {f,,..., f,}=C" '[a,b]. The question about linear independence or

dependence, as with any vector space, requires that we determine the implication of a relationship
of the form

o f () +a, f,(X)+--+a,fy(X)=0 forallxe[a,b] (2.4.41)
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on the coefficients «,a,,...,c, . Given that these functions have N —1 continuous derivatives, we
can differentiate the above equation N —1 times to obtain the following N —1 equations:

o, f () +a, £,/ (X)+--+a, f, (X)=0
a f" )+, £, () ++a, f," (x)=0

(2.4.42)

a fN )+, N0+ £V (X)) =0

Equations (2.4.41) and (2.4.42), like (2.4.31), must hold for all x €[a,b]. Expressed as a matrix
equation, (2.4.41) and (2.4.42) can be written

I f,(x) f,() - - - fy (%) __051_

f'(x) £, £,/ ) || a

ACONR A CY) LISCO TN [ P (2.4.43)
_leil(X) szil(X) I fNNil(X)_—aN—

This matrix equation must hold for all x €[a,b]. Given what we know about the solution of
systems of N x N equations, we can conclude that if there exists an X, say X, in [a,b], where

fl(XO) fz(xo) . fN (Xo) ]
Fx) (%) fu (%)
det f," (%)) f,"(%,) fy" (%) £0 (2.4.44)
_leil(Xo) szil(Xo) T fNNil(Xo)_
then o, =, =---=a, =0 and the given set of functions is linearly independent. If no such X,

exists, the set of functions is linearly dependent. The determinant above is called the Wronskian
and is of fundamental importance when one tries to establish the linear independence of solutions
to ordinary differential equations.' It is usually given the symbol W and written

! The Wronskian is named after the Polish mathematician Jozef Hoéne-Wronski. Information about Jozef Hoene-
Wronski can be found, for example, at http://en.wikipedia.org/wiki/J%C3%B3zef Maria_Hoene-Wro%C5%84ski.
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f,(x) o - - - (X
I CI IR ALY fy (X)
Wit f, £ 100=| 00 B fu" () (2.4.45)
0 Lo - £V

Example 2.4.6: Consider three of the simplest kinds of functions on the interval [—72',72'] , hamely

f,(x)=1 (2.4.46)
f, (x)=cosx (2.4.47)

and
f,(x)=sinx (2.4.48)

Because these functions have derivatives of all order, they are elements of the set C*[—xz,7]. The
question is whether or not set of functions {l,cos(x),sin(x)} is linearly independent. In this case,
the Wronskian (2.4.45) is

OO 5,00 HOY |11 cosx  sinx
W[f,f, 1) =|f'(x) f'(x) f'(x)|=|0 -sinx cosx
10 £/ £ 10 —cosx —sinx

=sin’ X+ cos’ X =1

(2.4.49)

Because the Wronskian is nonzero, the set of functions {l,cos X,sin X} is a linearly independent set.

Example 2.4.7: Consider the set {l,cos X, sin X,cos2x,sin2x} in C*[-z,7]. The question of

linear dependence or independence of {l,cos X,sin X,cos2X, sin2x} depends upon whether or not

the Wronskian
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I cosx  sinX cos2X sin2X

0 —sinx cosXx —2sin2X 2cos2X
W[f,f,, f,,f,,f1(x)=|0 —cosx —sinx —4cos2x —4sin2x

0

0

sinX —cosX 8sin2X —8cos2Xx

cosX  sinX 16cos2X 16sin2X (2.4.50)
—sinX cosX —2sin2X 2cos2X
—cosX —sinX —4cos2X —4sin2X

sinX —cosX &8sin2X —8cos2X

Ccos X sinX 16cos2Xx 16sin2X

is zero or not for some X, € [—72',72’] . Rather than try to expand this 4 x4 determinant, we can
evaluate it at X=0 to obtain

0O 1 0 2
1 0 2|1 0 2
-1 0 -4 0

W[f,,fz,fS,n,fS](o):O o _8=—1 0 -8-|0 —4 0
0 16 0 |-1 0 -8

1 0 16
T e P L =16(6) —4(6) =72
-1 -8 -1 -8 -

The fact that the Wronskian is nonzero at X =0 tells us that the functions in the set
{1,cos x,sin X,cos2X,sin2x} are linearly independent.

Many more examples of the type just discussed can be generated by simply looking at sets
& in C”[-x, 7] of the type

& ={1,c08 X,sin X,cos 2X,sin 2X,...,cos MX,sin mx } (2.4.51)

where m is an arbitrary positive integer. The bottom line is that that in C*[—7, 7] there are

subsets of linearly independent vectors (functions) with an arbitrary number of elements. By
choice of m, one can constructs sets of linearly independent vectors of any size desired. We shall
have more to say about this example later. However, if you happen to be familiar with the theory
of what is called a Fourier Series you know that certain classes of functions can be represented as
infinite series of the form

F(x) = % +3a, cosnx+> b, sinnx (2.4.52)
n=1 n=1

where
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a, =lj f (x)cos xdx n=0,1,2,3,.. (2.4.53)
7[ -7
and
b, =lj f (x)sin xdx n=1,2,3,.. (2.4.54)
4 -

In some sense, the infinite set of vectors (functions)
& ={1,c0s X,sin X,cos 2X,sin 2X, cos 3X,sin 3X, ...} (2.4.55)
span C*[-z,7x].
Next, we need to record a theorem which will prove useful later.

Theorem 2.4.3: Let {v,,V,,...,V, | be a set of vectors in a vector space 7. Also, let
Span(V,,V,,...,Vy ) be the span of the set {V,,V,,...,v }. Then a vector vV € Span(V,,V,,..,V)
has a unique representation as a linear combination of {v ,V,,...,V, } if and only if the set

{V,,V,,...,V } is linearly independent.
Proof: First, assume V € Spam(v1 Vs Vi ) is not unique, i.e., it has two different representations
V=a,V, +a,V, +--+ o Vy (2.4.56)
and
V=BV, + BV, ++ BV, (2.4.57)
The difference of these two equations yields
(o, =BV, +(ay = BV, +++(ay — By )Vy =0 (2.4.58)

If we add the given condition that the set {V1 Vs Vi } is linearly independent, the definition of
linear independence implies that (2.4.58) can only be satisfied if
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o =p
a, =p,

(2.4.59)
ay = Py

Equation (2.4.59) establishes the uniqueness of the representation for v Spam(vl,v2 yeees Vi ) If

the set {vl,vz,...,vN } is linearly dependent, the definition of linear dependence asserts that not all
of the coefficients of in the equation

(o, =BV, +(ay = B)V, ++-+(ay — By )Vy =0 (2.4.60)

can be zero. Thus, the representation for v e Span(Vv,,V,,...,v, ) is not unique.

Exercises:

2.4.1 Given the vector space £, and the subset & ={p,, p,, P;, P,, Ps} of #, defined by

p (x)=1

p,(x)=x-a

p,(X)=(x—a)(x—h) (2.4.61)
p,(x)=(x—a)(x-b)(x—c

p. () = (x=a)(x=b) (x~c)(x~0)

where a,b,c,d are real numbers. Show that the set ¥ is linearly independent. Polynomials of the
form (2.4.61) are the building blocks of a form of interpolation known as Newton Interpolation.

2.4.2 Given the vector space £, and the subset & ={p,, p,, P;, P,, Ps} of #, defined by
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(2.4.62)

where a,b,c,d,e are distinct real numbers. Show that the set & is linearly independent.
Polynomials of the form (2.4.62) are the building blocks of a form of interpolation known as

Lagrange Interpolation.

2.4.3 Determine whether or not the vectors e*,sin X and e " are linearly independent in

c” [—72,7[] )

2.4.4 Use the more or less obvious generalization to 4 x4 determinants the formula for the
derivative of a determinant given in Exercise 1.10.16 and show that the derivative of the
Wronskian in equation (2.4.50); is zero. The conclusion is that the determinant, in this case, does

not actually depend upon X.
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Section 2.5. Basis and Dimension

In this section, we introduce two important properties of vector spaces. These properties
are basis and dimension. In rough terms, a basis is a set of vectors that form building elements for
the other vectors in the vector space. Also in rough terms, the dimension of a vector space is the
number of vectors that form this basis. A more formal approach to these concepts begins with the
following definition:

Definition: A minimal spanning set is the set containing the smallest number of vectors of ¥
whose span is 7.

A minimal spanning set has an important characteristic that might not be evident from this
definition. Elements of a minimal spanning set are necessarily linearly independent. If they were
not, some could be eliminated in favor of others in the set and, such elimination, would violate the
idea of the spanning set being minimal.

Definition: A basis for a vector space ¥~ is a minimal spanning set. In other words, a basis for a
vector space ¥ is a set of vectors {V,,V,,...,V } such that

a) The set {V,V,,...,V, } is linearly independent.
b) Span(V,,V,,...,Vy ) =%

Example 2.5.1: Consider the vector space ¥ = .#%" consisting of the set of 4x1 column vectors.
An arbitrary vector V€7 has the representation

UZ
V= (2.5.1)
U3
Uy
By rearranging (2.5.1), we can write
) 1 0 0 0
v=| o P R P R P 2.5.2)
= =0 L v v 5.
o, | o] ol |1 o
v, 0 0 0 1

This equation shows that every vector V€ ¥ is in the span of
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(2.5.3)

Because these four column vectors (2.5.3) are linearly independent, the set {il,iz, Iy, 1 } is a basis

for ¥ =.#%". This particular basis is sometimes called the standard basis of ¥ = .#*".

Example 2.5.2: Consider the vector space ¥ = .#>*. Since A€ , it has the representation

Al [AC A0 0 1 00 00 Y54
P R P P S S

the 2 x 2 matrices
i 1 0 i 0 1 i 0 0 di 0 0 2.55)
= , = , = an = D
11 0 O 12 0 0 21 1 0 22 O 1

form a basis for ¥ =.#>. Like the first example above, this basis is sometimes called the
standard basis of ¥ = .#**.

Theorem 2.5.1: If N is a positive integer and {v,,V,,...,V } is a basis for a vector space ¥, then
any set of vectors {ul, u,,...,Uy, }, where M is a positive (finite) integer greater than N , is linearly

dependent.

Proof: Since {V,,V,,...,V, } is a basis of ¥, every vector in the set {U,,U,....,U,, } can be written
N -
U =AV +AV, ++ AWV, =D AV, fori=12,.,M (2.5.6)
i=1

The theorem asserts the set {u,U,,...,U,, } is linear dependent when M >N . The test for linear

independence or dependence requires that we examine a linear relationship of the form

M
au, +a,U, +---+a, Uy =Zaiui =0 (2.5.7)
i=1
If the vectors {ul,uz,..., Uy } are linear dependent when M > N, as the theorem asserts, some of

the coefficients «¢,,¢,,...,, must be nonzero. Equation (2.5.7) can be expressed in terms of the
basis {V,,V,,...,Vy } by use (2.5.6). The result of utilizing (2.5.6) in (2.5.7) is
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%‘ociui =§:ai S AV, 2%‘( ) aiAj)Vj =0 (2.5.8)
i=1 =l =l j=1 \i=1

We are given that the set {V1 Vs Vg } is linearly independent. As a result, the coefficients in

(2.5.8) must be zero. The resulting N equations for the M > N coefficients ¢,,c,,...,¢,, are
M
dYaA =0 for j=12,.,N (2.5.9)
i=1

The proof of the theorem comes down to asking whether or not (2.5.9) has nonzero solutions for
some of the coefficients ¢, a,,...,a,, . As an undetermined system, i.e., a system with more

unknowns than equations, it is the case that the «,,0,,...,a,, are not all necessary zero and, as a

result, the set {u,u,,...,U,, } is linearly dependent.
Corollary: If {v,,v,,..,v, } and {u,,u,,...,u,, | are both bases of a vector space ¥ , then M =N .

Proof: Theorem 1.5.1 says that if M > N , the set {ul,uz,...,u,\,I } must be linearly dependent.
Since we have postulated that {ul, Uy ,yeee Uy } is linearly independent, we must conclude that

M <N . If we now reverse the roles of {VszanN } and {ul,uz,...,uN }, we are led to conclude

that N <M . These two conditions force the conclusion that M =N .

We have defined a basis as a minimal spanning set. We have just established with Theorem
2.5.1 that when a basis has a finite number of elements it is also a maximal set in the sense that it
not a proper subset of any other linearly independent set. The above corollary allows us to
conclude, for the case where the basis has a finite number of elements, that number is a property of
the vector space. It is given a name.

Definition: Let ¥~ be a vector space. If ¥~ has a basis of N vectors, where N is a positive
integer, then ¥ is said to have dimension N =dim¥".

Definition: The subspace {0} of ¥" has, by definition, the dimension 0.

Definition: The vector space ¥~ is finite dimensional if the basis has a finite number of members.
If this is not finite dimensional, it is infinite dimensional.

Exclusive of a few examples, the vector spaces we shall study will be finite dimensional.
The following two theorems are most useful in the applications that will follow later in this

textbook;

Theorem 2.5.2: If % is a subspace of a vector space ¥”, then
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dim% <dimy” (2.5.10)

Proof: This result is more or less obvious. If {u,,u,,...,u,, } is a basis for  and {v,,v,,..,V, | is

a basis for ¥, then we need to rule out the case M >N . If M > N , the basis for
v, {VI,VZ,...,VN }, would not be a minimum spanning set.

Theorem 2.5.3: If % is a subspace of a vector space ¥, then dim% =dim¥” if and only if
U= .

Proof: If % =7, then dim% =dim¥" . Conversely, if dim#% =dim?¥", a basis for the subspace %
is a basis for ¥~ which implies % =¥

Example 2.5.3: Examples 2.5.1 and 2.5.2 tell us that dim.#”" =3 and dim.#>* =4. Itis a fact
that

dim.4™N = MN (2.5.11)

Example 2.5.4: Every element of the set £, is a polynomial of the form (2.1.16), repeated,
P(X)=2) + A X+ 4, X 4+ 4 X" (2.5.12)

An elementary generalization of Example 2.4.5 shows that the set {1, X, X7, XN } is linearly

independent. It is perhaps evident that if this set is augmented by any other polynomial of order
less than or equal to N the resulting set will be linearly dependent. The conclusion from this
observation is that

dim#, =N +1 (2.5.13)

Example 2.5.5: This example is a vector space that is not finite dimensional. Let £, be the vector

space of all polynomials. We assume it is finite dimensional and look for confirmation or a
contradiction. Ifit is finite dimensional, say of dimension N , then we know from Theorem 2.5.1
that a set of N +1 polynomials in £, would be linearly dependent. Consider the subset of £,

defined by

7 ={Lx.x,..x" | (2.5.14)

The subset & of 2, contains N +1 polynomials. Theorem 2.5.1 asserts that if £, has dimension

N, then & is a linearly dependent set. A convenient test of this linear dependence is given by
whether or not the Wronskian, equation (2.4.45), is zero for some x € Z . It follows from (2.4.45)
that the Wronskian of this set of functions in (2.5.14) is
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1 x x x"
0 1 2x Nx"!
2 N(N-1)x"?
WL, 0 =] X (N=DX @y (N)s0 25.19)
oo o - - N!

Thus, the set ¥ must also be linearly independent. This conclusion contradicts the assertion that
the dimension of &, is N . Because N is arbitrary, we can only conclude that £, is not finite

dimensional, i.e. it is infinite dimensional.

Example 2.5.6: The set C*[—x, ] is also infinite dimensional. The proof is like the last one
except that one starts with the set

J = {l,cos X,sin X,c0s2X,sin 2X,...,cos NX, sin NX} (2.5.16)

for some prescribed N . On the presumption that the dimension of C*[-7z,7] is 2N +1 (the
number of members of ¥ ), the next step is to consider the set

&, ={1,cos X,sin X,cos 2X,8in 2X,...,cos Nx,sin Nx,cos(N +1)x,sin(N +1)x} (2.5.17)

and examine whether or not this set is linearly independent or independent. It turns out that it is
linearly independent for all N . The fact that N is arbitrary leads to the conclusion that C*[-7, 7]
is infinite dimensional.

Example 2.5.6 explains that C*[—7,7] is an infinite dimensional subspace. For given N,

the set ¥ is linearly independent because its Wronskian is non zero at, for example, X =0. The
span of ¥, Span.?, is a vector space of dimension N . It is an example of a finite dimensional

subspace of an infinite dimensional vector space. The theory of Fourier Series is, in effect, an
approximation of an arbitrary vector in C*[—7, 7] by a finite dimensional vector in . Our

interest is primarily in the study of finite dimensional vector spaces, thus we will not pursue the
mathematical ideas behind Fourier Series in this chapter.

Exercises

2.5.1 What is the dimension of the subspace spanned by the set {v,,V,,V,}, where
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3 1
2 -1 -5
R Y R A I
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Section 2.6. Change of Basis

In Theorem 2.5.1 we established that if {v,,v,,...,V, | is a basis for a vector space ¥, then

any set of vectors {u,,U,,..,U,, } in 7", M > N , is linearly dependent. We also established the

Corollary to Theorem 2.5.1 that said that if two different sets of vectors were a basis for ¥, then
each set had to have the same number of elements. This number is the dimension of ¥~ which we
wrote dim7¥” .

Given Theorem 2.5.1, and a basis {el,ez,...,eN }for a finite dimensional vector space ¥, we

can conclude that an arbitrary vector v e ¥ has the representation’

N
v=v'e +v%, +--+0"e =D vle, (2.6.1)
j=1

The scalars v',0°,...,0" are called the components of v with respect to the basis {e.e,.....ey }. If

we apply the results of Theorem 2.4.3, we can conclude that the components of v with respect to
the basis {e,,e,,...,e, | are unique.

While (2.6.1) holds in great generality for every vector space of finite dimension, it is
important to connect it with geometric ideas that are a part of our experience with elementary
mathematics. For example, consider the two dimensional vector space of geometric vectors in the
plane. We can visualize vectors in the plane with the following figure:

2 The scalars are indexed with superscripts in order to follow a notation conventional in Linear Algebra. For much of
what we do, there is no loss of generality if one wanted to stick strictly with subscripts.
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If we choose a different basis {€,,€, }, we can also expand the vector V in the form

e, (2.6.2)

The geometric representation of this equation can be displayed by superimposing it on the above
figure. The result is

This figure is a geometric representation of a change of basis. The fact that a finite dimensional
vector space has multiple ways to represent the same vector gives rise to the idea of a change of
basis in a vector space. In the study of geometric vectors, this change is usually characterized as a
change of coordinates. In any case, we shall now formalize the transformation rules of vectors
under a change of basis.

Let {e.e,,...ey} and {&,8,,...& } be two bases foran N dimensional vector space 7.
Because {e1 TN } is a basis, we can express any vector in ¥, including those in
{8,.8,,....8,

O

D>

, as an expansion in the vectors €,,e,,...,e, . Therefore, for the jth vector of

N N~

D>

JOSI-F

&, =>Te for j=12,.,N (2.6.3)

k=1

One way to look at (2.6.3) is that the coefficient T jk is the k" component of & ; with respect to the

basis {e,,e,,....e\ }.
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If we reverse the roles of {&,,8,,...,8, } and {e.e,,....e, }, then we can also write
N A
e =y 158 for k=12,.,N (2.6.4)

As one would suspect, the coefficients fks , S,k =1,...,N, are related to the coefficients T J.k ,
k,j=1,..,N . To see this relationship, we can substitute (2.6.4) into (2.6.3) and obtain

N
=1

N N N N
8, =>Tre, =D T/> T8, = Z[ZT;Tf Je (2.6.5)
k=1 k=1 =1 S
Likewise, we can substitute (2.6.3) into (2.6.4) and obtain
. N . N N (N R
e =2 T8 =>TDTl, = Z(ZTSqusjeq (2.6.6)
These equations force the following relationships on the coefficients 'fkj and TJ.k ,k,j=1,.,N
N n N n
YTT =6 and ) TS =5 (2.6.7)
k=1 s=1

Where the Kronecker delta, defined by equation (1.1.28), has been redefined with the notation

1 fork = j
o; = i (2.6.8)
0 for k # |
It is helpful to write (2.6.7) in matrix notation by introduction of the notation’
T=[T/] and T = ['I:kj] (2.6.9)
These definitions allow the two equations (2.6.7) to be written as matrix equations
TT =1 and TT =1 (2.6.10)

These two equations tell us that the matrix T is nonsingular and that T =T~'. The matrix T is
called the transition matrix.

’ When the superscript-subscript notation is used as with T jk the convention is that the superscript denotes the row of

the matrix and the subscript the column.
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Example 2.6.1: Let ¥ be a vector space of dimension 3 with basis {e,,e,.e,}. Youare givena

second basis {é,€,,8,} defined by the formulas

€ =2e —-e,—¢e,
é,=-¢€ +e, (2.6.11)
é, =4e, —e, +06e,

If (2.6.11) and (2.6.3) are compared, we see that the transition matrix is

T8 T T/ [2 -1 4
T=[T]=|T" T T7|=-1 0 -l (2.6.12)
TP T T -1 1 6

The inverse of the transition matrix turns out to be

LI L
FoMfilolt 2 t2lolo; o -1l 2| 7 16 2 2.6.13
|: k :| ’\13 A23 33 1 1 6 9 9 9 ( )
1 2 3 - 1 1 1
9 9 9|
Therefore, (2.6.4) takes the form
N fa oA ns 1, 7, 1,
elzjz_; Je, =T'8 +77%, + 13e3=—§e1—§e2+§e2
N
e, =Y Tje, =Tle, +728, +Tie, =~ Do ~ 1% 1 Lo (2.6.14)
< 9 979
N fia 2o £ga 1, 2. 1,
e,=>T/8, =T/6 +T7¢,+ 33e3:—§e1+§e2+§e

Example 2.6.2: Consider the vector space of polynomials of degree less than or equal to 3, i.e.,
#,. Elements of & consist of polynomials of degree 3 or less and from (2.1.16) are defined by

P(X) =4y + A X+ 4,X° +4,X° (2.6.15)

Example 2.4.5 established that a basis for this four dimensional vector space are the polynomials
(2.4.39), repeated,
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pl(x) =1
X)=X
P> (x) , (2.6.16)
P3(X) =X
p,(x) =X’
If a,b,c are given real numbers, one can establish that the four polynomials
P (x)=1
P, (X)=Xx-a
%() (2.6.17)
p(x)=(x-2)(x~b)
P, (x) = (x—a)(x-b)(x~c)

are also linearly independent and thus a basis. Polynomials of the form (2.6.17) are the building
blocks of a form of interpolation known as Newton Interpolation. The change of basis from

{pl, P,, P, p4} to {f)l, 0,, P, [54} is defined by (2.6.3). In the notation being used for the basis
elements, (2.6.3) is

4
p,=>Tip for j=12,...4 (2.6.18)
k=1
Ateach xe 4, (2.6.18) becomes
4
P, (x)=D_Tp(x) for j=12,..4 (2.6.19)
k=1

The components of the transition matrix, T kj , for j,k=1,2,...,4 are obtained by substitution of
(2.6.16) and (2.6.17) into (2.6.19). The resulting four equations are

1=T +T2x+T°x* + T’
x—a=T, +T)x+T,)x* +T,'%’
(x—a)(x=b)=T, +Tx+T;)x* +T,'x°

(x—a)(x=b)(x—c)=T, +T/x+T,)x* +T,'x’

(2.6.20)

If these four equations are forced to hold for all x € Z, it readily follows that the transition matrix
is given by
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TNT,OT, T, 1 -a ab —abc
AT T TP T} |0 1 —(a+b) ab+ac+hc
T=[T]= oo o7l o I _(a+b+o) (2.6.21)
1 2 3 4
LA P PO T 0 O 0 1
The inverse transition matrix turns out to be
All "21 ‘31 'f4l 1 -a ab _abc -1 | a a 2’
-fz[fkj]z P PR S _ 0 1 —(a+b) ab+ac+hc _|o 1 a+b a’+ab+b?
SR S S o A VI 1 —(a+b+c) 00 1 atb+c
Al4 A24 ‘34 -1241 0O O 0 1 0 0 0 1
_ _ (2.6.22)

Example 2.6.3: Consider again the vector space of polynomials of degree less than or equal to 3,
ie., . If a,b,c,d are distinct real numbers, one can establish that the four polynomials

5 (x) - XD (x=c)(x=d)
pl() (a_b)(a—c)(a—d)
()= L Ax -0 x-)
p, () (b—a)(b—c)(b—d) (2.6.23)
b, (1)< X2 =D)(x=0)
7 (c-a)(c—b)(c-d)
o (x=a)(x=b)(x-c)
p4() (d_a)(d—b)(d—c)

are also linearly independent and thus a basis. Polynomials of the form (2.6.23) are the building
blocks of a form of interpolation known as Lagrange Interpolation. In any case, the change of basis

from {pl, P,, P;, p4} to {f)l, 0,, P, f)4} is again defined by(2.6.18). The same kind of calculation
used in Example 2.6.2 yields the transition matrix
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bcd acd abd abc

cd +bd +bc ad +cd +ac ab+ad +bd ab+ac+hc

(a-b)(a-c)(a-d) (b-a)(b-c)(b-d) (c-a)(c-b)(c-d) (d-a)(d-b)(d~c)

b+c+d a+c+d a+b+d a+b+c

(a-b)(a-c)(a-d) (b-a)(b-c)(b-d) (c-a)(c-b)(c-d) (d-a)(d-b)(d-c)

(a-b)(a-c)(a-d) (b-a)(b-c)(b-d) (c-a)(c-b)(c-d) (d-a)(d-b)(d~c)

1 1 1 1
| (a-b)(a-c)(a-d) (b-a)(b-c)(b-d) (c-a)(c-b)(c—d) (d-a)(d-b)(d-c) |
(2.6.24)
The inverse transition matrix turns out to be
1 a a a
- |1 b b* b’
T = 2.6.25
1 ¢ ¢ ¢ ( )
1 d d* d°

If (2.6.25) is compared to the Vandermonde matrix given in (1.10.33), we see that it is a
Vandermonde matrix transposed.

The change of basis from {e .e,,....e, } to {&,8,,...8,} is characterized by the transition

matrix through equations (2.6.3) and (2.6.4). If we are given a Vector Ve, it can be expanded in
the basis {el,ez,...,eN } or, equivalently, in the basis {é1 é,,...,e } The result is two equivalent

representations of the same vector of the forms
v=> vle, (2.6.26)

and

|
S

(2.6.27)
=1

As explained at the start of this Section, the set of scalars {ul,uz,...,uN } are the components of v

with respect to the basis {e,,e,,...,e, }. Likewise, the set of scalars {131 0%,...,0" } are the

components of vV with respect to the basis {él é,,...,e } The connection between the two bases as

given by (2.6.3) and (2.6.4). We shall now use these formulas to derive a transformation rule for
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A A

the components resulting from the basis change from {e,e,,....e\ } to {&,é,,....&,}. The first step
is to equate (2.6.26) and (2.6.27) and use (2.6.3) to eliminate the basis {é1 85,8y } . Therefore,

2

- i” i . ioJZTjkek = iiﬂkéjek (2.6.28)
j=1 j=1 ' '

i iinz}jek (2.6.29)

Next, we simply change the name of the summation index on the left side from | to k and rewrite
the result as

i[uk - inaj ]ek =0 (2.6.30)

Because the basis {e1 TN } is a linearly independent set, (2.6.30) yields the desired component
transformation rule

N .
O =) "T/0 (2.6.31)

j=1

A

If we were to have eliminated {e,.e,,....e } in favor of {& ,é,,...,& }, we would have obtained the

transformation rule
N A .
o“=>"Tv (2.6.32)
j=1

which, of course, is just what one obtains when the system (2.6.31) is inverted. Equations (2.6.31)
and (2.6.32) represent the transformation rules for the components of vectors v € ¥ .

Example 2.6.4: Given the basis {e,,e, e, } for a vector space #* and a vector Ve ¥ defined by
v=e, +2e, +3e, (2.6.33)

The components with respect to {e,,e,,e,} are
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1
2
3

1
2 (2.6.34)
3

c C C

You are given a second basis {&,,8,,8,} defined by (2.6.11) of Example 2.6.1. It follows from
(2.6.32) and (2.6.13) that

10 1] (8]

AR ; 196 29 : 131
S R EI I B (CH U DA A | Y O (2.6.35)

o I S e i ORI (N

1 2 3 1 1 1 2

L 9 9 9 | L 3 ]

Therefore, with respect to the basis {é,,€,,8,},

V= —%él —%éz +§é3 (2.6.36)

Example 2.6.5: Given the basis {pl, P,, Ps, p4} of the vector space £, defined by (2.6.16) and a

member of &, , i.e., a third order polynomial given by
p(x)=v'p, (X)+0°p, (X)+0°p, (X)+0*p, (X) =4 -3x-2x* + X’ (2.6.37)

Therefore, the components with respect to { P> P,y Pss p4} are

v'=4
2 —_
vi=-3 (2.6.38)
v’ =-2
v =1

b, (x)=1

p, (x)=x-1

B, (x)=(x-1)(x-2) (2.6.39)
B, ()= (x-1)(x-2)(x—3)
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It follows from (2.6.32), (2.6.38), the inverse transition matrix (2.6.22) and the choices

a=1b=2,c=3 that

1

2

—

O 1 a a a v
0°| |0 1 a+b a’+ab+b’||v’
o' |0 0 1 a+tb+c ||’
o] 10 0 0 1 N
- (2.6.40)
1 11 4 0
|01 3 =3 |2
10 0 1 2| | 4
10 0 0 1 1
Therefore, with respect to the basis {f)l, p,, f)3,f)4},the polynomial p is given by
=2(x=1)+4(x=1)(x=2)+(x=1)(x-2)(x=3) h
Exercises:
2.6.1  Given the following two bases of .4
e = : e, = 0 (2.6.42)
1 O »¥2 T 1 .0.
and
. 51. 3
é = 3 8, = 5 (2.6.43)
Find the transition matrix.
2.6.2 If v is defined with respect to the basis (2.6.42)
v=10e, +7e, (2.6.44)

determine the components of v with respect to the basis {é

1€, } defined by (2.6.43).
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2.6.3 The vectors {e ,e,.e,} are a basis for a three dimensional vector space ¥ . The set of

vectors {&,,8,,8,}, defined by,

€ =e +2e, +e,
e, —e, +2e, (2.6.45)
el

—€,—¢6

oD
Il

2
e, =

represent a change of basis. Determine the transition matrix for the basis change

A

{6,.6,.8,} >{e .e,.e,}. Also, if v =3e, +2e,, determine the components of v with respect to the

basis {&,,8,,8,}.

2.6.4 Let ¥ bea vector space of dimension 3 with basis {e,,e,,e,}. You are given a second

basis {€,,€,,6,} defined by the formulas

A 4
€ = —gel +§ez
A 10 7
é, = —?el +§e2 (2.6.46)
é,=e,
If a vector Ve ¥ is defined by
v=e, +2e, +3e, (2.6.47)

determine the components of Ve with respect to the basis {&,,8,,8,}.

2.6.5 Let ¥ be a vector space of dimension 3 with basis {e,,e,,e,}. You are given a second

basis {€,,€,,6,} defined by the formulas

é :—?e1 e,

A 7i 7

e, :—?el +§e2 (2.6.48)
é,=e,

If a vector Ve ¥ is defined by

v =2ie, +2e, +5ie, (2.6.49)
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determine the components of Ve ¥ with respect to the basis {&,,8,,,}.

2.6.6 A four dimensional vector space ¥~ has a basis {e,,e,.e,.e,}. A vector Ve ¥ has the
component representation

v =>5e, +3e, + 66, +2€, (2.6.50)

You are also given a change of basis to a new basis for ¥, defined by

e =&, +8&,+38¢,

e, =€ +¢e,+e,+2¢, (2.6.51)
e, =86, +¢,

e, =—6

Determine the transition matrix associated with this basis change. Also, determine the components
of the vector v with respect to the basis {,€,,6,,8,} of 7.
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Section 2.7. Image Space, Rank and Kernel of a Matrix

The ideas introduced in Sections 2.1 through 2.7 contain useful information relative to the
problem of solving the matrix equation (1.2.1), repeated,

A11X1+A12X2+A13X3+"'+A1NXN :b1
A21X1+A22X2+A23X3+"'+A2NXN :bz

(2.7.1)
A X+ Ao Xy + AgX 404 Ay Xy :bM
Equivalently, we can write (2.7.1) in its matrix form equation (1.2.2), repeated,
_An A12 o AIN__XI_ _bl_
AZI AZZ AZN X2 b2
= (2.7.2)
_AMI AM2 T AMN__XN_ _bM_
or, equivalently, as (1.2.3), repeated,
Ax=Db (2.7.3)
where, as usual, A is the matrix
I Au Alz I AIN |
A Ay
A=| ’ (2.7.4)
LA A A

The matrix A is an element of the vector space """, the column matrix X is a member
of the vector space .#""' and b is a member of the vector space .#"*'. Recall from Section 2.5
that dim.#"" = MN , dim.#"" =N and dim.#"*" =M . In equation (1.8.3), we stressed the
view of Ae 4™ as a function
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ANt — ™ (2.7.5)

As a function whose domain is the vector space .#"*' and whose values lie in the vector space
4™, the usual matrix operations imply

A(v,+V,)=Av, +Av, (2.7.6)

for all vectors v,,v, € 4" and

and

A(AV) = AA(V) (2.7.7)

for all vectors Ve .#"" and 1 €% . Functions defined on vector spaces that obey rules like (2.7.6)

and (2.7.7) are called linear transformations. The matrix Ae.#™" is but one example of a linear
transformation. These functions will be studies in greater generality in Chapter 3. In this section,
we are interested in recording properties of this particular kind of linear transformation.

As explained in Section 1.8, the range of the function A is the set of all values of the
function. In other words, the range is the set of possible values of AX generated for all possible

values of X in .#"*'. In Section 1.8, we gave this quantity the symbol R(A). It was defined
formally in equation (1.8.4), repeated,

R(A)={Ax| xe.""} (2.7.8)

The following figure should be helpful.

v

ijl MMXI
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It is a fact that the set R(A) is a subspace of .#"*'. The proof of this assertion, like all such
assertions about subspaces, simply requires that the definition of subspace be satisfied. If v, and
v, are two members of .#"*, then Av, and Av, are members of R(A). We need to prove that

their sum, Av, + Av,, is also in R( A). The proof follows from (2.7.6), repeated,
Av, +Av, = A(V, +V,) (2.7.9)

Since Vv, +V, e 4", A(V, +V,)eR(A) and, by (2.7.9), Av, + Av, e R(A). Thus, the first part
of the definition of a subspace is established. An entirely similar manipulation establishes that
A(Av)eR(A) forall 1, and, thus, R(A) is a subspace. In order to stress the fact that the range is

a subspace, we shall begin to refer to the range as the image space. There are two other important
concepts involving the matrix A:.#"" — 4" that we will now introduce.

Definition: A matrix A:.#"' — 4" is said to be onto if it has the property that R(A)=.4""".

Definition: A matrix A: 4" — #™* is one to one if
Av, = Av, implies v, =V, (2.7.10)

Onto and one to one matrices have special properties which we will characterize later in this
section.

In Section 1.8, we assigned the columns of the matrix (2.7.4) the symbols a,, j=L2,...,N,
by the formulas

a = for  j=1..,N (2.7.11)

al

The set of column vectors {a,,a,,...,a, } consists of vectors in the set .#"*'. As established in

Section 1.8, for an arbitrary vector X € .#"*', equation (1.8.7), repeated, tells us that

AX =a X +a,X, +a;X; +---+ay Xy (2.7.12)
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Equation (2.7.12) establishes that every vector in the image space R(A) has the representation as a

linear combination of the vectors in the set {a,,a,,...,a, }. This fact is summarized by the formula
R(A)=Span(a,,a,.,....ay ) (2.7.13)

Because of the result (2.7.13), the image space R(A) is also known as the column space. We next
defined the rank of the matrix A.

Definition: The rank of Ae.#"" is dimR(A).

Given that the result (2.7.13), an equivalent definition of rank is as follows:
Definition: The rank of Ae .#"*" is the number of linearly independent columns of A.*

An interesting and important result can be established about the rank of Ae .#""" and that of any
matrix B e.#"*" that is row equivalent to Ae .#"" . Recall from Section 1.6, a M x N matrix
Be.#"" is row equivalenttoa M x N matrix Ae .#"" if there exist a finite number of
elementary matrices E,,E,,...,E, € 4™ such that

B=E, E,EA (2.7.14)

The image space of Ac .#™*" is given by (2.7.13). Likewise, the image space of B e .#™" is
given by

R(B)=Span(b,,b,....by) (2.7.15)

where b,,b,,...,b, are the column vectors of the matrix B. It follows from (2.7.14) that the two

sets of column vectors {a,,a,,....ay } and {b,,b,,...b } are connected by the formulas
for j=1,2,....N (2.7.16)

Because the product of elementary matrices, E, --- E,E,, is a nonsingular matrix, it follows that

Ae 4" and the matrix row equivalentto A, B e .#""" , have the same number of linearly
independent columns. As a result, the matrix A and its row equivalent B have the same rank.
The formal relationship that reflects this equality is

dimR(A)=dimR(B) (2.7.17)

* The rank as defined by the number of linearly independent columns is sometimes called the column rank.
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for row equivalent matrices A and B in .#"" . It is important to observe that we have not
asserted that R( A) =R ( B) . This equality is simply not true as we shall show with an example

below.
It is possible to give some general information about the rank of a matrix Ae /™" . If we
apply the results of Theorem 2.5.2, the theorem that says the dimension of a subspace is less than

or equal to the dimension of the containing vector space, then

dimR(A) < dim.a™' =M (2.7.18)

It also follows from (2.7.13) that the dimension of R (A) can never be larger than N = dim.#"*',
the number of vectors in the set {a,,a,,...,a, }. Therefore, the rank, dimR(A), is bounded by

dimR(A) < min(dim 4", dim.4""') = min(M,N) (2.7.19)

Therefore, the rank is less than or equal to the smallest of N and M .

Example 2.7.1: Determine the rank of the matrix of coefficients in Example 1.2.3 (also in
Example 1.3.4). From equation (1.2.13), the matrix is

2
A=|1 (2.7.20)
3

o= W
N = =

We immediately know from (2.7.19) that the rank is less than or equal to three. Step one in finding
the actual rank involves utilizing the definition to identify the three column vectors whose span
generates the image space of A. As (2.7.20) shows, these column vectors are

(2.7.21)

N — =

2 3
a,=|1},a,=|1|a;=
3 4

From the definition, the rank of A is the dimension of the span of the three column vectors (2.7.21).
This dimension is equal to the number of linearly independent vectors in the set {a,,a,,a,}. In

Section 2.4, we established a procedure for establishing whether or not a set of column vectors is
linearly independent. If we utilize (2.7.21), the test for linear independence or dependence, i.e.,

aa, +a,a, +a,a,=0 (2.7.22)

takes the form of finding whether or not
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K

(2.7.23)

w ~= N
A= W
N = =
K
Il
S

R

has at least one nonzero solution for the coefficients «,,a,,a;. We can quickly determine if
(2.7.23) forces the coefficients «;,a,,a; to be zero by calculating the determinant of the matrix of

coefficients. It is an elementary calculation to show that

2 31 2 31
det)f1 1 1|=1 1 1
3 4 2 3 4 2 (2.7.24)
1 1 31 31
= -1 +3 =—4-24+6=0
4 2 4 2 1 1

Thus, one cannot conclude that all of the coefficients «,,,,a; are zero. Therefore, the rank of

(2.7.20) is less than 3. The actual numerical value of the rank is obtained by first reducing the
matrix (2.7.20) to reduced row echelon form by a series of row operations. If one implements the
row operations by the use of elementary matrices, the reduced row echelon form can be shown to

be given by

1
1o 2712 %1 1 ot 0 o
0 1 -1{={0 1 0J/0 1 0|0 1 Ofx
0 0 O 0 0 0 0 1)j0 -1 1
- - _ (2.7.25)
0 1 0 oo 2 31
0 -2 0 —% I o|f1r 1 1
0 0 -2 3 o 1l o o1 3 4 2
Therefore, (2.7.23) can be replaced by
1 0 2| o
01 -1|ea|=0 (2.7.26)
0 0 0]e
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a, -2
Therefore, | &, |=,| 1 |. This result, combined with (2.7.22) and the fact that ¢, is arbitrary,
o, 1
yields,
—2a,+a,+a, =0 (2.7.27)
and we concluded that,
R(A)=Span(a,,a,,a,)=Span(a,.a,) (2.7.28)

Therefore, the dimension of R(A) 1.e. the rank of A is 2.

As with Example 2.4.3, equation (2.7.27) defines the relationship between the three
columns of the matrix of coefficients in (2.7.23). It again defines the relationship between the three
columns of the reduced row echelon form that appears in (2.7.26). This feature is a theoretical
consequence of (2.7.16). If there are linear relationships between the column vectors of a matrix A
as, for example, with (2.7.27), it follows from (2.7.16) that the same relationships exist between the
columns of matrices row equivalent to A. In addition, we can reach the number for the rank of
(2.7.20) rather quickly if we simply use (2.7.17). For example, it follows from (2.7.26) that the
reduced row echelon form of (2.7.20) is

1 0 2
U=/0 1 -1 (2.7.29)
00 0

Of course, the reduced row echelon form is row equivalent to the matrix A (2.7.20). The
simplicity of the reduced row echelon form reveals the two linearly independent columns and, as a
result, the rank of 2.

It mentioned above that we have not asserted that the image space R (A) and the image

space of a row equivalent matrix, such as R ( B) are the same. In fact, they are not. Example 2.7.1

and the later examples illustrate this observation. For example, if we look at the matrix studied in
Example 2.7.1, namely, the matrix given in equation (2.7.20)

2 1
A=|1 1 (2.7.30)
34 2

A= W

We showed that the image space of A is the two dimensional subspace spanned by the two vectors
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2 3
a =1 and a,=|1 (2.7.31)
3 4

given in equations (2.7.21), and (2.7.21),. The reduced row echelon form of A is given by
(2.7.29)

It should be evident that the image space of the matrix (2.7.29) is the two dimensional subspace
spanned by

1 0
i, =|0 and i, =1 (2.7.32)
0 0

Because a vector in R (U ) cannot have a nonzero element in its third position, a subspace spanned

by (2.7.31) is necessarily not the same as one spanned by (2.7.32). The following figure shows the
plane that represents the image space R(U ) and the vectors &, and a, that span R(A).

Example 2.7.2: Determine the rank of the matrix

1 1 =2 1 3
A=[2 -1 2 2 6 (2.7.33)
3 2 -4 -3 -9
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For this particular problem, equation (2.7.19) tells us that the rank of the matrix of coefficients
obeys

dimR(A) < min(dim.4"*',dim.4""') = min(3,5) =3 (2.7.34)

If we utilize (2.7.33), the test for linear independence or dependence takes the form of finding
whether or not

aa, +a,a, +aa, +a,a, +aa, =0 (2.7.35)
where
1 1 -2 3
a=|2a=|-1la,=2|a,=|2|a=|6 (2.7.36)
3 2 —4 -3 -9

has nonzero solutions for the coefficients «,,c,,a;,a,,a,. Asusual, (2.7.36) can be written as a
matrix equation of the form

]
11 2 1 3)a
2 -1 2 2 6| al=0 (2.7.37)
3 2 4 -3 9||q

L s |

As with Example 2.7.1, we can reduce (2.7.37) by row operations to obtain the reduced row
echelon form

al
1 0 0 0 0fla,
01 -2 0 Ofja;|(=0 (2.7.38)
00 0 1 3|a
[ &
Thus, o, =0,a, =2a,,a, =-3a; and (2.7.35) reduces to
o, (2a, +a,)—as(3a, —a5)=0 (2.7.39)

It follows from (2.7.39) and the fact that o, and «, are arbitrary, that
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a,=-2a, and a,=3a, (2.7.40)

Equations (2.7.40), which are obvious from (2.7.36), show that there are three linearly independent
vectors in the set {a1 ,az,a3,a4,a5} and, thus, the rank of (2.7.33) is 3. If we were to use the

theoretical result (2.7.17), the rank of 3 is evident from the reduced row echelon form displayed in
equation (2.7.38). As with our previous examples, the relationships between the column vectors of

A, (2.7.40), are also obeyed for the columns of the reduced row echelon form of A shown in
(2.7.38).

A related concept to rank is the concept of row rank. For our purposes, the most direct way
to introduce this concept is to recall the definition of the transpose of a matrix discussed in Section
1.9 and define the row rank by the following definition:

Definition: The row rank of Ae . 4" is dimR(AT).

In other words, the row rank of Ae.#™" is the dimension of the span of the column vectors of
A" e 4" Equivalently, the row rank is the dimension of the subspace of #"™" spanned by the
row vectors of Ae .#™*" . The row space of Ac .#™*" is that subspace. The row space can also
be thought of as the image space of the transpose of Ae .#"", R (AT ) . Technically, R(AT ) isa
subspace of .#"*' and not .#"" . However, these two different vector spaces are in one to one

correspondence. In any case, it is a theorem, that we shall establish later, that the rank and the row
rank are the same. The proof utilizes an interesting and useful result that connects the image space

of the transpose, A", to the image space of B', where B is a matrix row equivalent to A. This
result, which we shall now establish, is that

R(A")=R(B") (2.7.41)

for any matrix B € .#"*" that is row equivalent to Ae.#"*". Recall from Section 1.6 and as was
mentioned above, a M x N matrix B e.#"" is row equivalenttoa M x N matrix Ae.#"" if
there exist a finite number of elementary matrices E,E,,...,E, € 4 "M such that (2.7.14),
repeated,

B=E, ---E,EA (2.7.42)
This definition and the rule for transposing matrix products, equation (1.9.5), yields
B'=A"E'E, ---E] (2.7.43)

The definition of image space, equation (2.7.8), applied to this case yields



Sec. 2.7 . Image Space, Rank and Kernel of a Matrix 191

R(B™)={B"x| xe.a"'} ={AE[E] - E[X| xe.aM"]

(2.7.44)

{ATx\ XG,//(MXI}I R(A")

where the fact that the elementary matrices are nonsingular has been used. The result (2.7.41) is
usually most useful when B is the reduced row echelon form of A. One can easily illustrate the
validity of (2.7.41) utilizing the results in Examples 2.7.1 and 2.7.2.

In the case where we are given a matrix Ae .#"" with a reduced row echelon form U , it
follows from (2.7.17) that

dimR(A)=dimR(U) (2.7.45)
and, from (2.7.41),
dimR(A")=dimR(U") (2.7.46)

Equations (2.7.45) says that the rank of A and that of U are the same. Likewise, (2.7.46) says that
the row rank of A and that of U are the same. Next, we shall prove that the rank and the row rank
are the same. This result follows from the form of the reduced row echelon form U . From its
definition, as given in Section 1.5, the reduced row echelon form of a matrix Ae .# WN will be of
the form

R N-R
0 0 Dl,R+l DlN )
0 0 D2,.R+1 D2N LR
U=|0 - - 1 Dgpy - Dgy |J (2.7.47)
o 0 0N
: ~ M-R
0 0 0 |J

Equations that illustrate the generic row echelon form (2.7.47) are (2.4.24), (2.7.29) and (2.7.38).
Several other examples can be found in Section 1.5 and in the Exercises at the end of Section 1.5.
The row rank of (2.7.47) is the number of nonzero rows of U . We have given this number the
symbol R in (2.7.47). The first R columns of U are clearly linearly independent. Thus, we have
established that

dimR(U)<dimR(U") (2.7.48)

This result and (2.7.45) and (2.7.46) yield
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dimR(A)<dimR(A") (2.7.49)
If we repeat the above construction, but apply it to A", the result is
dimR(A")<dimR(A) (2.7.50)
The two results (2.7.49) and (2.7.50) combine to yield the asserted result
dimR(A)=dimR(A") (2.7.51)
The next property of Ae .#"*" we wish to introduce is the kernel.

Definition: The kernel of Ae.#™" is the subset of .#""" defined by

K(A)={v|Av=0} (2.7.52)

It is easy to establish that K (A) is a subspace of .#"*'. It consists of those vectors in .#"*
mapped to zero by the matrix Ae .#"*" . The figure below should be helpful.

v

'/%NXI !ﬂMXI

Definition: The nullity of Ae.#"" is dimK(A).
Because K (A) , 1s a subspace

dimK (A) < dim.#"" =N (2.7.53)
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Example 2.7.3: The kernel of the matrix used above in Example 2.7.1 is, from (2.7.20), the set of
vectors that obey

<

(2.7.54)

B~ o= W
N = =
C
[S)
Il
ja)

L

Equation (2.7.54) is equation (2.7.23) that we solved in Example 2.7.1. The solution is again

v, -2
V=|v, |=0;| 1 (2.7.55)
[ 1
-2
Therefore, for this example, the kernel is the one dimensional subspace of .#> spanned by | 1
1

This example reveals an important relationship between the calculation that was used with
Examples 2.7.1 and 2.7.2 to determine the image space and rank and the calculation in Example
2.7.3 to determine the kernel and nullity. These examples illustrate that the scalars «;,c,,...,a,

that appear in the test for linear independence of the column vectors a,,a,,...,a,, 1.., in the
formula

o, +oa, +---+aya, =0 (2.7.56)

are the components of a column vector in K (A) . This relationship is also the origin or

L On
another feature illustrated by this example. In this example, the rank of the matrix A is two. Thus,

the rank plus the nullity equals the dimension of the domain of A. This is a general result, a result
we shall prove after the next example.

Example 2.7.4: The objective is to find the kernel of the matrix Ae .#>* defined by

1110
A= (2.7.57)
210 1
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The kernel of (2.7.57) consists of those column vectors Vv e 4" that obey

Ul
1 11 0]y, 0
Av = = (2.7.58)
21 0 1]y 0
04
The reduced row echelon form of (2.7.57) is obtained from
1 0 -1 1 1 o1 1)1 01 1 1 0
= (2.7.59)
01 2 -1 0 —-1]/0 1{|-2 12 1 0 1
It therefore follows from (2.7.58) that
b, b
1 0 -1 1(o,| (1 Of1L 1)1 o1 1 1 Ofo,| |O
= = (2.7.60)
01 2 -1lllos| [0 =1||]O0 1]|-2 1|2 1 0 1o, |O
v, v,
Therefore,
v, L, -V, 1 -1
v, —2v, +v, -2
V= = =0, +v, (2.7.61)
3 U3 0
4 U, 0
1
. ) : -2
The kernel of (2.7.57) is the subspace spanned by the two linearly independent vectors . and
0
-1
1
. Therefore, the nullity of (2.7.57) is 2. Also, one can see from the reduced row echelon form
1

shown in (2.7.60) that the rank of (2.7.57) is 2, so again we see the result we wish to prove below

that the rank plus nullity equals the dimension of the domain of A, which is 4 in this case.

The last example illustrates another general result that is important to mention. We started

with equation (2.7.58), repeated,
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b,
1 1 1 0]y, 0
= (2.7.62)
210 1o 0
Uy
and replaced it with (2.7.60);, repeated,
b,
1 0 -1 11|v, 0
= (2.7.63)
01 2 -1|o 0
04

which utilized the reduced row echelon form of the original matrix (2.7.57). Explicit in the
relationships (2.7.62) and (2.7.63) is that the kernel of a matrix and that of a matrix row equivalent
to it are the same.

The general result just stated is a consequence of the relationship between matrices and
those it is row equivalent to, namely equation (1.6.16), and the definition of kernel. As explained

in Section 1.6 and utilized twice in this section, a M x N matrix B e.#™" is row equivalent to a
M x N matrix Ae.#"" if there exist a finite number of elementary matrices

E,.E,,....E, € 4™ such that (2.7.14) or, equivalently, (2.7.42) hold. The kernel of B equals the
kernel of A because

K(B)={v|Bv=0}={V|E,E,_ ---EAv=0}={v|Av=0}=K(A) (2.7.64)

where we have again made use of the fact that the elementary matrices are nonsingular.

In the examples above it was observed that the sum of rank plus nullity equaled the
dimension of the domain. The formal theorem, which we shall now prove, is as follows:

Theorem 2.7.1:

dim.#" =dimR(A)+dimK (A) (2.7.65)
N

Rank=R Nullity=P
This theorem is usually referred to as the rank-nullity theorem.

Proof: Because of (2.7.17), applied in the case where the row equivalent matrix B is the reduced
row echelon form of A, it is true that

dimR(A)=dimR(U) (2.7.66)
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Likewise, because of (2.7.64), it is true that
dimK (A)=dimK (U) (2.7.67)
Therefore, because of (2.7.66) and (2.7.67), we can establish the result (2.7.65) if we can prove that
dim.#"" =dimR(U)+dimK(U) (2.7.68)
The result (2.7.68) is a consequence of the form of the reduced row echelon form. From its

definition, as given in Section 1.5, the reduced row echelon form of a matrix Ae .# WN will be of
the form

R N-R
0 Dl,R+l DlN )
0 D2,.R+1 D2N \ R
U=|0 - -+ 1 Dgpy - Dgy |J (2.7.69)
0 0 N
: : ~ M-R
0 0 0 |}

The rank of the reduced row echelon form (2.7.69) is the number of linearly independent columns
and, as shown above, the number of linearly independent rows. As shown, the rank is

R=dimR (U ) =dimR (U T ) . The kernel of U , which by (2.7.64) is the kernel of A, consists of

those column vectors v e.#"*' that obey
Uv=0 (2.7.70)

The next step in the calculation is illustrated in Example 2.7.4. The same argument that produced
(2.7.61) will yield from (2.7.70)
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b _DI,R+1 _DIN _DI,R+1 _DI,R+2 _DIN
b, _DZ,R+1 _DZN _DZ,R+1 _D2,R+2 _DZN
v :
Ur _DR R+1 DRN Rzﬂ _DR R+1 _DR R+2 _DRN
V= = ’ D =gy T+ gy T4ty (2.7.71)
Vs 1 0 1 0 0
. . ON . .
: : 1
Loy | | 0 1] . 0 ] . 0 ] ]

The N —R column vectors on the right side of (2.7.71) are clearly linearly independent. As a
result,

dimK(U)=N —R:dim,//{NXI—dimR(U) (2.7.72)
Equation (2.7.72) is the result (2.7.68) which, in turn, yields the asserted result (2.7.65)
Equation (2.7.65), written in the form
R:dimR(A):dimV/{NX1 —dimK (A) (2.7.73)
improves on the inequality (2.7.19), repeated,

R = dimR(A) < min(dim.4"*',dim.4"") (2.7.74)

Example 2.7.5: Given a matrix Ae .#"*", we can associate with this matrix its reduced roe
echelon form which we have denoted by U . It follows from (2.7.17) that

dimR(A)=dimR(U) (2.7.75)
but, as observed earlier in this section,
R(A)=R(U) (2.7.76)
In equation (2.7.41) we showed that
R(A")=R(U") (2.7.77)

Finally, in equation (2.7.64) we showed that

K(A)=K(U) (2.7.78)
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These theoretical formulas are illustrated by the examples given in this Section. As an additional

example, the matrix

2 1 20 2
A=-7 4 -8 0 -7
4 -3 6 0 4

can be shown to have a reduced row echelon form of

1 0 0 0 1
u=0 1 -2 0 0
00 0 0O
Therefore,
dimR(A):dimR(U):Z
2 1 1[0
R(A)=span =71, 4 ¢R(U)=span 0,1
4 11-3 0]10
2] [-7] (1] 0]
1 4 0] 1
R(AT)=span -21,] -8 =R(UT)=span 0, -2
0 0 0[]0
|2 ||-7] 1/ 0 ]
and
o] 0] [-1]
2110((0
K(A)=K(U)=span 1,l0,] O
O[[1]]O0
0] [O]] T

(2.7.79)

(2.7.80)

(2.7.81)

(2.7.82)

(2.7.83)

(2.7.84)

This example illustrates a possible point of confusion. The matrix U" is not the reduced row

echelon form of A" . This fact is evident from the formula
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1 0 0
0 1 0

U'=l0 -2 0 (2.7.85)
0 0 0
1 0 0]

which is not even in reduced row echelon form. If one forms the matrix A" and then reduces this
matrix to its reduced row echelon form, the result turns out to be

1o -1

3

01 -2
V= 3 (2.7.86)

00 0

00 0

00 0]

We now return to the problem of finding solutions to (2.7.3). In Section 1.8, we stated and
proved the consistency theorem for linear systems. This theorem repeated is

Theorem 1.8.1 (Repeated): Given a matrix Ae.#"*" and a vector b e .#™", the system Ax=Db
has a solution if and only if b e R(A).

If beR (A) , then, by definition, it is expressible as a linear combination of the column vectors of

A. This fact, gives the following simple test to determine whether or not b € R (A) :

Theorem 2.7.2: Given a matrix Ae .#"", the vector be .#™*' isin R(A) if and only if the rank

of A and the augmented matrix (A| b) are the same.

Theorem 1.8.1 tells us thatif be R (A) , then the equation AX =D has a solution. It does

not tell you that the solution is unique. Next, we will look at conditions sufficient to insure that the
solution is unique. The first result we need is the following theorem.

Theorem 2.7.3: A matrix A:.4"" — 4" is one to one, if and only if K(A)={0}.

Proof: As The key to the proof is the relationship Av, = Av,, which by linearity can be written
A(v,-V,)=0. Thus, if K(A)={0}, then Av, = Av, implies v, =Vv,. Conversely, assume A is
one to one. Since K(A) is a subspace it must contain the 0 e .#"*'. Therefore, AO=0. If K(A)



200 Chap. 2 . VECTOR SPACES

contains any other element Vv, as an element of the kernel it would be true that Av=0. This
formula contradicts the fact that A is one to one.

Next we shall prove:

Theorem 2.7.4: If beR(A), then the solution to AX=b is unique if and only if K(A)={0}.

Proof: To prove this theorem, we follow the usual procedure and assume a lack of uniqueness.
Given beR(A), then let v, and v, be solutions, i.e.

Av,=b and Av,=Db (2.7.87)

Therefore,

Av, = Av, (2.7.88)

and, as a result, v, —v, e K(A). If we take K(A)={0}, it follows then that v, = v, and thus the
solution is unique. If we assume the solution is unique, we need to prove that the subspace K (A)
only contains the 0. Let v be the unique solution, i.e., Av =b and assume K (A) contains, in
addition to 0, a vector W. As an element of K (A), it would have to be true that Aw =0. This
fact and Av=Db would yield A(V + W) =b which would mean v +w s also a solution in

contradiction to the assumed uniqueness. Thus, K (A)={0}.

If K (A) contains more vectors than O, then the situation is more complicated. There is a

representation which is useful:

Theorem 2.7.5: If be R(A), and if X, is a particular solution of Ax=b, i.e. a vector in 4"

which obeys Ax, = b, then the solution to the matrix equation AX =D has the representation
X=X, +X, (2.7.89)
where X, e K(A), ie., Ax, =0.

The proof of this theorem uses AX, =b to write the equation AX=Db as Ax = AX,, which, in turn,
can be written

A(x-%,)=0 (2.7.90)

which implies X, =X —X, € K(A). Therefore, the representation (2.7.89) is valid.
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The equation Ax, =0 is the homogeneous equation associated with the problem of solving Ax=D.

Example 2.7.6: You are given the following system of three equations and five unknowns:

Xl
1 1 =2 1 37x/| [1
2 -1 2 2 6| x|=[2 (2.7.91)
3 2 -4 -3 -9|x| |3
L %s

From Example 2.7.2, we learned that the rank of the matrix of coefficients in (2.7.91) is 3. We can
conclude in advance whether or not the system (2.7.91) has a solution by application of Theorem
2.7.2. In particular, we need to determine whether or not the augmented matrix

11 =2 1 31
(Ab)=|2 -1 2 2 6]2 (2.7.92)
32 -4 3 93

also has rank 3. By the usual method, the reduced row echelon form of (2.7.92) is

I 1 -2 1 3|1 1 0 0 0 O
2 -1 2 2 6{2]—|0 1 -2 0 0|0 (2.7.93)
3 2 -4 -3 -93 0 0 0 1 30

Equation (2.7.93), shows that the augmented matrix has three linearly independent columns and,
thus, a rank of 3. The equality of the rank of A and (A| b) , from Theorem 2.7.2, tells us that

beR ( A) . This result and Theorem 1.8.1 tell us that the system (2.7.91) has a solution.

Of course, we are also interested in constructing the actual solution. In particular, we are
interested in showing that the solution has the representation prescribed by Theorem 2.7.4. The
manipulations required to show that the solution exists are, for this example, almost bring us to the
solution. If we use the reduced row echelon form of (2.7.91) given in (2.7.93),, the system (2.7.91)
is replaced by
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Xl
1 0 0 0 0}x, 1
01 =2 0 0fx]|=|0 (2.7.94)
0 0 0 1 3(x, 0
L Xs
Therefore, the solution is
'x ] [ 1 ][ o7 [1] 0] 0] [1]
X, 2X, 2X, 0 2 0 0
X=X [=| X5 [=| X3 [+|0[=X|1[+X| 0 [+]0 (2.7.95)
X, —3X, —-3X, 0 0 =31 |0
X X | X | [0 10] 1] |0]

x
=
m
X
—
>
=
x
©

The solution (2.7.95) reflects the decomposition asserted in Theorem 2.7.4. The number of free
parameters in the solution, X, and X,, is the same as the dimension of the kernel of the matrix of

coefficients.

The case where the matrix A is square is of special importance. When Ae .#"" | we are
talking about situations where the number of equations and the number of unknowns are the same.
Equation (2.7.65), repeated, is

dim;//N“ = dimR(A)+dimK (A) (2.7.96)

Rank=R Nullity=P

We also have (2.7.19), repeated,
R = dimR(A) < min(dim.#"*',dim.4""') = min(M,N) (2.7.97)

Equations (2.7.96), (2.7.97) and the additional requirement M = N allow us to reach the following
conclusions:

When the rank, R =dimR(A), equals N,

a) the nullity, P =dimK(A), is zero which shows that K (A)={0}. As a result, the matrix A

is one to one.
b) the image space R(A) equals .#"*'. As aresult, the matrix A is onto.

The situation characterized by these two cases is illustrated in the following figure
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v

ijl ijl

Note that for a one to one matrix A: 4" — 4", Theorem 2.7.3 tells us that K (A)={0}. It
follows, in this case, from (2.7.65), that dim.#"*' =dimR(A). If we require, in addition that

A: ™ — 4" be onto, the image space R(A) equals 4™ and, of course,

dim.#"*" =dimR(A). Therefore, when the matrix A:.#"*' — 4" is both one to one and onto,

it is necessary that dim.#"' = dim.#""'. Therefore, one to one onto matrices necessarily are
functions that map column vectors between spaces of column vectors of the same size. In more
simple terms, it is necessary that M =N .

If we continue to focus on the case where M =N , when A: . #"" — 4" is onto, every
member of .#""" isin R (A) Theorem 1.8.1 tells us that the system Ax =Db has a solution. When

A: ™" — 4N is also one to one, Theorem 2.7.3 tells us the solution is unique. The one to one
correspondence of a one to one onto function A:.#"*' — #"*' was reached by the two
assumptions M =N and dimR (A) =N . The one to one correspondence means that

A: ™" — 4" has an inverse A" 4" — 4" . The summary conclusion is that when
M =N and dimR(A)=N, then A is nonsingular.

Because an equivalent definition of the rank is the number of linearly independent columns
of A, another way to state the last result is that when M =N and the N columns of A are
linearly independent, then A is nonsingular. Conversely, if M =N and A is nonsingular, then the
N columns of A are linearly independent.

Exercises
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2.7.1 In Example 2.7.1, we started with the matrix

2 31
A=l1 1 1 (2.7.98)
3 4 2
and showed that its reduced row echelon form is
1 0 2
Uu=(0 1 -1 (2.7.99)
0 0 O
Confirm the theoretical result (2.7.41). Namely, that
R(A")=R(UT) (2.7.100)

2.7.2 In Example 2.7.2, we started with the matrix

1 1 =2 1 3
A=l2 -1 2 2 6 (2.7.101)
3 2 -4 -3 -9

and showed that its reduced row echelon form is

(=]

(2.7.102)

-

Il
S o =
S~ o

I
(S}
- o o
w o o

o

Confirm the theoretical result (2.7.41). Namely, that
R(A")=R(UT) (2.7.103)

2.7.3 For the matrix

(2.7.104)

>

Il
N S N
= N W
N=JRN N N

Find a basis for the column space, R ( A) , the row space, R(AT ) and the kernel, K (A) .
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2.7.4 For the matrix

32 3 1
A=l1 4 -1 -3
37 4 2

Find a basis for the column space, R ( A) , the row space, R(AT ) and the kernel, K (A) .

2.7.5 For the matrix

11 2 1
A=2 3 -1 2
4 5 3 0

Find a basis for the column space, R ( A) , the row space, R(AT ) and the kernel, K (A) .

2.7.6 For the matrix

Find a basis for the column space, R(A), the row space, R (AT ) and the kernel, K (A).

2.7.7 For the matrix

1 2 4 3 9
A=|4 5 -10 6 18
7 8 =16 0 0

Find a basis for the column space, R(A), the row space, R (AT ) and the kernel, K (A).

2.7.8 For the matrix

(2.7.105)

(2.7.106)

(2.7.107)

(2.7.108)

(2.7.109)



206 Chap. 2 . VECTOR SPACES

Find a basis for the column space, R ( A), the row space, R (AT ) and the kernel, K (A) .

2.7.9 You are given the system of equations

36X, —9X, +18x%; +9x, =36
42X, = 7X, +19%, +8x, =53
48X, —5X, +20x, +7X, =70
58X, —25X, +35X, +22x, =25

(2.7.110)

a) Utilize Theorem 2.7.2 to determine whether or not the solution exists for the system
(2.7.110).

b) If the solution to the system (2.7.110) exists, express the solution in the form predicted by
Theorem 2.7.5.

2.7.10 You are given a matrix Ae .4 defined by

1 2 -2 13
A=12 4 3 0 1 (2.7.111)
1 2 1 51

What is the rank of the matrix (2.7.111)? Also, determine a basis for the kernel of the matrix
(2.7.111).

2.7.11 A certain matrix Ae .#>° has the reduced row echelon form

-1
-2 (2.7.112)
1

C

Il
=
S o N
o = O
- o O

Determine the rank of, the basis of the kernel and the basis of the row space of Ae.#>.

2.7.12 Let A€ .#%°be a matrix with three linearly independent column vectors a,,a,,a,. The two

remaining column vectors obey

a, =a, +3a, +a, (2.7.113)
a, =2a, —a, o

Determine a basis for the kernel, K (A) . Also, determine the reduced row echelon form of .
Ae ™.



Chapter 3

LINEAR TRANSFORMATIONS

In Section 2.7, we looked at a matrix Ae.#"™" asa function A: .#"* — #"*. Because
of the usual rules for matrix addition and matrix multiplication, it was pointed out that

A(v, +Vv,)=Av, + Av,
for all vectors v,,v, e 4" and
A(Av) = 1A(V)

for all vectors ve.#"* and 1% . Inthis Chapter, we shall study linear transformations. As

explained in Section 2.7, matrices such as Ae.#™" are examples of linear transformations. It is
important to observe that linear transformations are more general mathematical objects than are
matrices. While all matrices are linear transformations, not all linear transformations are matrices.
It is this generality that we hope to capture in this chapter.

Section 3.1. Definition of a Linear Transformation
Linear transformations are functions defined on a vector space with values in a vector

space. Let ¥ and % be two vector spaces. Most of our examples will be for finite dimensional
vector spaces. When we need to make explicit the dimensions, we shall use the convention that

N =dimy and M =dim% (3.1.1)

We shall continue to denote the scalar field by ¢, the set of complex numbers. When we intend
the scalar field to be the set of real numbers, we shall continue to denote this set by #.

The formal definition of a linear transformation is as follows:

Definition: If ¥ and # are vector spaces, a linear transformation is a function A : 7" — % such
that

1) A(u+v)=A(u)+A(v) (3.1.2)

2) A(Au)=1A(u) (3.1.3)

207
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forall uy,ve? and 1e¢?.

Observe that the + symbol on the left side of (3.1.2) denotes addition in¥", while on the right side
it denotes addition in % . Likewise the scalar multiplication on the left side of (3.1.3) isiin 7,
while on the right side the scalar multiplication is in % . 1t would be extremely cumbersome to
adopt different symbols for these quantities. Further, it is customary to omit the parentheses and

write simply Au for A(u) when A is a linear transformation.

The two parts of the definition of a linear transformation can be combined as follows:

Alternate Definition of a Linear Transformation: If ¥ and # are vector spaces, a linear
transformation is a function A : % — % such that

A(Au+ pv)=2Au+ pAv (3.1.4)
forall uyvev and 4,ue?.
It is also possible to show that
A(AV, + 4V, +- 4 gV ) = LAV, + LAV, + -+ LAV, (3.1.5)

forall v,,...,voe? and A,,...,4; €%. From (3.1.3) of the definition, we can take 4 =0 and see
that

A0=0 (3.1.6)

Of course, we have used the same symbol for the zero in ¥ as for the zero in % . When we need
to distinguish these zeros, we will write 0, and 0,,, respectively. If we make the choice 4 =-1,

(3.1.3) yields
A(-v)=-Av (3.1.7)

Linear transformations arise in virtually all areas of mathematics, pure and applied. A few
examples are as follows:

Example 3.1.1: Define a linear transformation 1: ¥ — ¥ by

Iv=v forallvey (3.1.8)

This linear transformation is the identity linear transformation.
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Example 3.1.2: Define a linear transformation A:7 — ¥~ by

Av=av forall ve ¥ and for agiven a« €% (3.1.9)

This linear transformation simply takes a v e ¥* and produces the same vector amplified by the
scalar « .

Example 3.1.3: We select for 7~ the vector space C”[0,o]. Next, we define a function
A ¥ — ¥ by the formal rule

(A1)(s)= [ &= f (3.1.10)

The fact that the function defined is a linear transformation should be evident. Some of you will
recognize this definition as that of the Laplace Transform of a function.

Example 3.1.4: We again select for 7~ to be the vector space C”[0,], and define a function
A ¥ — ¥ by the formal rule

(Af)(x)=a d Zd];gx) +p dfd(xx) +y f(x) forall xe(0,) (3.1.11)

where o, and y are scalars. The definition (3.1.11) shows that A is a linear transformation. It

is the usual second order differential operator one encounters in elementary courses on ordinary
differential equations.

The next few examples arise in the study of various topics in theoretical mechanics.

Example 3.1.5: When one studies heat and mass transfer in solids, one of the models is based
upon the so called Fourier’s Law." Basically, it proposes that the flow of heat is caused by
temperature gradients in the solid. The formal mathematic relationship for Fourier’s Law is

q=-Kg (3.1.12)

where q is the heat flux vector, g is the temperature gradient and K is a linear transformation

known as the conductivity. The heat flux vector and the temperature gradient are vectors in a three
dimensional vector space ¥~ and the conductivity is a linear transformation K: % — ¥". For the
special kinds of heat conductors known as isentropic, the conductivity takes the special form

K =kI where k is a positive number.

! Additional information about Jean Baptiste Joseph Fourier can be found at
http://en.wikipedia.org/wiki/Joseph Fourier.
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Example 3.1.6: When one studies rigid body dynamics like arises in the study of gyroscopes and
the study of space vehicles, one encounters the concept of moment of inertia. The moment of
inertia is a linear transformation that connects the angular velocity to the angular momentum in
certain special cases. The formal relationship is

t=lo (3.1.13)

where o is the angular velocity, € is the angular momentum and | is a linear transformation
known as the moment of inertia. The angular velocity and the angular momentum are vectors in a
three dimensional vector space ¥~ and the moment of inertia is a linear transformation |: 7" — 7.

Example 3.1.7: In the study of the electrodynamics of magnets, electrical conductors and other
electrical materials, one encounters a need to model a relationship between current and voltage.
The relationship that is often used is known as Ohm’s law.? It usually takes the form

j=Ce (3.1.14)

where e is the electrical field strength, j is the current density and C is a linear transformation
known as the electrical conductivity. The electrical field strength and the current density are
vectors in a three dimensional vector space ¥~ and the electrical conductivity is a linear
transformation C: 7 —> 7.

Example 3.1.7: In the study of continuum mechanics, one is concerned with the result of forces on
deformable media. One category of force is the so called contact force. This force is characterized
by a quantity known as a stress vector and it is calculated by a result known as Cauchy’s Theorem.’
The mathematical form of this theorem is

t=Tn (3.1.15)

where t is the stress vector representing the force per unit area on a surface with unit normal n.
The linear transformation T is usually called the stress tensor. It represents a linear transformation
that when multiplied by the unit normal yields the local force on the surface with that unit normal.

2 Additional information about Georg Simond Ohm can be found at http://en.wikipedia.org/wiki/Georg_Ohm.
* Additional information about Augustin-Louis Cauchy can be found at http:/en.wikipedia.org/wiki/Augustin-

Louis_Cauchy.




Sec. 3.2 . Matrix Representation of a Linear Transformation 211

Section 3.2. Matrix Representation of a Linear Transformation

We first encountered the idea of a linear transformation in Section 2.7 when we were
discussing matrices. Many of the examples of linear transformations given here involve matrices.
In this section, we explore this relationship and try to establish to what extent a linear
transformation is equivalent to a matrix. The short version of the answer is that when we restrict
ourselves to finite dimensional vector spaces there is a one to one correspondence between a linear
transformation and a matrix. The advantages of this fact and the disadvantages will be discussed.

The first idea we shall introduce is that of the components of a linear transformation. This
idea arises only in the case where #* and % are finite dimensional. Let {e,,e,,....e} be a basis

for ¥ and {b,,b,,...,b,, } be abasis for % . Given a linear transformation, A:7 — %, itistrue
that the set {Ae,,Ae,,..., Ae } is a set of vectorsin % . As such, they can be expanded in the basis
of % ,i.e.intheset {b,,b,,...,b, }. Therefore, we can write

Ae =A'b, +A*b,+---+A" b, for k=12..,N (3.2.1)

In this equation, A’, represents the j" component of Ae, with respect to the basis for % . We
shall typically write (3.2.1) in the more compact form

M
Ae,=> Alb, k=12,..,N (3.2.2)
j=1

Definition: The components of a linear transformation A : ¥ — % with respect to the bases
{e,.e,,....ey} and {b,,b,,..,b,, } arethe MN scalars A’ , for j=12,..,M and k=12,..,N.

Example 3.2.1: Let A:7 — %, and {e, e, } be abasis for 7 and {b,,b,,b,} a basis for % .
Define a linear transformation by the rule

Av=0'b, +0°b, + (ul +0° )b3 (3.2.3)

forall vev . We wish to find the components of A with respect to the basis {e,,e,} and the
basis {b,,b,,b,}. We need to apply the definition (3.2.1), which in this case reduces to

Ae, =A'b, + A’ b, + A’ b,
(3.2.4)
Ae, = Alb, + A’,b, + A’b,
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In order to find the coefficients A’ , j=1,2 and k =1,2,3, we need to use the defining equation
(3.2.3). Asavectorin ¥, v, it has the component representation

v=v'e +0%, (3.2.5)
Therefore, the choice v =e, implies v' =1 and v* =0. Therefore,

Ae,=b, +b, (3.2.6)
and the choice v=e, implies v' =0 and v* =1. Therefore,

Ae,=b, +b, (3.2.7)
If these equations are compared to (3.2.4), we see that

AL =1, A% =0,A% =1
(3.2.8)
AL =0,A%, =1, A%, =1

As one would anticipate, and as the notation suggests, it is convenient to arrange the components of
a linear transformation in a matrix. This idea results in the following definition:

Definition: If A:¥ — %, is a linear transformation, and if ¥ and % are finite dimensional, the
matrix of A:7 — @ with respect to the basis {e,,e,,....e, } of ¥ and {b,,b,,...,b,, } of  isthe

M x N matrix

All Alz ’ T AlN
A21 A22 A2N
A3 A3
M(A.e b;)=| " 3 (3.2.9)
_AM1 AM , . .. AM o

It is customary to give the matrix of a linear transformation a different symbol than that of the
linear transformation it represents. Equation (3.2.9) shows the notation M (A,ek,bj)for the

matriX. This notation has the advantage of showing that the matrix depends upon the choice of the
bases for the two vector spaces. Later, we shall show how the components of a linear
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transformation transform when the two bases are changed. In those cases where the choices of
bases do not need to be stressed, it is sometimes conventional to write [A] for the matrix.

The above construction shows a correspondence, for finite dimensional vector spaces,
between a linear transformation and the matrix of a linear transformation. The fact that one must
select a basis for 7~ and a basis for % in order to display the matrix means that the physical
quantity represented by the linear transformation is now dependent upon the choice of basis.
Physical quantities have intrinsic meaning and do not depend upon how one chooses to project
them into a basis. Thus, it is advantageous to study linear transformations as mathematical objects
and not complicate the picture by the arbitrary selection of bases. Of course, if we are not talking
about infinite dimensional vector spaces. For infinite dimensional vector spaces, the idea of a
matrix is meaningless.

Example 3.2.2: A linear transformation A : % — %, is defined, for all vectors ve 7", by
Av = (02 +20° +31)4)b1 +(—Ul +0 +40° +U4)b2

(3.2.10)

+(—u1+u2 +0° —204)b3 +(Ul+l)2 -20° +21)4)b4
v'(-b,—b,+b,)+0’ (b, +b, +b, +b,)
+0°(2b, +4b, +b, —2b,)+0*(3b, +b, —2b, +2b,)

where {e,,e,,e,,e,} isabasis for ¥ and {b,,b,,b,,b,} is a basis for % . It follows from this
definition that

Ae, =-b,-b,+b,
Ae,=b, +b, +b,+b,

(3.2.11)
Ae, =2b, +4b, +b, - 2b,
Ae, =3b, +b, —2b, +2b,
Next, we need to utilize (3.2.2) which for this case reduces to
Ae,=A'b, + A’ b, + A’b, + A’ b,
Ae, = ALb, + A’b, + A’b, + A',b, (3.212)

Ae, = A',b, + A,b, + A>b, + A*.b,
Ae, = A'b, + A,b, + A’ b, + A’,b,

If (3.2.12) is compared to (3.2.11), we see that
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AN, A, AL O L 2 3
AN, AN -11 4 1
M(Ae b;)=|"F "2 P = (3.2.13)
AN, A, A -1 L 2
ALCAL AL AL L1 22
Exercises
3.2.1 You are given a linear transformation A : 7 — % defined by
Av=0'(b, +2b, +b,)+0°(4b, + b, — 2b,) (32.14)

+0° (b, +b, +b,)+0* (b, +2b,)

forall v=0v'e, +v’e, +v%, +v"e, € ¥ . Determine the matrix of A:% — % with respect to the
bases {e,,e, e, e,} and {b;,b,,b;}.

3.2.2 You are given a linear transformation B: % — % defined by

Bu=u'(d, +5d, +d,)+u*(2d, -d,)+u®(-3d, + 2d, +d,) (3.2.15)

for all w=u'b, +u’b, +u’b, € . Determine the matrix of B: % — ¥ with respect to the bases
{b,,b,,b,}and {d,.d,.d,}.

3.3.3  Alinear transformation A:¥ — % is defined, for all vectors ve ¥, by

Av = (1)1 —iv? + 71)3)b1 + (—8iu1 + 90 +8iz)3)b2
(3.2.16)
+(4v" 9% +15i0° )b, + (7iv* + 4iv )b,
for all vectors v =v'e, + v’e, + e, € ¥, where {e,,e,,e,} isabasis for ¥ and {b,,b,,b,,b,} is
a basis for % . Determine the matrix of A:¥ — % with respect to the bases {e,,e,,e,} and
{b,,b,.,b;,b,}.

3.3.4 Alinear transformation A:7" — 2 is defined, for all vectors ve v, by
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Av=(3ul—21)2—204)p1+(—ul—02+403+u4)p2 ( )
3.2.17
+(—Ul +0° +0° —21)4) Pq +(u2 +0° +304) P,
for all vectors v =uv'e, + 0%, +v’e, +v'e, € ¥, Where {e,,e,,e,,¢,} is a basis for 7" and
{P., P, P3P, } isabasis for 2. Determine the matrix of A:7 — % with respect to the bases

{e1'e21e37e4} and {pl' P2: Ps, p4} '
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Section 3.3. Properties of a Linear Transformation.

As with matrices, the image space of a linear transformation is defined to be set of all
values of the function. More formally, the image space is the set

R(A)={Ax| xe7} (3.3.1)

Utilizing the usual kind of proof, it is easy to show that the subset R(A) of % is actually a
subspace of % . As such, we know from Theorem 2.5.2 that

dimR (A) < dim# (3.3.2)

In Section 2.7, we introduced the rank of a matrix. Likewise, the rank of a linear transformation is
dim R(A). If, the linear transformation A : ¥ — % has the property that

R(A) =9 (3.3.3)
it is said to be onto. If a linear transformation A : ¥ — % has the property that
Av, =Av, implies v, =v, foreveryv,v,e? (3.3.4)

then it is one to one. Linear transformations that are one to one are also called regular linear
transformations.

In Section 2.7, we introduced the kernel of a matrix. For linear transformations, the related
idea is also called the kernel. The kernel of a linear transformation A : ¥ — % is the subset of ¥
defined by

K(A)={v|Av=0} (3.3.5)

As with matrices, the nullity of a linear transformation is the dimension of the kernel, i.e.,
dimK(A). Itis not difficult to establish that K (A) is a subspace of ¥". As such, it is true that

dimK (A)<dimy’ (3.3.6)
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The following figure should be helpful as one tries to conceptualize the subspaces K (A) and
R(A).

v

Theorem 3.3.1: A linear transformation A :% — % isone to one, i.e., regular, if and only if

K(A)={0}.
Proof: As with the corresponding proof for matrices, the key to the proof is the relationship
Av, = Av,, which by linearity can be written A(v,—v,)=0. Thus, if K(A)={0}, then

Av, = Av, implies v, =v,. Conversely, assume A isone toone. Since K(A) is a subspace it

must contain the 0 € ¥". Therefore, AO=0. If K(A) contains any other element v, as an

element of the kernel it would be true that Av =0. This formula contradicts the fact that A is one
to one.

In Section 2.7, when discussing matrix equations, we established a uniqueness theorem. The linear
transformation version of this theorem is

Theorem 3.3.2: If beR(A), then the solution to Ax=b is unique if and only if K(A)={0}.

The proof of this theorem is formally the same as Theorem 2.7.4 for matrix equations.

The special case where A : ¥ — % is both one to one and onto would correspond to the
figure
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K(4)={0}

v

Theorem 3.3.3: If {v,,v,,...,v}is alinearly dependent setin ¥ and if A:7 — % isa linear
transformation, then {Av,,Av,,...,Av,}is a linearly dependent set in% .

Proof ~ Since the vectors {v,,v,,...,v.} is a linearly dependent set, we can write

R
D, =0 (3.3.7)
j=1

where at least one coefficient is not zero. Therefore

R R
A(Zajvjj=2ajAvj =0 (3.3.8)
j=1 j=1

Because the coefficients are not all zero, (3.3.8) establishes the result.

If the set {v,,v,,..., v }is linearly independent, then their image set {Av,,Av,,...,Av,} may or

may not be linearly independent. For example, A might be a linear transformation that maps all
vectors into 0.

The following theorem gives another condition for such linear transformations.

Theorem 3.3.4: A linear transformation A :¥" — % is one to one, i.e., regular if and only if it
maps linearly independent sets in ¥~ to linearly independent sets in %.
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Proof. We shall first prove that if A:¥ — % is one to one then it maps linearly independent sets
in ¥ to linearly independent sets in#%. Let {v,,v,,...,v;} be alinearly independent set in " and

A ¥ — % be aregular linear transformation. Consider the sum
R
D aAv; =0 (3.3.9)
j=1

Equation (3.3.9) is equivalent to

A(ZR:CKJ-VJ-J=O (3.3.10)

Theorem 3.1.1 tells us that K (A)={0}, therefore (3.3.10) yields

R
INATEL (3.3.11)
j=1

Because {vl,vz,...,VR} is a linearly independent set, (3.3.11) shows that o, =, =--- =, =0,

which, from (3.3.9) implies that the set {Av,,...,Av,} is linearly independent. Next, we must

prove that if A:¥ — % maps linearly independent sets in ¥~ to linearly independent sets in % ,
then it is one to one. The assumption that A preserves linear independence implies, in particular,
that Av =0 for every nonzero vector v € ¥ since such a vector forms a linearly independent set.

Therefore, K(A) consists of the zero vector only, and thus A is one to one.

Theorem 3.3.5:

dimy =dimR(A)+dimK (A) (33.12)

N

Rank=R Nullity=P

This theorem was proven for matrices in Section 2.7. It is the rank-nullity theorem for linear
transformations.

Proof: For notational convenience, we have written in (3.3.12)

R=dimR(A)and P=dimK(A) (3.3.13)

We wish to show that N =R+ P. Let {e,e,,...e,,e.,;,€,,,,...€, } be abasis for 7. We shall
select these vectors such that the subset {e,,e,,...,e, } is a basis for K(A). Our task is to show that
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N — P is the rank of A. Our first step in the proof is to form the set
{Ae,, Ae,,...,Ae,, Ae,, , Ae,,,,...,Ae, } . This set spans R(A) because

{e€,,....e5,€0,,,€0,,,...,€ | isabasis for #". This fact is formally expressed by the equation,
R(A)=Span(Ae,, Ae,,...,Ae,, Ae,, , Ae,,,..., Aey ) (3.3.14)

The next step utilizes the fact that, as defined, that the set {e,,e,,...,e, } is a basis for K(A). As
such, it is true that Ae, = Ae, =---= Ae, =0. Therefore,

R(A)=Span(Ae,,;, Ae,,,,... Aey ) (3.3.15)

If we can conclude that the set of N — P vectors are linearly independent, then we can conclude
that R =dimR(A) =N — P and the proof is complete. The test for linear independence, as is

always, is to analyze the equation
a,Ae,  +a,Ae, ,+--+ay Aey =0 (3.3.16)

Our challenge is to establish that the coefficients «,,a,,...,a,_, are zero. The first step is to
rewrite (3.3.16) as

A(@p, +apep,, + -+ ay_pey)=0 (3.3.17)

Therefore, ase,,, + a,ep,, +---+ay_pey € K(A). However, we selected the vectors
{e,.€,,....€p,€0,,,€0.,,....,€, | 10 be a basis for ¥~ such that the subset {e,,e,,...,e, } is a basis for
K(A). The only vector of the form ase,,, + a,e,,, +---+ €, , i.€., a linear combination of

vectors not in K(A) that is in K(A), is the zero vector, 0. As a result,
ep, + Qp, oty pey =0 (3.3.18)

The sum (3.3.18) forces o, =, =---=¢,_, =0 because of the linear independence of the set
{€p.1,€p.5,...€ | . This completes the proof.

Other relationships involving the dimensions of ¥",%,R(A) and K(A) are

dimy =dimR(A)+dimK (A) (3.3.19)

and
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dimR(A)< min(dim ", dim%) (3.3.20)

The proofs of these results are essentially the same as the proofs used in Section 2.7 for matrices.
Theorem 2.5.2 told us that a subspace of a vector space equals the vector space if and only if the

subspace and the vector space have the same dimension. This theorem and the fact that R(A) is a
subspace of % gives the following result

Theorem 3.3.6: dimR(A)=dim# if and only if A is onto.

Another important result for one to one and onto linear transformations is the result

Theorem 3.3.7: If A:¥ — % is one to one and onto, then

dimy =dim% (3.3.21)
Proof: This result follows from Theorems 3.3.1, 3.3.4 and 3.3.5.

In the special case when dim¥” =dim%, it is possible to state the following important
theorem:

Theorem 3.3.8: If A: ¥ — % is a linear transformation and if dim¥ =dim#% , then A is a linear
transformation onto % if and only if A is one to one.

Proof. Assume that A:% — % isonto %, then dim# =dimR(A)=dim¥ . Therefore, the
equation dim¥ =dimR(A)+dimK(A) forces dimK(A)=0 and thus K(A)={0}and A is one
to one. Nextassume that A is one-to-one. By Theorem 3.1.1, K(A)={0}and thus
dimK(A)=0. Asaresult, the equation dim¥ =dimR(A)+dimK (A) shows that

dimy =dimA(7)=dim# (3.3.22)
Therefore, by Theorem 3.3.4,
A(V)=2 (3.3.23)
and A is onto.

In the case where A : ¥ — 4% is onto and one to one, the two vector spaces ¥~ and # are in

one to one correspondence. As such, there is an inverse function A™:% — ¥ . One of our
objectives later will be to show that this inverse function, when it exists, is actually a linear
transformation. However, before we can properly introduce this linear transformation, we need to
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define what is meant by the product of two linear transformations. This topic, among others, will
be introduced in the next section.

In Section 1.8, we stated and proved Theorem 1.8.1, the consistency theorem for linear
systems. That discussion concerned solutions of the matrix equation Ax =b, and said that the

system has a solution if and only if b e R(A). When the problem to be solved is stated in terms of
linear transformations instead of matrices, the theorem is readily generalized to be that the vector
equation Ax =b has a solution if and only if be R(A).
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Section 3.4. Sums and Products of Linear Transformations

In this section, we shall assign meaning to the operations of addition and scalar
multiplication for linear transformations. In addition, we shall explain how one forms the product
of two linear transformations. For finite dimensional vector spaces, you will not be surprised to
learn that these operations are generalizations of familiar matrix operations. First, we shall define
the operations of addition of two linear transformations and multiplication of a linear
transformation by a scalar.

Definition: If A and B are linear transformations ¥  — % , then their sum A +B is a linear
transformation ¥~ — % defined by

(A+B)v=Av+By (3.4.1)

forall ve?'. If 1e¢, then AA isa linear transformation ¥~ — % defined by

(ZA)v=1(Av) (3.4.2)
forall vev.

If we write ,?(V;ﬁzz) for the set of linear transformations from ¥~ to % , then (3.4.1) and (3.4.2)

make & (¥ ';%) a vector space. The zero elementin & (¥";%)is the linear transformation
0 defined by

Oov=0 (3.4.3)

forall ve 7. The negative of A e.%(7;%) is a linear transformation —A € & (¥';% ) defined by

~A=-1A (3.4.4)

It follows from (3.4.4) that —A is the additive inverse of A € #(7;%). This assertion follows
from

A+(-A)=A+(-1A)=1A+(-1A)=(1-1)A=0A=0 (3.4.5)

where (3.4.1) and (3.4.2) have been used. Consistent with our notation introduced in equation
(2.1.3), we shall write A —B for the sum A + (—B) formed from the linear transformations A

andB. The formal proof that % (¥';%) is a vector space is left as an exercise.
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Theorem 3.4.1.

dimZ(v;%)=dim7 dim% (3.4.6)

Proof. Let {e,,...,e, }be abasis for 7 and {b,,...,b,, } be a basis for# . Define NM linear
transformations E*; : ¥ — % by

E‘e =b,, k=1..,N; j=1..M

(3.4.7)
E‘e, =0, k=#p

If A isan arbitrary member of #(7;%), then Ae, €%, and thus can be expanded in the basis
{bl,...,bM } We shall write this expansion as we did in equation (3.2.2)

Ae, =) Alb; j=12...M and k=12,..N (3.4.8)

Based upon the properties of Ekj in (3.4.7), we can write (3.4.8) as

Mo M N
Ae, = Z:AJ,(EKJ.ek = ZZ A E e, (3.4.9)
-1

j=1s=1

A simple rearrangement of (3.4.9) yields

[A —iiAjsEstek =0 (3.4.10)

j=1 s=1

Since the set of vectors {e,,...,e, } form a basis of 7", an arbitrary vector ve¥ has the
representation

N
v=>) v, (3.4.11)
k=1

Equation (3.4.11) allows (3.4.10) to be written
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[A —iiAjsEsjjv=0 (3.4.12)

j=1 s=1

M N

for all vectors ve¥". Thus, from (3.4.3), A —ZZA‘SESJ. is the zero liner transformation. As a
j=1s=1

result

N
> ALE, (3.4.13)

s=1

Mz

A =

I
-

i

Equation (3.4.13)means that the set of MN linear transformations
{ESj fors=1..,Nandj=1..M } span Z(#;%). If we can prove that this set is linearly
independent, then the proof of the theorem is complete. To this end, set

ii A E (3.4.14)

Then, from (3.4.7),

M N Mo
ZSZ:;AJSESJ (ep):;A'pbj =0 (3.4.15)

Because the set {bl,...,bM} is linearly independent in % , (3.4.15) yields A"p =0. Hence the set
{E*,} is a basis of #(7;%). Asaresult, we have

dim #(¥;%) = MN = dim% dim ¥ (3.4.16)

At the end of Section 3.3, we mentioned the need to define the product of two linear
transformations. The formal definition is as follows:

Definition: If A:7 — % and B:% — w are linear transformations, their product is a linear
transformation ¥~ — # , written BA , defined by

BAv=B(Av) (3.4.17)

forall vev..

The properties of the product operation are summarized in the following theorem.
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Theorem 3.4.2.

C(BA)=(CB)A
(1A + uB)C = AAC + uBC (3.4.18)
C(/IA + ,uB) =ACA + uCB

forall A, % and where it is understood that A,B,andC are defined on the proper vector spaces
so as to make the indicated products defined.

The definition (3.4.17), which is given without the introduction of bases for the three vector
spaces ¥ ,%,¥ , actually implies the matrix multiplication formula

M (BA,e,.d,)=M(B,b;,d,)M(Ae.b)) (3.4.19)

where {e,.e,,....ey } isthe basisof ¥, {b,,b,,...,b,, } is the basis of # and {d,.d,,...,d,} is the

basis of ¥ . The proof of this formula involves utilizing the many definitions we have
accumulated. The connection between A : ¥ — % and its components is (3.2.2), repeated,

Ae, =Y Alb, for  k=12..,N (3.4.20)

Bb,=> B'd for j=12,..M (3.4.21)

From the definition (3.4.17),

M M
BAe, =B(Ae, )= B(Z Ajkij= > ALBb,
i=1 j

j=1

Mo P P/ M )
:ZA‘{ ququ:Z(ZquA‘k]dq
j=1 g=1 g=1\_j=1

(3.4.22)

If we now recognize that the relationship between BA : ¥ — % and its components is, from the
definition, an equation like (3.4.22), we see that we have derived an expression for the components
of the product BA . If we write the product as
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C=BA (3.4.23)

then, the components of C, by definition, are given by

P
Ce, =) C%d, for  k=12..,N (3.4.24)
g=1
Therefore, the three sets of components connect by the formula
M .
Cl =D B%Al (3.4.25)
j=1

Equation (3.4.25)is precisely the matrix equation (3.4.19) given above.

Exercises

3.4.1 Show that
M(AA+uB.e,b;)=AM(A.e b;)+uM(B.e,.b,) (3.4.26)

Viewed as a function M : Z(7; %) — AN | equation (3.4.26) shows that M is a linear

transformation. It is easily shown to be one to one, and by virtue the result (3.4.16) and Theorem
337, M:2(¥;u)— 4" isan onto linear transformation. The one to one correspondence

between linear transformations between finite dimensional vector spaces and matrices is a
fundamental and useful result in linear algebra. The fact that this correspondence depends on the
choices of bases is also a fundamental result that is important in the applications.

3.4.2 You are given linear transformations A:7 — % and B:% — ¥ defined by

Av=0'(b, +2b, +b,)+0"(4b, +b, — 2b,)

(3.4.27)
+0°(b, +b, +b,)+0* (b, + 2b,)
for all v=u'e, +v’e, +v’e, +v'e, € ¥, and
Bu=u'(d, +5d, +d,)+u*(2d, —-d,)+u®(-3d, + 2d, +d,) (3.4.28)

for all w=u'b, +u’b, +u’b, € . Calculate the linear transformation BA: 7 — % .
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Section 3.5. One to One Onto Linear Transformations

In this section, we shall record some important properties of one to one and onto linear
transformations A : ¥ — % . In Section 3.3, it was mentioned that when a linear transformation
A ¥ — % is both one to one and onto, the elements of ¥~ are in one to one correspondence with
the elements of % . One to one onto linear transformations are sometimes called isomorphisms.
The one to one correspondence between ¥~ and % means there exists a function f: % — ¥ such
that

f(Av)=v forallvey (3.5.1)

The next result we wish to establish is that f is actually a linear transformation. This means that if
we are givenv,,v, € ¥ and if we label the corresponding elements in by

u, =Av, and u, = Av, (3.5.2)
then
f(Au, + gu, ) = Af (u,) + pf (u,) (3.5.3)
forall A, ue® andall u ,u, in %.

The proof of (3.5.3) goes as follows. First, form the left side of (3.5.3) and use the
properties of A as a linear transformation. The result is

f(Au, + pu, ) =f(AAv, + AV, )
=f(A(Av, +uv,)) (3.5.4)

=Av, +uv,
where (3.5.1) has been used. Next, it follows from (3.5.1) and (3.5.2) that
v, =f(Av,)=f(u,) (3.5.5)
and
v, =f(Av,)=1(u,) (3.5.6)

Equations (3.5.5) and (3.5.6), when utilized in (3.5.4) yield the result (3.5.3).
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As with matrices, it is customary to denote the inverse linear transformation of a one to one

onto linear transformation A: % — % by A™. Also, the linear transformation A™: % — 7 is one
to one and onto whose inverse obeys

(A%) " =A (3.5.7)

Theorem 3.5.1. If A:¥ — % and B:% — # are one to one linear transformations, then
BA 7 — # is aone to one onto linear transformation whose inverse is computed by

(BA) =A"B™ (3.5.8)

Proof. The fact that BA is a one to one and onto follows directly from the corresponding
properties of A and B. The fact that the inverse of BA is computed by (3.5.8) follows directly
because if

u=Av and w=Bu (3.5.9)
then
v=Alu and u=B'w (3.5.10)
It follows from (3.5.9) that
w=Bu=B(Av)=BAv (3.5.11)
which implies that
v=(BA) 'w (3.5.12)
It follows from (3.5.10) that
v=A"u=A"B'w (3.5.13)
Therefore,
v=(BA) 'w=A"B'w (3.5.14)

As aresult of (3.5.14)



Sec. 3.5 . One to One Onto Linear Transformations 233

(BA)"-A7B™)w=0 forall wew (3.5.15)
which implies (3.5.8).
The notation A™ for the inverse allows (3.5.1) to be written

A"l(AV)zv forallvey (3.5.16)

The product definition (3.4.17) allows (3.5.16) to be written

A7Av=v forallvey (3.5.17)

Likewise, for all w e % , we can write

AAMu=u forallue# (3.5.18)

The identity linear transformation 1:7" — ¥~ was introduced in Example 3.1.1. Recall that it is
defined by

Iv=v (3.5.19)

forall v in ¥°. Often it is desirable to distinguish the identity linear transformations on different
vector spaces. In these cases we shall denote the identity linear transformation by I, . It follows

from (3.5.17), (3.5.18) and (3.5.19) that

AA =1, and ATA=I, (3.5.20)

Conversely, if A is a linear transformation from ¥~ to% , and if there exists a linear transformation
B:% — ¥ such that AB=1, andBA =1, then A isone to one and onto and B=A"". The

proof of this assertion is left as an exercise. As with matrices, linear transformations that have
inverses, i.e., one to one onto linear transformations, are referred to as nonsingular.

Exercises

3.5.1 Show that

M(A e e)=M (A e)" (3.5.21)
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for a nonsingular linear transformation A: 7 — ¥ .

3.5.2 In Example 3.2.2, we were given the linear transformation A : ¥ — % defined by

Av :(02 +20° +3U4)b1 +(—U1 +0*+40° +l)4)b2

(3.5.22)
+(—ul +0*+0° —21)4)b3 +(u1 +0° - 20° +204)b4
for all v=u'e, +v’, +v%, +v'e, ¥ . Show that A is nonsingular and that the inverse
A7 9 — v is defined by
( 7u1+ O +4u j
3
+(—U, +U, +U, e,

(3.5.23)

+(—2u, +2u, —u; +u, )e,

(-
(-

2
[Zu1 u+3u uélje4

_l_

forall u=u'b, +u’b, +u’b, +u‘b, e .
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Section 3.6. Change of Basis for Linear Transformations

In Section 2.6, we introduced the idea of a change of basis and were led to the idea of a
transition matrix. For a finite dimensional vector space ¥, we considered two bases {e,,e,,....e, }

and {é,,¢,,....€, }. Because each basis element of the first set can be written as a linear
combination of the elements of the second set, we were able to write equation (2.6.3), repeated,

N
&, =>T'e, forj=12.,N (3.6.1)
k=1
and its inverse, equation (2.6.4), repeated,

N ~ .
e,=> TJe, for k=12,..,N (3.6.2)

=

We defined the transition matrix for the basis change {e, e,,....e, } = {€,,¢,,....€, } to be the matrix
(2.6.9);,repeated,

= ' (3.6.3)

T1N TZN . .. TNN

Also, in Section 2.6, we derived the transformation rules for the components of a vector
v e . This calculation began with equations (2.6.26) and (2.6.27), repeated,

V:Z:U’ej :Zz}’éj (3.6.4)
=1 =1

The two sets of components {v*,0°,...,0" | and {5",6°,...,

(2.6.31) and (2.6.32), repeated,

oM } are connected by the formulas

o =) "T/0 (3.6.5)



236 Chap. 3 . LINEAR TRANSFORMATIONS

N ~ .
oK = Tky! (3.6.6)
j=1

]

In this section, out task is to derive the formula which connects the components of a linear
transformation A : % — % when one changes bases in ¥ and % . The result, like the results
(3.6.5) and (3.6.6), reveals the dependence of A :¥ — % on the bases. The dependence will be
displayed as a matrix equation which connects the matrix of A:7 — % to two transition matrices,
one for ¥~ and one for % . This formula, when it is derived, will allow us to define what is meant
by similar matrices.

The derivation we are going to perform, like virtually all in a linear algebra course, simply
follows by a consistent application of the definitions. We are given A: ¥ — %, bases

{e,.e,,....ey} and {&,,¢,,...&,} for 7 and bases {b,,b,,...,b,, } and {f)l,f)z,...,f)M} for . The
connection between the bases {e, e,,....e, } and {€,,¢,,...€, } is given by (3.6.1) and (3.6.2). By

exactly the same logic, the bases {b,,b,....by, } and {b,,b,,...,b,, | are given by

N M
b,=> U, forj=12..M (3.6.7)
k=1
and its inverse,
M ~ . A
b, =D Ulb, for k=12..,M (3.6.8)

=1

From (3.2.2), the components of A:¥ — % are

M .
Ae, =Y Alb, k=12,.N (3.6.9)
j=1

when one selects the basis {e,,e,,...,e, } for 7" and the basis {b,,b,,...,b,, } for % . However, if
we select the other bases {&,,&,,...,&, } and {b,,b,,...,b,, | , the components of A:% — are
given by

M ~ . ~
Aé, =Y Alb, k=12,..,N (3.6.10)
j=1

The transformation rule we are trying to derive arises from the substitution of the equations
which connect the bases for ¥~ and the bases for % into (3.6.9) and the result is written in the form
of (3.6.10). The result we are going to derive is
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N M n.
=>YUiIA TS j=1.,M and k=12,.,N (3.6.11)

g=1 s=1
The derivation of this result is as follows: First, substitute (3.6.1) into (3.6.10). The result
of this substitution is
M. N
D Alb, =Ag =) TlAe, k=12..,N (3.6.12)
j=1

gq=1

We next substitute equation (3.6.9) into the right side of (3.6.12) to obtain

M N M
> A, ZTquq YO AT, k=12,..,N (3.6.13)
j=1 g=1 s=1
Finally, we use (3.6.8) to rewrite (3.6.13) as
ML N M M N M A
DAL =Y A T =YY A TUD, k=12..,N (3.6.14)
j=1 g=1 s=1 j=1g=1s=1
A rearrangement of (3.6.14) yields
M . N M "
Z(Alk ZZUS‘ASququj: k=12,..,N (3.6.15)
j=1 gq=1 s=1

>

Because the set of vectors {Bl,f)z,...,bM } is a basis and, thus, linearly independent, (3.6.15) yields

~ . N M ~ .
Al =>>UIANTS j=1..M and k=12..,N

S
q=1 s=1

As a matrix equation, this set of equations is equivalent to
A=U"AT (3.6.16)

If we adopt the notation introduced in equation (3.2.9), equation (3.6.16) can be written in the
slightly more informative notation

M (A,ék,f)j):U‘lM (Ace,b,)T (3.6.17)
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An important special case is for the linear transformation A:7 — ¥, a linear
transformation on ¥~ with values in the same vector space ¥ . In this case, the components of A
are related by

M(A&.&)=T"'M(Ae,e)T (3.6.18)

Equation (3.6.18) is an example of similar matrices. More formally, similar matrices are defined
by

Definition: If two square matrices A and B are related by a nonsingular matrix S by the formula
B=S"AS,then A and B are said to be similar.

The derivation of (3.6.18) shows that the matrix M (A,ék,éj) is similar to the matrix

M (A,eq,es) . It is the transition matrix which plays the role of S in the definition.

The fact that the linear transformation A : ¥ — ¥ represents a quantity that does not
depend upon the choice of basis for ¥~ means we can represent it in components with respect to
any basis. The choice of basis which produces the result most amenable to finding a solution to a
physical problem is always a desirable choice. This choice usually results in the utilization of

(3.6.18) to calculate the transition matrix from given information about M (A,ék ,éj) and

M (A,eq,es)- We shall see an example of this kind of calculation later in this textbook.

Similar matrices arise in a lot of applications and are worthy of a short discussion. Some of
the easily established properties of similar matrices are as follows:

a) If B issimilarto A, then A issimilarto B. This is true because if B =S"AS, then
A=SBS™
b) If B issimilarto A and C issimilarto B, then C issimilarto A. This is true because

B=S"'AS and C=W'BW (3.6.19)
implies
C=W'STASW = (SwW )’1 ASW (3.6.20)

c) If B issimilarto A, then BT issimilarto A'. This is true because if B=S"AS, then
B"=STAT(ST)".

d) If B issimilarto A, then detB =det A. This is true because
det B = det(S'AS) =detS " det Adet S = det(S 'S )det A=det A.

e) If B issimilarto A, and A is nonsingular, then B is nonsingular. This follows from d)
because detB =det A=0.
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f) If B issimilarto A, and A is nonsingular, then A™ is similarto B™. This follows
because B =S"AS implies B™ = S™A™S when A is nonsingular.

An example of the use of (3.6.17) is provided by the following:

Example 3.6.1: You are given a linear transformation A : 7 — ¥~ whose matrix with respect to a
basis {e,,e,,e,} is

2 2 0
M(Aee)=1 1 2 (3.6.21)
1 1 2
and a change of basis
él =€ ¢
e, =—2e +e, +e, (3.6.22)

e, =e +e, +e,
It follows from (3.6.1) that the transition matrix is given by

T, T, TR 1 -2 1
T=[T% T3, T%|=-1 1 1 (3.6.23)
T3 T3, T3 |0 1

The inverse of the matrix (3.6.23) is

0 -1 1
fogro| 12 (3.6.24)
3 3
111
I 3 3.

Therefore,
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0 =L 1l 5 o2

. . 1 1 2
M(AE,.&)=T'M(Ae e )T = -3 "3 3|1t L2t
111 11 2|0

|3 3 3]

Example 3.6.2: You are given a linear transformation A :% — % defined by

LINEAR TRANSFORMATIONS

(3.6.25)

Av =0'(9b, +6b, —5b, +4b, )+ 0v*(~b, —b, +b,)+0°(8b, +5b, —4b, +5b,) (3.6.26)

For all vectors v=u'e, +v’, +v’, € ¥". The matrix of A with respect to the bases {e,,e,,e,}

and {b,,b,,b,,b,} is

9 -1 8

6 -1 5

M(A,e,.b,)= 5 1 4
4 0 5

You are given bases {¢,,¢,,é,} and {61,62,133,64} defined by

€, =€ -6
e, =-2e +e,+e,

e,=e +e,+e,
and
b, = 2b, +3b, +3b, - 2b,
, =3b, —2b, +2b, +4b,

s =—2b, +b, +3b,
b, = 4b, +2b, +4b, +5b,

T T
Il

The problem is to find the matrix M (A,ék,f)j) . It follows from (3.6.28) that

(3.6.27)

(3.6.28)

(3.6.29)
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DT TI][1 -2 1
T=|T? T} TZ|=|-1 1 1 (3.6.30)
T2 T2 T2 |0

and from (3.6.29) that

ul u: Ul ull 2 3 2 4
Uy U7 U Uy 3 -2 1 2
Jud Ul oudoui |3 2 3 4
5

U = (3.6.31)
ur uf ul ul |2 4 0
Given (3.6.27), (3.6.30) and (3.6.31), we can use (3.6.17) and find
2 3 -2 479 -1 8
1 -2 1
.- . 3 2 1 2|6 -1 5
M(A,&,.b;)=U"M(A.e,b,)T = -1 1
] " 3 2 3 4|5 1 4
2 4 0 5|4 0 5
(48 -15 37 -62][9 -1 8
1 -2 1
1|34 -100 56 -32||6 -1 5
= 1 1 1 (3.6.32)

28660 -17 61 6 (|-5 1 -4
-8 74 30 58| 4 0 5
[ 95 37 236 -0.332 0.1294 -0.8252
1|-824 914 -1192| |-28811 3.1958 -4.178

286| —-1061 1205 -1564 -3.7098 4.2133 -5.4685
| 850 -888 1374 29720 -3.2049 4.8042

If A isalinear transformation A :7 — ¥, the transformation formula is again (3.6.18).
We shall use (3.6.18) to motivate the concept of the determinant of A : %  — ¥ and the trace of
A ¥ — ¥ . First, we shall discuss the determinant. The determinant of the square matrix

M (A.e,.e,), written detM (A,e,.e, ), can be computed by the formulas in Section 1.10. It
follows from (3.6.18) and equation (1.10.60) that

detM (A,e,.e,)=(detT)(M(A,&,,&,))(detT™)
=detM(A,8,.¢;)

(3.6.33)
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Thus, we obtain the important result that for a linear transformation A:¥"— ", detM(A,e,,e,)

is independent of the choice of basis for ¥~. With this fact in mind, we define the determinant of a
linear transformation A : ¥ — ¥, written detA , by

detA =detM (A, e, ¢,) (3.6.34)

By the above argument, we are assured that det A is a property of A alone.

The definition of the trace of a linear transformation A : %" — ¥ is motivated by the same
kind of argument that was just used for the determinant. The trace of a matrix is defined by

equation (1.1.6). Therefore, the trace of the square matrix M (A, e, e, ), written tr M (A, e,.e, ) is

just the sum of the diagonal elements. Because of the transformation formula (3.6.18) and the
special property of the trace operation, equation (1.1.26), it follows that

(3.6.35)

Therefore, the trace of a matrix is independent of the basis used to derive the matrix from the linear
transformation. As a result, we define the trace of a linear transformation by the formula

trA=trM(A,e,e,) (3.6.36)

Exercises:

3.6.1 You are given a linear transformation A :7 — ¥~ defined by

Av=0' (12e1 +3/2e, ) +0° (3\/§e1 +15e, ) +0’, (3.6.37)

for all vectors v=u'e, +v’e, +v’e, € ¥ in athree dimensional vector space ¥ . You are given a
basis {€,,¢,,¢,} defined by

o1 2
1 \/é 1 \/§ 2
. 2 1
e, =——e, +—¢ 3.6.38
2 \/5 1 \/§ 2 ( )

€, =€,
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Find the matrix M (A,&,,€;). You should obtain

18 0 O
M(A&.¢)=/0 9 0 (3.6.39)
0 01
3.6.2 You are given a linear transformation A :¥ — % defined by
Av=0'(8b, —2b,)+0*(6b, —b,)+0°(-5b, +b, ) (3.6.40)

for all vectors v =v'e, + v’e, + ¢, € ¥ . You are given bases {&,,¢,,¢,} and {bl,bz} defined by

e, =e, +3e, —2e,
e, =3e, —2e, +e, (3.6.41)
e, =3e, +2e, + 3e,

and

b, =b, +b,

- (3.6.42)
b, =-2b, +b,
Find the matrix M (A,éj ,f)k). You should obtain
SN 1122 1 11
M(A,e b |== 3.6.43
(a.8b)) 3[—43 ~10 —26} (3.6.43)
3.6.3 A certain linear transformation A :¥ — ¥  has the matrix
1 0 2
M(Ae.e)=|0 2 1 (3.6.44)
01 2

with respect to a basis {el,ez,es} . You are given a change of basis defined by
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3. 1.
e, =—¢ +§e2
1. 3.
e, :—Ee1 +Ee2 (3.6.45)
e, =e,

Calculate the matrix of A:% — ¥~ with respect to the basis{e,,€,,e,} . You should obtain

13 5]
10 10 2
A A 3 19 5
M(Ae. e |=|-— — — 3.6.46
(A&&)=-10 o 2 (3.6.40)
I
5 5
3.6.4 You are given a linear transformation A :¥ — % defined by
Av=uy, (e, +e,+e,)+0,(e —3e,+2e,)+ve, +v,(4e, —3e,) (3.6.47)

for all vectors v =v'e, +v’, + %, +v’e, € ¥". You are given bases {¢,,¢,,¢,,¢,} defined by

e =e,+e,+3e,

e,=e +e,+e,+2e,

A A (3.6.48)
e, =e,+e,
e, =—¢
Find the matrix M (A,&.¢;).
3.6.5 You are given a linear transformation A :¥ — % defined by
Av=v'(-b,—b,+b,)+0’(b,+b, +b, +b
( 2 3 4) ( 1 2 3 4) (3649)

+0°(2b, +4b, +b, —2b, )+ 0" (3b, + b, —2b, + 2b, )

for all vectors v =v'e, +v’, + %, +v’e, € ¥". You are given bases {¢,,¢,,¢,,¢,} and

{b,,b,,b,,b,} defined by
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e, =e —e,+e,

e, =—2e +e,+e,+2e,

N (3.6.50)
e,=e +e,+e,+e,
e, =2e +e,+3e,+e,
and
b, =2b, +3b, +3b, — 2b,
b, =3b, —2b, +2b, + 4b
2o e T (3.6.51)

b, =—-2b, +b, +3b,
b, =4b, +2b, +4b, +5b,

Find the matrix M (A,&,,b;). You should obtain

-161 235 52 362 -0.5629 0.8217 0.1818 1.2657
A 1 |-120 -626 -416 -828| |-0.4196 -2.1888 -1.4545 -2.8951
M(A,ek,b-)=— =
286|-335 -687 -494 -810| |-1.1713 -2.4021 -1.7273 -2.8322

J (3.6.52)
~146 652 468 750 | | 05105 22797 1.6364 2.6224

3.6.6 Given the linear transformation A :%¥ — ¥ from Exercise 3.6.3, calculate the determinants
detM (A,e,.e;) and detM (A,é,,&,). This calculation should illustrate the theoretical result
(3.6.33) above.
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Chapter 4

VECTOR SPACES WITH INNER PRODUCT

There is no concept of length or magnitude in the definition of a vector space. In this
chapter, we first take a formal approach and add structure to that of a vector space so as to make it
an inner product space. We shall then illustrate by examples how one makes many of the vector
spaces we have encountered thus far into inner product spaces. From this discussion, we will be
led naturally into ideas of length and angle that one can associate with inner product spaces. This
discussion will add a familiar geometric vocabulary to that we have been using for vector spaces.

In the application of mathematics to solve problems, it is often the case that one cannot
obtain an exact solution. One has to settle for an approximate solution of some type. The ability to
speak sensibly about an approximation requires ideas of distance and closely related ideas of length
and angle. The way one judges the validity of an approximation is to specify that it is close in
some sense to the exact solution. The ability of assign a mathematical meaning to “close” depends
upon the structure of the mathematical model used to model the problem being solved. For the vast
majority of problems one encounters, the underlying mathematical model establishes relationships
between elements of vector spaces. If these elements have the additional structure which allows
one to sensibly talk about distance, then the door is open to discussions of approximate solutions
and their closeness to exact solutions. It is the structure of an inner product space which will
provide us the way to talk about concepts such as distance, length and angle. These are the
concepts that allow one to discuss the idea of an approximate solution to a problem being close to
its exact solution.

Section 4.1 Definition of an Inner Product Space

In all of our discussions in Chapters 1, 2 and 3, we have allowed the scalar field to be the
set of complex numbers ¢ . Most of our examples have utilized the special case of real numbers
Z . In this chapter we shall discuss a so called eigenvalue problem that arises in many areas of the
applications. As we shall see, a discussion of this problems is best done in the context where the
scalar field is allowed to be ¢ . It is for this reason, we shall continue to allow complex numbers
for the scalar field. Thus, we shall first define an inner product in this more general case. We will
often illustrate the concepts with examples where the scalar field is the set of real numbers.

It is useful to briefly remind ourselves of certain arithmetic manipulations with complex
numbers. You will recall that complex numbers always have the representation

247
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A=a+ib (4.1.1)

where a and b are real numbers and the symbol i obeys i> =—1. The complex conjugate of a
complex number A is the complex number

A =a-ib (4.1.2)

It follows from (4.1.1) and (4.1.2) that

A+ =a+ib+a—ib=2a=2Re(1) (4.1.3)

where Re(4) means the real part of the complex number 4. Also, if A=a+ib, then

ALl =24 =(a+ib)(a—ib)=a® +iab—iab—i’h® =a® + b? (4.1.4)

is a real number. If one refers to the absolute value of a complex number it is a real number
denoted by || and it is defined by

14| = Az = a2 + b (4.1.5)

When dealing with complex numbers, it is convenient to useful to have a formal condition which
reflects the special case when a complex number is, in fact, real. This condition is the equation

A=A. Inorder to see that this condition does imply that A is real simply form the equality
A=A. Theresultis

A=a+ib=A=a-ib (4.1.6)
Equation (4.1.6) implies that b =0, and thus the complex number A is real.

If you are given a vector space with its long list of properties summarized in Section 2.1, an
inner product space is a vector space with additional properties that we shall now summarize.

Definition: An inner product on a complex vector space ¥~ is a function f : 7 x¥ — ¢ with the
following properties:

(1) f(u,v)=f(v.u)
2) At (u,v)=f(du,v)
(3) fut+w,v)="f(uv)+f(wv)

(4) f(u,u)>0and f(u,u)=0 ifandonlyif u=0
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forall u,v,we? and A1 e%. InProperty 1 the bar denotes the complex conjugate. Properties 2
and 3 require that f be linear in its first argument; i.e.,

f(Au+puv,w)=2F (u,w)+uf(v,w) (4.1.7)

forall u,v,wev andall 1, <% . Property 1 and the linearity implied by Properties 2 and 3
insure that f is conjugate linear in its second argument; i.e.,

f(wAv+uw)=2f(uv)+zaf(u,w) (4.1.8)

forall u,v,wev andall 1, €% . Note that Property 1 shows that f (u,u) isreal. Property 4
requires that f be positive definite.

There are many notations for the inner product. In cases where the vector space is a real
one, the notation of the “dot product” is used. In this case, one would write the function
f:9 x¥ >R as

f(uv)=u-v (4.1.9)
In cases where the vector space is a complex one, it is useful to adopt the notation

f (u,v)=<u,v> (4.1.10)
for the function f : ¥ x¥ — & . In this work, we shall adopt the notation (4.1.10).

An inner product space is simply a vector space with an inner product. To emphasize the
importance of this idea and to focus simultaneously all its details, we restate the definition as
follows.

Definition. A complex inner product space, or simply an inner product space, isa set ¥ and a
field ¢ such that:

@) There exists a binary operation in ¥ called addition and denoted by + such that:
1) (u+v)+w=u+(v+w)forall u,v,wey
2 u+v=v+u forall u,vey
3) There exists an element 0 € ¥ such that u+0=u forall ue?
(4)  Forevery ue¥ there exists an element —ue ¥ such that u+(-u)=0

(b) There exists an operation called scalar multiplication in which every scalar 1 € %
can be combined with every element u e ¥ to give an element Au e  such that:

() A(pu)=(Au)u
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2 (A+u)u=Au+pu
3) A(u+v)=Au+ v

4) lu=u
forall A,u,e? andall u,ve?

(©) There exists an operation called inner product by which any ordered pair of vectors
u and v in 7 determines an element of ¢ denoted by <u,v> such that

®  (uwv)=(vu)

(2 /1<u,v> = </1u,v>

(3) <u+w,v>:<u,v>+<w,v>

4) <u,u>20 and <u,u>:0 ifand only if u=0
forall u,v,we? and 1 ¥

A real inner product space is defined similarly. One simple formally omits the appearance of
complex conjugates in the definitions.

Example 4.1.1: The vector space 2" becomes an inner product space (a real inner product space)
if, for any two vectors u,v e Z" ,where u=(u,,u,,..,u, ) and v=(u,,0,,...,u, ), we define the

inner product of u and v by
N
(u,v)=>"uw; (4.1.11)
j=1

Example 4.1.2: The vector space #" becomes an inner product space if, for any two vectors
u,ve#".where u=(u,u,,..,uy) and v=(v,,0,,..,0, ), we define the inner product of u and v

by

(u,v)= iupj (4.1.12)

Example 4.1.3: The vector space .#"** becomes an inner product space if, for any two column
vectors u,v e .#"**, we define the inner product of u and v by
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N
(wv)=[u u, u; - - uy] v =Y U, =u'v=v'u (4.1.13)

The next example shows how one assigns an inner product to the vector space of M x N matrices,
4™ . Before we state this definition, recall that in Section 1.2 we defined the trace of a square

matrix. In particular, if A is a square matrix, say a matrix in .#"*" | the trace of A, written tr A,
is defined by equation (1.1.6), repeated,

A=A+ A, + AL+t Ay = DA, (4.1.14)

If Ac.a™™ and B e.#"", then the rule for multiplying matrices and the definition (4.1.14) of
the trace yield

tr(AB) =Y Y AB, ~tr(BA) (4.1.15)

Equation (4.1.15) is equation (1.1.26) repeated.

Example 4.1.4: The vector space .#"*" becomes an inner product space if, for any two M x N
matrices A,Be.#""  we define the inner product of A and B by

A11 A12 A13 e AiN E11 §21 §31 EM 1
A21 Azz Azs A’ZN BlZ Bzz Bsz BM 2
<A, B> _ tr(AE_ST ) —tr ASl Aaz Ass ASN B13 st Bss BM3
(4.1.16)
_AMl ’ ’ e AMN__ElN BMN_

N
Z AJk BJk

k=1

Mz

[u—
Il
N

Example 4.1.5: Recall in Example 2.5.5 we introduced the symbol £ for the infinite dimensional
real vector space of all polynomials. If we view these functions as defined over an interval [a, b]
and if weC[a,b] is a positive valued continuous function on [a,b], the real vector space £
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becomes a real inner produce space if for any two polynomials p,q e £, we define the inner
produce of p and g by

b

<p,q>:J.aw(x)p(x)q(x)dx (4.1.17)

The positive valued function we C [a, b] is called a weighting function.

Example 4.1.6: Next consider the real vector space of polynomial of degree less than or equal to
N . In Section 2.1, we gave this vector space the symbol £, . In Example 2.5.4 we showed that

this vector space has dimension dim# =N +1. An inner product of two polynomials in £, is

defined as follows. If we are given K, where K > N +1, distinct values of x which we shall
denote by X, X,,..., X, , the inner product in £, is defined by

<P'q>=ip(xa)Q(Xa) (4.1.18)

a=1

Example 4.1.7: The vector space C[a,b] becomes an inner produce space (a real inner product
space) if for any two functions f,g eC[a,b], we define the inner product of f and g by

(f.9) =] f(x)g(x)dx (4.1.19)

The actual proof that the inner product spaces introduced in the above seven examples requires that
each definition be shown to obey the rules (c) above.

The structure of an inner product space makes it possible to introduce the idea of length or
norm of a vector.

Definition: Given an inner product space ¥~ , the length or norm of a vector is an operation,
denoted by || |, that assigns to each nonzero vector v  a positive real number defined by:

||V|| = <V, V> (4.1.20)

Of course, it follows from rule (c)(4) above that the length of the zero vector is zero. The definition
represented by equation (4.1.20) is for an inner product space of N dimensions. It generalizes the
concept of “length” or “magnitude” from elementary Euclidean plane geometry to N-dimensional
spaces.

Example 4.1.8: For the vector space %" , the length of a vector ve %" is
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= JE=( 3 T

(4.1.21)

Example 4.1.9: For the vector space ¢" , it follows from (4.1.13) and (4.1.20) that the length of a

vector ve#" is

Example 4.1.10:

Example 4.1.11:

Example 4.1.12:

Example 4.1.13:

Example 4.1.14:

oV (w )
=T~ S0 ] =3
1= 1=
For the vector space .#"**, the length of a column vector ve .#"* is

v = Jv.v) = V¥ = @U@ J}/ ) @\%\ZJ%

For the vector space .#"" , the length of the matrix Ac .#"*" is

”A“:m:\/mz(iZAjkzij% :(iiw\z}%

j=1 k=1 j=1 k=1

For the vector space £ , the length of the polynomial pe £ is

ol (2.0 - ([ w0 ()]

For the vector space £, , the length of the polynomial pe £, is

Iol=Tp.7) =[ip2<xa>j%

a=1

For the vector space C[a,b], the length of the function f € C[a,b] is

I#= T = (] 100y )

(4.1.22)

(4.1.23)

(4.1.24)

(4.1.25)

(4.1.26)

(4.1.27)
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Exercises

4.1.1 In Example 4.1.3 an inner product was defined on the vector space .#"*. It is possible for
the same vector space to have more than one inner product. Define an inner product different than
the one in equation (4.1.13) by the rule

9 o o0 - - 0 Oy
0 gb 0 - - 0|po
0 O - - 0|l o.
<u'V> = [ul u, U UN] % v
(4.1.28)
i 0O 0 O Oy || Oy |

where g; >0 for j=1,2,..,N. Show that the definition (4.1.28) makes .#"** an inner product
space.
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Section 4.2 Schwarz Inequality and Triangle Inequality

As we build upon the properties of an inner product space, there are two fundamental
inequalities that allow us to associate, with inner product spaces in general, certain concepts
familiar from elementary geometry. The first is an inequality called as the Schwarz Inequality and
the second one is called the Triangle Inequality.

Theorem 4.2.1: The Schwarz inequality

(. v)] < ulliv] (42.1)

is valid for any two vectors u,v in an inner product space.

Proof: The Schwarz inequality is easily seen to be trivially true when either u or v is the 0 vector,
so we shall assume that neither u nor v is zero. Next, consider the vector (u,u)v —(v,u)uand

employ Property (c4), which requires that every vector have a nonnegative length, hence

H<u,u>v —(v, u>uH2 = <<u u)v—(v,u)u,(u,ujv- <V,u>u> >0 (4.2.2)
We shall algebraically rearrange this equation and show that
e [ )| ML 423)
The algebra necessary to derive this result is

Kb~ (ol = () v, ()~ {voupu)
- <<u, u)v,(u,u)v—(v, u>u> - <<V, u)u,(u,u)v—(v, u>u>

Used linearity in the first argument of the inner product.

= (wu)(v,(w,u)v—(v,u)u) = (v,u)(u,(u,u)v - (v,u)u) (4.2.4)

Factor the scalars from the first argument of the inner product.

= () (w,w){v,v) = () (v, u (v, w) = (v, ) () (w, v) o+ (v, w) (v, ) (w,w)

These terms cancel each other.

Used conjugate linearity in the second argument of the inner product

=l IVIF v ) (vl = (Folf ¥ o v) ()l 2 0

Returning to the proof of the theorem, since u must not be zero, it follows that u|>0 and, as a
result, it follows from (4.2.4) that
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Jull VI > G, v) v = (. v (4.2.5)

where the equality Kuv)‘ =4/(u,v)(u,v) has been used. The positive square root of the last
equation is Schwarz’s inequality.

Theorem 4.2.2: The triangle inequality
[+ v < ul +[v] (4.2.6)
is valid for any two vectors u,v in an inner product space.

Proof: The squared length of u+ v can be written in the form

Jus v = (s vou v =[uff + v + (v + (v,u)
=ull o]+ (w.v) + () (42.7)
=l + V" +2Re((u.v))

where, as with (4.1.3), Re signifies the real part. The inequality Re(<u,v>)£‘<u,v>‘ and (4.2.7)
show that

e oI =l +[v] + 2Re ((w,v)) <l + V[ + 2[(w,v) (4.2.8)

The Schwarz inequality (4.2.1) allows this inequality to be written

2
o3I < o ] 2[Cu,v)] < o+ v+ 2] = (] + ) (4.2.9)
The positive square root of (4.2.9) yields the triangle inequality (4.2.6).

For a real inner product space ¥, the concept of angle is arises from the following
definition:

Definition: The angle between two vectors u and v in 7 is by 6 and is defined by

coséd :<u'—v> (4.2.10)

[eflv]
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This definition angle between two vectors in a real vector space is meaningful because the Schwarz
inequality (4.2.1) shows that

1< Y < (4.2.11)
Julllv]

For a real inner product space, the definition (4.2.10) can be used to write

lu+ v||2 =(u+v,u+v)= ||u||2 + ||v||2 +2(u,v)= ||u||2 + ||v||2 + 2| ul[|v||cos & (4.2.12)
In elementary geometry, (4.2.12) is known as the “Law of Cosines.”

As the material in this section shows, when the structure of an inner product is added to that
of a vector space, we can define, in very general terms the geometric ideas of length and, in the real

case, angle. This structure, for example, when applied to the vector space .#""" , allows one to
talk about the angle between two M x N matrices.

Example 4.2.1: Consider the following 2 x 3 matrices

59 7 1 3 4
A= and B= (4.2.13)
8 5 6 9 0 2

a) The length of A and B are

5 %
.
|A|=~tr AAT =] tr [5 ° } 9
8 56
7 (4.2.14)
bl
155 127
- (tr(lz? 125)} — (155+125)' = (280)2 = 2/70
and
1 %
13 4
|B||=trBB" =] tr { } 3
9 0 2
4 (4.2.15)

:(trqig ;D]%—(zm%)%— 111
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b) The cosine of the angle between A and B is

1

9

tr( AB'
cosH:<A’B>— r( ) ! r {5 d 7} 30
4 2

Allsll~ [AllB] 27011 ||8 5 6
[AllBl [AllB) 0(111) (4.2.16)

72

. {60 59} —_ 1 (60+84)=—T2 - 17
270111 \[47 84]) 270111 oty

Therefore, the angle between A and B is approximately 35°.

There is another idea which is familiar from elementary geometry that has a more general
counterpart for inner product spaces. It is the concept of distance. The formal definition is as
follows:

Definition: Given an inner product space ¥ the distance between vectors u,ve ¥ is |ju—v].

In more abstract mathematical discussions, there is the idea of distance but it is not necessarily
derived from the equation ||u - v|| Such structures are called metric spaces. Also, one sometimes
hears of normed linear spaces. These are vector spaces for which the idea of length is defined

without the necessity of the full structure of an inner product." In our discussion, these structures
all collapse together when we introduce the idea of a vector space with inner product.

The inner product as well as the expressions (4.1.20) for the length of a vector can be
expressed in terms of any basis and the components of the vectors relative to that basis. Let

{e,,e,,...,e, | be a basis of 7" and denote the inner product of any two base vectors by e, i.e.,

€k :<ej7ek>:<ek’ej>:§kj (4.2.17)

Thus, if the vectors uand v have the representations

N .
u:Z:u’ej, v:z:u"ek (4.2.18)
i=1

! An example of a norm that is not derived from an inner product is the so called Manhattan or taxicab norm defined
for two vectors in a finite dimensional vector space by the sum of the absolute differences in their coordinates. A nice
discussion of this norm can be found at http://en.wikipedia.org/wiki/Taxicab_geometry.
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relative to the basis {e, e,,....e, } then the inner product of u and v is given by

<u,v> = <iujej ,iukek> = iiujﬁk <ej ,ek> = iZejkuij (4.2.19)

= j=1 k=1 j=1k=1

From the definition (4.1.20) for the length of a vector v, and from (4.2.17) and (4.2.18),, we can
write

IVl= (iiejkvjﬁ k] (4.2.20)

j=1 k=1

Equations (4.2.19) and (4.2.20) give the component representations of the inner product and of the
length for the basis {e, e,,....e, }.

Exercises

4.2.1 Show that the length or norm || | induced by an inner product according to the definition
(4.1.20) must satisfy the following parallelogram law;

Ju+ v||2 +[u- v||2 = 2||v||2 + 2||u||2 (4.2.21)
for all vectors uwand v.

4.2.2 Show that in an inner product space
2(u,v)+2(v,u)=|u+v[ ~Ju-v[ (4.2.22)
4.2.3 Show that for a complex inner product space
2(u,v)=2(v,u)=ifu+iv|] —ifu—iv| (4.2.23)
4.2.4 Use (4.2.22) and (4.2.23) and show that

2<u, V> = ||u + V||2 +i ||u + iV||2 -(1+ i)||u||2 -(1+ i)”v”2 (4.2.24)
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which expresses the inner product of two vectors in terms of the length or norm. This formula is
known as the polar identity.?

4.2.5 Show that for real vector spaces the Schwarz and triangle inequalities become equalities if
and only if the vectors concerned are linearly dependent.

4.2.6 Show that |u—v|>|u|—|v|| forall w,v inan inner product space ¥". Hint: Write
u=v-+u-v and apply the triangle inequality.

4.2.7 Prove that the N x N matrix [ejk] defined by (4.2.17) is nonsingular. Hint: Utilize the fact
that {e,e,.,....e, }is a basis of ¥~ and prove that the rank of [e; | is N .

4.2.8 You are given a real inner product space ¥~ of dimension 3. You are also given two vectors
v and u in ¥ that have the representations

v =2e, +2e¢,—4e,
G (4.2.25)
u=-e —5e,+e,
with respect to a basis {e,,€,,¢,}. You are also given a basis {i,,i,,i,} which is related to the basis

{€,.€,,&,} by the equations

L =1+, +i
, =1 —1, —i, (4.2.26)

s =20 +1, -1,

o> 0>

o>
Il

where the basis {i,, i,,i,} has the special property
(ij.i) = 5, (4.2.27)

Calculatecos@, where @ is the angle between the vector v and the vector u. The answer you

should obtain is i

56

2 In the case of a real vector space, equation (4.2.22) reduces to

1 2 2
(wv) =3 (e ~Ju =)
This result is the polar identity for real inner product spaces. This result and the similar result for a complex inner
product space, equation (4.2.24) show that given an inner product space, there is a norm function defined and

conversely. However, there are other ways to define a norm on a vector space that is not derived from the inner
product structure, i.e., from the definition (4.1.20).
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4.2.9 You given a real inner product space ¥~ of dimension 3. You are also given vectors v and
u in ¥ that have the representations

v=2e +e,—4e,

(4.2.28)
u=e —5e,+e,
with respect to a basis {e,,e,,e,}. You are also given the six inner products
<el,e1>:3,<el,e2>:—1,<e1,e3>:2 (4.2.29)
<e2,e2>:3,<e2,e3>=2,<e3,e3>=6 .

Calculatecos@, where @ is the angle between the vector v and the vector u. The answer you
should obtain is 0.2064

4.2.10 Consider the inner product space .#** as defined in Example 4.1.2. You are given a basis
{e,.e,,e,} defined by

T 7
35 73 0
e = g e, = 5 e, =0 (4.2.30)
0 0 1
Calculate the six quantities e, =(e;,e, ) for j,k =1,2,3 and the length of the vector
v =2ie, + 2e, + 5ie, (4.2.31)

4.2.11 A three dimensional inner product space 7~ has a basis {e,,e,,e;} . Avector ve¥  has
the component representation

v =2e, +4ie, +e, (4.2.32)
You are also given a change of basis to a new basis for ¥, {,,¢,,e,}, defined by
e, =3ie, +e,

e,=¢e +e,+e, (4.2.33)

e, =le,
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Determine the components of the vector v e ¥~ with respect to the basis {e,,e,,é,} of 7. If you

are given the numbers for the inner products e;, = <ej,ek> as follows:

1 00
[ey]=[0 1 0 (4.2.34)
0 01
and a vector
u =2ie, +6e, +ie, (4.2.35)

Determine the distance between u and v.

4.2.12 You are given a complex inner product space ¥~ of dimension 3. v and u are two vectors
in ¥ that have the representations

v =2ie, +2¢, — 3e,

A noa (4.2.36)
u=-e —5e,+e,

with respect to a basis {e,,€,,¢,}. You are also given a basis {i,,i,,i,} which is related to the basis

{e,,€,,€,} by the equations

e, =i, +ii, +i,
e, =i, —i, 1, (4.2.37)
&, =2, +i, i,

where the basis {i,,i,,i,} has the special property

(ij.i, )=y (4.2.38)

Calculate the distance between the vector v and the vector u. The answer is /182

4.2.13 Equation (4.2.19) arose from the choice of a basis {e,,e,,...,e, } for the inner product space

7. Because the choice of basis was arbitrary, the resulting component expression is independent
of the choice {e,.e,,....e, }. However, it is instructive to start with (4.2.19) and show that its right

hand side is unchanged when there is a basis transformation{e, e, ,....ey } = {€,,€,,....€, } .
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Section 4.3. Orthogonal Vectors and Orthonormal Bases

The structure of an inner product space allows for a meaning to be assigned to the idea that
a pair of vectors to be orthogonal or perpendicular. Motivated by the definition (4.2.10) for real
inner product spaces, for inner product spaces in general, two vectors u,v € ¥ are orthogonal or,
equivalently, perpendicular, if

(u,v)=0 (4.3.1)

A set of vectors in an inner product space ¥ is said to be an orthogonal set if all the vectors in the
set are mutually orthogonal.

Theorem 4.3.1: If {v,,v,,..,v, } isan orthogonal set, then the set of vectors {v,,v,,...,v, } is
linearly independent.

Proof: As with virtually all proofs of linear independence, we first form the sum
v, +o,v, + o vy =0 (4.3.2)

Next, calculate the inner product of the vector o, v, + ,v, +---+ v, With one of the members of
the set, say v;. The result is

<alvl+azvz+---+anN,vj>:0 (4.3.3)
By virtue of the fact that the inner product is linear in its first slot, this result becomes
a1<V1,VJ->+6¥2<V2,VJ->+---+OtN<VN,VJ->=0 (4.3.4)
Next, use the fact that the set {v,,v,,...,v, } is orthogonal and you find
a;=0 for j=12,.,N (4.3.5)
The result (4.3.5) establishes the liner independence of the set {v,,v,,...,v }.

It is often beneficial to utilize bases that consist of mutually orthogonal elements. In
addition, it is convenient to normalize the basis vectors so that they have unit length. Vectors with
a length of 1 are called unit vectors or normalized vectors. An orthonormal set is an orthogonal set

with the property that all of its elements are unit vectors. More formally, a set of vectors {il,...,iM }
is an orthonormal set if
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o 1 if j=k
<l""k>:5"k:{o ek (4.3.6)

for j,k=12,..,M . Of course, the symbol &, in (4.3.6) is the Kronecker delta introduced in
Section 1.1.

If we are given a basis {e,,e,,....e, } for an inner product space ¥", we shall next outline a

procedure that will construct an orthonormal basis {i,,...,i, }. This procedure is called the Gram-
Schmidt orthogonalization process. More precisely, the Gram-Schmidt process is summarized in
the following theorem:

Theorem 4.3.2. Given a basis {e,,e,,...,e, } of an inner product space 7", then there exists an
orthonormal basis {i,,...,i, } such that, for K =1,2,..,N, Span(e,...,e, )=Span(i,...,i, ).

Proof: The construction proceeds in two steps; first a set of orthogonal vectors is constructed, then
this set is normalized. Let {d,,d,,...,d }denote a set of orthogonal, but not unit, vectors. This set

is constructed from {e,,e,,...,e, } as follows: Let
d =e (4.3.7)
and define d, by the formula
d,=e, +&d, (4.3.8)

The unknown scalar &will be calculated from the requirement that d, is orthogonal to d,. This
orthogonality requires that

(d,,d,)=(e,,d,)+&(d,-d,) =0 (4.3.9)

Therefore, the scalar & is determined by

&= _{end) (4.3.10)

Of course, d, -d, =e, -e, #0since e, #0. Given (4.3.10), it follows from (4.3.8) that

<e2,d1> < d, > d
d—e,—2%/gq —¢ (e S\ G (4.3.12)
T (dady) T\ ]/ e
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The vector d, is not zero, because e, =d, and e, are linearly independent. The analytical
expressions that define d, and d, are suggested by the following elementary figure:

\Y__________:

dl dl
e, — )—
< 2 ||d1||>||d1||

While (4.3.11) is a general result for any inner product space, this figure, drawn in two dimensional
space, illustrates that the calculation of d, simply removes from e, the projection of e, in the

direction of d, =e,. The result is the vector d, which is perpendicular to d, =e, .

The vector d, is defined by

d,=e, +&%d, + £'d,

(4.3.12)

The scalars £ and &' are determined by the requirement that d, be orthogonal to both d,and d,;

thus

(d,d,)=(e;,d,)+&(d;,d)=0

(d;,d,)=(e;,d,)+&%(d,,d,)=0

and, as a result,

1 e;,d;
oy
2 e;d,
)

Therefore, equation (4.3.12) becomes

(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)
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et g, (4.3.17)

The linear independence of e ,e,,and e, requires that d, be nonzero. Motivated by the discussion
of the above figure, one can see that d, is the vector resulting from the removal from e, its
projections in the two directions d, and d, .

It should now be clear that the schemes used to calculate d,,d, and d,can be repeated until
a set of K orthogonal vectors {d,,d,,...,d, } has been obtained. The orthonormal set is then
obtained by defining

i =d. /|a,], k=12...K (4.3.18)

It is easy to see from the above construction that {e,...,e, }, {d,,...,d, },and, hence, {i,...,i.}
generate the same subspace of 7  for each K.

It is convenient to collect the above formulas and eliminate the intermediate set of vectors
{d,.d,,....d, }. Itfollows from (4.3.7) and (4.3.18) that

i, = (4.3.19)
e

It follows from (4.3.11), (4.3.18) and (4.3.7) that

d, €, _<e2’i1>i1

i,= = — (4.3.20)
2 ”dZ” ) _<e2’11>11
In a similar fashion
Tl G L (4.3.21)
* les —(esiy )i, —(eg iy )iy
The pattern of these results reveals that
K—
e, _Zl<ek’ij>ij
i, = 1= for k=12,...,K (4.3.22)

k-1

e, — > (e )i

=1
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is the formula for the k™" unit vector in the orthonormal set {i,...,i, }.

Example 4.3.1: Given the following three column vectors in .#**.

2 -1 4
2 4 -2

&= €=l , =, (4.3.23)
2 -1 0

These vectors are linearly independent and span a certain subspace of .#**. The objective is to

use the Gram-Schmidt process to find three orthonormal vectors that span the same subspace of

4™ . Recall that the inner product of the vector space .#** is given by (4.1.13), repeated,
(u,v)=u'v=v'u (4.3.24)

Step 1: The unit vector i, is given by (4.3.19). Therefore,

l —_—

ot Lo
”el” elTel

N|E

2
2 1

== 4.3.25
) 1 (4.3.25)
2

-1 -1 (1 -1 1 -5
4 11 4| (1]|1]1 4 1{1| 1|5
—(e,,i)i, = - = =l |= —-(3)=| |== 4.3.26
e ~{eaiii=| =150 4 | 1[21)7] 4 21|72 5 (4.3.20)
-1 -1 |1 -1 1 -5
The norm of the column matrix (4.3.26) is
s\ ( [-5
1| 5 1| 5 1
e, —(e,,i)ill= || = = ==4100=5 4.3.27
H 2 < 2 11>11H 5| 5 ol 5 5 ( )
-5 -5

Therefore,
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-1

j=—< \eva/ 4.3.28
e, ~(epi )] (4.3.28)
-1

Step 3: The unit vector i, is defined by (4.3.21). It follows from (4.3.23), (4.3.25) and (4.3.28)
that

(4] 4T T-17-1 4T
o\ . -2| 1]1|-2 1 1 1/-2] |1}|1
e, — (€50, )i, —(e,,0,)i, = > 17313 5 21515 1l
0 0 -1 -1 0 11)|1
o (4.3.29)
4 -1 1 4 -2 2
2| 1 10 1,01 |2 0 -2
S22 2Bl 2 | o |7 2
0 | -1 0] |-2] |2
The norm of the column matrix (4.3.29) is
2 (T 2
-2 -2
les — (e, )i, — (eg. i, )iy | = ) ) =4 (4.3.30)
-2 -2
Therefore,
2 1
L STV (43.31)
les —(esi )i, —(esi)iy| 4] 2| 2|1
-2 -1

Given the Gram-Schmidt construction process as described, the result is a basis for the
subspace spanned by {e,.e,,...,e, } and an orthonormal basis {i,.,i,,...,i, | that spans the same

subspace. These two bases are necessarily connected by the usual change of basis formula as
discussed in Section 2.6. We shall write this formula as

K
e = Y Rii, for k=1..K (4.3.32)
g=1
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Because the set {i, i,,....i } is orthonormal and, thus, obeys (4.3.6), the coefficients

R!,0,k=12,...,K, are given by
Ré =(e, iy ) (4.3.33)

Example 4.3.2: For Example 4.3.1, it is possible to use

2 -1 4 -1 1
2 4 -2 1 1] 1 1| -1
e = e, = e, = A, =—| |,i, =— g, =— 4.3.34
1 2 2 4 3 1 2 1 2 2 1 3 2 1 ( )
2 -1 -1 -1
and calculate the coefficients R!,q,k =1,2,3. The results are
27 M1 -1 1 471
112 |1 ) 4111 121
Rl_<el,11>_E o |1 =4 Ry=(e,i)= 2|1 =3 R§=<eS,11>:E 5 | |1 =2
2] |1 -1] |1 0|1
27 -1 171 4771
. 112] |1 . ) 11-2| |1 (4.3.35)
Rf—<e1,12>zz 5 L =0 R22:<e2,12>: =5 R§:<e3’12>25 5 =-2
2] [-1 -1] | -1 0|1
2171 1711 4771
L 1)2) -1 ) -1 . 1]-2| |1
Rf_<e1,13>=E o1 =0 R;=(e,,i;)= ) =0 R§=<e3,13>=E o || 1 =4
2] [-1 -1] | -1 0|1
Therefore, the matrix R = [Rk“] is the upper triangle matrix
R\ R R; 4 3 2
R=|R} R? RZ|=|0 5 -2 (4.3.36)
R R} R} 0 0 4

These results, reduce (4.3.32) to
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e, =4i
e, =3i, +5i, (4.3.37)
e, =2i, —2i, +4i,

It is a general result that the Gram-Schmidt process yields an upper triangular matrix as
illustrated by the example (4.3.36). This result is contained in the formula (4.3.22) which can be
solved for e, ,k =1,2,...,K to obtain

k-1 k-1
=lew = - (ed; )i iy + (e iy )iy for k=12,..,K (4.3.38)
j=1 j=1
Equations (4.3.38) and (4.3.32) identify the components of R = [Rf] . The results are
<ek,iq> for q=12,...k-1
K-
R = Z<ek, J> for q=k (4.3.39)
j=1
0 for gq>k

An equivalent but possibly more informative display of the matrix R is

_||e1|| <e2,i1> <e3’i1> T <eN 'i1> |
0 He2 —<e2,il>i1H (e.1,) T (ey.iy)
0 0 Hes _<e37iz>i2 _<e3'i1>i1H T <eN 1i3>
R=| - : 0 : : (4.3.40)
0 0 0 Kz( e i J>

Example 4.3.3: The Gram-Schmidt process is a good way to introduce the concept of a set of
orthogonal polynomials. The study of orthogonal polynomials is a large and somewhat
complicated undertaking. They arise as the solution to certain second order ordinary differential
equations that occur in many applications. The orthogonal polynomials introduced in this example
are called Legendre Polynomials.® In addition to arising during the study or ordinary differential
equations, they have application in certain numerical integration applications known as the

® Information about the French mathematician Adrien-Marie Legendre can be found at
http://en.wikipedia.org/wiki/Adrien-Marie_Legendre.
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Newton-Cotes formulae.* In any case, a Legendre polynomial of degree k , where k =0,1,2,....., is
a polynomial of degree k defined on the interval [—1,1]. It is given the symbol P,. The first six

Legendre polynomials turn out to be are

R (x)=1
1 (X)=x
P, (x)= %(3X2 —1)
P,(x)= %(5X3 —3x)
P,(x) =%(35x4 ~30x* +3)
R(X) :%(63x5 —~70x° +15x)
P,(x)= %(231x6 —315x* +105x* -5)

They are normalized such that
P (1) =1

They also obey a recursion relationship

2k +1 k
Pk+l(X) = (m) XPk (X)-(m} Pkfl(x) fOI’ k :1,2,3,....

Finally, they obey the integral condition

x=1 2 2
L}4R(X)dX:2k+l

In Example 4.1.5, we assigned an inner product to the N +1 dimensional vector space of

(4.3.41)

(4.3.42)

(4.3.43)

(4.3.44)

polynomials £, . The inner product we wish to assign is the special case of (4.1.17) defined by

(p.a)=["" p(x)q(x)dx

* A good summary of the Newton-Cotes formulae can be found at
http://en.wikipedia.org/wiki/Newton%E2%80%93Cotes_formulas

(4.3.45)
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In Example 2.5.4, we showed that the set of polynomials {1, X, X%, ..., XN} form a basis for £, .

Next, we shall apply the Gram-Schmidt procedure to the set {1, X, X%,..., xN} . We shall utilize the
inner product (4.3.45). If, for the purposes of this example, we take N =6, and use the symbol

p (X)=x" for k=1,234,56 (4.3.46)

In order to implement the procedure, we need to adopt the general formula (4.3.22) for
k=12,..,6. Of course, the inner product is the one defined by (4.3.45). As a result, the first three

for k=1and p,(x)=1

P S S (4.3.47)

il(x_m ( ]y =

jdx

x=-1

for k=2 and p,(x)=x

i, (X)= :
( ) Hp2_<p2a|1>|1H x=1 1 1 d 2d
X:‘l . -Il*/zx ' ' (4.3.48)
X 3
T T - EX
J' x2dx

for k=3, and p,(x)=x
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_X:122_X:14221—8
\/I(X _;) > \/I(X R +9jdx 45 (4.3.49)

Similar calculations yield

i4(x):\/g(5x3—3x)

9

iy (X) = 128(35>< ~30x* +3) (4.3.50)
ig (X) = 11218 (63x° —70x° +15x)

Equations (4.3.47), (4.3.48), (4.3.49) and (4.3.50) show the relationships between the orthonormal
polynomials produced by the Gram-Schmidt procedure and the Legendre polynomials defined by
(4.3.41). The Legendre polynomials are normalized to obey (4.3.42) and the polynomials in

with the polynomials in the set {1, X, X%, ..., xN} , adopt a definition inner product as illustrated by
(4.3.45) and generate a set of orthogonal polynomials that have importance in certain applications.

Other examples of orthogonal polynomials that arise in the applications go by the names of
Chebyshev, Gegenbaur, Hermite, Jacobi and Leguerre.

Exercises
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4.3.1: Determine an orthonormal basis for the basis {e,,e,,e,} of .#>* defined by

1 1 4
e, =|-1le,=| 3 |e=|-2 (4.3.51)
1 -1 1
The correct answer is
I I S B N
V3 V2 J6
1 1 1
i=|——|,i,=|—|,i,=| —— (4.3.52)
1 \/é 2 \/E 3 \/6
1 0 _2
IRVE I R B RN
4.3.2: Determine an orthonormal basis for the basis {e,,e,,e,} of .#>* defined by
0 i [
e, =|3|e,=|-2|e=|3 (4.3.53)
3i 2 0
The correct answer is
0 i 1-3i
1 1 . 1 1.
i =| — | i, =—=| -1+4i |,i; =——=| -1+ =i (4.3.54)
V2 ‘I 5v2
1. 1 .
——j —+1
7z L2 ]

by
3i —2i 4
-2 1 2i
e = 3i €=, &= 3i €=, (4.3.55)
—2i 4 0 5i
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The correct answer is

0.3922 0.0855 + 0.4416i —0.0660— 0.6967i 0.3925 + 0.0016i

| 05883 | |-02422-0.1710i|  |-0.3899+0.3374i| | 0.1884+0.5144i
=) 0s883i "2 7| 054144012821 |2 | 0.0684+ 038501 || 0.4331_0.0618i |+

~0.3922i 0.6268 — 0.0855i 0.2934 —0.0733 —0.1235+0.5824i

4.3.4 You are given a matrix Ae .#>* defined by

11
A=2 3 (4.3.57)
4 5
Find an orthonormal basis for the image space R(A) if A.
435 Youare given a matrix Ac.#** defined by
11
A=|2 3 (4.3.58)
i 5

Find an orthonormal basis that spans R(A).
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Section 4.4. Orthonormal Bases in Three Dimensions

The real inner product space of dimension three is especially important in applied
mathematics. It arises as the underlying mathematical structure of almost all application of the
broad area known as applied mechanics. For this reason and others, in this section, we shall built
upon the results of Section 4.3 and study this special case in greater detail. We begin with the
assumption that we have an orthonormal basis for this real inner product space 7~ that we will

denote by {il,iz,i3}. Given any basis for 7, the Gram-Schmidt process discussed in Section 4.3

allows this orthonormal basis to be constructed. It is customary to illustrate this basis with a figure
like the following

The first topic we wish to discuss is the basis change from the orthonormal basis {i, i, i,

to a second orthonormal basis {il,iz,i3}. Geometrically, we can illustrate a possible second basis

on the above figure as follows:
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As follows from (4.3.6), the fact that the two bases are orthonormal is reflected in the requirements
(i i )=0,  sk=123 (4.4.2)
and
(i,i)=0, k=123 (4.4.2)

As we have discussed several times and discussed in detail in Section 2.6, the two sets of bases are
related by an expression of the form

“ 3
i,=> Qi for j=123 (4.4.3)
k=1
It follows from (4.4.3) and (4.4.1) that the coefficients of the transition matrix are given by
R 3 3
<is,i1>=<iSvZQmik>:ZQm (i) =Q (4.4.4)
k=1 k=1

Because we are dealing with a real vector space, the result (4.4.4) combined with the definition
(4.2.10) tells us that Qg = <iS ,fj> is the cosine of the angle between the vectors i, and ij. These

cosines are the usual direction cosines that are familiar from elementary geometry.

The coefficients of the transition matrix
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Qll Q12 Q13
Q=[Qy]=|Q Q. Qu (4.4.5)
QSl QSZ Q33

are restricted by the two requirements (4.4.1) and (4.4.2). The nature of the restriction is revealed
if we substitute (4.4.3) into (4.4.2) to obtain

A 3 3 3 3
<iJ ! iq> = <ZQSJiS ! Zquik > = ZZQszkq <is ' ik > = 5Jq (446)
s=1 k=1 s=1 k=1
If we now utilize (4.4.1), (4.4.6) reduces to
3 3 3
zzQszkqésk = Zijqu = 5jq (4.4.7)
s=1 k=1 k=1
The matrix form of (4.4.7), is
Q'Q=I (4.4.8)

Because the transition matrix is nonsingular, it follows from (4.4.8) that

Q'=Q" (44.9)

Therefore, the inverse of the transition matrix between two orthonormal bases is equal to its
transpose. The special result (4.4.9) also implies

QQ" =1 (4.4.10)
in addition to (4.4.8). Also, because of (1.10.21), it follows from (4.4.8) that
det(QQ" ) =detQdetQ" = (detQ)’ =1 (4.4.11)
and, thus,
detQ =+1 (4.4.12)

The transition matrix Q is an example of what is known as an orthogonal matrix. It has the
property, as reflected in the construction above, of preserving lengths and angles.

If we view the transition matrix as consisting of 3 column vectors q,,q, and q, defined by
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Qy;
q; =|Q; for j=12,3 (4.4.13)

Qy

then it is easy to restate the orthogonality condition (4.4.8) as a condition of orthogonality on the
column vectors (4.4.13). The formal condition that reflects this fact is

q-lj—qk = 5jk (4.4.14)

Example 4.4.1: An elementary example of the basis change described above is one where Q takes
the simple form

Qll QlZ 0
Q=[Qy]=|Qx Q, O (4.4.15)
0 0 1

With this choice for the transition matrix, the basis change defined by (4.4.3) reduces to

i1 = Q11i1 + Q21i2

i, =Q,i; +Q,,i, (4.4.16)

N

i, =i,
where, from (4.4.8)

(Q11)2 + (Q21)2 =1

(le )2 + (sz )2 =1 (4.4.17)
Q11Q12 + Q21Q22 =0

and, from(4.4.10),

(Qn )2 + (le )2 =1

(Q21 )2 + (sz )2 =1 (4.4.18)
Q11Q21 + Q12Q22 =0

For the basis change defined by (4.4.16), the above figure is replaced by



Sec.4.4 . Orthonormal Bases in Three Dimensions 281

Thus, the choice (4.4.16) corresponds to some type of a rotation about the 3 axis. If we view the
above figure from the prospective of a rotation in the plane, the result is

where the 3 axis can be viewed as pointing out of the page. The six equations (4.4.17) and (4.4.18)
have certain obvious implications. First, (4.4.17); and (4.4.18); imply

Qu =%Qy, (4.4.19)

The result (4.4.19) reduce (4.4.17), and (4.4.18), to the same equation. Also, given (4.4.19), it
follows from (4.4.17); and (4.4.17), that

Qp =1Qy (4.4.20)
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Given (4.4.19) and (4.4.20), equation (4.4.17)3 or, equivalently, (4.4.18); yield
Q11Q21 + Q12Q22 = Q11 (inz ) + le (iQn) =0 (4-4-21)

If we exclude the trivial case where Q,, or Q,, are zero, (4.4.21) says that the multiplicity reflected
in (4.4.19) and (4.4.20) must be paired such that if

Q,, =1Qy (4.4.22)
then
Qu =7Qy (4.4.23)

Given (4.4.22) and (4.4.23), we see that the first column of (4.4.15) determines the two possible
choices for the second column of (4.4.15). The remaining condition on the elements of the first
column is (4.4.18)4, repeated,

(Q11)2 +(Qu )2 =1 (4.4.24)

or, equivalently,

Qp = i\/l_(Qn)z (4.4.25)

Equations (4.4.22) through (4.4.25) reduce the transition matrix (4.4.15) to eight possible choices.
Four of these are as follows:

Case 1:
Q. Q, O Qu i (Qll ) °
Q= I:ij :| = Q21 sz 0|=|41- (Q11 )2 Q11 0 (4-4-26)
0 0 1 0 0 1

Case 2:
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Q11 le 0 Qll 1 (Qll) 0
Q - I:ij ] - Q21 QZZ 0= —1- (Qll)2 Q11 0 (4427)
0 0 1 0 0 1
Case 3:
Q11 le 0 Qll N (Qll) 0
Q = [ij :I = Qzl sz 0]=]—/1- (Q11 )2 _Qll 0 (4.4.28)
and, finally,
Case 4:
Q. Q, O Qu 1- (Qll ) 0
Q - [ij :' - Q21 Q22 0= 1- (Qll )2 _Q11 0 (4429)
0o 0 1 0 0 1

The other four cases result from formally replacing Q,, with —Q,; in the above four. Returning to
the four cases listed, the details become a little more transparent if we introduce an angle @ that
makes cosé the direction cosine between i and i,. Given this interpretation, we can use (4.4.4) to
write

Qu: = (iyi; ) = cosg (4.4.30)
which reduces the above four cases to
Case 1:
cos@® -—sind 0
Q=|sing cosé O (4.4.31)
0 0 1

Case 2:
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Case 3:

and

Case 4:

Chap. 4 .
cos@ sind
Q=|-sind cosH
0 0
cos@ sind
Q=|sind -—cosé¥
0 0
cos@ -—sind
Q=|-sind -—coséd
0 0

INNER PRODUCT SPACES

0

0 (4.4.32)
1

0

0 (4.4.33)
0

0 (4.4.34)
1

The first two cases correspond to the situation where detQ =1 and the second two cases
correspond to the case where detQ =-1. Also, Case 2 differs from Case 1 and case 4 from case 3

by the sign of the angle. If Cases 1 and 3 represent some sort of rotation by an amount &, then
Cases 2 and 4 represent the same type of rotation by an amount —&. The following four figures
display geometrically these four cases:
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* Al .7 Al <
i, 2 T 2 i
1 .
0 . &
- ~J
Case 1 Case 2 il
uiz ’/,"
~ 11‘
1, 0
i I, "~
~ Case 3 1o

In a sense that we will describe, Case 1 is the fundamental case illustrated by this example.
Cases 2 and 3 are similar to 1 and 4, respectively. They simply represent rotations by a negative

angle. Case 3 can be thought of as being Case 2 followed by another basis change fl - fl and
fz - —fz . Likewise Case 4 can be thought of as being Case 1 followed by another basis change

i, > i, and i, > —i,. The bottom line of all of this is that Case 1 represents a basic rotation.

Cases 2,3 and 4 represent a negative rotation in one case and a rotation followed by a second basis
change which simply flips one of the axes. Cases 3 and 4, as mentioned, have the property that
detQ =—1. Rotations with this property involve the kind of axis inversion illustrated by Cases 3

and 4. They are sometimes called improper rotations. If we rule out improper rotations and
recognize that Case 2 is a special case of Case 1, the transition matrix that characterizes a rotation
about the i, axis is (4.4.31), repeated,

cosd -singd O
Q=|sind cosd O (4.4.35)
0 0 1
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It should be evident that the transition matrix for rotations about the other axes are

cosd 0 -sind
Q= 0 1 0 (4.4.36)
sind 0 coséd
for a rotation about the i, axis and
1 0 0
Q=0 cos@# -sind (4.4.37)

0 sing cosd

for a rotation about the i, axis.

Exercises

4.4.1 In the applications it is often the case where the angle & depends upon a parameter t such as
the time. The result is, for example, that the orthogonal matrix Q depends upon t. Given Q (t)

defined by

cosd(t) -sing(t) O
Q(t)=|sind(t) cosf(t) O (4.4.38)

0 0 1

Show that
_do(t)
dt
dQ(t) do(t)
— =Q(t) e 0 0 (4.4.39)
0 0 0
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do(t
o 990
dt
do(t do(t
Therefore, the skew symmetric matrix # 0 0 |, which is determined by #
0 0 0

determines the angular velocity for the ;otation (4.4.35)

4.4.2 Generalize the results of Exercise 4.4.1 for an arbitrary orthogonal matrix and show that
——==Q(t)Z(t) (4.4.40)

where Z (t) is a skew symmetric matrix, i.e., where Z (t)=-Z (t)" . The result (4.4.40)
generalizes the special result (4.4.39) and shows that the angular velocity of the basis {fl,fz,fs}

with respect to the basis {i,,i,,i,} is determined by Z (t). As a skew symmetric matrix in three

dimensions, Z (t) can have only three nonzero components. It is customary to use these three
components to define a three dimensional vector which is known as the angular velocity vector of
the basis {il,fz,fa} with respect to the basis {i,,i,,i,}. If @(t) is the angular velocity vector, and

its components with respect to the basis {fl,fz,fs} are related to the components of Z (t) by the
simple relationship

Z()=|-2, 0 Z,|=|w, 0 -ao (4.4.41)

where

o(t)= o ()i, + o, ()i, + o, (1)i, (4.4.42)
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Section 4.5 Euler Angles®

Geometric constructions like the one discussed in Section 4.4 arise in a lot of applications.
There is an entire branch of mechanics where one studies the motion of rigid bodies like, for

example, gyroscopes, where the basis {il,iz,is} is a reference or fixed orientation in space and the

basis {fl,iz,i3} is fixed to the rigid body and, thus, defines the position of the rigid body relative to

the fixed orientation. Another application is when one thinks of the basis {fl,iz,is} as fixed to the

body of an aircraft and its orientation relative to {i,,i,,i,} gives the orientation of the aircraft.

These applications get rather complicated as one tries to characterize the position of, for example, a
rigid body as a consequence of a general rotation. The usual approach is to view the final position
as the result of a sequence of three rotations of the form of (4.4.35) through (4.4.37). In
aerodynamics the three rotations are known by the names of roll, pitch and yaw. In a more general
context of rigid body dynamics they are known as the Euler angles.’

The usual way these three rotations are represented is shown in the following figure:

The sequence of rotations are:

1. Rotate about the i, axis by an angle ¢ .

® Information about Leonhard Paul Euler can be found at http://en.wikipedia.org/wiki/Leonhard Euler.
® There is an excellent discussion of Euler angles at http://en.wikipedia.org/wiki/Euler_angles.
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2. Rotate about the “rotated” i, axis by an angle & which aligns the “rotated” i, with 33.

3. Rotate about the 33 axis by an angle y to align with fl and fz

The details to construct these bases changes are complicated. We really need four bases to fully
characterize the three rotations listed. Two of them are the first basis, {i,,i,.i,}, and the final basis,

{fl,fz,fs}. Unfortunately, we need to introduce more symbols. The four bases are labeled as

follows:
R e N A e A s

The basis change from {i,.i,,i,} to {j,,i,.j;} is shown in the following figure:

The basis change from {i,,i,,i,} t0 {j,.i,.js} from {j,.j,.js} to {jljzjs} and {31]2]3} to

A A A

{il, i,, is}are shown in the following figure:
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The three transition matrices that characterize the three rotations just described are
{il'iZ’iS}T{jlijZ’.h}

cosp —sing 0

Q, =|sing cosp 0 (4.5.1)
0 0 1
{jl’jZ’j:’,}—e){jl’jZ’j?:}
1 0 0
Q,=/0 cosfd -—sind (4.5.2)
0 sind cosé

and

{jlljzlj3}7){i1,i2,i3}
cosy —siny O
Q, =|siny cosy O (4.5.3)
0 0 1
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A A A

The transition matrix for the rotation {i,.i,,i, } > {il,iz,is} is the product’

Q=Q,Q,Q, (4.5.4)

Equation (4.5.4) gives the transition matrix for a complicated rotation in three dimensions
in terms of three elementary rotations. The utility of the Euler angles is the ability to break down
complicated rotations in this fashion. The mathematical feature that makes a representation like
(4.5.4) possible is a special property of the set of orthogonal matrices. The set of orthogonal
matrices is an example of what is known as a group. For our purposes, we do not need to examine
this concept in any detail. It suffices to point out that the identity matrix is orthogonal and for each
orthogonal matrix, its inverse is also orthogonal. In addition, orthogonal matrices have the features
that if two orthogonal matrices are multiplied together, the result is an orthogonal matrix and they
obey the usual matrix multiplication property of associativity.

Exercises:

4.5.1 Carry out the multiplication in (4.5.4) and show that

COS@COSy —Sing@cos#siny  —siny CoSe — CoSy cosdsing  sindsing
Q =|cosysing +siny cosfcosep  COsSpCosHcosy —singsiny  —sinfdcose | (4.5.5)
sin@siny cosysind cosd

If one were given the components of the orthogonal matrix Q, equation (4.5.5) can be used to
calculate the three angles ¢,6 and . This information then determines the three elementary

rotations represented by the matrices (4.5.1), (4.5.2) and (4.5.3). The key formulas that follow
from (4.5.5) are

Q,; =cosé (4.5.6)
=singsin
s . v :tanw:& if sin@=0
Q,, =sindcosy 0 (4.5.7)
and
=sindsin
N e :tan(p=—% if sin@=0 (4.5.8)
Q,; =—sin@cosg v

" Equation (4.5.4) follows from the application of (3.6.18) to each of the three basis transformations represented by

Q(p, Q, and QW.
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Because of the multiplicity of the inverse trigometric functions, the solution obtained from (4.5.6),
(4.5.7) and (4.5.8) will not be unique.

4.5.2 Recall from Exercise 4.4.2 that the angular velocity associated with an orthogonal matrix
Q(t) is determined by a skew symmetric matrix Z(t) defined by

dQ(t)

Z(t)=Q(t) — (4.5.9)

Utilize (4.5.4) and show that the skew symmetric matrix Z (t) can be expressed in terms of the
corresponding angular velocities of the rotations Q,,Q, and Q, by the formula

Z(t)=2,(t)+Q,'2,Q,+9Q,'Q,'2,Q,Q, (4.5.10)

The components of equation (4.5.10) give the angular velocity of the basis {fl,fz,fs} with respect to
the basis {i,,i,,i,}. Its components are the components of a linear transformation projected into

A A A

the basis {il,iz,is}.

4.5.3 Utilize the formulas for the various matrices in (4.5.10) and show that

0 -—¢(t) 0
Z,(t)=|eo(t) 0 0 (4.5.11)

0 0 0

0 0 0 ]
Z,()=[0 0 -4(t) (4.5.12)

0 6(t) 0 |

0 -y(t) O
Z,()=|y(t) 0 0O (4.5.13)

0 0

and
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0 —y(t) - ¢(t)coso ¢(t)cosysing—0(t)siny
Z(t)= v (t)+g¢(t)cosd 0 ~0(t)cosy — ¢ (t)sinysind
—g(t)cosysin@+0(t)siny  O(t)cosy + ¢ (t)sinysind 0
(4.5.14)

The components of the matrix (4.5.14) define the components of the angular velocity vector with
respect to the basis {31,32,33} according to the correspondence (4.4.41). Therefore,
ot =a)£§ +a)ii +a)ii
()= ah+ ol + o, ) | ) . (45.15)
=(O(t)cosy + p(t)sinysin0)i, +((t)cosysin @ — O(t)siny )i, + (7 (t) + ¢(t) cos0)

4.5.4 As explained above, equation (4.5.14) represents the components of a linear transformation
project into the basis {fl,iz,fs}. That same linear transformation projected into the basis {i,,i,, i, }

is related to the matrix (4.5.14) by the change of basis formula (3.6.18). In this case, the transition
matrix is (4.5.4). Show that the resulting matrix is

0 ~¢(t)—y(t)cosd 6 (t)sing —y(t)cosgpsind
QZ(t)Q" = ¢(t)+y(t)coso 0 ~0(t)cosg -y (t)sinpsingd
~0sing +yr(t)cospsing  O(t)cose +y(t)singsind 0
(4.5.16)

The components of the matrix (4.5.16) define the components of the angular velocity vector with
respect to the basis {i,,i,,i,} according to the correspondence (4.4.41). Therefore,

m(t) =00 +o i, +o,l;

. . (4.5.17)
=(Ocosp+y (t)sinsin 0)i, +(Osing -y (t)cos psin0)i, + (g (t) + 7 (t)cos ),
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Section 4.6. Cross Products on Three Dimensional Inner Product Spaces

In Sections 4.4 and 4.5 involved certain ideas that are special to three dimensional real inner
product spaces. This section concerns another topic that is also special to these spaces. While
portions of the topics in Sections 4.4 and 4.5 can be generalized to inner product spaces of arbitrary
dimension, the topic of this section is for all practical purposes a unique one for three dimensional
vector spaces. The topic we shall briefly discuss is how to assign the operation of a cross product
to a real inner product space of dimension three.

Definition: A cross product in a three dimensional real inner product space ¥ is a function,
written ux v, from ¥ x% — ¥ such that

(1) wuxv=-vxu
2) wx(u+v)=wxu+wxv

3) wu(uxv)=(gu)xv forall u,v,we? and uc2

@) (wuxv)=0

(5)  [uxv|=]|u]|v|sine where cos&’=<u’—V> and 0<6<180°.

Juiv]

Geometrically, |uxv|| is the area of the parallelogram with sides |ju| and |v|| intersecting at an
angle 6.

It follows from properties (1) and (2) that

(U+V)XW=UXW+VXW (4.6.1)

and from properties (1) and (3)
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m(uxv)=ux(uv) (4.6.2)
Also, from property (1) that
uxu=0 (4.6.3)

The scalar triple product of three vectors u,v and w in ¥7is <W,u><v>. Geometrically,

Kw,u X v}‘ is the volume of the parallelepiped formed by the co-terminus sides u,v and w.

If {i,,i,,i,} is an orthonormal basis for #". Then the cross product connects the basis
members by the formulas

L, X1, =1,
i, xi, =i, (4.6.4)
L, i, =i,

The proof of (4.6.4) involves the kinds of arguments we have used many times. Since i, xi, € 7",
this vector can be expanded in the basis {i,,i,,i,} and written

L x i, = iy + A1, + & (4.6.5)

According property (4), (i,,i, xi,)=0 and (i,,i, xi,) =0. Therefore, z=2=0 and (4.6.5)
reduces to

Xl

, = ¢y (4.6.6)
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It follows from property (5) that [[i, xi,| =1. This fact and (4.6.6) yield & =+1 and the result
(4.6.4)1 is obtained. The other two results follow by an identical argument.

Given the choices (4.6.4), the component formula for the cross product for vectors

3
u=> Ui (4.6.7)
j=1
and
3
V=0, (4.6.8)

can be written

3 3 3 3
uxv=> uji; x 3 ud =2 > upd; i,
= k=1 j=1 k=1 (4.6.9)
= £(U,0; — Uy, )i, £ (U, —U,,)i, £ (UL, — UL, )i,

Equation (4.6.9), which has its origin in (4.6.4) shows that there are two cross products in the three
dimensional inner product space ¥". These two cases are characterized as follows:

Definition: A vector space 7~ with the cross product

ux v = (U0, — U0, )i, + (Uw, —U,05)i, + (UL, —U,0, )i, (4.6.10)
is said to have positive orientation.
Definition: A vector space 7 with the cross product

ux v =—(U,0, —U,)i; — (Uv; —U,)i, — (UL, — UL, )i, (4.6.11)
is said to have negative orientation.

Vector spaces with positive orientation are sometimes called right handed, and vector spaces with
negative orientation are sometimes call left handed.

The following two figures illustrate the bases for positive oriented and negative oriented
vector spaces:
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i, I
il
I, I,
i1
Positive Orientation Negative Orientation

Given the component formula (4.6.9), the scalar triple product (w,ux v} of three vectors
u,v and win 7is

=+(u,0, — UyD,) <W,i1> £ (U0, —U,0;) <w,i2> + (U, — uzul)<w, i3> (4.6.12)

= 1w, (U,0, —UL,) £ W, (U0, —U,0;) £ W, (UL, —U,0,)

Often the result (4.6.12) is written

Wl W2 WS
(wauxv)=+u u, u (4.6.13)
b U, U

One of the results illustrated by (4.6.12) or, equivalently, (4.6.13) is

<w,u><v>:<V,w><u>:<u,v><w>:—<w,v><u>
= —<V,ll X w> (4.6.14)
v)

——(uwx

The results (4.6.14) also follow from a geometric argument based upon the interpretation of
|(w,uxv)| as the volume shown above.

Exercises
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4.6.1 Derive the vector identity

ux(vxw)=(wxv)xu=v{uw)-w(uv) (4.6.15)
4.6.2 Derive the vector identity

<s><u,v><w> :<s,v><u,w>—<s,w><u,v> (4.6.16)
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Section 4.7. Reciprocal Bases

The results of Sections 4.4, 4.5 and 4.6 are based upon the convenience of orthonormal
bases. The results of these sections were also restricted to the special case of a real inner product
space of three dimensions. These results are useful in a large variety of applications of linear
algebra. Unfortunately, there are important physical problems for which an orthonormal basis is
not the best choice and, in addition, there are important applications where the vector space is not
real and it is not of dimension three. Therefore, in this section, we shall look at bases that capture
some but not all of the convenience of orthonormal bases called reciprocal bases. In addition, we
shall not assume the vector space is real or that it is three dimensional.

Let {el,ez,...,eN} be a basis for an N dimensional vector space ¥ . In equation (4.2.17) of
Section 4.2, we defined the symbols e, , for j,k=12,..,N , by

ejk:<ei’ek>:<ek7ej>:e_kj (4.7.1)

Because {e,.e,,...,e, | is abasis, the N x N matrix

(ee) (ene) (ees) - - (eney)
(e20,) (ee;) (e,;) (erey)
o )-| o (e fevs) w12

_<eN.’e1> <eN’e1> ‘ : <eN"eN>_

has rank N and is thus nonsingular. To confirm this assertion about the rank, we can examine the
linear independence of the columns by the usual test, namely, examine whether or not the equation

_<e1,e1>_ _<e1,e2> <e17eN>
<e2,el> (ez,e2> <e2'eN>
a, (e3.¢,) ta, (es.e,) +eotay (es.en) =0 (4.7.3)

_<eN.’el>_ _<eN.’e2>_ _<eN’.eN >_

forces the coefficients ¢,,,,...,, to be zero. If we use the linearity of the inner product in its
second slot, (4.7.3) can be rewritten
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(e e, + e, +--+aye,)=0  for j=12..,N (4.7.4)
Because {e,.e,,...,e, } is a basis, (4.7.4) implies
(v,ae, +a,e, +-+aue,)=0 forall vey (4.7.5)

Property (4) of the defining properties of an inner product space listed in Section 4.1 tells us that
(4.7.5) implies

ae +a.e,+--+ae, =0 (4.7.6)
If we again use the fact that {e,,e,,...,e, } is a basis, we can conclude that o, =, =---= ¢, =0.

Given the basis {e, e,,....e, } of #", we shall next define what is known as the reciprocal
basis as follows:

Definition: The reciprocal basis to a basis {e, e,,....e, } of 7 isabasis {e',e’,....e"} of ¥
defined by

(e“.e)=05; for jk=12..,N (4.7.7)

Geometrically, the definition (4.7.7) says that the reciprocal basis vector e* is a vector
perpendicular to the N —1 basis vectors e,,...,e, ;,€, ,,...,€y .

An obvious example of a reciprocal basis is the orthonormal basis {i, ,i,,...,iy } which by

(4.3.6) is its own reciprocal basis. Thus, the distinction between basis and reciprocal basis vanishes
when one begins with an orthonormal basis.

Given the two basis {e,,e,,...e } and {e',e?,....e" | for ¥, they must be connected by the

usual formulas like (2.6.3). If we rewrite (2.6.3) to fit the notation used in this section, the two
bases {e,e,,....e, } and {e',e’,....e" | must be related, for example, by

e =) Tye (4.7.8)

It immediately follows from (4.7.1) and (4.7.7) that the components of the transition matrix are
T, =€, and, as a result, the basis change (4.7.8) is



Sec. 4.7 . Reciprocal Basis 303
e, =y e.e’ for j=12..N (4.7.9)
1
The basis change {e,e,.....e, | > {e',¢,....e" | is
el =Y ele, for j=12,.,N (4.7.10)
g=1

where the matrix [ e | is the inverse matrix to the matrix [ e, |. Itis useful to note that (4.7.7)
and (4.7.10) show that

ek :<ej,ek>:<ej,ek>zg (4.7.11)

Example 4.7.1: Consider the following elementary construction for the two dimensional inner
product space %°. The base vectors {e,,e,} consist of two vectors 45° apart, the first one, e, , two

units long and the second one, e,, one unit long. If we calculate the inner products in (4.7.1), the
given information yields

e ok Yl

The inverse of this matrix is easily seen to be

11
[e*]= 21 V2 (4.7.13)
= 2
V2
Therefore, from (4.7.10),
e' =¢e''e +e%e, = %el —%ez
(4.7.14)
1
e’ =e’e, +e%%e, = —Eel +2e,

The following figure shows the basis {el,ez}, its reciprocal {el,ez} and the graphical
representation of (4.7.14).
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2
e’ s e”e, e' =e'e, +e”e,
= le ! e
e2 51 \/E 2
11
ge

elze1 — L , € e=c +e%%,

ee 1

2N 1 =——=€ + 262
e V2

Example 4.7.2: You are given a basis {e,,e,,e,} of .#>* defined by

0.9659 0.2588 0.2500
e, =|0.2588 |,e, =| 0.9659 |,e, =| 0.0670 (4.7.15)
0 0 0.9659

The problem is to find its reciprocal basis {el,ez,e?’}. The inner product for .#** is, of course,
given by (4.1.13), repeated,

(u,v)=u'v=v"u (4.7.16)
This definition allows us to utilize (4.7.15) and (4.7.2) to obtain

(e,e;) (e,e,) (e,e;)| [1.0000 0.5000 0.2588
ley |=| (ese,) (eye,) (e,e,)|=|0.5000 1.0000 0.1294 (4.7.17)
(ese;) (ege,) (eje;)| [0.2588 0.1294 1.0000

The inverse of this matrix can be shown to be

1.4051 -0.6667 -0.2774
[e"]=|-0.6667 1.333 0 (4.7.18)
—0.2774 0 1.0718
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Therefore, from (4.7.10),

1_ 11 12 13
e =ee +e,+ee,

0.9659 0.2588 0.2500 1.1154 (4.7.19)
=1.4051| 0.2588 |- 0.667| 0.9659 |—0.2774| 0.0670 |=| —0.2989 o
0 0 0.9659 —-0.2679
0.9659 0.2588 —0.2989
e’ =e21el +e22e2 +e23e3 =-0.667| 0.2588 |+1.333| 0.9659 |=| 1.1154 (4.7.20)
0 0 0
and
0.9659 0.2500 0
e’ :e‘"°le1+e‘°’2e2+e‘°’3e3 =-0.2774| 0.2588 |+1.0718| 0.0670 | = 0 (4.7.21)
0 0.9659 1.0353

The following figure illustrates these vectors for this example:
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If one has constructed a reciprocal basis {el,ez,...,eN } it is possible to expand a vector

v e in that basis as follows:

N .
v=>Y v (4.7.22)
=1
Equation (2.6.26), repeated, is
N
v=>) v, (4.7.23)

which represents v e 7~ with respect to the basis {e,,e,,....e, }. The two sets of components

{ul,uz,...,uN } and {v;,0,,...,u } are connected by the usual change of basis formulas discussed in

Section 2.6. Given the special notation being used in this section, it is convenient to rewrite these
formulas in this notation. Two important formulas that follow from (4.7.22) and (4.7.23) are

(v,e )= <iujej ,ek> = iuj <ej e, > = iuﬁkj =0, (4.7.24)
i1 -1 =1
and
_ N _ N _ N . .
<V,eJ > = <Z‘ukek,eJ > =0 <ek,eJ > =Y 05! =0 (4.7.25)
k=1 k=1 -1

where the defining condition (4.7.7) has been used. These formulas simply say that the
components {ul,uz,...,uN } are the projections of the vector v e 7" in the directions of the

reciprocal basis {el,ez,...,eN } and the components {v;,,v,,...,v, } are the projects of the vector

v e¥ in the directions of the basis {e,,e,,...,e, }. It follows from (4.7.1), (4.7.23) (4.7.24) that the
two sets of components are connected by

N N
c=(v.e )= <ZU ej’ek>=zvj<ej’ek>=zejkvj (4.7.26)
j=1 j=1
or, by the reciprocal relationship, utilizing (4.7.11), (4.7.22) and (4.7.25)

-=<V e‘> <20ke e‘>=i0k <ek,ej>:iekjuk (4.7.27)
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It is customary to refer to the components {ul,uz,...,uN } as the contravariant components of

ve¥ and the components {v,,v,,...,0, } as the covariant components of ve¥ .

As an example of the covariant and the contravarient components of a vector, consider the
geometric construction introduced in Example 4.7.1 above.

Example 4.7.3: In this example the base vectors {e,,e,} consist of two vectors 45° apart, the first
one, e,, two units long and the second one, e, , one unit long. You are given a vector v defined by

1
V:Ee1 +2e, (4.7.28)
Therefore, for this example, the contravariant components of v are

v = and v° =2 (4.7.29)

N |-

Equations (4.7.12), (4.7.26) and (4.7.29) yield the following covariant components:

v =e,0 e, = 4(%) + \/5(2) —2+22

. L (4.7.30)
v, =e.0t+e 02=\/2(—j+2 1)=—+2
2 = 12 22 2 () \/E

The figure below shows the reciprocal basis and the covariant and contravarient components of v.
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Example 4.7.4: You are given the basis and reciprocal basis calculated in Example 4.7.2 above.
You are also given a v e .#** defined with respect to the basis {e,,e,,e,} by
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v=v'e +0%, +U’,
—0.3167e, +0.4714e, +0.5799%, (4.7.31)

Sl 51 Bl

The covariant components of v e .#** are given by equation (4.7.27) where the numerical values
of the e, for k, j=1,2,3 are given by (4.7.17). Therefore,

v, =€,U" +e,0° +e,0°
- (1.0000)(0.3167) + (0.5000)(0.4714) + (0.2588) (0.5799) = 0.7071

v, = €,0" +6,,0° +e,0° (4.7.32)
=(0.5000)(0.3167) +(1.0000)(0.4714) +(0.1294)(0.5799) = 0.7071 .

Uy = 8,0 +85,0° +e,0°
= (0.2588)(0.3167) + (0.1294)(0.4714) + (1.000) (0.5799) = 0.7407

and, with respect to {e',e’ e}, the vector ve.4>* is given by

v=ue' +v,e’ +v,e’
—0.7071¢" +0.7071e? +0.7407¢° (4.7.33)

&l @l Sl

Exercises

4.7.1 You are given a basis {e,,e,,e,} of .#>* defined by
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1 1 4
e,=|-1lle,=| 3 | e;=|-2 (4.7.34)
1 -1 1
Find the reciprocal basis {e',e”,e}. The answer is
B Y
8 8 4
el = > el = 3 e = 1 (4.7.35)
8 8 4
’ 1 1
L 4 | | 4 | | 2]
4.7.2 1f we are given the basis {e,,e,,e,,e,} for the vector space .#** defined by
2 3 ~2i 4
3 -2 1 2i
e = 3 e, = 5 €y = 3 e, = 4 (4.7.36)
—2i 4 0 5i
Find the reciprocal basis to {e,,e,,e,,e,}. The answer is
[ 0.0631+0.1516i 0.0756 + 0.0362i
.| 02733 — 010851 | , | -0.1430 — 0.1042i
~ | 0.0059 + 0.0100i | 0.0157 +0.0718i |’
0.0200 — 0.0119i 0.1436 — 0.0313i
- . . (4.7.37)
—0.0387 - 0.2743i 0.0542 + 0.0002i
, | —0.2481+0.1691i | , 0.0260 + 0.0710i
e’ = e = .
0.0305 + 0.2332i 0.0598 — 0.0085i
| 0.0664 — 0.0611i —0.0171 + 0.0804i
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Section 4.8. Reciprocal Bases and Linear Transformations

In Section 3.2, we introduced the components of a linear transformation A : 7 — % with
respect to a basis {e,,e,,....e, } for ¥ and a basis {b,,b,,...,b,, } for . The fundamental formula
that defined the components is equation (3.2.2), repeated,

M
Ae, => Alb, k=12..,N (4.8.1)
j=1

The matrix of the linear transformation was defined by A : ¥ — % by equation (3.2.9), repeated,

All Alz ’ T AlN
AN A?
AS AS . _
M(A,e.b;)= ! : | =[A,] (4.8.2)
_AMl AM2 . .. AMN |

In Section 3.6, we examined how the matrix (4.8.2) is altered when there are basis changes
{e,e,....ey} > {€,&,,...e,} and {b,,b,,...b, }—>{f)1,f)2,...,f)M}. The result was equation
(3.6.17), repeated,

M(A&.b;)=U"M(A.e,b,)T (4.8.3)

where T is the transition matrix for {e,.e,,...ey, } > {€,,€,,....€, } and U is the transition matrix

A~

for {b,,b,,...,.b,, }—>{Bl,f)2,...,bM }

Now that we have complicated the discussion by the introduction of the reciprocal basis
{el,ez,...,eN} and {bl’bz,---,bM } , and introduced the basis change {el,ez,---,eN}—>{el,e2,--.,ew}
and {b,,b,,...b, } > {bl,bz,...,b“" } , we have three other ways to create matrices from

A:¥ — % . Repeating (4.8.1) and adding the other three, the four sets of components of
A:¥ — 4 are defined by
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Ae, = ZAjka
j=1
M -
Ae, =Y A.b’
j=1
k i ) (4.8.4)
Ae“ =) A¥b,
j=1 J
M -
Ae* =) A'D’

i1

for k =1,2,...,N . The corresponding matrices are
(4.8.5)

Consistent with (4.8.1), the convention in building the various matrices is that the first index,
whether a subscript or a subscript, denotes the row of the matrix and the second index the column.
Now that our vector spaces are inner product spaces, we can derive from (4.8.4) the following
formulas for the components.

A =(Ae, b’}

Ay =(Ae,.b;) w55)
A¥ = (Ae* b} -
AF =(Ae"b;)

These formulas arise by forming the respective right hand sides, substituting from (4.8.4) in terms
of the components and then making use of the definition of the reciprocal basis, equation (4.7.7).
The four sets of components of A:¥ — % in (4.8.6) are the mixed contravariant-covariant
components, the covariant components, the contravariant components and the mixed covariant-
contravariant components, respectively.

As with any basis change, the various sets of components are connected by a basis change
formula identical to (4.8.3). The problem is that an already complicated notation gets even more
complicated. It is probably more direct to derive the formulas that connect the components in

(4.8.6) in each case rather than try to adapt (4.8.3). The bases {e,e,,....e } and {e',¢’,....e" }are
connected by(4.7.9) and (4.7.10), repeated.
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N

e, =y e’ for j=12..,N (4.8.7)
q=1

el =>el%, for j=12..N (4.8.8)
g=1

M

b, =>b,b" for j=12..M (4.8.9)
g=1

b’ =>blb, for j=12..M (4.8.10)
g=1

The approach we shall take is to derive formulas that relate the components in (4.8.6); to each set
of components in the remaining three equations. Given (4.8.6);, it follows from (4.8.6) that

M M M ___
Ay =<Aek,bj>=<Aek,§qubq> = zq:qu (Ae,,b%) = ;quAqk (4.8.12)

where (4.8.10) and (4.8.6); have been used. If we next use (4.7.1) applied to the basis
{b,,b,,...,by, }, the transformation formula (4.8.11) simplifies to

M
Ay = by A (4.8.12)
a

A¥ =(Ae* bl )= Al (4.8.13)
Likewise, when one starts from (4.8.6) it follows that

A¥=(Ae' b)) = iibqj A e (4.8.14)

p=1g=1

At the risk of introducing more notation, if we introduce the matrices

E=[e"] (4.8.15)
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and
B=[b"] (4.8.16)

Then the matrix versions of (4.8.12), (4.8.13) and (4.8.14) are, respectively,

M(Ae.b')=B'M(A,e, b)) (4.8.17)
M(A,e",b;)=M(Ae, b;)E (4.8.18)

and
M(A,e“,b')=BM(Ae,.b,)E (4.8.19)

Equation (4.8.19) can also be read off from (4.8.3). The transition matrix for the transformation
{ee,,...ey}—> {el,ez,...,eN }turns out to be the complex conjugate of the matrix (4.8.15), and the

transition matrix for the transformation {b,.b,,...,b,, } - {bl,bz,...,b“"} the transition matrix is the
complex conjugate of the matrix (4.8.16).

In the special case where the linear transformation is one from the vector space ¥~ to itself,
i.e., when A7 — ¥, the transition matrices E and B become the same. Also, operations like
the determinant and trace of a linear transformation can be performed on A:% — ¥ . In Section
3.6, we defined the determinant of a linear transformation A : 7 — ¥~ by equation (3.6.34),
repeated,

detA =detM (A, e, e)) (4.8.20)

It is important to recall that the matrix detM (A, e;,e,) consists of elements defined by the
equation

N .
Ae, =) Ale, (4.8.21)
j=1

Equation (4.8.21) is equation (4.8.4); specialized to the case of a linear transformation A: ¥ — ¥".

In Section 3.6, we also illustrated how the determinant does not depend upon the choice of
basis. The proof of this result, as shown in Section 3.6, arose from the fact that the matrix

detM(A,e,,e;) is similar to the matrix M (A,ék,éj) resulting from a basis change
{e,e,,....ey} > {€,&,,...,&y }. The question naturally arises as to what is the relationship between
the determinant of A defined by (4.8.20) and the three matrices M (A,e,,b’),M (A,e*,b;) and
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M (A,ek,bj) . The answer is provided by the transformation formulas (4.8.17), (4.8.18) and
(4.8.19) applied in the case B = E. The results are summarized as follows:

detA =detM(A,e, ;) =detM (A, e e')
- B | (4.8.22)
:det(M (A,ek,bj)E-l) :det(BM (A,ek,b‘))

For the case under discussion, equation (4.8.19) shows that the matrix M (A, e,,e;) is similar to the

matrix M (A,e",ej ) Equation (4.8.22), reflects the result mentioned in Section 3.6 that similar
matrices have the same determinant.

A similar calculation as that leading to (4.8.22) shows that the trace of A: 7 — 7" is
related to the trace of the four matrices by

trA=trM(A e, e)=trM(A,e"e’)
3 | L (4.8.23)
:tr(BM (A,ek,b‘))=tr(M (A'ek’bj)Eil)
Exercises

4.8.1 You are given a linear transformation A :¥ — % defined by

Av =0'(9b, +6b, —5b, +4b, )+ 0v*(~b, —b, + b,)+0°(8b, +5b, —4b, +5b,) (4.8.24)

For all vectors v =v'e, +v’e, +v%, € ¥, where ¥ is a real inner product space. The matrix of
A with respect to the bases {e,,e,,e,} and {b,,b, ,b;,b,} is

9 -1 8
6 -1 5

M(Ae.b;)= 51 4 (4.8.25)
4 0 5

You are given that the matrix of inner products (4.7.1) is

3 -3 7
le]=| -3 11 -3 (4.8.26)
7 3 21
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1 -1 3 1

-1 3 2 -4
[by |= 3 0 9 (4.8.27)

1 4 2 1

Calculate the three sets of components for the linear transformation, A: v — 77,
M(A,e.b'),M(A,e",b;) and M(A",e"e;). The answers are

8 3 -4
| 17 0 -21
M(Ae bl)=[A = 4828
(Aead)=[A]=| 5 5 g (4.8.26)
1011
353 67 -102
1l 475 89 —69
M(A,e b =] A¥ |=— 4.8.29
(Avetb;)=[ A" ] 16| -199 -37 58 (4829)
137 27 -38
and
689 123 1037
32 32 16
1173 231 163
M (A5 b))=[AF]=| 32 % (4.8.30)

31 5

H

ol

\'
IS w|g 5
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Section 4.9. The Adjoint Linear Transformation

In this section, we shall briefly examine certain special concepts involving linear
transformations defined on inner product spaces. In particular, we shall introduce what is known as
the adjoint linear transformation. This linear transformation generalizes the transpose of a linear
transpose in those cases where the inner product space is not real. As we shall learn, with the
proper choice of bases, the adjoint of a linear transformation or the transpose of a linear
transformation is directly related to the corresponding concept for matrices.

We begin our discussion by consideration of a linear transformation A : ¥ — % defined on
two inner product spaces 7~ and % . At this point in the discussion, we shall allow ¥ and # to
be complex inner product spaces. The adjoint linear transformation to A: ¥ — % is defined as
follows:

Definition: Given a linear transformation A : ¥ — %, the adjoint linear transformationto A isa
linear transformation A" : % — ¥ defined by

<ll,AV> = <A*u, V> forall vev and ue#% (4.9.1)

Note that the inner product on the left side of (4.9.1) is the one in % and the one on the right side

of (4.9.1) is the one in ¥". Also, note that the property (u,v)=(v,u) of an inner product allows us
to replace the definition (4.9.1) by the equivalent definition

<AV, u> = <V,A*ll> forall vev and ue#% (4.9.2)

In the special case where the inner produce spaces ¥ and % are real, the adjoint is called the
transpose and the definition (4.9.1) is written

<u,Av>:<ATu,v> forall vev and ue% (4.9.3)

Equation (4.9.1) and the special case (4.9.3) are component free definitions of the adjoint and the
transpose, respectively. This is an important feature of the definition. Physical quantities
represented by geometric objects like vectors and linear transformations do not depend upon the
special basis that might be selected in a particular application. Thus, it is important to understand
when a quantity does or does not depend upon the basis.

Properties of the adjoint that follow from the definition (4.9.1) are summarized in the
following theorem.

Theorem 4.9.1:
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(A+B) =A"+B’ (4.9.4)
(AB) =B'A’ (4.9.5)
(AA) = 2A" (4.9.6)

=1 (4.9.7)
0" =0 (4.9.8)
(A7) =A (4.9.9)

and, if A is nonsingular, so is A"and, in addition,

*

(A7) =(A) (4.9.10)
The proof of the above theorem is straightforward and is left as an exercise.

Equation (4.9.2) defines the adjoint in a component free or basis free fashion. In other
words, the definition does not involve choices of the bases in ¥~ or % . Some of our operations on
linear transformations, such as the determinant and trace operations introduced in Section 3.6, were
introduced by defining certain operations on the components with respect to specific basis choices.
We then showed that the results, in this case the determinant and the trace, were actually
independent of the choice of bases. The important conclusion was that the determinant and the
trace of the matrix was a basis free quantity. We could have followed a similar approach with the
definition of the adjoint but the component free definition is preferred when possible. A
component free definition of the determinant is possible but not without a diversion into topics we
do not wish to discuss at this point.

Having stressed the benefits of a component free definition of the adjoint, it is useful and
important to select bases for ¥~ and  and examine how the adjoint and, for the real case, the
transpose are related to their matrix. First, we shall select bases for " and % . As in Section 4.8,
the situation is complicated by the number of choices. If we denote the basis for ¥~ by

{e,.e,,....ey }, we have a reciprocal basis {el,ez,...,eN } If we denote the basis for % by
{b,,b,,....b,, }, we have a reciprocal basis {bl,bz,...,bM } . The four sets of components

corresponding to these choices are listed in equation (4.8.4). A similar set of formulas hold for the
components of the adjoint linear transformation A" : % — ¥ . We shall write these formulas as
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N
*. ‘kk
A'b; =3 At
k=1
Abj:;Akje

. N *Li
A'b) =) Ale, (4.9.11)

k=1

. N * i
A'b =D A et
k=1

for j=1,2,...M .

The basic question is how are the coefficients A™,, A", A™ and A"’ in (4.9.11) related

to the components of the linear transformation A in (4.8.4). Unfortunately, the relationships can
be complicated. Equations (4.8.6) give the various components of A in terms of A and the inner

product with the basis vectors. For the adjoint, A™ ,similar formulas are

A% =(A'b;,e")

KA, ) (4.9.12)
AU =(A'D)e") -
A =(Able,)

The four sets of components of A™: % — ¥ in (4.9.12) are the mixed contravariant-covariant
components, the covariant components, the contravariant and the mixed covariant-contravariant
components, respectively.

Our goal is to determine how the various sets of components are related. The four results
we do wish to record are

* _ Ak
A% = A (4.9.13)
A*kj = A_,k (4.9.14)
AM = A (4.9.15)

and

A=A, (4.9.16)
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Equations (4.9.13) through (4.9.16) simply state that the components of the adjoint are obtained by
transposing and forming the complex conjugates of the appropriate components of the linear
transformation A: 7 —> % .

The derivation, for example, of (4.9.13) begins with the result (4.9.12),
and the definition (4.9.1). The sequence of calculations is

A%, =(A'b;.e")=(b;, Ac") = (Ae" b)) (4.9.17)

The result (4.9.13) follows by application of the result (4.8.6)4 to (4.9.17). The results (4.9.14),
(4.9.15) and (4.9.16) follow by identical arguments.

If we were to decide, for example, to derive a formula that connected the components A*kj ,

for k=12,..,N and j=1,2,..,M tothe components A’ , for j=12,..,.M and k=12,...,N , the

results are much more complicated. The derivation of the kind of formula is not difficult but the
details are more involved. The starting place is the formula (4.9.17). This formula and (4.8.14)
combine to yield

_— N M N M -
A* = (Ae" b ) =D Y by Al e® =D Y by A% e™ (4.9.18)
p=1g=1 p=1qg=1
The complexity of the relationship between the coefficients A® , for p=1,2,..,N and
q=12,...,M and A*kj for k=12,..,N and j=12,...,M inequation (4.9.18) obscures the more
elementary result (4.9.13).

It is instructive to write the results (4.9.13) through (4.9.16) as matrix equations. From the
definition of the matrix of a linear transformation given in Section 3.2, it is true that

M (A*,bj!ek):[A*kj:'
M (A% e )=[ A ] (4.9.19)
M (A" e, )=[A™]
M (A*,bj,ek)=[A*kj}

With these expressions and the corresponding definitions for the various matrices of A given in
(4.8.5), equations (4.9.13) through (4.9.16) can be written

M(A"b,.e,)=M (A€ b') (4.9.20)

M(A"b,.e“)=M(Ae b') (4.9.21)



Sec. 4.9 . The Adjoint Linear Transformation 321

M (A" ble)=M(Ae D) (4.9.22)
and
M(A"b'.e“)=M(Ae.b;) (4.9.23)

The more complicated formula (4.9.18) is equivalent to the matrix equation

M(A"b;.e,)=EM(Ae,.b;) B (4.9.24)

where the transition matrices are defined by (4.8.15) and (4.8.16). One way to derive (4.9.24) is to
substitute (4.8.19) into (4.9.20).

The results (4.9.20) through (4.9.23) reveal the fact that, with the proper choice of basis, the
matrix of A” is the transposed complex conjugate of the matrix of A . The phrase “proper choice
of basis” is fundamental. Equation (4.9.24) shows that the matrix M (A*,bj ,ek) is not the

transposed complex conjugate of the matrix M (A,ek,bj) :

For the special case where the adjoint linear transformation is one from the vector space 7

to itself, i.e., whenA” : 7 — # , an application of the definition of the determinant, equation
(3.6.34) yields the result

detA” =detM (A" e;,e,) (4.9.25)

where the matrix detM (A", e ;»€,) consists of elements defined by the equation

N
Ale; =D A% e, (4.9.26)

k=1

Equation (4.9.26) is equation (4.9.11); specialized to the case of a linear transformation
A":¥ — v . Ourinterest is the relationship between the determinant of A:¥ — ¥ and the

determinant of A" :¥ — ¥ . The answer is given by the definition (4.9.25) and equation (4.9.24)
in the special case we are discussing, namely, where B = E . These two equations yield
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detA” =detM (A", e, e,) :det(ElM (A,ek,ej)TEj

= det E " det Edet(M (A, e )Tj (4.9.27)

:det(M (A,ek,ej)T):det(M (A,ek,ej))
The definition of the determinant of A, equation (3.6.34), reduces (4.9.27) to the simple result

detA” =detA (4.9.28)

Also in Section 3.6, we defined the trace of a linear transformation A:7 — 7 by (3.6.36),
repeated,

trA=trM(Ae,.e;) (4.9.29)
Likewise, the trace of the adjoint is defined by

trA” :trM(A*,ek,ej) (4.9.30)
If one starts with (4.9.24), of course with B = E , it is easily shown that

trA"=trA (4.9.31)

The point of this discussion that needs to be seen through the equations and their many
subscripts and superscripts is that the matrix of the adjoint linear transformation is not simply the
matrix created by transposing and taking the complex conjugate of the matrix of the original linear
transformation. It takes a special choice of the bases for simple formulas such as (4.9.20) through
(4.9.23) to be valid. The basis dependence of these relationships stands in contrast to relationships
like (3.5.18), repeated,

M(A e e)=M(Ae.e) (4.9.32)

In this case, one starts with a basis, creates the matrix, inverts the matrix and then, utilizing the
same basis, creates the linear transformation that is the inverse. In the case of the adjoint, the
matrix operation, i.e., transposing and forming the complex conjugate, does not produce the adjoint
linear transformation unless the proper bases are adopted.

Another important result to extract from the above detail is that if {i,,i,,...,iy } isan

orthonormal basis for ¥~ and {ji,j,.,....j,, } is the orthonormal basis for % , the matrix relationships
between a linear transformation and its adjoint take the simple form
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M (A" J, i) =M (A j,) (4.9.33)

Most of our discussions that require that we utilize the components of a linear transformation will
allow the use of orthonormal bases. Thus, the complexity of the component representations of the
adjoint will not create difficulties. The fact that most of our fundamental discussions can be
conducted in a component free fashion is also a benefit as we try to keep our discussions simple
from a notation standpoint.

As we have seen in this section, the inner product structure on the vector spaces ¥ and %
allows for the introduction of the adjoint linear transformation to a linear transformation
A:¥ — % . Given the idea of an adjoint linear transformation, we can define an inner product

structure for the set of linear transformations ¢ (7";%) in a fashion that generalizes the inner
product we introduced on .#™*" in Example 4.1.4. The formal definition is

(A,C)=tr(AC") (4.9.34)

for all linear transformations A,Ce % (7;%). Itis elementary to show that the definition (4.9.34)

obeys the four properties of an inner product given in Section 4.1. The first three of these
properties are more or less obvious. The fourth one, namely, that (A,A)>0 and (A,A)=0 if and
only if A =0 can be seen to be true by simply adopting an orthonormal basis for ¥~ and % and
utilize the matrix result (4.1.16). The fact that the definition (4.9.34) does not depend upon the

choice of the bases for 7~ and % insures that the fourth property of an inner product space is
obeyed.

If desired, one can express (4.9.34) in terms of the various components introduced in this
section and obtain the following component representions of the inner product defined by (4.9.34):

SALC =YY Y S b e* Al CT (4.9.35)

=1 1 p=1 j=1 g=1

(A,C)=tr(AC)= N N

1

The matrix form of the complicated result (4.9.35) is

(A,C)=1r(AC")=tr(M(A,e,,b; )M (C",b e, ))
— (4.9.36)
=tr(M(A,ek,bj)EM(C,ek,bj) B‘lj

where (4.9.19); and (4.9.24) have been used.
In closing this section, it is important to call attention to the case where the inner product

space is real. In this case, the adjoint reduces to the transpose, that we shall write AT . The above
equations all remain valid with a simple elimination of the various complex conjugates that appear.
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Exercises

4.9.1 Confirm the formula (4.9.10). This problem, as one would expect, uses the definition (4.9.1)
and the defining property AA™ = A™A =1 for the inverse.

4.9.2 You are given a linear transformation A :7 — ¥, defined by
Av = (Ul +40% + 1)3)el + (Ul +0° - 203)e2 + (ul - 3%+ 21)3)e3 (4.9.37)

forall v=o'e, +v’e, +v%, € ¥, where ¥ is a real inner product space. It follows from (4.9.37)
that the matrix of A with respect to the basis {e,,e,,e,} is

1 4 1
M(Ae.e)=[1 1 -2 (4.9.38)
1 -3 2

You are given that the matrix of inner products (4.7.1) is

3 -3 7
[ey]=| -3 11 -3 (4.9.39)
7 3 21

Calculate the four sets of components for the adjoint linear transformation, A" : ¥ — ¥,
M (A e, ) <[ A7 ] M (A" )= [0, ] M (A7) =[] and ("0 ) <[]
The answers are

[ 257 1777 107 |
2 32 32
. VT T B T 7 A ¢
M (A% e, e )=[ A" ]=M(A e e!) = % 3 3 (4.9.40)
110 590 38
|2 32 32|
7 5 25
M(A" e e)=[A ]=M(Ae.el) =|-12 8 -38 (4.9.41)

23 31 55
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161 25 5
32 4 8
. il 7 . T | 43 5 3
M(Ael e )=[A%]=M(Aee) =| — 2 -2 4.9.42
( k) [ ] ( J) 32 4 8 ( )
B, 1
. 16 |
and
1 1 1
M(A% el e )=[A ]=M(Ae.e;) =|4 1 -3 (4.9.43)
1 -2 2
4.9.3 Utilize the results in Exercise 4.9.2 and calculate <A,A>. The answer is
__257 1777 107 |
bad ?2 33427 3721 3253
(A A)=tr(AA")=tr[ |1 1 -2 o s Ty 3253 (4.9.44)
1 3 2 32 32 32 32
] 10 59 38
| 32 32 32 |
4.9.4 You are given a linear transformation A:7 — % defined, for all vectors ve 7", by
Av = (Ul —iv? + 71)3)b1 +(—8iu1 + 90 +8i1)3)b2
(4.9.45)

+(40" - 90” +15i0° )b, + (7iv" + 4iv® )b,

for all vectors v =v'e, +v’e, +v’e, €7, where {e,,e,,e,} isabasis for ¥ and {b,,b,,b;,b,} is
a basis for % . The linear transformation defined by (4.9.45) was introduced earlier in Exercise
3.3.3. It follows from (4.9.45) that the matrix of A with respect to the basis {e,,e,,e,} is

1 - 7
-8i 9 8i

M(A,e;.b, )= 4 o 15 (4.9.46)
7i 40

You are given that the matrix of inner products (4.7.1) is
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3 1+2i 1+2i
le |=|1-2i 11 —6+5i (4.9.47)
1-2i —6-5i 21
Likewise, for the basis {b,,b,,b;,b, }, the matrix of inner products (4.7.1) is
26 —6+8i 12-4i -2-6i
—6-8i 33 -8+61 8+4i
[by ]= _ _ _ (4.9.48)
. 12+4i -8-6i 14 —2i
-2+61 8-4i 2i 61
Calculate the four sets of components for the adjoint linear transformation, A" : ¥ — % ,
M (A" bj.e,)=[ A% M (A" bje)=[ A ],M(A",b’ e, )=[ A% ] and
M (A",b’,e")=[ A"’ |. The answers are
M (A" b6 )=[ A% ]=M (A" b))
[ 1185-1293i  1551+69623i 12919-8823i 11374 -25103i |
29 290 145 145
| —3468+5364i 20142-6217i —7428-4804i -17311-13983i
145 145 145 290
1237+2319i 15769-19369i —4473-1299i  —14361+47i
L 145 290 145 290 i
(4.9.49)
M(A"b,¢)=[ A ]=M(Ae.b')
-32-50i -10+224i 102-60i 30-349i
=|-186+142i 393-92i -210-42i 66— 300i
186-132i 48-200i 36-118i -16-22i

(4.9.50)
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M(A*,bj,ek):[A*kj]:M(A,ek,bj)T
[—39+93i 79+2170i 634-63i 118-561i |
145 290 145 145
| 72452 557 320 73 58l —413-113
145 145 29 58 290 290
92-3i 430 115 63 40l —263+97i
| 145 290 58 58 290 290 |
(4.9.51)
and
1 8 4 -7
M(A bl e)=[AJ]=M(Ae b)) =i 9 -9 -4 (4.9.52)
7 -8 -15i 0

4.9.5 Utilize the results in Exercise 4.9.4 and calculate <A,A> .

(A,A)=tr(AA")

The answer is

[ 1185-1293i  1551+69623i 12919-8823i 11374 —25103i |
1 -7 29 290 145 145
|| 78 9 8| -3468+5364i 20142-6217i —7428-4804i -17311-13983
4 -9 15i 145 145 145 290
7 4i o | 1237+2319i 15769-19360i -4473-1299i  —14361+ 47i
| 145 290 145 290 |
885994

145

(4.9.53)
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Section 4.10. Norm of a Linear Transformation

In Section 4.1, with equation (4.1.20), we introduced the idea of length or norm of a vector.
While vector spaces can have norms that are not defined in terms of an inner product, thus far all of
our examples have this property. In particular, we gave several examples in Section 4.1 for
different types of vector spaces. In Section 4.9, we introduced the idea of an inner product in the

vector space of linear transformations % (7";% ) by the definition (4.9.34). Given this definition,
we can continue to calculate the norm from the inner product by the formula

|A]=(A.A) = tr(AA") (4.10.1)

for a linear transformation A : 7 — % . The component representation of (4.10.1) can be read off
from (4.9.35).

If we are given a linear transformation A :¥" — %, then for every vector ve ¥, the vector
Av e % is defined and has the component representation

Av=iiAjkukbj (4.10.2)

j=1 k=1

Therefore, from the definition of the norm of vectors in % ,

il =T = (S5 40, S S|

(4.10.3)

Because of the special rules for multiplying linear transformations in finite dimensional vector
spaces, i.e., the matrix rules, equation (4.10.3) can be used to establish a relationship between the
norm of a vector and the norm of a linear transformation. The particular result is

[avl<[Afiv] (4104)

For norms in general, the special relationship (4.10.4) is not necessarily true. In our case it is true.
When it is true, the various norms involved are sometimes referred to as being compatible.

The derivation of (4.10.4) follows from (4.10.3) and the component version of (4.10.1).
Because our equations are basis independent, there is no loss of generality to simply take all bases
to be orthonormal. In this case, the component version of (4.10.1), as follows from (4.9.35), is



330 Chap. 4 . INNER PRODUCT SPACES

- EE 88 - S Iaf 4105

Likewise, (4.10.3) reduces to

M N N _
”AV” = \/ZZZAjk AstkUs (4.10.6)

Because each component of the vector v obeys v, = <V,ek> , equation (4.10.6) can be written

M N N — M N N _ p—
”AV”:\/Zl;;AJkAJSUK X =\/Z;;;<V,Ajkek><v, A]ses>
S S (4.10.7)
N N M N 2
:\/ <V,ZAjkek><v,ZAjses> = \/Z <V,ZAjkek>
j=1 k=1 s=1 j=1 k=1
Next, we apply the Schwartz Inequality to each term in the sum in (4.10.7) to obtain
M N M || N 2
=SS A ) < [ShefSiae] niSSA (4109
j=1 k=1 ji=1llk=1
2
The final manipulation involves rewriting the term ZAJkek as
k=1
N N N N N N
Al =<ZAjkek,ZAjses> SYRA e e)=YAA=YAl 4109
k=1 s=1 k=1 s=1 k=1 k=1

where we have used our assumption that the basis {e,,e,,...,e, } is orthonormal. When we
substitute (4.10.9) into (4.10.8) and use (4.10.5) we obtain the result (4.10.4).2

Exercises

4.10.1 Utilize the results of Exercises 4.9.2 and 4.9.3 and illustrate the validity of (4.10.4) for the
linear transformation defined by (4.9.37) and the particular vector

& An important and interesting result that we shall not pursue here is a theorem that establishes that in a finite
dimensional vector space all norms are equivalent. The equivalence is based upon a formal definition. It is such that
the various norms produce the same topological structure.
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v=e, +2e,+3e, (4.10.10)
The results for the factors in (4.10.4) turn out to be

| Av| = 3106 = 30.89

4.10.11
|A]v]= %\/374095 =152.91 ( :

4.10.2 Utilize the results of Exercises 4.9.4 and 4.9.5 and illustrate the validity of (4.10.4) for the
linear transformation defined by (4.9.45) and the particular vector

v=e, +2e,+3e, (4.10.12)
The results for the factors in (4.10.4) turn out to be

|Av| = 35471 = 221.90

4.10.13
|l - £ 6644955 - 1031.11 @101
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Section 4.11. More About Linear Transformations on Inner Product Spaces

In this section, we shall briefly add to the information provided in Section 4.8 by studying
certain other properties of linear transformations defined on complex inner product spaces. In
Section 1.9, while discussing the idea of the transpose of a matrix, we introduced the idea of a
matrix being symmetric and a matrix being skew-symmetric. The corresponding ideas for linear
transformations defined on complex inner product spaces are Hermitian and skew-Hermitian. The
formal definition is as follows:

Definition: A linear transformation A :% — 7 is called Hermitian if A = A*and skew-Hermitian
if A=-A".

If the underlying inner product space is real, the designations symmetric and skew-symmetric are
often used instead of Hermitian and skew-Hermitian. The following theorem, which follows
directly from the definition (4.9.1), characterizes Hermitian and skew-Hermitian linear
transformations.

Theorem 4.11.1: A linear transformation A is Hermitian if and only if

(vi,Av,)=(Av,,v,) (4.11.1)
forall v,,v, e 7, and it is skew-Hermitian if and only if

(vi,Av,)=—(Av,,V,) (4.11.2)
forall v,,v,e7 .

As with matrices, see equation (1.9.22), a linear transformation A : ¥ — ¥~ can always be
written

1 o1 \
A:E(A+A )+E(A—A) (4.11.3)

which decomposes A into a Hermitian part and a skew-Hermitian part. In Section 3.4, we
introduced the notation #(7";%) for the vector space of linear transformations from ¥” to % . In

the current circumstance, where we are looking at a linear transformation A : ¥ — ¥, we shall
denote by & (7';#")and & (¥;7") the subsets of #(7";7") defined by

(v7)={AlAe2(¥;¥)and A=A’ (4.11.4)

and
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d(V¥)={AlAeg(¥i7) and A=-A"} (4.11.5)

In the special case of a real inner product space, it is easy to show that the subsets Y(V "V ) and

o (¥ are both subspaces of & (7;7).° In particular, #(#;¥) has the following
decomposition:

Theorem 4.11.2: For a real inner product space 7, every linear transformation A ez(v/;v) has
the unique decomposition

A=D+W (4.11.6)
where De & (¥;7) and We (7).

Proof. If we utilize (4.11.3) in the case of a real vector space, the decomposition (4.11.6) follows
from the definitions

1
D:E(A+AT) (4.11.7)
and
_ L AT
W—Z(A A") (4.11.8)

Equations (4.11.7) and (4.11.8) establish the existence of the representation (4.11.6). The
uniqueness of this representation follows by the following argument. We shall assume the
representation (4.11.6) is not unique and write

A=D,+W =D, +W, (4.11.9)
It follows from (4.11.9) that
D,-D,=W,-W, (4.11.10)

Equation (4.11.10) forces the symmetric linear transformation D, — D, to equal the skew-
symmetric linear transformation W, — W, . Because the only linear transformation that is both
symmetric and skew-symmetric is the zero linear transformation, D, =D, and W, =W, which
establishes uniqueness.

® In the case of complex inner product spaces the subsets Y(V;V) and yf(V;”/) are not subspaces.
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In Section 4.4, we encountered the idea of an orthogonal matrix in .#>°. A generalization
of this concept to linear transformations A : ¥ — % defined on complex inner product spaces is the
idea of a unitary linear transformation.

Definition: A linear transformation Q: ¥ — % is unitary if
(Qv,,Qv,)=(v,,v,) (4.11.11)
forall v,,v,e7 .

For a real inner product space 7, equation (4.11.11) defines an orthogonal linear transformation.
In the definition (4.11.11), the inner product on the left side of the equation is the one in % while
the one on the right side of the equation is the inner product in ¥~. Geometrically, the definition
(4.11.11) asserts that unitary (or orthogonal) linear transformations preserve the inner products. In
geometric terms, they preserve lengths and angles.

Theorem 4.11.3: If Q is unitary, then it is one to one.

Proof. Take v, =v, =v in (4.11.11), and use the definition of norm (4.1.20). The result is
lQv] =|v] (4.11.12)

Thus, if Qv=0, then v=0. Therefore, the kernel of Q, K(Q) only contains the zero vector. If
we now use Theorem 3.3.1, this theorem is proven.

If we combine the definition of a unitary linear transformation (4.11.11), with the definition
of an adjoint linear transformation, equation (4.9.1), then

(Qv,,Qv,) = <V2 : Q*QV1> =(v,,v;) (4.11.13)
Therefore, a unitary linear transformation Q: ¥ — % obeys
QQ=1, (4.11.14)
If we require ¥~ and % to have the same dimension, then Theorems 4.11.3 and 3.3.5

ensure that a unitary transformation Q is a one to one and onto, thus, a nonsingular linear
transformation. In the case we can use (4.11.14) and conclude

Ql=Q (4.11.15)

Equation (4.11.15), in turn, implies
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QQ =1, (4.11.16)

Recall from Theorem 3.3.4 that a one to one linear transformation maps linearly
independent vectors into linearly independent vectors. Therefore if {el,...,eN} is a basis for ¥

and A:¥ — % isone to one, then {Ae,,...,Ae, | is basis for R(A) which is a subspace in # . If,
in addition, {e,,...,e, } is orthonormal and A is unitary, it easily follows from the definition

(4.11.11)that {Ael,...,AeN } is also orthonormal. Thus the image of an orthonormal basis under a

unitary transformation is also an orthonormal basis. Conversely, one can show that a linear
transformation which sends an orthonormal basis of 7" into an orthonormal basis of R(A) must

be unitary.

If we specialize our discussion to a three dimensional real vector space ¥~ as discussed in
Sections 4.4 and 4.5, we can quickly extract some interesting results that have application in
Mechanics. Among the topics we discussed in Section 4.4 was a change of basis from an

orthonormal basis {i,,i,,i,} to a second orthonormal basis {31,32,33}. Recall from equation (4.4.3),

repeated,
- 3
i, =Y Qi for j=123 (4.11.17)
k=1

that the two bases are connected by an orthogonal matrix

Qu Qu Qg
Q=1Qn Qp Qyu (4.11.18)
Qs Qs Qg

If we define an orthogonal linear transformation Q: 7 — ¥, by

3 3
Qv=> > Quuji, (4.11.19)
j=1 k=L
3
for all vectors v=>v,i, €, then
j=1
~ 3
i, =Qi; =) Qi, for j=123 (4.11.20)
k=1

In the special case where the rotation caused by (4.11.17) is in the plane, the result of the
orthogonal linear transformation Q is such that it takes an arbitrary vector v and creates another
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one with the same components as v has with respect to the basis {i,,i,} but points in the direction

defined by {fl,fz} . It is perhaps easier to see the effect of Q by an examination of the following
figure:

As displayed in the figure, the orthogonal linear transformation Q takes a vector v and rotates it
by the angle & while preserving its length. It also preserves the relative position of Qv to {fl,iz}

as that of v to {i,,i,}.

The study of the dynamics of systems of particles or the dynamics of rigid bodies
necessitates a discussion of the so called kinematics of motion. This subject involves such things
as viewing the motion of a particle from a basis that is rotating relative to one fixed in space. This
view is modeled by allowing the orthogonal linear transformation Q to depend upon the time t. A
time dependent vector v can be viewed instantaneously from the fixed basis or the rotating basis.
The two component representations are given by

v(t)= 30, (0, = Y6, (1), (1) (4.11.21)

3 3
- N4 = 5 (t 5 (1) —22 4.11.22
dt ; dt ll z dt lJ( )+ZUJ( ) dt ( )
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3 dUJ (t) . B . .
The term Z—l ; represents the time rate of change of v(t) seen by an observer fixed in the
j=1
e 3 do; (1) :
{i,,i,,i;} basis. Theterm > (;t i, (t) represents the time rate of change of v(t) seen by an
j=1

PPN 3 di (t
observer fixed in the {il,iz,i3} basis. The term Y 0, (t) l(‘jf ) is the time rate of change of v(t)
j=1

caused by the rotation of the second basis relative to the first. It is this term that we shall now
examine. It follows from (4.11.20) that

di,(1)_do(t),

4.11.23
dt dt ( )
dQ(t
The derivative % is constrained by the formula
Q(1)Q(1)' =1 (4.11.24)

Equation (4.11.24) is (4.11.16) applied to the case of a real vector space. The derivative of
(4.11.24) is

de_t(t)Q(t)T +Q(t)(de_t(t)] 0 (4.11.25)

Next, we observe that is we define a linear transformation Z by

Z(t) =de—ft)Q(t)T (4.11.26)

then, by (4.11.25),
Z(t)=-Z(t) (4.11.27)

In other words, the linear transformation defined by (4.11.26) is skew symmetric. Given the
definition (4.11.26) and the equation (4.11.15), it follows that

de_ft) = Z(t)Q(t) (4.11.28)

This formula and (4.11.20) allow (4.11.23) to be written
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diéit) - d%t(t) i, =Z()Q(1)i; =Z(1)i; (t) (4.11.29)

Equation (4.11.29) shows that Z (t) measures the angular velocity of the basis {fl,fz,ia} with

respect to the basis {i,,i,,i,}. Since Z(t) is skew symmetric, its matrix with respect to, for
example, the basis {i,,i,,i,} will be of the form

z
M(Z(t).ii)=|-Z,(t) 0 Zu(t) (4.11.30)

j 1

Thus, the nine components of Z(t) are actually determined by three quantities. Itis common

practice to identify a three dimensional vector that has these components and write (4.11.29) in
terms of that vector. The formal step is to define a vector (o(t) by the requirement

Z(t)v=o(t)xv forall vevy (4.11.31)

where the cross product is defined in Section 4.6. While we do not need to introduce components,
it is perhaps useful to point out that (4.11.31) can be used to write (4.11.30) as

0 —o,(t) o, (t)
M(Z(t).iji)=| o(t) 0  -aft) (4.11.32)
t

—o,(t)  ol(t) 0

for the cross product associated with a positively oriented system. In dynamics, the vector o(t) is

the angular velocity. The definition (4.11.31) allows (4.11.29) to be written in the possibly more
familiar form

di (t -
1 ( ):co(t)xij (t) (4.11.33)
and (4.11.22) to be written

i,(t)+o(t)xv(t) (4.11.34)
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It is customary to give the first term on the right side of (4.11.34) a different symbol such as

Sv(t)
ot
to signify that it represents the rate of change as seen from the rotating basis.

Exercises:

4.11.1 If you are given a linear transformation A : ¥ — % show that the linear transformation
AA” % — % and the linear transformation A"A : ¥ — ¥ are Hermitian.

4.11.2 Use the definition of the scalar triple product introduced in Section 4.6 and show that the

determinant of a linear transformation A:¥ — ¥ , where ¥ is a three dimensional inner product
space, is given by the component free expression

detA<u,v><w>=<Au,AV><Aw> forall u,v,we? (4.11.35)

Equation (4.11.35) defines the determinant of a linear transformation in a completely component
free fashion. It is limited to the case of three dimensions but, perhaps, gives some insight in how
the determinant of a linear transformation could be defined when the vector space has dimension
greater than three.

4.11.3 Given a linear transformation A :¥ — ¥ , where ¥ is a three dimensional inner product
space, define a linear transformation K, : 7" — ¥ by

<KAu,v><w>:<u,AV><Aw> forall u,v,we? (4.11.36)

Show that
K,A=AK, = (detA)I (4.11.37)

Therefore, from (1.10.50) and (1.10.51), K, is the linear transformation whose matrix is the
adjugate matrix of the matrix of A . In the following we shall write adjA to denote the linear
transformation defined by (4.11.36).

4.11.4 Show that the trace of a linear transformation A:¥ — ¥, where ¥ is a three dimensional
inner product space, is given by the component free expression

trA<u,v X w> = <Au,v X W> + <ll,AV X w> +<u,v X Aw> forall u,v,we? (4.11.38)

Equation (4.11.38) defines the trace of a linear transformation in a component free fashion. Like
the definition of the determinant given in Exercise 4.9.1, the definition (4.11.38) is limited to the
three dimensional case.
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4.11.5 Certain applications require that a determinant be differentiated. If A = A(t) isa
differentiable linear transformation, use the results of Exercises 4.11.1 and 4.11.2 and show that

d (det(A(t))) _ tr((ade(t))dA—(t)j (4.11.39)

dt dt

where adjA is the linear transformation denoted by K, in Exercise 4.11.3. While we have not

proven it here, equation (4.11.39) holds for linear transformations defined on vector spaces of
arbitrary finite dimension.
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Section 4.12. Fundamental Subspaces Theorem

In this section, we shall return to the discussion of linear transformations given in Section
3.3 and augment those concepts in the case where the underlying vector spaces are inner product
spaces. We shall show how to interpret some of our earlier results in an interesting geometric
fashion. The main result of this section is known as the Fundamental Subspaces Theorem.

We begin this discussion by again looking at a linear transformation A :¥ — % . Unlike
the discussion in Section 3.3, we now allow ¥~ and % to be inner product spaces. We shall allow

them to be complex inner product spaces. In Section 3.3, we defined the subspace of ¥~ known as
the kernel of A: ¥ — % . This subspace was defined by equation (3.3.5), repeated,

K(A)={v|Av=0} (4.12.1)

We also defined the subspace of  known as the range. This subspace was defined by equation
(3.3.1), repeated,

R(A)={Av| ver} (4.12.2)

For the inner product spaces we are considering, the corresponding concepts for the adjoint
AU > are

K(A")={u|A"u=0} (4.12.3)
for the kernel and
R(A)= {A*u\ uc %} (4.12.4)

The subspace K(A) of ¥ and the subspace R(A*) also of 7" have a special geometric

relationship that we now wish to characterize. In order to characterize this relationship, we make
the following definitions:

Definition: A subspace ¥, and a subspace ¥, of the inner product space ¥~ are orthogonal if
(v,,v,)=0 forevery v,e¥ and v, 7.

If a subspace 7, and a subspace ¥, of the inner product space ¥~ are orthogonal it is customary to
write ¥ L¥,. If ¥ L, theonly element the two subspaces have in common is the zero
vector,i.e. 4N, = {0} A related geometric concept is the orthogonal complement of a
subspace. This definition is as follows:
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Definition: Let ¥, be a subspace of an inner product space ¥, the orthogonal complement of 7, ,
written ¥, is a subspace defined by

7 ={vey|(v,v,)=0 forallv,e¥ } (4.12.5)

In simple geometric terms the orthogonal complement consists of all of those vectors in the inner
product space ¥ that are perpendicular to those in ¥; .

The first part of the fundamental subspaces theorem is that the subspace K (A )is the

orthogonal compliment of R(A*) . In the notation we have just introduced, the assertion is

K(A)=R(A") (4.12.6)

The proof of this result follows from the definition of the adjoint linear transformation, equation
(4.9.1), repeated,

<u,AV> =<A*u,v> (4.12.7)

For a vector ve K (A) , since Av =0, equation (4.12.7) yields <A*u, v> =0. Thus, the vector

Aue R(A*) is orthogonal to v e K(A). The second part of the fundamental subspaces theorem
is

(4.12.8)

The proof of this result is essentially the same as the proof of (4.12.6). One simply interchanges
the roles of A and A™.

Example 4.12.1: You are given a matrix Ae M** defined by

1
2
A= (4.12.9)
2
1

w &~ b w
O O -

Viewed as a linear transformation A:.#*' — .4**, one can easily show that
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01
1(]0
R(A)=span : (4.12.10)
110
0|1
and
2
K(A)=span||-1 (4.12.11)
1
Since,
12 21
AT=|3 4 4 3 (4.12.12)
1001
a simple calculation shows that
112
R(A")=span| |3/, 4 (4.12.13)
1110
0|[-1
-1/]0
K(A")=span , 4.12.14
(A")=span| | "\l o ( )
0|1

The fundamental subspaces theorem asserts that K (A)=R(AT)" and K(A")=R(A)". These
results are validated for this example because

For K(A)=R(A")’

~1| |3|=|-1| |4|=0 (4.12.15)
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and, for K(A")=R(A)

1
|
]
1
|
1
|
]
1
|

0 0 0 1
-1/ 11 -1/ 10
= =0
1 1 1 0
0 0 0 1
i i (4.12.16)
-1110 -1/ 11
0 1 0 0
= =0
0 1 0 0
i 1 ] _O_ i 1 i _l_

Next, we shall introduce the ideas of the sum and the direct sum of two subspaces. The idea
is useful in the context of the results (4.12.6) and (4.12.7).

Definition: If 7{ and ¥, are subspaces of a vector space 7", the sum of ¥, and ¥, is written
¥, + 7, and is the subspace of 7~ defined by

¥ +7, ={v|v=v,+v, wherev,e¥ and v, €7, | (4.12.17)

If every vector in ¥ can be expressed in the form v=v, + v, where v, €%, and v, €%, then
v =4+Y,.

Definition: If 7, and ¥, are subspaces of a vector space ¥~ such that the only vector they have in
common is the zero vector, i.e., if /"%, ={0}, them the sum ¥, +7¥; is called the direct sum and
IS written 7, @ ¥, .

Theorem 4.12.1: If ¥/ and ¥, are subspaces of a vector space 7", the representation v=v, +v,
of a vector ve ¥ +7, is unique if and only if ¥, "%, ={0}.

Proof: Every vector in ve ¥ +7¥, has the representation

vV=v, +V, (4.12.18)
-~ —
Ny In%

If ¥/, = {0} we need to prove that the representation (4.12.18) is unique. As with all

uniqueness proofs, we assume the representation is not unique. In particular assume ve ¥, + %,
has two representations
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V=V, +V, =V, +V, (4.12.19)

Rearrangement yields

V, -V, =V, -V, (4.12.20)

Because the only vector in #; thatisalso in ¥, is 0, equation (4.12.20) yields v, = v, and
v, =Vv,. Therefore the representation is unique.

Conversely, if we have uniqueness, it must be true that ¥, N ¥, ={0}. Because, if this were not the
case, any nonzero vector w € ¥, N ¥, could violate the assumed uniqueness by writing

V=V, +V, =V, +W+V,—W.
%/_J %/_J
In % In%

Theorem 4.12.2: If ¥/ is a subspace of 7", then
Y =4OV (4.12.21)

Proof: Let v, be an arbitrary vector in ¥ . Without loss of generality, we can select v, such that
|[vi| =1. For example, if one selected a v, which did not have unit length, the vector %] ” would
1

have unit length. For any vector ve ¥, we can write the identity

V=V—<V,V1>V1+<V,V1>Vl (4.12.22)
In %+ In %

The first term, v—(v,v,)v,, isin %" because,

<v—<v,v1>v1,v1> = <v,v1>—<v,v1><v1,v1>

, (4.12.23)
=(v.v) = (vovi)[vi[ =(v.vi) = (v.v;) =0
We have established that any vector in v e  has the decomposition
v=v, +V, (4.12.24)

In ’/i In /;il

To complete the proof of the theorem, we need to prove that this decomposition is unique. Because
the only vector in % N ¥ is 0, Theorem 4.8.1 tells us the decomposition is unique.
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Corollary:
dimy =dim¥, +dim¥* (4.12.25)

Proof: One simply writes v =v, +v,, and expresses each vector in terms of a basis for each
subspace. The union of these two bases is a basis for 7.

Given A: 7 — %, we know that the kernel, K(A), is a subspace of 7". Theorem 4.8.1
applied to this subspace yields

7 =K(A)®K(A)" (4.12.26)
Equation (4.12.6) allows (4.12.26) to be written

7 =K(A)®R(A") (4.12.27)
In a similar fashion, the fact that R(A) is a subspace of % allows us to write

%=R(A)®R(A) (4.12.28)
which by (4.12.8)

©=R(A)®K(A") (4.12.29)

The following figure summarizes the various geometric relationships reflected in equations (4.12.6)
, (4.12.8), (4.12.27) and (4.12.29).

>

¥ =K(A)®R(A") 2=R(A)®K(A")
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A final result that can be identified from the above geometric construction is that
dimR(A)=dimR(A") (4.12.30)

This result is a direct consequence of (3.3.13) and (4.12.25) applied to equation (4.12.27). In the
case of a matrix A:.#"* — 4™ with real elements, equation (4.12.30) reduces to equation

(2.8.3). It was this earlier result that gave us the important fact that the row rank and the column
rank of a matrix are the same.
Exercises

4.12.1 you were given the following system of equations:

X, + X, +2X,+X, =5
2X +3X, =X, —2X, =2 (4.12.31)
4% +5X, +3X; =7

a) Show that the kernel of the matrix of coefficients is

~77[-5
5 4

K (A)=span : (4.12.32)
1 0
0 1

b) Utilize (4.12.6) and show that

R(A")=span , (4.12.33)



350 Chap. 4 . INNER PRODUCT SPACES



Sec. 4.13 . Least Squares Problem 351

Section 4.13. Least Squares Problem

In the introduction to this Chapter, it was explained that the inner product structure makes it
possible to construct approximations based upon the idea of elements of vector spaces being close
in some sense. In this section, we shall illustrate an approximation procedure that occurs in many
applications. It is based upon the idea of minimizing the distance between two vectors. The
resulting idea is known as a least squares problem. The details of this idea will be presented in this
section. In the next section, we shall apply the idea to the problem of fitting a curve to a set of
data.

We begin by the assumption that we are given a real vector space 7~ of dimension N . The
problem we shall investigate is how to approximate a vector v e ¥~ by a vector u in a subspace of
v, we shall call #/. Inaway to be described next, we shall define a quantity that measures the

approximation.

Given v € 7, the approximation to v, which we have called u e ¥/, is measured by the

distance between v and u. The structure of the inner product space provides a measure of this
distance. Our first step is to define the residual by

r(u)=v-u (4.13.1)
and measure the departure of v from u by the squared norm
e () =[v—ulf (4.13.2)

The problem we are examining is, given ve ¥, how do we calculate u in order to minimize the
squared norm Hr(u)”2 =[lv—u’.

As a function of the u, we shall minimize the squared norm (4.13.2). The result of this
minimization problem is straight forward if we remember how the derivative of a function with
respect to a vector is defined. If f :% — # is a real valued function defined on an open set ¥, of a

vector space ¥, then the gradient of f is a vector valued function on ¥, defined by

df (x + Ac)

v = (grad f (x),¢) (4.13.3)

A=0

for all vectors ¢ € ¥; . The minimum state we seek is the vector u € ¥, which satisfies the
condition
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L{lr(us2e)) = (oracr(w)f ) =0 (4.13.4)

A=0

for all vectors ¢ € %, . From (4.13.2) and (4.13.4), at the point of minimum, it is necessary that

%(“V—(u+ﬂc)“2) =0 forall ce¥ (4.13.5)

A=0

Equation (4.13.4), is equivalent to the M equations
<grad v - u||2 ,c> =0 forall ce¥ (4.13.6)

The manipulations are slightly easier if we perform the calculation based upon (4.13.5). The result
is

;7 (HV‘(“”‘)HZ)L_O: ;7 (<V—(u+/1c),V—(ll+/1¢)>)l_o

=—(v-u,c)—(c,v—u) (4.13.7)
=-2(v-u,c)=0  forall ce¥

If (4.13.7) is rewritten, the minimization condition is defined by
(v-u,c)=0 forall ce¥ (4.13.8)

Thus, we obtain the elementary result that the residual, as defined by (4.13.1) must be orthogonal to
every vector in the subspace ¥, . Another way of stating this result is that the minimum residual is

a vector in the orthogonal complement of the subspace ¥ .

Thus, in its most elementary form, if we wish to approximate a given vector ve ¥ by a
vector u in the subspace 7, , we simply calculate the vector u that obeys (4.13.8). If we select a

basis {e,.e,,....e, } for ¥, and express u in components by the usual formula
M .
u=>y ule, (4.13.9)
j=1

it follows from (4.13.8) that

w =(ue)=(ve) for j=12..,M (4.13.10)
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2

where {el,e ,...,eM} is the reciprocal basis to {e,,e,,...,e, }. If (4.13.10); is substituted into

(4.13.9), the answer to our least squares problem is

u= i(v,e)}ej (4.13.11)

=1

Equation (4.13.11) says we simply calculate the reciprocal basis to {el,ez,...,eM } , project the given
vector ve 7 inthese M directions and substitute the result into (4.13.11).

Example 4.13.1 In Section 2.1 we gave a number of examples of vector spaces. One of these was
the vector space C[a,b] consisting of those continuous functions defined on every open

subinterval of [a,b]. In this example, we shall select the interval to be [0,b] and the associated
vector space is written C[0,b]. A subspace of this vector space is the subspace created by the span
of theset {f,, f,, f,, f,, f,} where

1
f(x)=—7%=
(%) Jo | (4.13.12)
fj(x)z\/%cos% for j=2,3,4,5

In the notation used in this section, ¥ is the vector space C[0,b] and ¥ =span( f,, f,, f,, f,, f;).
The vector space becomes an inner product space with the definition (4.1.19), repeated,

(f,9) :j: £ (x)g(x)dx (4.13.13)

for all vectors f,geC[0,b]. You are given that the set { f,, f,, f,, f,, f;} is orthonormal. This
assertion can be established by utilization of (4.13.12) and the definition (4.13.13) to confirm that

(. f,)=0; for jk=12345 (4.13.14)
In order to illustrate the approximation (4.13.11), we shall make the choice
g(x)=1-— (4.13.15)

In the notation being utilized in this example, (4.13.11) takes the form

Mo

g(X)Zl—%Z (g.f) 1, (4.13.16)

j=1
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where the fact that { f,, f,, f,, f,, f,} is orthonormal has been used. The next step is to make
explicit the approximation by evaluating the inner products in (4.13.16). The results turn out to be

o

(g, f,->=j0b(1—%j( %cosmjdx (4.13.17)

2 b j-1 .
= E[m(l_(_l) )] for j=2,34,5

More explicitly,

@

<g’ f2>_ 7[2

(9.,)=0 (4.13.18)
<9| f4>= \9/78:?

<g, f5>:O

If these results are utilized in (4.13.16), the resulting approximation is

X 1 4 X 4 37X
X)=1l-—=—+—C0S— +——COS—— 4.13.19
g(x) =1y =54 50087 "o S 00s= ( )

The quality of the approximation (4.13.19) is illustrated in the following plot
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Approximation for gi=1-«</b, O<xb1
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Example 4.13.1 is an example of a Fourier Cosine series expansion for the function g(x) :1—%.
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Section 4.14. Least Squares Problems and Overdetermined Systems

In this section, we shall formulate another solution procedure based upon the concept of
least squares. Essentially, we shall examine a problem that does not have a solution and attempt to
find an approximate solution that is close in some sense to the original problem. It will turn out
that the approximate solution found is equivalent to the results in Section 4.13 above.

The basic idea leading to the approximate solution is as follows. Recall that when we are
given a linear transformation A :7 — % and a vector b € % , the consistency theorem for linear
systems says that the system

Ax=b (4.14.1)

has a solution if and only if b e R(A). This theorem was discussed in Sections 1.8 and 2.7 for
matrix systems. It was mentioned again in Section 3.3.

Interestingly, there are problems which arise in the applications that lead to systems like
(4.14.1) for which b ¢ R(A). Our theory tells us that these problems do not have a solution. The
question still remains whether or not there is an approximate solution that is useful. A major

application of this kind of problem is curve fitting. This is when one is trying to fit a curve to a set
of data. A typical problem in the applications is when you are given a discrete table of data

Y1 Y Ys : : : Yk
X, X, X, . . . X¢

and your application requires that you have values of y for values of x intermediate to values in
the table. There are two curve fitting approaches to this problem that we shall be discussing.

1. The data exhibits a significant degree of error or scatter as shown in the following figure.

The approach is to derive a single curve that represents general trend of the data.
You make no effort to find a curve that intersects the given points.

The curve is designed to follow the pattern of points taken as a group.

The approach is to try pass a curve through the data that minimizes error in some
fashion.

e. This kind of problem is known as a regression problem.

oo
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2. The data is known to be precise.

a. The approach is to fit a curve or series of curves that pass directly through each of
the points.
b. The estimation of values between well known discrete points is called interpolation.

Consider the following problem as an example regression example. The example is an
application involving spring constants. It is derived from an elementary idea in mechanics known
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as Hooke’s Law. It is named after the 17" century British physicists Robert Hooke.'® This so
called law is an effort to model, in a crude way, the elongation of a spring resulting from an applied
force:

You are given a force-elongation table, in some consistent set of units, is as follows:

Force Elongation
0 0
2 2
4 3
7 4
11 5

A table such as this would arise from a series of experiments involving loading different weights to
a spring. The problem is that Hooke’s Law says that

= (4.14.2)

where k is a property of the spring, a constant known as the spring constant. The model presumes
that there is one spring contant that defines the spring. Unfortunately, the experiment yields four

different spring constants! They are 1%%1—51 I Viewed as a system of equations in the matrix

form Ax =b, we have a system

10 http://en.wikipedia.org/wiki/Robert Hooke
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2 2

3 4
K|= 4.14.3

- 4143
1x1

5 11

——= ——

4x1 4x1

This is an overdetermined system of four equations in one unknown. It should be clear that the
rank of the matrix of coefficients is one and the rank of the augmented matrix is two. Thus, when
Theorem 2.7.2 is utilized, we see that the system (4.14.3) does not have a solution. In the language
we have used when discussing systems of equations, our example is one where the column matrix

2
4

b= (4.14.49)
7
11

is not in the image space of the matrix

2
3

A= 4.14.5
4 ( )
5

The matrix A is one to one but it is not onto. For this problem there are a couple of approaches
one might utilize in an effort to build a model based upon the given data. One approach is simply
to stop and declare that the physical problem is not modeled by Hooke’s Law. In other words,
there is a more complex physical model governing the spring. This is sometimes the best approach.
However, you lose the benefit of simple (linear) mathematical equations that are more readily
solved. The second approach is to find a value of k that produces a spring constant corresponding
to a “best approximation” or “best fit” of the experimental data to the hypothetical physical law, i.e.
Hookes Law.

An approach which has proven effective is to define an error or residual for each
experiment and to minimize the error in some fashion. The residuals are as follows:

(4.14.6)

The least squares method is a method to find the value of k which causes the sum of the squared
residuals to be a minimum. This means that we want to find k such that
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a2 en?+r2=(2-2k) +(4-3k)" +(7-4k)" +(11-5k)’ (4.14.7)

is a minimum. The plot of this equation is

300

250

200

150

Squared Residual

100

50

Spring Constant

Therefore, the squared residual is never zero, but it can be minimized. At the minimum point, it
would necessarily be true that

2 2 2 2
d(r?+n2+157+17)

o =0 (4.14.8)
If this derivative is calculated and placed to zero, we get
~4(2-2k)-6(4-3k)-8(7-3k)-10(11-5k) =0 (4.14.9)
or, after simplification,
k :g =1.8333 (4.14.10)

This number represents an approximation, derived from the set of four experiments, built around
the decision to accept the least squares of the residuals as the definition of an approximate solution.
The figure illustrates the result of the above calculation.
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Hooke's Law

Faorce

F=

: i : ; : Least Squared |

1 1 1 i 1 T T

0 1 2 3 4 L3 G 7 o
¥ = Elangation

Example 4.14.1 It is instructive to cast the calculation leading to (4.14.10) in the notation used in

Section 4.13. The vector space ¥~ corresponds to the four dimensional vector space .#**. The
given vector we denoted by v in Section 4.13 is the column matrix b in (4.14.4), repeated,

v=b= (4.14.11)

The subspace of ¥~ we have denoted by ¥, is the one dimensional subspace spanned by (4.14.5),
repeated,

(4.14.12)

g b~ WD

This problem is an application of the ideas in Section 4.13 but it is special in the sense that the
subspace ¥, is defined by the problem, i.e., by the matrix (4.14.12) rather than the result of a

choice made in advance. In the notation of Section 4.13, we would write the vector (4.14.12) as
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(4.14.13)

o
S
I
g b~ W N

and ¥ is spanned by the set containing the single vector e,. Given the above identifications, the
general solution in the form (4.13.11) specializes to

u=(v.e)e (4.14.14)

In order to utilize (4.14.14) we need the vector e € ¥/ that is reciprocal to e, as is defined by

(4.14.13). As with all reciprocal bases, we need to utilize (4.7.1) and (4.7.10). Because the
subspace ¥, one dimensional, the calculations are elementary. It follows from (4.14.13) that

2
3
e,=(e,e)=[2 3 4 5] A =54 (4.14.15)
5
and
2
3
e =e'e,=—e = ] (4.14.16)
e, 54|4
5
Given (4.14.11), (4.14.16) and (4.14.13), the answer (4.14.14) is
212 2
1 31|13 99|3
=(v,e)e,=|—[2 4 7 11 == 4.14.17
u=(veje = gl lal]4]"54] 4 ( )
5])5 5

Therefore, the contravariant component of the approximate solution in the one dimensional
2

3
direction e, = 4 IS % Of course, the answer % is the result (4.14.10) obtained earlier.

5
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Given the motivation provided by the example leading to (4.14.10) and the same example
worked in Example 4.14.1, we now turn to the following more general problem. We are given a
linear transformation A : ¥ — % and a vector be % , where ¥~ and % are real inner product

spaces. We are also given that b # R(A). Therefore, a system Ax=b does not have a solution.

At this point in the discussion, A : ¥ — % is perfectly general. We have said it is not onto and we
do not require that it be one to one. For a single three dimensional vector space, the following
figure suggests the geometric arrangement we are discussing

Ax

The plane shown is the image space of the linear transformation. The given vector b is not in the
image space. The vector b — Ax in some sense measures the inconsistency in the system. If we fit
the notation used in the above figure with that used in Section 4.13, the vector space 4 which

contains the vector b corresponds to the ¥~ of Section 4.13. The image space R(A), asa
subspace of %, corresponds to the subspace ¥, of ¥". The product Ax corresponds to what we
called u in Section 4.13. As with Example 4.14.1, the subspace R(A) is not arbitrary. Itis
determined from the propertiesof A: % —> % .

As with the general discussion in Section 4.13, the least squared method defines, for each
vector x € ¥, the residual to be the vector

r(x)=b-Ax (4.14.18)

Because our vector spaces have inner products, we can again measure the error by the length or
norm squared of the residual (4.14.18). The length squared of this residual is

[r(x)| =(b-Ax,b- Ax) (4.14.19)

where the inner product is the one for . The fact that it is a dependence on x € ¥~ rather than a
depence on Ax € R(A) that makes the formulation in this section slightly different than the one in
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Section 4.13. However, they are entirely equivalent. In any case, our problem is to find the xe 7",
which makes the squared residual,Hr(x)Hz, aminimum. As with the case in Section 4.13 and as
with the elementary example above, we will differentiate (4.14.19) and place the result to zero.

The result of this minimization will be an equation which will determine the particular

x € ¥~ which minimizes the squared residual. The equation that we shall obtain is known as the
normal equation. It says that x must obey the system of N =dim¥~ equations

A"TAx=A"b (4.14.20)

The minimization process follows the same procedure used in Section 4.13. The minimum state
we seek is the vector x € ¥~ which satisfies the condition

d Hr (x+ ia)”z
di

0 (4.14.21)

= <grad Hr(x)”2 ,a>

=0

for all vectors ae¥ . Itis easier, for the simple function Hr(x)”2 , to form the derivative on the left
side of (4.14.21) than it is to worry about how one calculates the gradient on the right. From the
definition of the function Hr(x)”2 equation (4.14.19), it follows that

[r(x+2a)|" =(b—A(x+2a),b-A(x+2a)) (4.14.22)
Therefore,

d Hr(x + /1a)H2

i =(b—Ax,-Aa)+(-Aa,b—-Ax)=-2(b—-Ax,Aa)=0  (4.14.23)

A=0

Equation (4.14.23) corresponds to (4.13.7) in the formulation of Section 4.13. The next step is
slightly different than used in Section 4.13. The inner product in (4.14.23) is the one in % . The

inner product in (4.14.23) vanishes for all vectors in R(A), a subspace of # definedby A. A

more useful result is obtained if we use the definition of the transpose, equation (4.9.3). This
definition allows (4.14.23) to be written

<AT (b—Ax), a> =0 forall vectorsae ¥ (4.14.24)

where the inner product in (4.14.24) is the one in 7*. Geometrically, (4.14.23) says that the
residual b— Ax is orthogonal to the subspace R(A). The equivalent result, equation (4.14.24)

says that A" (b — Ax) is orthogonal to all vectors in #". Therefore,
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AT (b-Ax)=0 (4.14.25)

which is the result (4.14.20). As mentioned above, equation (4.14.20) is called the normal
equation. A geometric interpretation of (4.14.25) is that b— Ax isin K (A" ), which from (4.12.8)

equals R (A)L . Therefore it is a consequence of (4.14.25) that
Ax-beK(AT)=R(A)" (4.14.26)

Equation (4.14.20) and the earlier result, (4.13.11) are entirely equivalent. If we apply (4.13.11) to
the case at hand, then it yields

u=Ax=i<V,e1>eJ— (4.14.27)

j=1

As a practical matter, (4.14.20) is more convenient. With (4.14.27), one must analyze the linear
transformation A to determine a basis and reciprocal basis for its range. With (4.14.20), this
calculation need not be performed. It is implicit in the normal equation (4.14.20).

It is helpful when trying to understand solutions to the normal equation to utilize the figure
above augmented with the geometric result (4.14.26). If we adopt the notation x;, for any

solution to the normal equation (4.14.20), and display how it arises as a special choice of all
possible vectors x € ¥". The following figure is the result.
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As the figure suggests, a solution x ;. is the one that produces a residual vector

r(x,,)=b-Ax,, orthogonal to the image space R(A). In other words, r(x,,, ) isthe

min

projection of r(x) into the orthogonal compliment of R(A).

The last figure is a good motivation for the inequality

Ib— Ax| > |b— Ax (4.14.28)

min ”

Another way to write this inequality is |r(x)|>r(x,;)|. This fact, while obvious from the simple

geometric construction above, needs to be established in general in order to be sure that we have
actually found a minimum point when we find solutions of the normal equation. The derivation of
(4.14.28) follows by the calculation

2

||b — Ax”2 =[(b—Ax,;, )+ (Ax,,;, — Ax)

InK(AT)=R(A)" InR(A)

=((b— Ax,y, ) +(Ax,, —Ax),(b—Ax,;, )+ (Ax,;, — Ax))

=[Ib— Ax, [ +[|AX i — AX[ +2(b - Ax,;,, AX,;, — AX) (4.14.29)
Equal to 0 because L

b Ay [+ [Ax, - Ax]

>[b— Ax,y, [

The positive square root of the last inequality gives the result asserted.

Further properties of the normal equation (4.14.20) are as follows:

1. The normal equation (4.14.20) was derived to be useful for cases where bz R(A). If b is,
in fact, in R(A), then (4.14.20) written in the form (4.14.25) shows that b— Ax, which is a
vector in R(A), isalsoin K(A"). Because from (4.12.8), K(AT)=R(A)". Itis
necessarily true that

Ax=b (4.14.30)

The conclusion is that when b e R(A), the normal equation (4.14.20) and (4.14.30) have the same

solution.
2. The linear transformation A"A :¥ — ¥ is symmetric. This result simply follows from the

calculation (ATA)T =A" (AT )T =AA.
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3. The kernel of ATA:¥ — ¥ equals the kernel of A:¥ — % . In equation form this
assertion is

K(ATA)=K(A) (4.14.31)

The proof of (4.14.31) goes as follows: Let v be a vector in K(A). By the definition of the
kernel, it is true that Av=0. Thus, it is true that A" Av =0 and, as a result, ve K (ATA).
Conversely, let v be a vector in K (ATA) . It follows that A" Av =0 and, as a result, the vector
Av whichisin R(A), isin K(AT). Because from (4.12.8), K(AT)=R(A)" and that the only

vector that is both in R(A) and K (AT)=R(A)" is the zero vector, we can conclude that Av =0
which forces ve K(A)

4. The rank of the symmetric linear transformation A" A :# — ¥ and the linear
transformation A :¥ — % are the same. In other words

dimR(ATA)=dimR(A) (4.14.32)

This result follows from (4.14.31) and the rank-nullity theorem, equation (3.3.12), applied to the
linear transformations A" A and A .
5. The solution of the normal equation (4.14.20) is unique if and only if K(A)={0}. This

assertion follows from (4.14.31) and Theorem 3.3.2.
6. In the case where the solution of the normal equation (4.14.20) is not unique, the residuals
for the solutions are the same. More explicitly, if x, and x, are two solutions of the

normal equation (4.14.20), then

Ax, = Ax (4.14.33)
1 2

This equation follows from (4.14.31) which shows that when the solution is not unique x, —x,
must be in K (ATA) =K (A). Since the least squares solution minimizes b — Ax, the two

solutions x, and x, yield the same vector in R(A) and that vector is the closest in the least
squared sense to the vector b.

In the special case where K (A) = {0} , 1.e., when A:¥ — % isone to one, we know from

(3.3.12) that the rank of A and AT A is equal to dim¥ . As a result, the symmetric linear

transformation A" A :¥ — ¥ is nonsingular even though the linear transformation A: v — % is
not. The unique solution of the normal equation (4.14.20) is then

x=(ATA) ATb (4.14.34)
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In general, when one is given a linear transformation A : ¥ — % with the property that
dimR(A)=dim7", the combination (ATA)" A” is known as the left pseudo inverse of A.. Itis
the left pseudo inverse that gives the solution to the least squared problem. If the linear
transformation A is nonsingular, it is evident that (ATA)_1 AT=AT(AT )_1 AT =A"

While it is not important to us here, it is worth noting in passing that the combination
A’ (AAT )_l arises in some applications and it is known as the right pseudo inverse of A .

Exercises
4.14.1 Find the least squares solution to the following system

X, +2X, + X, =2

3% + X, —2%, =1
X% (4.14.35)
4% —3X, — X, =3
2X +4X, + 2%, =4
X 1
The answer you should obtain is | x, |=|0 |.
X, 1
4.14.2 Find the least squares solution to the following system
X, —3%, =1
3x, +12x, =3
% 3 (4.14.36)
X+ X, + X =1
2X +3X, =%, =1
A
X, 4 1(2)5
The answer you should obtain is | x, [=X,| 3 |+ =
X; 1 0

4.14.3 You are given the matrix equation Ax = b_, where
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1 1 3
A={2 -3| and b=|1 (4.14.37)
0 0 2

If it exists, determine the solution to the matrix equation Ax =b. If it does not exist, determine an
approximate solution based upon the least squared approximation.

4.14.4 As mentioned above, when K(A)={0}, thetherankof A:¥ —># and ATA:¥ > ¥ is

equal to dim7 . In this case, the solution (4.14.34) is sometimes expressed in terms of a so called
QR decomposition or factorization. The purpose of this exercise is to show how this factorization
is constructed and to show how it simplifies the solution (4.14.34). The argument begins with

selecting a basis {e,,e,,...,e, } for ¥"and a basis {b,,b,,...,b,, } for . The fundamental formula
that defined the components is equation (4.8.1), repeated,

M
Ae, =Y Alb, k=12..,N (4.14.38)
j=1

The matrix of this linear transformation was defined by equation (4.8.2), repeated,

All Alz ’ T AlN
A21 AZ2 A2N
A A . .
M(A.e.b;)= ! 3 . =[A, ] (4.14.39)
i AM1 AM ) . .. AM N

The matrix M (A,ek ,bj) , under the assumptions we have made, has rank N =dim¥ . If we

denote the N linearly independent columns of M (A,e,,b; ) by
Alk
Azk

A3
f =] * for k=1,2,..,N (4.14.40)

A",

The next formal step is to apply the Gram-Schmidt process explained in Section 4.3 and derive an
orthonormal set of column vectors {i,,...,i } . Because the column vectors f,, k=1,2,...,N arein
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4™, the orthogonal column vectors i, , k=1,2,...,N arealsoin .#"**. In component form, we
shall write these vectors as

_ Qlk _
Q’
Q3

“| for k=12,..,N (4.14.41)

Q"]

The inner product that is used to construct the orthonormal set {i,,...,iy, } is the one defined by

equation (4.1.13) except that in this section the vector spaces ¥~ and % are real. As explained in
Section 4.3, the two sets of column vectors, {f,,....f,} and {i,,...,iy }, are connected by the formula

(4.3.32), repeated,

N
f.=> Ri, for k=1..N (4.14.42)
q=1

where the coefficients R}, for k,q=1,2,...,N , are determined by (4.3.33). As (4.3.40) illustrates,
the transition matrix R = [Rf] e 4" is upper triangular. Given (4.14.40), (4.14.41) and
(4.14.42), the various components are connected by the formula

N
A= 2Q0R for s=1,2,..M and k=12....N (4.14.43)
g=1

Equation (4.14.43) is a decomposition of the matrix M (A,ek ,bj) into the product of an

orthogonal matrix

_Q11 le ’ ol QlN |
Q, Q% Q’y
0-| % R (4.14.44)
_QMl QMz ’ T QMN_

and the upper triangular matrix R. For matrices, equation (4.14.43) is the QR factorization
mentioned above. Given the usual connection between matrices and linear transformations,
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equation (4.14.43) establishes a corresponding factorization of the linear transformation
A ¥ — % . The result, which can naturally be written

A=QR (4.14.45)
Because Q: ¥ — %, is orthogonal, equation (4.11.14), repeated
Q'Q=I, (4.14.46)

holds for Q. The linear transformation R : ¥ — ¥, which was constructed from the transition
matrix R =[ R |e.4""" is nonsingular. Given this long preamble to this exercise, use the QR
factorization and show that the solution (4.14.34) can be written

x=R'Q'b (4.14.47)

Equation (4.14.47) can have some computational advantages when one is trying to generate the
solution of (4.14.34).
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Section 4.15. A Curve Fit Example

As the Hooke’s Law example showed, a good illustration of the least square method of
finding an approximate solution is when one wishes to fit a curve to the data that captures the data
trend. In this section, we shall look at another curve fit example. In this example, we shall fit the
data to a polynomial of degree of degree S. Polynomials were first discussed in Secion 2.1. In
this section, we shall write the polynomial as

y(X)=a, +ax+a,x* +ax’ +---+agx’ (4.15.1)

Viewed as a member of a real vector space, the polynomial (4.15.1) is in the vector space %

introduced in Section 2.1. Our objective is to utilize the least squares procedure to determine the
S +1 unknown real numbers that are coefficients in (4.15.1). The regression we shall formulate
will be built upon the assumption that we have a data set of K distinct points, where K >S +1.

The data set is displayed in the table

Yi Y2 E : : : Y
X, X, X, : . : Xy

As with the Hooke’s Law example, we can evaluate the polynomial (4.15.1) at each data pair and
obtain the system of K equations for the S +1 unknowns

2 3 s
G FAX + X +AX +otaAX =Y
8 8%, + 8%, T8+ 8K, = Y,
ao+aixs+a2X§+a3X§+"'+asX35 =Y;

8, +aX, +a,X; +3X; +--+agX, =Y, (4.15.2)

2 3 S
dy + X A X + A X o+ ag X = Y

This result can be written as the matrix equation
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_ , A o
X\ X o X |l - Yi
2 S a'0
X, X3 o X a Y
2 N
Xp X X || Ys
=l - (4.15.3)
a
2 S LS |
1% X XK—(S+1)><1 l,'&—
Kx(S+1) Kx1

As an over determined system of K equations in S +1 unknowns, (4.15.3) is usually
inconsistent and, as such, does not have a solution. Following the formalism of Section 4.14, we
can define the residuals as a column vector r defined by

r=y-—Aa (4.15.4)
where

Yi
Y

Ys
v=l - (4.15.5)

a=| " (4.15.6)

and



Sec. 4.15 . A Curve Fit Example 375

X, X X;
X, X X5
X3 X§ X
N : (4.15.7)
11 X Xp - Xp |

Note that the (S +1)x K matrix A is similar in form to the transpose of the square Vandermonde

matrix introduced in Section (1.10). Because the points X, X,,..., X, are distinct, it is possible to
conclude that the rank of A is S +1 and, thus, A is one to one.

The normal equation (4.14.20), rewritten in the above notation is

ATA a = Ay (4.15.8)
(S+L)x(S+1) (S+1)x1  (S+1)xK K
Symmetric

Example 4.15.1: Given the data set

X 5 10 15 | 20 | 25 | 30 | 35 | 40 | 45 | 50
y 49 | 50 | 46 | 43 | 39 | 36 | 33 | 30 | 22 19

we will try to fit a cubic to the given data. Therefore, you are asked to determine coefficients

2
a= Zz (4.15.9)
8
in the cubic equation
y=a,+aX+ax +ax’ (4.15.10)

The matrix A in the normal equation is
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1 x, x2 x| [T 5 25 125
1 x, xX x| |1 10 100 1000
1 x, x2 x| |1 15 225 3375
1 x, x2 x| |1 20 400 8000
Al % xsz xsz |1 25 625 15625 (41511)
1 x, x2 x| |1 30 900 27000
1 x, x*2 x3| |1 35 1225 42875
1 x, x2 x| |1 40 1600 64000
1 x, x2 x3| |1 45 2025 91125
1 x, x5 x| [1 50 2500 125000

and, because the points x;,X,,..., X,, are distinct has rank 4. The matrix y , which is notin R(A),
is

497
50
46
43
39
Y=| 36 (4.15.12)
33
30
22
19

The symmetric matrix A" Ain the normal equation (4.15.8) turns out to be

10 275 9625 378125
275 9625 378125 15833125

A= (4.15.13)
9625 378125 15833125 690078125

378125 15833125 690078125 30912578125

T

The inverse of the matrix (4.15.13) can be shown to be
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[ 113 19 1 1 ]
30 36 50 4500
19 13073 2 761
(ATA) = 36 154440 585 19305000
1 2 103 1
50 585 715000 585000
1 761 1 1
__ 4500 19305000 585000 48262500 |
(4.15.14)
[3.7667 -0.5278 0.0200 -0.0002
-0.5278 0.0846 —0.0034 0.0000
| 0.0200 -0.0034 0.0001 0.0000
| -0.0002 0.0000 0.0000 0.0000
Given (4.15.11), (4.15.12), and (4.15.14), the solution of (4.15.8) can be shown to be
[ 1531 |
30
4019 51.0333
a—| 25740 | 01561 (4.15.15)
547 -0.0128
42900 | | 0.0001
19
L 321750 |

Therefore, from (4.15.10) and (4.15.15) the least squares approximation to the given data is

y =51.0333-0.1561x —0.0128x” +0.0001x°

(4.15.16)

The plot of the data and this polynomial is as follows:
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Example 4151
=51 0333-0 156130 01282+0 001

® data points

: : : ! ; : iCubic

15 | ] i i | | I I
5

10 15 20 25 30 35 40 45 50

Example 4.15.1 provides an example that shows how one could use (4.13.11), repeated,

u:i<v,e1>ej (4.15.17)

=1

—

to work least squares problems. If we adapt (4.15.17) to the last example above, then v represents
the vector y e .#'>* defined by (4.15.12). The vector u defined by (4.15.17) is the vector in

R(A) that is the least squared approximation to y = v e .4'**. The basis {e,,e,,....e,, } and its
reciprocal basis {el,ez,...,eM } represent bases of the image space, R(A), defined by the matrix

(4.15.11). The first step is to determine M =dimR(A), the rank of A. If the reduced row echelon
form of A is calculated by the usual method, the result is
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(4.15.18)

O O OO OO0 o o o -
O O O O O o o o+ o
O O OO OO O O O
O O O O O o+ O o o

Thus, the rank of A is M =4. Thus, as observed earlier, A is one to one. The basis for R(A)
consists of the four columns of A. Therefore,

1 5 25 125

1 10 100 1000

1 15 225 3375

1 20 400 8000

1 25 625 15625

e, = |e= €, = e, = (4.15.19)

1 30 900 27000
1 35 1225 42875
1 40 1600 64000
1 45 2025 91125
1] 150 | | 2500 | | 125000 |

The inner products e;, = <ej ,ek> are given by

10 275 9625 378125
275 9625 378125 15833125

ley |= (4.15.20)
9625 378125 15833125 690078125

378125 15833125 690078125 30912578125

and the resulting reciprocal basis is given by
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8 3977 [ 9 1 T 7 ]
5 2145 1430 107250
4 19 16 7
15 1170 10725 321759
2 1361 199 7
5 12870 42900 128700
17 2909 19 31
30 25740 4290 643500
2 29 23 1
i_| 5 o 429 o 10725 o 53625
1 2 2 1
15 2145 2145 53625
4 811 151 31
15 12870 42900 643500
13 2203 31 7
30 25740 7150 128700
4 29 3 7
15 585 1430 321759 (4.15.21)
2 73 16 7
. 5] | 88 | | 3575] | 107250 |

Given (4.15.12), (4.15.19) and (4.15.21), equation (4.15.17) becomes
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[ 35708 |

715
34503

715
65811

1430
185683

4290
85979

RS | 2145
“_;<y’e ¢5=| 75201

2145
139343

4290
120833

4290
50554

2145 (4.15.22)
13393

715 |

Again, u in (4.15.22) is the vector in R(A) that is the least squared approximation to y defined by

(4.15.12). Given (4.15.22) and the fact that u e R(A), insures that there is a vector a e A% that is
mapped by A into u , i.e., obeys Aa=u. In order to determina a we must solve
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5
10
15
20
25
30
35
40
45
50

Aa=

e e e T e T = T S =

25
100
225
400
625
900

1225
1600
2025
2500

125
1000
3375
8000
15625
27000
42875
64000
91125

125000 |

INNER PRODUCT SPACES

[ 35708 |

715
34503

715
65811

1430
185683

4290
85979

2145
78224

2145
139343

4290
120833

4290
50554

2145
13393

715 |

(4.15.23)

Repeating our earlier observations, equation (4.15.23) has a solution because we know that its right
hand side is in the range of A. Because A is one to one, we know (4.15.23) has a unique solution.
This solution is obtained by the method we have used extensively. Namely, construct the

augmented matrix and reduce it to row echelon form. The details are tedius at best, but the

resulting augmented matrix allows us to replace (4.15.23) with
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O O OO OO0 o o o -

O O O O O o o o+ o

O O OO oo o+ O o

O O O O O O+ O o o

30
4019

25740
547

42900
19
321750
0

O O O o o

[ 1531 |

383

(4.15.24)

Thus, we again obtain the result (4.15.15). This calculation, perhaps, gives insight into the direct
use of the normal equation (4.14.20). It certainly displays the convenience of utilizing (4.14.20)
directly rather than the somewhat round about method based upon the use of (4.15.17).

Exercises

4.15.1 You are given a table of data containing K pairs of data:

Y1

Y

Ys

Y

X

X

X3

a) Show that if you fit the straight line

Y =2 +ax

to this data, the coefficients a, and a, are the solution of

(4.15.25)
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B RA
X Y
X
{1 11 1} ’ {ao}_r 11 . 1} s (4.15.26)
X X X Xk E XX Xy X ) o
1% [ Yk |

b) Show that the solution of (4.15.26) is

a, > 2% >,
N

=t (4.15.27)
a

:Kgxf—(gxij —Zl:xi K ZKI_:xiyi

4.15.2 The numerical example in Section 4.15 provides the opportunity to illustrate the QR
decomposition discussed in Exercise 4.14.3. Perform the Gram-Schmidt orthogonalization process
on the matrix (4.15.11) and show that
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19 3 21 ]
JI0 330 433 2145
17 1 7
V10 V330 33 2145
1 5 1 35
JI0 V330 2433 242145
1 3 3 31
JI0 V330 2433 242145
112 6
V10 V330 433 2145
1 1 2 s
JI0 V330 33 2145
1 3 3
V10 330  2V33 242145
1 5 35
V10 330  2V33 242145
1 7 7
JI0 4330 433 2145
1 9 21
V100 330 33 2145 |

(4.15.28)

4.15.3 Use the matrix (4.15.11) and the matrix (4.15.28) and show that the matrix R in the QR

decomposition is given by

510 75625410 |

i 5510 192
J10
2

2 2

0 5330 2754330 13175+/330
2 2 2

0 0 10033 8250+/33

0 0 0 1504/2145 |

(4.15.29)
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Chapter 5

EIGENVALUE PROBLEMS

Section 5.1 Eigenvalue Problem Definition and Examples

There is a special problem that arises in a large variety of physical circumstances that we
shall now study. It is called the eigenvalue or proper value problem. In its most basic form, it is a
problem that arises when one is given a linear transformation A :¥ — ¥ , where ¥ is an inner
product space, and you are asked to fine certain intrinsic directions for that linear transformation.
In particular, directions defined by a vector v e ¥~ such that such that when Av is calculated, you
get back a vector proportional to v, i.e., a vector that is parallel to the vector v. This geometric
statement is equivalent to the algebraic condition of finding a nonzero vector v

Av = Av (5.1.1)
Eigenvalue problems arise in a wide variety of circumstances. A partial list is as follows:

Finite Dimensional: Eigenvalue problems defined on finite dimensional vector spaces.
a) Mechanical Vibrations
a. These problems typically involve finding the solution to systems of linear constant
coefficient ordinary differential equations. We shall look at this kind of application.
b) Rigid Body Dynamics
a. The application usually involves finding the solution to Euler’s rigid body equations
when studying, for example, the motion of gyroscopes. As explained in Chapter 3,
the angular momentum of a rigid body is given in terms of a linear transformation,
known as the moment of inertia, and the angular velocity by equation (3.1.13),
repeated,

£=lo (5.1.2)

The eigenvalue problem (5.1.1) seeks to find those directions in the rigid body where the angular
momentum vector is parallel to the angular velocity. The directions defined by (5.1.1) are the
called the principal directions and the proportional coefficients are called the principal moments of
inertia.
c) Material Behavior:
a. Applications that involve modeling material behavior with formulas such as
Fourier’s Law, equation (3.1.12), and Ohm’s Law, equation (3.1.14) often require a
calculation of the directions where, for example, the heat flux is parallel to the
temperature gradient.

387
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d) Strain Kinematics: In the mechanics of deformable solids, the strain of the body is
characterized by a linear transformation. The eigenvalue problem is a way of finding the
intrinsic directions where the strains are pure elongations or compressions. In other words,
the shear strains are zero. These strains are called the principal strains.

e) Stress Tensor: In Example 3.1.7 of Chapter 3, Cauchy’s Theorem, equation (3.1.15) was
stated as follows:

t=Tn (5.1.3)

The eigenvalue problem arises when one wishes to find the directions where the stress vector t is
parallel to the unit normal n. In such directions, the stresses are pure compressions or tensions.
They are called the principal stresses.

Infinite Dimensional: Eigenvalue problems defined on infinite dimensional vector spaces.

a) The study of liner partial differential equations is the study of linear transformations defined
on infinite dimensional vector spaces. For a certain category of problems, the problem of
solving these equations comes down to finding the eigenvalues to these linear
transformations.

Our interests here continue to be finite dimensional vector spaces.
A more formal statement of the eigenvalue problem is as follows:

Eigenvalue Problem: Given a linear transformation A:¥ — 7", where ¥" isan N =dim¥~
dimensional inner product space, find a nonzero vector v such that

Av = Av (5.1.4)

The vector v which satisfies (5.1.4) is called an eigenvector of A. The scalar A is called the
eigenvalue of A

Some observations about the eigenvalue problem:

a) The eigenvalue problem may not have a solution. This circumstance arises when one
restricts the discussion to real vector spaces. If the vector space is complex, as is the case
here, it is a theorem that every linear transformation A : ¥ — 7  has at least one solution to
its eigenvalue problem.!

b) If there are solutions to the eigenvalue problem, there is no guarantee or requirement that
the components of v be real numbers or that the associated eigenvalues be real numbers.
For example, a linear transformation can have the property that its matrix A consists of real
numbers and still have eigenvectors with complex components and eigenvalues that are
complex numbers.

c) The length of an eigenvector, if it exists, is not determined by the defining equation (5.1.4),
i.e., by Av=Av. Itisthe direction that is determined by Av = Av. This fact allows us to

! The proof of this theorem can be found in most linear algebra books. For example, the textbook, Vector Spaces of
Finite Dimension, by G. C. Shephard has this proof.
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normalize the eigenvectors to suit the particular application. Often they are normalized to
be unit vectors.

If {el,ez,...,eN} is a basis for the inner product space 7, the matrix equivalent of (5.1.4) is

Av = Av (5.1.5)
where
A=M(Ae;.e) (5.1.6)
and
-
2
v=| (5.1.7)
_UN -

As pointed out, there is no assurance that the eigenvalue problem has a solution. However
if one is fortunate enough such that a linear transformation (or its matrix) has N such vectors, say

{V,,V,,... vy}, and one has the additional good fortune that these vectors are linearly independent,
then {v,,v,,..., vy} isabasis for ¥". Itis a basis with the property that

Av, = v,
Av, = 4,v,

(5.1.8)

Av =4V

Our definition of the matrix of a linear transformation, equation (3.2.9), tells us that, in this case,
the matrix of A with respect to the basis {v,,v,,..., v, | takes the diagonal form
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A 0 0 0
0 4 0 0
0 0 0
M(A,v;,v;)= % (5.1.9)
00 0 - - A
NxN Diagonal Matrix
If {e,,e,,....ey} isan arbitrary basis for ¥~ and we are fortunate enough to have a basis
{vl, Voo Vy, } of vectors with the property Av; = 4,v;, then, by our usual change of basis
arguments, i.e., by equation (3.6.18),
M (A, v, v, )=T'M(Ae;e)T (5.1.10)
where, as usual, T is the transition matrix defined by
N
v, =>Te, (5.1.11)

k=1

Equation (5.1.10), in the cases where the above construction exists, tells us that the matrix of A
with respect to {e,,e,,...,e, } is similar to a diagonal matrix. The construction of this diagonal

matrix through a similar transformation is usually referred to as diagonalizing the matrix.

Example 5.1.1: A very simple example that illustrates some of the features of the eigenvalue
problem is the following. We are given a linear transformation A:¥ — ¥, where ¥ is a two
dimensional inner product space, defined by

(5.1.12)
Aiy =i, +~i

2 2 1 2 2

where {i,,i,} is an orthonormal basis. The question is whether or not there are any vectors v for

which Av is parallel to v. This problem is one where we can display the effect of A on a vector
geometrically. The following figure is a consequence of the above definition (5.1.12) of A :
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The linear transformation defined by (5.1.12) deforms the unit square into the parallelogram as the
figure shows. The eigenvalue problem is the question whether or not there are vectors v for which
Av is parallel to v. For this simple example, the answer is yes. If one takes

1

vlz%(i1+i2) and v, == (i + 1) (5.1.13)
Then,
Av=a (LZJ(IHH)J:(%](A(il)+A(i2)) (5.1.14)
(332 (o
and
Aves A([%](_il ”2)) :(%J(_A(il)M(iZ)) (5.1.15)

_ (%)(_Gll —%i2j+(—%il +312D _ (%)(—ml +2i,)=2v,

If the vectors v, and v, are added to the figure above we get



392 Chap. 5 . EIGENVALUE PROBLEMS

AV2 =2V2 B

[
N
1
]
]

-

Av,

S | B
s

v

Another way to geometrically look at what one is doing when the vectors v, and v, are plotted is
to look at the following figure.
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One can think of the unit vectors i, and i, as defining a unit circle. The linear transformation A
distorts this circle into an ellipse that is rotated relative to the axes defined by i, and i,. In this

case the angle of rotation is 45° and the major axis of the ellipse is 2 and the minor axis is 1.
Notice that in the above example the vectors v, and v, are unit vectors. However, any vectors

parallel to these will also satisfy the equation Av=Av.

The matrix of the linear transformation defined by (5.1.12) with respect to the basis {i,,i, }

A=M(Aii )= (5.1.16)

2

while the matrix of the linear transformation with respect to the basis of eigenvectors {v,,v,} is

M (A,vj,vk){(l) 2} (5.1.17)

The transition matrix that connects the two orthonormal bases is given by (5.1.13) and is the
orthogonal matrix

1 1
T= \15 \1@ (5.1.18)
V2 2

Another example, but one without the simple geometric interpretation above is as follows:

Example 5.1.2: We are given a linear transformation A:¥" — ¥, where ¥ is a two dimensional
inner product space, defined by

Ai ——1 i +—1 i
1 1 2
V2§ N2 (5.1.19)
. 1. 1.

A12 Z—EIJ_'FEIZ

where {i,,i,} is an orthonormal basis. One can show that the linear transformation defined by
(5.1.19) is orthogonal. The eigenvectors for this example turn out to be
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1, .. . 1 ... .
A2 :E(—lll +12) and v, :E(lll'i'lz) (5120)
and the corresponding eigenvalues are
A=1(1-i) and A=-2(1+) (5.1.21)
V2 J2

Of course, the matrix of the linear transformation (5.1.19) with respect to the basis (5.1.20) is the
diagonal matrix

1 .
——(1-i) 0
M (A, v, v )= V2 (5.1.22)
0o L
V2
and, from (5.1.20), the transition matrix is
b
T= V2 V2 (5.1.23)
11
2z N2

This example, because the eigenvalues are complex numbers and the eigenvectors have complex
components, does not lend itself to the simple geometric construction used with Example 5.1.2.
Never the less, there are important applications for which the linear transformation occurring in the
eigenvalue problem is orthogonal.

The fundamental question is now does one find the vectors v, and v,? Also, in Example
5.1.1 the eigenvectors v, and v, turned out to be orthogonal. This raises the question as to what

were the special properties of the linear transformations (5.1.12) that caused the eigenvectors to be
linear independent and, in addition, to be orthogonal. In the following Sections we shall examine
these questions, among others.
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Section 5.2. The Characteristic Polynomial

In this section, we shall discuss a polynomial, called the characteristic polynomial, and its
role in the eigenvalue problem. As we shall see, this polynomial plays a fundamental role in the
calculation of the eigenvalues and the eigenvectors. Before defining this polynomial, we need a
few preliminary definitions and results.

Definition: The spectrum of A:7 — ¥ is the set of all eigenvalues of A .

Definition: If A isan eigenvalue of A:¥ — ¥, the eigenspace or characteristic subspace
associated with 4 is denoted by 7'(1) and is defined by

¥ (A)={ve¥|Av=21v} (5.2.1)

In words, the characteristic subspace of A is the subspace of ¥ consisting of vectors that are
eigenvectors associated with the eigenvalue 4. There is nothing in this general discussion that
would say that there is only one eigenvector associated with an eigenvalue. In other words, we are
not presuming that the dimension of the characteristic subspace of a particular eigenvalue is one.

Definition: The geometric multiplicity of an eigenvalue A is the dimension of its characteristic
subspace, i.e. dim7’(4).

Theorem 5.2.1: The characteristic subspace of an eigenvalue A is the kernel of the linear
transformation A—AL: ¥ —» 7, i.e.

¥ (4)=K(A-AI) (5.2.2)
To see this result, just write the defining equation (5.1.4) as

(A-A)v=0 (5.2.3)

It follows from the equation ¥"(1)=K (A —AI) thatif 4 is an eigenvalue of A:7 — 7", then

A — AI must be singular and conversely. The condition that A — AI is singular is equivalent to the
condition

det(A—A1)=0 (5.2.4)

Definition: The N™ order polynomial in A defined by

f(4)=det(A—-AI) (5.2.5)
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is the characteristic polynomial of A: v — 7.

The important result we have obtained is that the eigenvalues of a linear transformation
A ¥ — ¥ are the roots of the characteristic equation. There are a couple of ways one can write

this polynomial. Asan N™ order polynomial, it will have N roots. They need not be distinct
roots and they need not be real numbers. If we list these N roots as 4, 4,,..., 4, , then the

characteristic polynomial can always be written as

£ (2)=det(A—A1)=(4 - 2)(4 - A) (A -A) (A ~ 1) (5.2.6)

N Factors

Example 5.2.1: For Example 5.1.1, the characteristic polynomial is

3, %
f(2)=det(A—21)=det(M(A—ALe, ¢,))=det| ° L s 2
5 374 (5.2.7)
=(§—/1j2—%:12—3/“2:(1—1)(,1—2)

Therefore, the roots of the characteristic polynomial are 4, =1,4, =2 . Note, in passing, that for this
example:

3 1
detA =| 2 32=2=M2 and trA=3=4+4 (5.2.8)
2 2

Example 5.2.2: For Example 5.1.2, the characteristic polynomial is

[
[

— 3
f(4)=det(A—Al)=det(M(A-AlLe,,e,))=det

2
% 5 (5.2.9)
_,1}2%:gz_ﬁz+1:(;t—i(l—i)j[i—%(l“))

%

Ny
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_ . 1 . 1 . .
Therefore, the roots of the characteristic polynomial are 4, =—(1—i),4, =—=(1+1). Asisa
general feature for the roots of polynomials with real coefficients, complex roots occur in complex
conjugate pairs. Also note, as with Example 5.2.1, for this example:

11
det A = det *1@ \1@ =1=44, and trA=2=1+4 (5.2.10)
NG

The results (5.2.8) and (5.2.10) are special cases of a general feature for polynomials, in this
case for the characteristic polynomial. It is a fact that for a linear transformation A : ¥ — ¥~ with
eigenvalues 4, 4,,..., 4, that

trA=4+4,++1, (5.2.11)
and
detA =44, 4 (5.2.12)

The details of the derivations of (5.2.11) and (5.2.12) are complicated because of the complications
associated with writing down a general expansion of the determinant

f (1) =det(A—Al)=det(M(A-ALe,e,))

All _/1 A12 A13 . . AlN
AN, -2 A A (5.2.13)

=| A, A, A-2

AV AY, LAY =2
and forcing the result, by (5.2.6), to equal (4, —A1)(4, —4)(4—4)---(4, —4). The expansion of

(5.2.13) will always turn out to be on the form

N-1

f(2)=det(A—A1)=(=2)" + 1 (-2)" "+ + a4 (-2) + 1 (5.2.14)

The algebraic problem is to find formulas for the N coefficients y, u,, ..., 1, in terms of the linear
transformation A. While it is perhaps evident from (5.2.14) that

1, =det A (5.2.15)
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the complications of the algebra make it not so obvious that

4 =tr A (5.2.16)

The algebraic details are not excessively complicated if we temporarily restrict the
discussion to the case N =dim¥” =3. The algebraic problem above is to extract information by
forcing the equality

A-1 A, A,
AN, -2 Ay = (A=) (4 —A) (A - A) (5.2.17)
AR, A2

If both sides of this equation are expanded, the result, after some labor, is
4 A = Aty = =2+ (A + A, + ) A = (A, + Ay + A A+ AhA,  (5.2.18)
where the three coefficients 4, u,, 1, are given by?

u=1A
1 2
14 =E{(trA) ~tr(AA)] (5.2.19)

Uy =det A

As an identity in the parameter 4, (5.2.18) forces the coefficients of the like powers of 4 to be the
same. As a result,

=T A=A+ 2,4

m =%{(trA)2 ~tr(AA)} = A, + Ao + A (5.2.20)
o =Gt A = A2, ,

? There is another formula for the second fundamental invariant £z, that one sometimes finds. It is

t, =tr(adiM (A e ¢, )
where adjM (A, e; ,ek) is the adjugate matrix defined in Section 1.10. In terms of the components of the matrix
M (A,ej,ek),this formula is

A2, A%
AL A

ALA,
AN

AL AL
AN

A :tr(ade (A,ej,ek)):
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The three coefficients g, 1, , 1, defined by the above formulas are called the fundamental

invariants of the linear transformation A : % — ¥  (remember in the case under discussion

dim¥ =3). The first and third are defined in terms of operations that we have used throughout
this textbook. In Section 3.6, we showed that these two operations do not depend upon the choice
of basis. A similar proof can be given for y,, since it is defined in terms of the trace operation.
The word “invariant” arises because the three quantities do not depend upon the choice of basis
used to represent A:¥ — ¥ . In the case of a linear transformation A: ¥ — ¥ , where

N =dim¥", then one can show that the N coefficients s, 1,,..., 1, do not depend upon the

choice of basis. These N quantities are the fundamental invariants of A: v — 7.

Example 5.2.3: Consider a matrix Ae.#*° defined by

3 80
A=|2 3 0 (5.2.21)
0 0 1
The eigenvalues are the roots of
3-4 -8 0
det(A-Al)=| 2 3-1 0 |=(1-2) (3—/1)2+16
0 0 1-1 ( ) (5.2.22)
=(1-2)(4*~62+25)=(1-2)(A—3—4i)(A—-3+4i)
Therefore, the eigenvalues are given by
A =1
A, =3+4i (5.2.23)
Ay =34

If we calculate the fundamental invariants using the matrix A and the definitions (5.2.19), we
obtain
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w=trA=7
1
14 =§{(tr A) -tr(An)]
3 -8 03 -8 0
=%(7)2—tr 2 3 0f[2 3 0
0 0 1][0 0 1
11 7 480 (5.2.24)
=247 -t|[12 7 0
(0 0 1
1
= {49+13} =31
3 80
p=detA=2 3 0/=25
00 1

If we use the formulas for the invariants in terms of the eigenvalues, i.e. equation (5.2.20), we
obtain

w=A+,+A4=1+3+4i+3-4i=7

My = A A, + L+ A4, :(1)(3+4i)+(3+4i)(3—4i)+(1)(3—4i)
=6+9+16=31
u,=detA=A 4,4, =(1)(3+4i)(3—4i)= 25

(5.2.25)

This example illustrates a feature observed with Example 5.2.2. Namely, a linear transformation
whose matrix has real components can have complex eigenvalues. Because the characteristic
polynomial in these examples has real coefficients, the complex roots occur in complex conjugate
pairs. If we had stated in advance that our inner product space was a real inner product space, we
would have to conclude that not all linear transformations on real inner product spaces have
eigenvectors. However, if we allow complex scalars, then we are assured that all linear
transformations have a least one eigenvector.®> We shall see examples where the occurrence of
complex eigenvalues is an essential feature of the application.

There is nothing in our discussion that requires the eigenvalues, the roots of the
characteristic equation (5.2.5) to be unique. Because of this, the factored characteristic equation
(5.2.6) will sometimes need to be written to display the multiplicity of its roots. If, for example,

the characteristic polynomial has L distinct roots and the j™ of these roots is repeated d ; times,
then the characteristic polynomial, when factored, looks like

3 See footnote 1 above.
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f(2)=det(A-A1)=(4—2)" (A —2)" (L =2)" (A —2)" (5.2.26)

where d,,d,,d,,...,d,_ are positive integers which obey
>.d;=N (5.2.27)

The positive integer d; is the algebraic multiplicity of the eigenvalue 4. Itis a theoretical result,
which we shall not pursue, that

dimy(4;)<d (5.2.28)

]

I.e. the geometric multiplicity of a particular eigenvalue is less than or equal to its algebraic
multiplicity.®

Example 5.2.4: Consider the matrix Ae.#*° defined by

4 -6 2
A=12 -4 2 (5.2.29)
2 -6 4

Then, the characteristic equation is
detf 2 —4-2 2 [=-2(2-2) (5.2.30)

Therefore, the factorization shown in (5.2.26) corresponds to

=0, d, =1
A ! (5.2.31)
A,=2,d,=2

where d, +d, =3.

It is helpful to summarize what we have illustrated for the characteristic polynomial of a linear
transformation A:7 — ¥, where N =dimv~,

‘A proof that the geometric multiplicity is always less than or equal to the algebraic multiplicity can be found, for
example, on page 157 of Stakgold, I., BOUNDARY VALUE PROBLEMS OF MATHEMATICAL PHYSICS,
Volume I, The MacMillan Company, 1-333, 1967
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a) There are N roots to the characteristic polynomial.

b) The roots are both real and complex numbers.

c) When the coefficients of the characteristic polynomial are real numbers, the complex roots
occur in complex conjugate pairs.

d) The roots need not be distinct.

Exercises

5.2.1 You are given the linear transformation A :¥ — ¥ defined by

Ai, =7i, - 2i, +i,
Ai, =—2i, +10i, - 2i, (5.2.32)
Ai, =i, - 2, +7i,

where {i,,i,,i,} is an orthonormal basis for 7. Calculate the fundamental invariants of the linear
transformation A: 7 — 7.

5.2.2 Given the polynomial (5.2.14) where the invariants are assumed to be real numbers, show
that

det(A —AI) = det(A - 21) (5.2.33)

Use (5.2.33) to prove that the roots, for the situation stated, occur in complex conjugate pairs.

5.2.3 The Cayley-Hamilton Theorem says that a linear transformation satisfies its own
characteristic equation. Thus, if the characteristic equation of a linear transformation A: ¥ — ¥
is given by equation (5.2.14). The Cayley-Hamilton asserts that

(—A)N + 4 (—A)N_l +ot iy (A)+ 1, I =0 (5.2.34)

where the powers of A are definedby A° =1, A" =AAA--A for n=1,2,...
n times

Confirm (5.2.34) for the matrix (5.2.29).



Sec. 5.3 . Numerical Examples 403

Section 5.3. Numerical Examples

In this section, we shall illustrate the procedure for solving eigenvalue problems and use
these examples to illustrate some general features of the solution we will examine in detail in later
sections.

Example 5.3.1: (A distinct eigenvalue example.) The problem is to solve the eigenvalue problem
for the linear transformation A :¥" — 7 defined by

Ae, =e +e, +4e,
Ae, =2e, —4e, (5.3.1)
Ae, =—e, +e, +5e,

where {e,,e,,e,} is a basis for 7". By the usual procedure the matrix of A with respect to this
basis is

1 2 -1
A=M(A.e e )=1 0 1 (5.3.2)
4 -4 5

Step 1: Form the characteristic equation: The characteristic equation is defined by (5.2.5). Given
the matrix (5.3.2), we find

1-2 2 -1
f(A)=det(A-Al)=det(M(A-2I))=| 1 -2 1
4 4 5.3 (5.3.3)
=-2°+62*-111+6=—(1-1)(1-2)(1-3)
Therefore, the three eigenvalues are
A =1
A, =2 (5.3.4)
A =3

Because the eigenvalues are distinct, the algebraic multiplicity is 1 for each eigenvalue. Also, the
ordering of the eigenvalues is arbitrary. As a quick check of the answer (5.3.4) it is good practice,
for complicated problems, to check the calculated eigenvalues against the formulas (5.2.20). If this
check is made, one will confirm that (5.2.20) is obeyed.
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Step 2: Determine the characteristic subspaces. In other words, determine the eigenvectors. This
calculation involves solving the defining equation (5.1.5), written

(A-Al)v=0 (5.3.5)
for the three different eigenvalues. Of course, we shall solve (5.3.5) as the matrix equation

1-4 2 17
1 -4 1 [|[v*]=0 (5.3.6)
4 -4 5-1|0°

Case 1: A =1. This choice reduces (5.3.6) to

0 2 -1||Yy
1 -1 1%, |=0 (5.3.7)
4 -4 4 3

Y

The reduced row echelon form of this equation is

10 % .
. )
0 1 -Z|lv%,|=0 (5.3.8)
00 o0 |Y
Equation (5.3.8) yields
“=U%{_%%+%%+%J (5.3.9)

Therefore, the characteristic subspace associated with the first eigenvalue is the one dimensional

1 1 . .
subspace spanned by _Eel +§e2 +e,. We can write this result as

vV (4)= K(A—ﬂjl):span[—%eﬁ%ez+e3] (5.3.10)

For this eigenvalue, the geometric multiplicity is one as is the algebraic multiplicity.

Case 2: A =2. This choice reduces (5.3.6) to
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12 1Yy
1 -2 1|0, |=0 (5.3.11)
4 -4 3|,z

Y2

The reduced row echelon form of this equation is

1 0 % .
. Y
0 1 —7|lv7,|=0 (5.3.12)
00 oY
Equation (5.3.12) yields
vV, =07, (—%el +%e2 +e3j (5.3.13)

Therefore, the characteristic subspace associated with the second eigenvalue is the one dimensional

1 1 o
subspace spanned by _Eel +Ze2 +e,. We can write this result as

V(ﬂz):K(A—ﬂql)=span(—%el+%e2+e3j (5.3.14)

For this eigenvalue, the geometric multiplicity is one as is again equal to the algebraic multiplicity.

Case 3: 41 =3. This choice reduces (5.3.6) to

2 2 1|V
1 -3 1|0, |=0 (5.3.15)
4 -4 21,3

V(g

The reduced row echelon form of this equation is
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10 % .
) Y@
01 - V% [=0 (5.3.16)
00 oY
Equation (5.3.16) yields
1 1
Vv, :1)3(3) (_Zel +Ze2 +e3j (5.3.17)

Therefore, the characteristic subspace associated with the third eigenvalue is the one dimensional

1 1 . .
subspace spanned by _Zel +Ze2 +e,. We can write this result as

V(%)= K(A—%I):Span(—%eﬁ%ez +e3j (5.3.18)

For this eigenvalue, the geometric multiplicity is one as is also the algebraic multiplicity.

This example, which has distinct eigenvalues, yields three linearly independent
eigenvectors. We shall prove a theorem later that shows that distinct eigenvalues produce linearly
independent eigenvectors. Thus, our example illustrates a general result. Another way to display

that the eigenvectors are linearly independent is to use the idea of a direct sum introduced in
Section 4.11 and write

V=¥ (24)®7 ()7 (%) (5.3.19)

As has been explained, the eigenvalue problem does not determine the lengths of the
eigenvectors. If we make an arbitrary choice of the lengths by defining the three eigenvectors to be

\ —Eel +§e2 +e3
1 1
v, :—Eeﬁzez +e, (5.3.20)
1
vV, :—Zel +Ze2 +e3

Then the matrix of A:¥ — ¥ with respect to this basis is
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1 00
M(A,v,v,)=0 2 0 (5.3.21)
0 0 3
and the transition matrix is
11 1]
2 2 4
T= 11 (5.3.22)
2 4 4
1 1 1

Note that with our normalization leading to (5.3.20), the transition matrix is the square matrix made
from the column matrices of the components of the eigenvectors. The formula is

T= uz(l) 02(2) 02(3) (5.3.23)

The matrices (5.3.2) and (5.3.21) are connected by (5.1.10), repeated,
M (A, v, v, )=T'M(Ae;e)T (5.3.24)

where the transition matrix is given by (5.3.22).

Example 5.3.2: ( A repeated eigenvalues example.) The problem is to solve the eigenvalue
problem for the linear transformation A : ¥ — ¥~ defined by

Ai, =i, - 2i, + 2i,
Ai, =-2i, +i, + 2i, (5.3.25)
Ai, =2i, +2i, +1,

where {i,,i,,i,} isan orthonormal basis for 7". By the usual procedure, the matrix of A with
respect to this basis is

1 -2 2
A=M(A,i i )=|-2 1 2 (5.3.26)
2

H J k)
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The fact that the matrix (5.3.26) is symmetric will turn out to be an important feature of this
example. Based upon our discussion in Section 4.9, in particular equation (4.9.39), because we are
using an orthonormal basis, symmetry of the matrix implies symmetry of the linear transformation
(5.3.25).

Step 1: Form the characteristic equation: The characteristic equation is defined by (5.2.5). Given
the matrix (5.3.26), we find

-1 2 2
f(zyﬂqu—znzda(M(A—zU}:-j 121 131 53.27)
=2 +322+92-27=—(2+3)(1-3)’
Therefore, the three eigenvalues are
22j (5.3.28)

The algebraic multiplicity for 4, is 1 and that for 4, is 2.

Step2: Determine the characteristic subspaces. This calculation involves solving the defining
equation (5.1.5), written

(A-Al)v=0 (5.3.29)
for the two different eigenvalues. Of course, we shall solve (5.3.5) as the matrix equation

1-14 =2 2 ]l ot
2 1-12 2 ||v*|=0 (5.3.30)
2 2 1-1|0°

Case 1: 4 =-3. This choice reduces (5.3.6) to

4 -2 2 Ul(l)
-2 4 2 uz(l) =0 (5.3.31)
2 2 4,8

@

The reduced row echelon form of this equation is
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1 0 1||Yq
011 uz(l) =0 (5.3.32)
0 00O 03(1)
Therefore, (5.3.32) yields
v, =07 (i, —1, +1y) (5.3.33)

Therefore, the characteristic subspace associated with the first eigenvalue is the one dimensional
subspace spanned by —i, —i, +i,. We can write this result as

¥ (4)=K(A—-AI)=span (i, —i, +i,) (5.3.34)

For this eigenvalue, the geometric multiplicity is one as is the algebraic multiplicity.

Case 2: 4 =3. This choice reduces (5.3.6) to

2 2 27|Y
2 2 1|0, |=0 (5.3.35)
2 2 2|,

The reduced row echelon form of this equation is

11 1| v
00 0o, |=0 (5.3.36)
0 0 0,2
Y2
Therefore, (5.3.36) yields
v, = 1)2(2) (i, +i2)+u3(2) (i, +1ij) (5.3.37)

Therefore, the characteristic subspace associated with the second eigenvalue is the two dimensional
subspace spanned by —i, +1i, and i, +i,. We can write this result as

¥ (4,)=K(A—-AI)=span (i, +i,,i, +i;) (5.3.38)
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For this eigenvalue, the geometric multiplicity is two as is the algebraic multiplicity. Because
4 (/12) is two dimensional, an eigenvector associated with the repeated eigenvalue is necessarily of

the form
v, =a(-i,+i,)+ B(i, +i,) (5.3.39)

where o and £ are arbitrary. We know that the defining equation for the eigenvalue problem,

equation (5.1.4), will never determine the length of the eigenvector. In the repeated root case,
equation (5.3.39) has an even greater indeterminacy. Any vector in the two dimensional subspace

spanned by {—i1 +1,,1; +i3} is an eigenvector. Because the subspace is two dimensional, only two
of these eigenvectors can be linearly independent. What is done for problems of this type is to

select two of these eigenvectors which, when joined with the one for the distinct eigenvalue, form a
basis for »~. Without loss of generality, one can simply take the eigenvectors associated with the
repeated eigenvalue to be
v,=—i,+i, and v,=i +i, (5.3.40)
With the choice (5.3.40), and the choice
v, =—i, —1i, +1i, (5.3.41)

the set {v,,v,,v,} isabasis for ¥". With respect to this basis, the matrix of the linear
transformation defined by (5.3.25) is

300
M(A,v;,v,)=| 0 3 0 (5.3.42)
0 0 3

This example, which has two distinct eigenvalues, yields three linearly independent eigenvectors.
However, unlike Example 5.3.1, the directions of two of the eigenvectors are not unique. A way to
display that two of the eigenvectors are not unique is to write ¥~ as the direct sum of two
subspaces, one of dimension 1 and one of dimension 2. The result is

v =7 (1)®V (%) (5.3.43)

Another feature of Example 5.2.2 is that the subspaces ¥*(4,) and ¥'(4,) are orthogonal.

In other words ¥"(4,) = %(/11)l . This interesting result follows by calculating the inner products

(v, v,) and (v,,v,). Itisatheorem that, for a self adjoint linear transformation, the characteristic

subspaces of distinct eigenvalues are orthogonal. It is also a theorem that the eigenvalues of self
adjoint linear transformations are necessarily real. We shall prove these results later. Given that
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the subspaces are orthogonal and that within %7(4,) the eigenvectors are not unique, it is often the
practice to select a basis for ¥ (/12) that is mutually orthogonal. In other words, instead of the

choices (5.3.40), select v, and v, such that (v,,v,)=0.

Finally, it is a feature of Example 5.3.2 that the algebraic multiplicity of both roots equals
their geometric multiplicity. This fact lies at the root of why it was possible to find a basis of
eigenvectors. The next example is one where it is not possible to find such a basis.

Example 5.3.3: The problem is to solve the eigenvalue problem for the linear transformation
A ¥ — v defined by

Ae =¢
Ae, =¢, +e, (5.3.44)
Ae, =e, +e, +e,

where {el,ez,es} is a basis for ¥". By the usual procedure the matrix of A with respect to this

basis is

A=M(Ae,.e )= (5.3.45)

o O -
o R B
N e

Step 1: Form the characteristic equation: The characteristic equation is defined by (5.2.5). Given
the matrix (5.3.2), we find

1-4 1

f(4)=det(A—21)=det(M (A-21)) = (5.3.46)

0
0
=—(2-1)
Therefore, the eigenvalue is
=1 (5.3.47)

and it has an algebraic multiplicity of 3.

Step2: Determine the characteristic subspaces. This calculation involves solving the defining
equation (5.1.5), written

(A-AI)v=0 (5.3.48)
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for the eigenvalue 4 =1. The matrix equation we must solve is

1-2 1 1o
0 1-1 1 |o°]=0 (5.3.49)

0 1 1||Yp
0 01 uz(l) =0 (5.3.50)
0 0 0},
Y
The reduced row echelon form of this equation is
01 0]V
0 01 uz(l) =0 (5.3.51)
0 0 0},
Y

Therefore, the characteristic subspace associated with the eigenvalue 4 =1 is the one dimensional
subspace spanned by e,. We can write this result as

¥ (4)=K(A-AI)=span(e,) (5.3.52)

Unlike the two previous examples, Example 5.3.3 is a case where the geometric multiplicity of a
characteristic subspace (1 in this case) is not the same as the algebraic multiplicity (3 in this case).
Therefore, we are unable to construct a basis of eigenvectors. Thus, there is not a basis for the
linear transformation that makes its matrix diagonal. As we shall see when we examine in greater
detail the theoretical foundations of the eigenvalue problem, the condition that the geometric
multiplicity and the algebraic multiplicity agree is a fundamental property of linear transformations
that have a basis of eigenvectors. In circumstances where basis of eigenvectors does not exist, one
can formulate a procedure for constructing what is known as the Jordan Normal Form of the
matriX. This procedure will not be covered here.

Example 5.3.4: (Complex eigenvalues example.) The problem is to solve the eigenvalue problem
for the linear transformation A :¥ — 7 defined by
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Ael :761 +—

Ae, =e¢, (5.3.53)

V2 2

—e +—e
2 2

3

Bz 2
26

Aey =— 1 3
where {e,,e,,e,} isabasis for ¥". By the usual procedure the matrix of A with respect to this

basis is

2o V2
2 2
A=M(Ae e )=l 0 1 0 (5.3.54)
N2oo2
L 2 2

Step 1: Form the characteristic equation: The characteristic equation is defined by (5.2.5). Given
the matrix (5.3.2), we find

f(1)=det(A—-Al)=det(M(A-2I))=| 0 1-2 O
% 0 %—z (5.3.55)

(14)[[%4}2%}(1-1)[

Therefore, the three eigenvalues are

NIFS
—~
'_\
+
—_
|
N
N—
VR
NI
—~~
[EEN
|
=
|
XN
N—

A :%(Hi)
A, =1 (5.3.56)
A=)

Because the eigenvalues are distinct, the algebraic multiplicity is 1 for each eigenvalue.

Step2: Determine the characteristic subspaces. This calculation again involves solving the
defining equation (5.1.5), written
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(A-A1)v=0 (5.3.57)

for the three different eigenvalues. Of course, we shall solve (5.3.5) as the matrix equation

N2, 2
2 2 ||v
0 1-4 0 [[o2|=0 (5.3.58)
3
19
N2, o2
L 2 2 _

Case 1: A4, =1. This choice reduces (5.3.58) to

2y, 2
2 2 (2)
0 0 0 02(2) =0 (5.3.59)
3
ﬁ 0 £_1 Y2
L 2 2 ]
The reduced row echelon form of this equation is
1 0 0]y
0 01 uz(z) =0 (5.3.60)
0 0 0},
Y

Therefore, the characteristic subspace associated with the second eigenvalue is the one dimensional
subspace spanned by e,. We can write this result as

¥ (4,)=K(A-4I)=span(e,) (5.3.61)

For this eigenvalue, the geometric multiplicity is one as is the algebraic multiplicity.

Case 2: 4, =%(1+ i). This choice reduces (5.3.58) to
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N2, 2
2 2 1
1%
®
0 1—%(1“) 0 uz(l) =0 (5.3.62)
3
o
|- 2 2 -
The reduced row echelon form of this equation is
1 0 i Ul(l)
01 0 02(1) =0 (5.3.63)
0 0 0,3
Y

Therefore, the characteristic subspace associated with the second eigenvalue is the one dimensional
subspace spanned by ie, +e,. We can write this result as

¥ (4)=K(A—-AI)=span(ie, +e,) (5.3.64)

For this eigenvalue, the geometric multiplicity is again one as is the algebraic multiplicity.

V2

Case 3: A, = 7(1—i) . This choice reduces (5.3.58) to

.
2 2 1
19
@)
0 1—%(14) 0 02(3) =0 (5.3.65)
3
Zo 7 M
- 2 2 ~
The reduced row echelon form of this equation is
1 0 i Ul(s)
010 02(3) =0 (5.3.66)
0 0 0],°
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Therefore, the characteristic subspace associated with the third eigenvalue is the one dimensional
subspace spanned by —ie, +e,. We can write this result as

¥ (4)=K(A-A]I)=span(-ie +e;) (5.3.67)

For this eigenvalue, the geometric multiplicity is again one as is the algebraic multiplicity.

As with Example 5.3.1, each characteristic subspace is one dimensional and the three
dimensional vector space ¥~ has the direct sum decomposition

v =7 (1)0¥ (4)@7 () (5.3.68)

If we select the three eigenvectors to be the spanning vectors introduced above, i.e.

v, =le, +e,
vV,=¢ (5.3.69)
v, =—le +e,

The matrix of A with respect to the matrix of eigenvectors is

%(m) 0 0

M(Av,.v,)=| 0 1 0 (5.3.70)

Vg Yo Y i 0 i
T=|0%, V' Vig|=/0 1 0 (5.3.71)
vy Uy U 1o
The inverse of this matrix is
— 0 l
2
T'=l 0 1 0 (5.3.72)
L, o1
| 2 2]
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Given (5.3.54), (5.3.70), (5.3.71) and (5.3.72), equation (5.1.10) takes the explicit form

ﬁ(m) 0 0 1y Y2y V2| .
2 2 21 2 2 || 0 -
0 1 0 =l 0 1 0| 0 1 0 01 0 (5.3.73)
1. 1 1 0 1
0 0 ﬁ(l—i) -1 0 = ﬁ 0 ﬁ
i | L 2 2__ 2 2 | T
M(A,vj,vk) T M(A,ej,vk)

Example 5.3.5: (A complicated numerical example.) The problem is to solve the eigenvalue
problem for the matrix A:.#%* — .#%* defined by

0o 0 0 1 0 0
o0 0 0 1 0
0 0 © 0 1
A= (5.3.74)
2 1 0 -76 4 .06
1 2 1 4 -8 4
|0 5 -15 03 2 -6

This particular matrix has its origins in the study of a three degree of freedom vibrations problem.
The characteristic polynomial turns out to be

det(A—A1)=2°+1.84004° +6.29221" +5.41864° +9.29284* + 3.08004 + 3.5000 (5.3.75)

The roots of this sixth order polynomial turn out to be

A } =—-0.6072+1.6652i
z

2

4

75

6

}:—0.2474i1.2611i (5.3.76)

} =-0.0654 +0.8187i

Because the roots are distinct, the algebraic multiplicity of each root is one and, because of (5.2.28)
, the geometric multiplicity of each eigenvalue is one. The eigenvectors associated with these
eigenvalues turn out to be
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[—0.1130-0.2939i | [—0.1130+0.2939i |
0.5581-0.0097i 0.5581+ 0.0097i
0.1252 +0.3433i 0.1252 -0.3433i
v, = VY, = (5.3.77)
-0.6478 -0.6478
—0.0599-0.0717i —0.0599+0.0717i
| 0.1557-0.0563i | | 0.1557+0.0563i |
[ 0.0834+0.4253i | [ 0.0834-0.4253i |
-0.5570 -0.5570
—0.0517 +0.2001i —0.0517 -0.2001i
Vi = |V, = . (5.3.78)
-0.2396-0.1147i -0.2396+0.1147i
—0.1491-0.3526i —0.1491+0.3526i
| 0.4815-0.1009i | | 0.4815+0.1009i |
and
[ 0.4112-0.0111i | [ 0.4112+0.0111i |
-0.0178+0.3374i —0.0178-0.3374i
0.5535 0.5535
vV, = | ve = ] (5.3.79)
—0.0362 +0.4532i —0.0362 —0.4532i
0.3395+0.0793i 0.3395-0.0793i
| —0.0872+0.2728i | | -0.0872-0.2728i |

where the six eigenvectors have been normalized to each have a unit length.

If we return to the characteristic polynomial (5.3.75) and compare that formula with the
general result (5.2.14), we can identify the six fundamental invariants for this problem. The results
are

u, =-1.8400
U, =6.2922
U, =—5.4186
u, =9.2928
4 =—3.0800
1 =3.5000

(5.3.80)

Because (5.2.16) holds for linear transformations of arbitrary finite dimension, it can be used to
confirm (5.3.80);. This same number can be calculated from the formula
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b=+ + A+ A, + A+ A (5.3.81)
The last invariant, z, can be checked against the general formula

st = det A= A4, A4, (5.3.82)

Exercises

5.3.1 Determine the eigenvalues and the characteristic subspaces of the linear transformation
A ¥ — v defined by

Ai, =6i, - 2i,
. C (5.3.83)
Ai, = -2i, +6i,
where {i,,i,,i,} is an orthonormal basis for 7.

5.3.2 Determine the eigenvalues and the characteristic subspaces of the linear transformation
A ¥ — v defined by

Ag:igy—lg
2" 2 (5.3.84)

.1, 43,

A12 :Ell +712

where {i,,i,} is an orthonormal basis for 7.

5.3.3 Determine the eigenvalues and the characteristic subspaces of the linear transformation
A ¥ — v defined by

AV=J[%Q—%Q+%Q]+&(—%Q+§Q+%gj+&(%y+%g+§g} (5.3.85)

for all vectors v =v'i, + 0, +0%i,, where ¥ is an inner product space and {i,, i,,i,} is an
orthonormal basis of 7.

5.3.4 Determine the eigenvalues and the characteristic subspaces of the linear transformation
A v — ¥ defined by

Av =v'(2i, —i,)+0° (iy)+0° (-6i, —3i, — 2i,) (5.3.86)
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for all vectors v = v'i, + %, + V°i;, where ¥ is an inner product space and {i,,i,,i,} is an
orthonormal basis of 7".

5.3.5 Determine the eigenvalues and the characteristic subspaces of the linear transformation
A v — ¥ defined by

Av =0 (4i, +1, ) +0° (-5i, +i,) +0° (i, —i, — 1) (5.3.87)

for all vectors v = v'i, + 0%, + V°i;, where ¥ is an inner product space and {i,,i,,i,} is an
orthonormal basis of 7.
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Section 5.4. Some General Theorems for the Eigenvalue Problem

The five examples in Section 5.3 illustrated certain features of the eigenvalue problem that
are more general than the examples might indicate. In this section, we shall collect some of these
general results. The first is the important one discussed after Example 5.3.1. Namely, that distinct
eigenvalues imply linearly independent eigenvectors. The formal statement is the following
theorem.

Theorem 5.4.1: If A,..., 4 are distinct eigenvalues of A:¥" — ¥ and if v,,...,v, arethe
corresponding eigenvectors, then {v,,..., v } is a linearly independent set.

Proof: Let v, be an eigenvector associated with the eigenvalue 4, and, so forth. As with any
question of linear independence, we need to examine the implication of the equation

oV, + oV, oV, ++a v =0 (5.4.1)

If we can establish that this equation implies o, =, =, =---=, =0, then the theorem will be
established. Giventhat Av, = Av,,Av, =A4,v,,Av, = 4v,,..,Av =4 v , we can multiply (5.4.1)
by A and obtain

AoV, + ,0,V, + LoV +-+ A a v =0 (5.4.2)

We can repeat this process L—2 more times until we obtain the following L equations ( including
the two above):

v, ta,v,+avy+-+a v =0
Aoyv, +,0,V, + AoV +-+ Ao v =0
212a1Vl + /1220{2V2 + ﬂgzotsv3 +-- 4 ﬂLzaLVL =0

Aoy, + v, + v, o+ A a v =0 (5.4.3)

L-1 L-1 L-1 L-1
A Tavi+ A, oV, A o v+ A o v =0

If we select a basis for ¥, equations (5.4.3) can be rewritten as the matrix equation
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A A A A
Y P .
_ﬂ‘lLfl //iszl ﬂgLfl //{{LLfl

1
oV o

2

3
0{11) (l)

L
&Y o

1
aZU )
2

3

L
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1
asz) 3)
2

2

L

1
a,_u (L)
2

3
Ao is0 (5.4.4)

L
OKLU (L) i

The coefficient matrix in (5.4.4) is the Vandermonde matrix introduced in equation (1.10.33). This
matrix is nonsingular because, as shown with equation (1.10.34),

1 1 1

A A Ak

dot| B
_ﬂiL—l A A

A7

L-1
ﬂ’L

(5.4.5)

and we have postulated that the eigenvalues are distinct. Given that the coefficient matrix in
nonsingular, we can multiply (5.4.4) by its inverse and obtain

1
"y
2

3
0{11) (1)

L
_0{11) (1)

1
AU (5
2

3

L

1
QU 5,
2

2

L

1
U,
2

3
0(,_1.) (L)

L
CZLU (L) |

(5.4.6)

In order for this L x L matrix to be zero, each of its L* elements must be zero. The L equations in

the first column are

1
Uy
2
U

3
U

L
1YV ]

(5.4.7)
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Because the eigenvector is nonzero, the column matrix of its components is nonzero. Thus, we
conclude that o, =0. Identical arguments applied to each columnyield o, =, =---=¢, =0 and

the theorem is proven.

This theorem explains why in Example 5.3.1, the eigenvectors were linearly independent.
It also explains why the characteristic spaces were all one dimensional. If one of the characteristic
subspaces has a dimension greater than one, we would be able to construct a set of linearly
independent vectors with more than N members in an N dimensional vector space. Such a
construction would be a contradiction. Recall that it was explained, without proof, in Section 5.2
that geometric multiplicity is always less than or equal to the algebraic multiplicity. In Example
5.2.1, the algebraic multiplicity of each eigenvalue is one and, consequently, the geometric
multiplicity had to be equal to one.

As a corollary to the preceding theorem, we see that if the geometric multiplicity is equal to
the algebraic multiplicity for each eigenvalue of A, then the vector space ¥~ admits the direct sum
representation

V=V (A) OV (A) D ®¥ () (5.4.8)

where A4,,...,4, are the distinct eigenvalues of A. The reason for this representation is obvious,

since the right-hand side of the above equation is a subspace having the same dimension as 7" ;
thus that subspace is equal to ¥". Whenever the representation holds, we can always choose a
basis of 7~ formed by bases of the subspaces 7(4,),...,#"(4,) . Then this basis consists entirely of

eigenvectors of A becomes a diagonal matrix, namely,

A

M(A,v,,V,) = ' (5.4.9)
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where each A, is repeated d, times, d, being the algebraic as well as the geometric multiplicity of
A . Of course, the representation of ¥~ by direct sum of eigenspaces of A is possible if A has

N =dimy  distinct eigenvalues. In this case the matrix of A taken with respect to a basis of
eigenvectors has the diagonal form

A
A, 0

M(A,v;,v,)= . (5.4.10)

/,LN

If the eigenvalues of v are not all distinct, then in general the geometric multiplicity of an
eigenvalue may be less than the algebraic multiplicity. Whenever the two multiplicities are
different for at least one eigenvalue of A, it is no longer possible to find any basis in which the
matrix of A is diagonal. However, if ¥ is an inner product space and if A is Hermitian, then a
diagonal matrix of A can always be found; we shall now investigate this problem.

Recall from Section 4.9 that if u and v are arbitrary vectors in 7, the adjoint A™ of
A ¥ — 7 isalinear transformation A" : " — ¥ defined by

(u,Av) = (A", v) (5.4.11)
From Theorem 4.9.1, if A Hermitian, i.e., if A=A", then (5.4.11) reduces to

<u, AV> = <Au, V> (5.4.12)
forall u,vey .

Theorem 5.4.2. The eigenvalues of a Hermitian linear transformation A :7 — 7 are real.
Proof. Let A:¥ — ¥ be Hermitian. Since Av = Av for every eigenvalue 4, we have
<AV,V>

(v.v)

Therefore we must show that (Av, v) is real or, equivalently, we must show (Av,v)=(Av,v).

This result follows from the definition of a Hermitian linear transformation (5.4.12) and the
rearrangement

1=

(5.4.13)
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<AV, V> = <V, AV> = <Av, V> (5.4.14)

where the rule (u,v)=(v,u) in the definition of an inner product has been used. Equation (5.4.14)
yields the desired result.

Theorem 5.4.3. If A is Hermitian, the characteristic subspaces corresponding to distinct
eigenvalues 4, and A, are orthogonal.

Proof. Let Av,=Av, and Av, =4,v,. Then

(v, v,y =(Av, v,y =(v,,Av, ) = 4, (v,,V,) (5.4.15)
Therefore,
(A% ){Vi,V,)=0 (5.4.16)
Since 4, # 4,, (v,-v,)=0, which proves the theorem.

Another important property of Hermitian linear transformations is that the algebraic multiplicity of
each eigenvalue equals the geometric multiplicity. We shall use this result here, however, we shall
not give its proof.”

The main theorem regarding Hermitian linear transformations A : 7 — ¥ is the following.

Theorem 5.4.4. If A:7 — ¥ is aHermitian linear transformation with distinct eigenvalues
A, Ay, .., A, then ¥ has the representation

V =H(A)DV(L,)D--D¥ (1) (5.4.17)
where the eigenspaces ¥'(4,) are mutually orthogonal.

The proof of this theorem follows from (5.4.8) which holds when the geometric multiplicity and
the algebraic multiplicity are the same and from Theorem 5.4.3.

Another Corollary of Theorem 5.4.3 is that if A is Hermitian, there exists an orthogonal basis for
¥~ consisting entirely of eigenvectors of A. This feature was observed in our solution to Example
5.3.2. This corollary is clear because each characteristic subspace is orthogonal to the others and
within each characteristic subspace an orthogonal basis can be constructed by the Gram-Schmidt
procedure discussed in Section 4.3. With respect to this basis of eigenvectors, the matrix of A is

> The proof can be found in Introduction to VVectors and Tensors, Vol. 1, by Ray M. Bowen and C.-C. Wang.
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diagonal. Thus the problem of finding a basis for ¥~ such that M (A, v, v,) is diagonal is solved
for Hermitian linear transformations.

The Hermitian property causes the eigenvalues to be real and the characteristic subspaces
for distinct eigenvalues to be orthogonal. Often in the applications, Hermitian linear
transformations have additional properties that are important to define. In particular, a Hermitian
linear transformation A : ¥ — ¥  is defined to be

positive definite >0
ositive semidefinite >0
POSI I L (v,Av) (5.4.18)
negative semidefinite <0
negative definite <0

all nonzero v, Equation (5.4.18) places conditions on the eigenvalues of a Hermitian linear
transformations A : ¥ — 7  that are important to understand. We shall next derive these
conditions. Because (5.4.18) holds for all nonzero vectors in ¥, we can select v to be an
eigenvector of A and use (5.4.13) to conclude

positive definite

0
positive semidefinite >0
0
0

implies 4 - (5.4.19)

negative semidefinite
negative definite

In addition, itt follows from (5.4.17) and the definition of direct sum that any vector v ¥  can be
uniquely written

V= Z \s (5.4.20)

where each v, €Y. Given Av;, = A.v., it follows that

IR
<V,AV> = <iVj,ZAVk> = 21/1]- <Vj,Vk> = 2,1], HVJ'HZ (5.4.21)
= k= =

j=t

Equation (5.4.21) allows the definition (5.4.18) to be replaced by

positive definite >0

ositive semidefinite L >0
POt e S E Vit v (5.4.22)
negative semidefinite =i <0

negative definite <0
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>
Equation (5.4.22) shows that if all of the eigenvalues obey 4 0 ,then A:v > 7 is

positive definite

pos't'f’e SemIFjEfl_m_te . Therefore, we have established the following theorem
negative semidefinite

negative definite

positive definite
positive semidefinite
negative semidefinite
negative definite

Theorem 5.4.5 A Hermitian linear transformation A: 7 — ¥ is

>0
>0
<0
<0

only if every eigenvalue of A is

As corollaries to Theorem 5.4.5 it follows that positive-definite and negative-definite Hermitian
linear transformations are one to one and, as a consequence, nonsingular.

Positive definite linear transformations occur frequently in the applications. It is often that
case that one need the ability to confirm the definiteness property but without going to the trouble
of actually calculating the eigenvalues. For this reason, it is important to have criteria that establish
when a Hermitian linear transformation is positive definite without actually solving the associated
eigenvalue problem. There are tests that can be applied to the linear transformation that achieve
this purpose. One of these is as follows:

Theorem 5.4.6: A Hermitian liner transformation A :¥" — ¥  is positive definite if and only if its
fundamental invariants 4, 4,,..., 14, are greater than zero.

Proof: The proof of this result follows from Theorem 5.4.5, the characteristic polynomial (5.2.14),
repeated,

det(A— A1) =(=2)" + 24 (=2)" "+ + 1y (<A) + sy (5.4.23)

and the formulas that connect the eigenvalues to the fundamental invariants like (5.2.20) (for the
N =3 case). These formulas prove one part of the theorem. Namely, if the eigenvalues are greater
than to zero, the fundamental invariants are greater than to zero.

The reverse implication follows from (5.4.23). The eigenvalues are the roots of the
characteristic equation, i.e., the roots of
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(=) + 1 (-2) T gy, (<A) gy =0 (5.4.24)

If the fundamental invariants are greater than zero, roots less than or equal to zero are not allowed
by (5.4.24) because the left side cannot add to zero. If the roots cannot be negative or zero, they
must be positive.

Theorem 5.4.6 is also valid is you replace positive definite with positive semidefinite and replace
the condition on the fundamental invariants with the requirement that they be nonnegative.

If we adopt an orthonormal basis {i, .i,,...,iy }, we can display the matrix of the Hermitian
linear transformation A :¥ — ¥ by the formula

E A12 A13 T AiN
Ao A Ay Aoy
M (A.i.i, )= Ao P Ao (5.4.25)
_H a E e ANN _

The second characterization of positive definiteness is a criterion known as Sylvester’s criterion.
This criterion says that a Hermitian liner transformation A :v” — ¥  is positive definite if and only
if its matrix with respect to an orthonormal basis is such that its N leading principal minors are
positive. The leading principal minors of the matrix (5.4.25) are the N determinants formed from
the upper left 1x1 corner, the upper left 2x2 corner, the upper left 3x3 corner and so forth.
More explicitly, the Hermitian linear transformation A :%» — ¥ is positive definite if and only if
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A, >0
detﬁ A12>O
A, A,

A, A, A
det|/A, A, Ayl>0
A, A, A,
A A A
Ao Au Ay
detl B A A
Av Ay Ay

An
Ao
Ao

A
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(5.4.26)

The proof of Sylvester’s criteria will not be given here.® However, its essential features will be

outlined in the exercises below...

Exercises

5.4.1 In Exercise 4.11.1 it was pointed out that when we are given a linear transformation

A ¥ — 4, the linear transformations AA™: % — % and the linear transformation A’A ¥ — ¥
are Hermitian. Show that they are also positive semidefinite. As positive semidefinite linear
transformations, their invariants are greater than or equal to zero. This fact provides an alternate

proof that the definition (4.9.34) does obey the fourth property of an inner product.

5.4.2 Show that for a positive definite Hermitian linear transformation A :7 — ¥ displayed as

the matrix

® An elementary proof for symmetric matrices can be found on pages 72-74 of Introduction to Matrix Analysis by
Richard Bellman, McGraw-Hill, New York, 1960. A more advanced proof plus additional references can be found at
http://en.wikipedia.org/wiki/Sylvester's_criterion.
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E A12 A13 7 AiN
A A A Ao
M (A.i.i, )= Ao P Ao (5.4.27)
_H a g o ANN_
_E A12 A13 . AiN_
R L I
the leading submatrices [AM]{Kl Aj' A, A, Al o Ae A A | are
A A A
_K E E o ANN_

all positive definite. As positive definite matrices, their fundamental invariants must be positive.
Each matrix has the number of fundamental invariants equal to its dimension. Included in the list
of invariants for each matrix is its determinant. Thus, we have established that if the matrix
(5.4.27) is positive definite, Sylvester’s criterion holds. The converse, namely if Sylvester’s
criterion holds then the matrix (5.4.27) is positive definite is not established by the arguments given
in this problem. A proof of the converse can be constructed a number of ways. A convenient one
involves what is known as a Cholesky decomposition.” Some of the details of this decomposition
are developed in the next exercise.

5.4.3 A Cholesky decomposition is a decomposition of an N x N matrix Ae.#"" into the
product®

A=LL" (5.4.28)

where L, e . #™" is a lower triangular matrix. It is a theorem that every Hermitian positive

definite matrix Ae.#""" has a unique Cholesky decomposition. The purpose of this exercise is to
establish this result.

a) You are given a positive definite Hermitian matrix Ae.#"*" . If you apply the results in
Section 1.7, the matrix A has the LU decomposition

" Information about Andre-Louis Cholesky can be found at http://en.wikipedia.org/wiki/Andr%C3%A9-
Louis_Cholesky.
8 Like the LU decomposition, the Cholesky decomposition is useful when finding the solution of Au=b in the

case where A is positive definite and Hermitian. The system Au = b is replaced by L, ( Lzu) =b. This equation is

solved by forward substitution and that result is solved by back substitution for u.
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A=LU (5.4.29)
where U is an upper triangle N x N matrix and L is a lower triangle nonsingular N x N matrix
with 1s down the diagonal. The fact that A is positive definite Hermitian shows that the

elementary LU decomposition exists. It also shows that the matrix U is nonsingular. Given the
fact that A is Hermitian, show that

LU =uL™ (5.4.30)

b) Show that the matrix L"U" is a lower triangular matrix and that UL ™" is an upper triangular
matrix. These two facts and (5.4.30) combine to show that there exists a diagonal matrix
D e.#"" such that

(5.4.31)
Show that
A=LDL (5.4.32)

and that D is a positive definite Hermitian matrix.
c) Explain why the diagonal matrix D can always be written as the square of a diagonal

matrix D, € .#"*" and that (5.4.32) can then be written®

*

A=LDL =LD2L =(LD,)(LD,) =L L, (5.4.33)

which is the Cholesky decomposition. The uniqueness of this decomposition follows from the
uniqueness of the LU decomposition in this case.

5.4.4 You are given the positive definite Hermitian matrix A e .#*®

4 —14i -10i
A=|14i 53 2 (5.4.34)
17
o 8 13207
I 17 289 |

You are also given that A has the LU decomposition

° The Cholesky decomposition can be implemented in other ways. For example, because A is Hermitian, there is a
unitry matrix T and a diagonal matrix D of eigenvalues of A such that A=TDT . Next apply the QR

decomposition, discussed in Section 4.1, to the matrix D%T* =QR. Then itis readily shown that A= R R which
is a Cholesky decomposition.



432 Chap. 5 . EIGENVALUE PROBLEMS

0 0|4 -14i -10i
A T 1 olo a4 140 +8i
2 17
51 35-2i 1 0 O 4
L 2 17 J
Show that, from (5.4.30), that
4 00
D=LU"=UL"=|0 4 0
0 0 4

Also, determine the Cholesky decomposition of A and show that

9 0 0 2 —Ti 70—5|4-
A=LL'=|7i 2 0 1+7 !
5 [0—4 0 0 2
i 17

(5.4.35)

(5.4.36)

(5.4.37)

Note the general feature displayed by (5.4.35) and (5.4.36) that the diagonal matrix D and the
upper triangular matrix U have the same diagonal elements. This fact is readily confirmed from

(5.4.30) and the properties of the LU decomposition.

5.4.5 Exercise 5.4.4 established that if the Hermitian matrix (5.4.27) is positive definite, its

principal minors are positive, i.e. obey (5.4.26). The converse, namely, that if (5.4.26) is true, the
Hermitian matrix (5.4.27) is positive definite. The key to this result is actually the result (5.4.32),

repeated,

A=LDL

(5.4.38)

Show that the elements of the diagonal matrix D € .#"" are related to the principal minors of

Ac.#"" by the formulas
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Dy =A;
Dzzzidetﬁ &
A A, Ay
A A, A
det|A, A, A,
Do 1B P A
detﬁ A
A, Ay,
Al A A Aw
Ar A A Aoy
el B A A A
S A AL A A,
A A A Ay
A Ay Ay Por1
el & A A Ay
AiN—l AZN—l ABN—l AN—l,N—l
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These results, when established, show that if the principal minors are positive the matrix
D e .#"*" is positive definite and, because of (5.4.38), the Hermitian matrix A< .#"*" is positive

definite.

(5.4.39)

Hint: In order to establish (5.4.39), recall that the diagonal elements of D and those of U , in the
LU decomposition, are the same. Given this fact, the result (1.7.71) gives the elements of U in

terms of those of A.

5.4.6 Show that the eigenvalues of a unitary linear transformation have unit magnitude.

5.4.7 Show that a linear transformation A:¥ — ¥ is nonsingular if and only if zero is not an

eigenvalue.
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5.4.8 You are given a nonsingular linear transformation A:7 — ¥  and a vector b e ¥ . Because
A is nonsingular, the equation Au =b has the solution

u=A"b (5.4.40)

Show that when A has N distinct eigenvalues the solution (5.4.40) can be written

u= Z%ij ,. (5.4.41)

where {v,,v,,--, v, } are the eigenvectors of A and b’ :<b,vj> where {vl,vz,---,vN } is the basis

reciprocal to {v,,v,,---, v }."

19 The result (5.4.41) is generalized in Section 6.8 for the case where the linear transformation A is singular.
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Section 5.5. Constant Coefficient Linear Ordinary Differential Equations

In Section 5.1, it was mentioned that eigenvalue problems arise in problems involving the
solution of systems of ordinary differential equations. In particular, they arise when solving
systems of constant coefficient linear ordinary differential equation. In this section, we shall see
how this particular eigenvalue problem arises.

It is important when studying ordinary differential equations to classify the kinds of systems
of ordinary differential equations being considered. We are interested in problems for which the
system can be written

‘;_’t‘: Ax +g(t) (5.5.1)

where x(t) isa N x1 column matrix, A isan N xN matrix and g(t) isa N x1 column matrix.

As the notation suggests, x(t) and g(t) are functions of a parameter t, which for simplicity we

shall regard as the time. Also note that the matrix A does not depend upon t. The initial value
problem associated with (5.5.1) is the problem of finding the function x = x(t) such that

& Axrg(t) and  x(0)=x, (552)

where x, is given.

It is typically the case that applications lead to systems of ordinary differential equations of
order higher than one. Equation (5.5.1) was selected as the starting place for our discussion
because almost all systems of linear constant coefficient ordinary differential equations can be
written in the form (5.5.1). Equation (5.5.1) is sometimes referred to as the normal form of a
system. This designation is probably more common when discussing the more complicated
problem of numerical solutions of systems of nonlinear equations. The following example
illustrates how a system of two second order linear constant coefficient equations can be put into
the form (5.5.1).

Example 5.5.1: Consider the two degree of freedom vibration problem:

U = () — U,— ()

C,

IAAA.

G

LAAA A

m m,
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where m, and m, are masses, k; and k, are spring constants, ¢, and c, are damping constants and
u, and u, are displacements. Finally, the functions f,(t) and f,(t) are forcing functions. The

constants m,,m,,k;,k,,c, and c, are positive constants. The ordinary differential equations which
govern the motion of this system are™

m1U1 = _C1u1 - klul +C, (uz - u1) + kz (U2 - ul) + f1 (t)
(5.5.3)

m,U, =—C,(u, —=u,) =k, (u, —u,) + f, (t)

du . . . . .
where, for example, u, = d_tl . This second order coupled system of ordinary differential equations

can be written in the form (5.5.1) if we define the 4 x1 matrix x(t) by

u,(t)
x(t)= Egg (5.5.4)
U, (t)
The first derivative of (5.5.4) is
G, (t)
dx(t) | u,(t)
dt |Gy (t) (5:59)
U, (t)

We now use (5.5.3) to eliminate U, (t) and U, (t). The result of this elimination is

19 Equations (5.5.3) illustrate a general feature of systems of linear equations governing forced vibration problems.
These equations always take the general form

Mii(t) +Cu(t)+ Ku(t)=£(t)

where M is a symmetric positive definite matrix of masses, C is a symmetric positive semidefinite matrix of
damping coefficients and K is a symmetric positive definite matrix of spring constants. The normal form of this

equation is
LN
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l']1
uZ
Ix(t) |Gy oKy %, mu) e, —u) 2 (1)
dt m, (r;nl m, ‘ m, 1 m,
——2 (U, —0,) ——=(u, —u) +— £, (t)
I m2 2 1 m2 2 1 m2 2 |
I 0 0 1 0 | 0
0 0 0 1 |[u(t) 0
~ _(k1+k2) k, _(Cl—i-cz) c, uz(t) . fl(t
- m, m, m, m, || u,(t) m,
k_2 _k_2 C_?- _C_2 l.]2 (t) fz t
L m, 2 m, m, | x(t) L m,
which fits the form of (5.5.1) with the choices
[ 0 0 1 0 |
0 0 0 1
N _(k1+k2) k, _(cl+c2) <,
B ml ml ml ml
kK k6 G
L m, m, m, m, |
and
-0
0
fi ()
g(t) I m
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(5.5.6)

(5.5.7)

(5.5.8)
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Section 5.6. General Solution

Given the fact, as illustrated by Example 5.5.1, one can write systems of ordinary
differential equations in the common form (5.5.1), in this section we shall examine how the
solution of these systems involve the solution of an eigenvalue problem. Before we display the
eigenvalue problem, we need to recall a result from the first course on ordinary differential
equations. The result is that linear inhomogeneous ordinary differential equations always have
solutions that can be written as the sum of a solution of the homogeneous equation plus a particular
solution. In our case, the ordinary differential equation is the system (5.5.1). Therefore, the
solution of (5.5.1) will be of the form

x(t)=x, (t)+x,(t) (5.6.1)
where x, is the general solution, i.e., the solution of the homogeneous equation

dx,
—Zh — A 5.6.2
at X ( )

and x, is a particular solution of

d
%: Ax, +g(t) (5.6.3)

This theoretical result is reminiscent of a similar result for systems of linear algebraic equations
that we discussed in Section 2.7.

The eigenvalue problem that arises when solving systems of linear ordinary differential
equations is when one is solving for the homogeneous solution. For simplicity, we shall assume for
the moment that our task is to solve a homogeneous equation and we shall delay the problem of

finding the particular solution. In other words, we are temporarily restricting our discussion to the
case

g(t)=0 (5.6.4)
We know from our experience with ordinary differential equations that the solution of

dx

—=A 5.6.5
e (5.6.5)

is often an equation of the form

x(t)=ve" (5.6.6)
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where v is a column matrix to be determined and A is a scalar, real or complex, which is to be
determined. You will recall that the general solution is a linear combination of solutions of the

form (5.6.6). Foran N™ order system one needs N linearly independent solutions of the form
(5.6.6) in order to generate the general solution.

If the assumed solution (5.6.6) is substituted into the ordinary differential equation (5.6.5),
we see that v and A must obey

Ave™ = Ave™ (5.6.7)
Because (5.6.7) must hold for all t, (5.6.7) reduces to the eigenvalue problem
Av = Av (5.6.8)
If (5.6.8) yields N linearly independent eigenvectors, the general solution is

X(t) =c,v,e" +c,v,e7 + Csvseﬁgt oo Gy vy et (5.6.9)

where c,,c,,...,C, are arbitrary constants. The constants are determined by imposing initial

conditions. Equation (5.6.9), which does not utilize the initial conditions, is usually called the
general solution to the homogenous problem. The form of the solution (5.6.9) shows that the

vector x(t) is the linear combination of vectors pointing in the direction of the eigenvectors. The
individual terms, v,e™,v,e* v.e® .. v e™, each pointing in the direction of an eigenvector,
representing the building blocks for the full solution x(t). If the solution to the eigenvalue

problem does not yield N linearly independent eigenvectors, then the mathematics is telling us that
the solution is not of the form (5.6.6).

It helps our later manipulations if we rewrite (5.6.9) in a slightly different form. As with
our examples in Section 5.3, we can arrange the eigenvectors as columns ofa N x N matrix T .
The notation we shall use is

Uy Vi Vg U (n)
2 2 2 2

Vo VY VY U (n)
3 3 3 3

Vg P Vg U (n)

T=[v, V.V |=| ‘ ' ‘ (5.6.10)

N N N N

Vg P Vg V(v

—_ e —— ——

L A\ v, v, Vv ]
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This definition, allows us to write (5.6.9) as

e 0 0 - - - 0]¢
0 e 0 - - - 0 |c¢g
0 0 e . . . 0|e¢c
x()=T| - . . . - (5.6.11)
0 0 0 - - - eM|cy]

Also, given (5.6.10), the solution to eigenvalue problem (5.6.8) is equivalent to the matrix equation
AT =TD (5.6.12)

where D is the diagonal matrix of the eigenvalues defined by

A 0 0 0
0 4 0 0
0 0 A 0

D=| .- . . . . (5.6.13)
00 0 - - - A

Of course, equation (5.6.12) is equation (5.1.10) given earlier. It simplifies our notation later if we
adopt the symbol e™ for the diagonal matrix that appears in (5.6.11). Therefore,

e 0 0 - - - 0
0 e 0 - - - 0
0 0 e . . . 0
=l . ... : (5.6.14)
0 0 0 - . . eM]

and the solution (5.6.11) can be written in the more compact form

x(t)=Te™c (5.6.15)
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where ¢ is the column matrix

c=| - (5.6.16)

Cy

Example 5.6.1: You are given the familiar second order ordinary differential equation governing
harmonic motion. Namely,

U+a@lu=0 (5.6.17)

where @, is a positive constant. If we define

u(t)
t)= 5.6.18
<0-{uto) 0629
The equation to solve takes the form (5.6.5) with
0 1
A{ ) } (5.6.19)
-ay 0
The eigenvalues of A are the roots of
0-14 1 s o :
det(A-Al)=| , =2+ = (i, — 1) (-, — 1) (5.6.20)
-y 0-4

We shall order the eigenvalues as follows:

A4 =i,

T i (5.6.21)

The eigenvector associated with the first eigenvalue is the solution of

0- ia)o 1 Ul(l)
{ ~wf  O-iw }[02 =0 (5.6:22)
0 0 (1)
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The reduced row echelon form of (5.6.22) is

—lw, 1 Ul(l) 3
{ 0 0}{ ) :l—o (5.6.23)

Therefore,

Ul(l) -t 1 . n//(/”il) =span 1 (5.6.24)
02(1) O i, 1o, -

Likewise, the characteristic subspace associated with the second eigenvector is

V(/lz):spanﬂ_ilw D (5.6.25)

These two eigenvectors give the solution to the system of two ordinary differential equations in the

form of a superposition of the two possibilities of solutions of the form x = ve® . The result, as
follows from (5.6.9), is

17 17
x(t):cl{ }e'%t +C{ _ }e et (5.6.26)
i,

i@,

Or, in the equivalent form (5.6.11)

1 1 Jle* 0 |c
X(t):{ia)o —iwj{ 0 ei“""}[cj (5.6.27)

This solution can be written in a more familiar form if we utilize the Euler identity
' =cos(mpt) +isin(wyt) (5.6.28)

These equations allow the general solution (5.6.9) to be written
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1], 1 .
x(t):cl{ }e"”"t +c2[ _ }e"“h‘
i, —iw,

6 o J(costa)+isn(an)) e, eos(an)-isin(ax)

@, —law,
I C,+GC i 1T 2 :
= i, (6 ¢, )}cos(coot) + L}: (((iq E C)z Jsm (t) (5.6.29)

:_ (¢, +¢,)cos(mpt)+i(c, —c,)sin(mpt) }
|y (—¢, — ¢, )sin(apt) + i, (¢, —C, ) cos(wyt)

_ [ d, cos(amyt)+d,sin(aypt) } {u(t)}

| —ayd,sin(mpt) + wyd, cos(at) || u(t)

where the complex coefficients ¢, and c, are related to the real coefficients d, and d, by the
formulas

c :%(d1 —id,) and ¢, =%(d1 +id,) (5.6.30)

Example 5.6.2: As a generalization of Example 5.6.1, you are given the problem of damped
harmonic motion governed by the ordinary differential equation

mi+cu+ku=0 (5.6.31)

where m,c and k are positive constants representing the mass, the damping coefficient and the
spring constant, respectively. The figure that is often associated with the ordinary differential

equation (5.6.31) is
}7 u —>‘
C |
YW

It is customary to introduce the symbols
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k
woz = ¢ = : (5.6.32)
m 2Ma,
and write the differential equation (5.6.31) as
U(t) + 2capu(t) + @, u(t) =0 (5.6.33)

Equation (5.6.33) modifies the ordinary differential defining harmonic motion, equation (5.6.17),
by the inclusion of the first derivative proportional to the dimensionless damping coefficient
(5.6.32),. If we define, as with Example 5.6.1,

u(t)
t)= 5.6.34
“0-{uto) (063
The equation to solve takes the form (5.6.5) with
0 1
A= ) (5.6.35)
-y —2¢w,
The eigenvalues of A are the roots of
0-4 1 ) )
det(A-Al)=| , =A% + 260,/ + @;
—@y 200, — A (5.6.36)
= (—ga)o +iaJ1-¢? —ﬁ)(—ga)o — iy 1-¢? —/”t)
We shall order the eigenvalues as follows:
=—Clw, +im\J1-C?
j’l g 0 0 g (5.6.37)

A, =—Cw, —lw, \/1_42

Equations (5.6.37) are written to fit what is called the under damped case. For this case, the
damping is assumed to be such that \/1-¢% >0.

The eigenvector associated with the first eigenvalue is the solution of

0+ a, —imp1-¢* 1 Ul(l) =0 (5.6.38)
—af 0- ¢, —io1-¢7 || V°

Y
The reduced row echelon form of (5.6.22) is
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{éwo—iwo 1-¢* 1}[”1@)]:0 (5.6.39)

Therefore,

Vg | 1 1
_ - 6.40
[02(1)] Uu{—(a)oﬂa)o«/l—é’z}jy(ﬂl) Spanﬂ(cooﬂa)o«/lé’zD (5.6.40)

Likewise, the characteristic subspace associated with the second eigenvector is

¥ (4,)=span U(wo B I;MD (5.6.41)

These two eigenvectors give the solution to the system of two ordinary differential equations in the

form of a superposition of the two possibilities of solutions of the form x = ve®. The result, as
follows from (5.6.9), is

! :le(_gwl_?)%t +C, { ' }e({_i@)%t (5.6.42)

X(t)zc{—ga)oﬂa)o«/l—é’z —Ca, —imy1- ¢

As with Example 5.6.2, this solution can be written in a more familiar form if we utilize the Euler
identity

e — cos( g 1—;2t)+isin(a)o 1—§2t) (5.6.43)

These equations allow the general solution (5.6.9) to be written
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1 —Cant plap1-¢2t 1 —Cant o—iap1-¢2t
X(t):CI_—ga)o-l-ia)O\/]?_eg glovte +02[_§w0_iw0\/1_7}e4 gl
=cl__§woJrial)o\/l_7_e4“’0‘(cos(a)0 1—§2t)+isin(a)0 1—§2t))
+02[ _1 }e‘g‘”"t(cos(co0 1—§2t)—isin(a)0 1—(;2t))
_é/a)o_la’o\/]?
{ Cl_+cz ]e‘g“’otcos(a)0 1—§2t)
_é/wo(c1+cz)+|wo‘\/1_é,2 (Cl_CZ)

i(c,—c,) ot -
+[_i§wo(cl_Cz)"'a’o\/]?(_cl_cz)}e Sm(wo 1_4, t)
I e‘g“’f"((cl+cz)cos(a)0 1—@“2'[)+i(cl—cz)sin(a)0 l—gzt))
= (e@ota)o 1-¢? ((—cl—cz)sin(a)0 1—§2t)+i(cl—cz)cos(co0 1;%))}

(5.6.44)
—ga)oe;%‘((clJrcz)cos(a)o 1—§2t)+i(c1—cz)sin(a)0 1—§2t))

e“”‘)‘(dlcos(a)0 l—gzt)+d23in(a)0 1—(2'[))
= (eg‘”otwoﬁ(dlsin(wo 1—§2t)+dzcos(coo 1§2t))J :[u(t)}

L™ (dlcos(co0 1- g“zt) +d, sin(a)o 1- gzt))

where the complex coefficients ¢, and c, are related to the real coefficients d, and d, by the same
formulas used with Example 5.6.2, namely,

c, :%(dl—idz) and ¢, =%(d1+id2) (5.6.45)
Example 5.6.3:
dy, (t
{0y 0650
(5.6.46)
dy, (1)
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16
The eigenvalues for the matrix A= L 2} are

A=-1 and 4, =4 (5.6.47)

The two characteristic subspaces turn out to be

o IS I

Therefore, from (5.6.9) the general solution of (5.6.46) is,
-3 2
x(t)= c{ ) }et +C, [Je‘“ (5.6.49)

The three examples above are typical of the solution procedure for finding the
homogeneous solution to systems of first order constant ordinary differential equations. The
solution procedure works because the geometric multiplicity of each eigenvalue has equaled its
algebraic multiplicity. In cases where this is not true, the solution is not as simple as the above.
The following example illustrates the problems that can arise.

Example 5.6.4
Py 0+ 1,00+ 1,00
2Ly, + v (5.6.50)
Ll -y,

This system can be rewritten as the matrix equation

WU _ ax(t) (5.6.51)
dt
where
111
A=|0 1 1 (5.6.52)
001
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Equation (5.6.51) is the matrix that we considered in Example 5.3.3. The results of that example
are that (5.6.52) has a single eigenvalue A =1 of algebraic multiplicity 3. The characteristic
subspace associated with this example has dimension 1. As a result, we cannot represent the
solution of (5.6.50) in the form (5.6.9). The general solution in this case turns out to be

[ ] 1
1 ) t+1t2 ce' +C,te' +c, (t +Et2jet
x(t)=c,|0|e'+c,|1|e'+cy| t [|e'= c,et + c,te' (5.6.53)
0 0 1 C,e'

which is not a solution of the form x = ve™.

Example 5.6.5: (Complex Eigenvalues) The system or ordinary differential equations is

dy, (t
ydl—t() = yl(t) + 5Y2 (t)
dy. (1) (5.6.54)
yé— = _Y1(t) + 5y2 (t)
t
In this case, the matrix is given by
1 5
A :{ } (5.6.55)
-1 5
and the eigenvalues are easily shown to be given by
=3-1
4 _ (5.6.56)
A, =3+i

The characteristic subspaces can be shown to be

¥ (4,)=span ([ZI 'D and  ¥(4,)=span L{Zl_ 'D (5.6.57)

Therefore, from (5.6.9) the general solution is
2+i , 2—i .
x(t)= c{ . }e(s_')t +¢, { 1 }e(‘q’“)t (5.6.58)

The solution is usually written in terms of real coefficients, as with Example 5.5.1, by using
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and

Therefore,

2+1
c{ . }em(cost—isint)+c{ .
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e(3_i)t — g3git — g3t (COSt =1 sint) (5.6.59)

e = e¥e =¢¥ (cost +isint) (5.6.60)

}e“ (cost +isint)

2(Cl+02)+i(Cl—Cz) e3tcost+ C1'*'(:2_2i(cl_02) e"’tsint (5.6.61)
c, +C, -i(c,—¢,)

2d. +d d, —2d
1T etcost+| 2 1e¥sint
1 _dz

d

(2d, +d,)e* cost+(d, —2d, )e* sint
d,e® cost —d,e* sint

Example 5.6.6: (Two Degree of Freedom Free Vibrations) Consider a generalization of the the
coupled spring-mass-damper system introduced in Example 5.5.1 shown in the following figure:

G,

—ue e

C, Cs

LALAY

m, m,

IAAAS LAAAS

The equations of motion for this system are a generalization of (5.5.3)

mlul = _Clul - klul +C, (U2 - ul) + kz (U2 - ul)
(5.6.62)
m2U2 =-C, (uz - ul) - C3U2 - kz (Uz - ul) - ksuz

The designation “free vibrations” refers to the fact that this example does not have external applied
forces. In other words f; (t) =f, (t) =0. In order to express the governing equations in normal

form define
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and, as a result,

I G, (t) |
u ()| fu(t) U, (t)
dx(t) d|u,(t)] |u,(t _
( ):_ .2( ) = 2() = _&ul__lul+c_2(u2_ul)+ (U, —u,)
dtdtju(t) | |G(t) m h 1 1
& (t) E (t) __2(U2 _Ul) : u, _k_z(uz _ul)_ > U,
L 2 m, 2
0 0 1 0 |
0 0 0 1 (lu(Y)
| ko+k, k, G +G, C, u, (t)
ml ml ml ml ul(t)
ko ktky oo gt ([0, (1)
L m, m, m, m, |
= Ay (t)

Therefore,

(5.6.63)

(5.6.64)



452 Chap. 5 . EIGENVALUE PROBLEMS
0 0 1 0 |
0 0 0 1
A _k1+k2 k_2 G +G C,
ml ml ml ml
ﬁ B k, +k, C GG (5.6.65)
L m, m, m, m, i
0 0 1 0
|0 0 01
12 1 00
|1 -2 00
The eigenvalues associated with the matrix (5.6.65) are given by
0-4 0 1 0
-2 0 1 0 -4 1
0 0-4 1
=-10 -4 1|+4-2 1 O
-2 1 0-4 O
-2 0 -4 |1 -2 -1
1 -2 0 0-4
-1 1 0 1 -1 1| -4 1
=-A| -4 - +|2 +
0 -4 |11 -2 -A |1 0
=-A(- ,13—2/1)+(2(/12+2) ) (5.6.66)
= A +42% +3= (/12+1)(/12+3)
8i—2)(—V8i-2)=0
Therefore, we can arbitrarily order the eigenvalues as
=3
7, =3 (5.6.67)
Ay =i
A, =1

The characteristic subspaces turn out to be
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_£| £|
3 3
¥ (4,)=span ?i ¥ (4,)=span —gi :
-1 -1
1 1 (5.6.68)

¥ () =span 1 .7 (A, ) =span

Therefore, from (5.6.9) the general solution is
__\/gi_ _ \/§i ;
3 3 [ —i
. : i —i| .
x(t)=c, ﬁi e+, _gi e 4c, . e +c, L e" (5.6.69)
-1 -1 1 1
- l - L 1 -

As usual, we can eliminate the complex exponentials by the formulas

e" =cost +isint
e =cost —isint
eV = cos+/3t +isin~/3t
e = cos+/3t —isin~/3t

(5.6.70)

The result of this elimination is

d, cost +d,sint +d, cos~/3t +d, sin/3t

)

) d, cost +d,sint —d, cos~/3t —d, sin/3t

= (5.6.71)
) —d, sint +d, cost —~/3d, sin+/3t +/3d, cos+/3t

)

| —d,sint+d, cost + J3d,siny/3t —+/3d, cosﬁt_

U (
x(t)= ‘JE
U, (

Example 5.6.7: The following figure shows a possible configuration of a three degree of freedom
system with linear springs, linear damping and forcing functions.
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This example is too complicated to work without the aid of MatLab or something equivalent. In
matrix form, the equations of motion for this damped three degree of freedom system are!

m 0 0] C,+C,+C -, —C U,
0 m, O/ + —C, C, +C, +Cq —C, u,
0 0 myf U —C, —C, C;+C, +C. || Uy (5:6.72)
k +k, =k, 0 u, f.(t)
+ =k,  k,+ky =Ky |lu, [=| (1)
0 -k, ks +k, || U, fo(t)
If we define
_M_ _%_
X, u,
X u
x=| °|=| ° (5.6.73)
X4 Ul
XS UZ
| %] | Us]

The matrix A in the standard form (5.5.1) is given by

! Note that (5.6.72) is in the form mentioned in footnote 6 of Section 5.5.
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0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
_k1+k2 ﬁ 0 G HC +G C,
A= m, m, m, m,
ﬁ _k2+k3 ﬁ C G HCHC
m2 m2 2 m2 m2
0 ks ks tk, G C
L m3 m3 m3 m3
and the matrix g(t) is given by
o ]
0
0
fi (1)
g(t) = m
f, (1)
m2
f (1)
L m3 i

If, for the purposes of this example, we adopt the numerical values
m=m,=1m,=2
k =k, =k, =1k, =2,
¢, =.3,¢c,=.4,c,=.4,c, =.06,c, =.06,c, =.02

The matrix (5.6.74) reduces to

o0 0 1 0 0
o0 0 0 1 0

A |0 0 0 0 1
2 1 0 -76 4 .06

1 2 1 4 -8 4
0 5 -15 03 2 -6

455

3|m0|—\oo

J;; '\’3 |wo =
+
U_‘O

3

(5.6.74)

(5.6.75)

(5.6.76)
(5.6.77)

(5.6.78)

(5.6.79)
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This is the matrix that was adopted when we worked Example 5.3.5. The eigenvalues for this

problem were given by equation (5.3.76), repeated,

2} =-0.6072 £1.6652i

2

4

/s

6

} =-0.2474 £1.2611i

} =-0.0654 +0.8187i

(5.6.80)

and the eigenvectors were given by equations (5.3.77), (5.3.78) and (5.3.79). With this
information, one could utilize our solution (5.6.15) and analyze this complicated problem. As
indicated above, the problem is too complicated to attempt without the aid of a computer. For our
purposes here, we simply want to note that the three degree of freedom system shown in the above
figure has six eigenvalues. These six, which occur in complex conjugate pairs, represent three
modes of vibration. In each case, the eigenvalues take the general form

A ==¢; tiw; for j=12,3 (5.6.81)
The positive numbers
¢ 0.6072
&, 1 =+0.2474 (5.6.82)
&, 0.0654

are the damping coefficients, and the three positive numbers

w ) [1.6652
o, =11.2611
w,| |.8187

are the natural frequencies.

Exercises

5.6.1 Find the general solution of the system

(5.6.83)
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% =2y, -6y,
% _y, -3y, (5.6.84)
Yoy, -2y,
5.6.2 Solve the initial value problem
a 27 2 (5.6.85)
%:—%yﬁ?yz y;(0)=1y,(0)=-1
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Section 5.7. Particular Solution

Given the solution to the homogenous equation as generated in Section 5.6, the next
question is how to generate the particular solution. This solution, combined with the results of
Section 5.6, can then be used along with initial conditions to yield the solution to the initial value
problem (5.5.2).

There are various ways to generate the particular solution. The method of variation of
parameters is probably the best to use at the present point in our understanding of eigenvalue
problems. This method builds the particular solution from the solution to the homogeneous
equation by a procedure we shall describe. For our purposes, the solution to the homogeneous
equation is equation (5.6.15), repeated,

x, (t)=Te e (5.7.1)

The variation of parameters method seeks a particular solution of the general form of (5.7.1) except
that the constants in the matrix ¢ are replaced by a function that must be determined. The form of
the particular solution we shall adopt is

x, (t)=Te"'w(t) (5.7.2)

where the N x1 column matrix of functions w(t) is the quantity to be determined. If (5.7.2) is
substituted into the ordinary differential equation (5.5.1), the result is

or 4w (1)

~=(AT-TD)e”w(t) +g(1) (5.7.3)

Equation (5.6.12) tells us that the first on the right side of (5.7.3) is zero, and, as a result, the
column vector w(t) is determined by

dw (t Dt -1
%:e- T g(t) (5.7.4)

where the notation e ™ stands for the square matrix
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e 0 0 - - - 0
0 e 0 - - - 0
0 0 e® . . . 0
e ™= . : S : (5.7.5)
0 0 R

It is elementary to show that the square matrix e ™" is the inverse of the matrix e defined by

equation (5.6.14). It follows from (5.7.4) that the solution for w(t) is given by the integral
w(t)=[" e T g(r)ds (5.7.6)

where, without loss of generality, we have taken selected the constant of integration such that
w (O) =0.

Equation (5.7.6) when combined with (5.7.2) gives the particular solution

X, (t)=Tew(t)=Te™ :;e"DTT"lg(r)dr
s (5.7.7)
=J-T20Te T g(7r)dr

Given (5.7.1) and (5.7.7) the solution (5.6.1) is

x(t)=x, (1) +x, (1

r= 5.7.8
:TeDtc+I :OtTefD(H)T_lg(r)dr 678)

Given (5.7.8), the solution to the initial value problem (5.5.2) is obtained by evaluating (5.7.8) at
t =0 which yields

c=T"'x, (5.7.9)
and allows the solution (5.7.8) to be written in terms of the initial condition as follows:
_ TADtT -1 P - D) -1
x(t)=Te™T *x, + [ Te ™ T g(r)dr (5.7.10)

Equation (5.7.10) is extremely general. Other than presuming the matrix A in (5.5.1) can be
diagonalized, i.e. has a basis of N linearly independent eigenvectors, it provides the solution to a
wide class of systems of inhomogeneous linear constant coefficient ordinary differential equations
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that occur in the applications. When A cannot be diagonalized, there is a generalization of (5.7.10)
that provides the solution. This generalization will be discussed in Chapter 6. In this section, we
shall restrict our discussions to cases where (5.7.10) is valid.

Example 5.7.1: As an illustration of how to use (5.7.10), consider the following initial value
problem

U+ wiu =H cos(wt) u(0)=u,, u(0) =y, (5.7.11)

We generated the solution for the homogeneous version of this equation in Example 5.6.1. In this
example, the forcing function H cos(et) is included in the ordinary differential equation. The

frequency @ is sometimes called the forcing frequency. The frequency «, is called the natural
frequency. The figure that is associated with this ordinary differential equation is

}—u—»‘
| 2

w_k
° m

_NW_ m f (t) = mH cos(wt)
—

k

The matrix form of (5.7.11); that we are trying to solve is

dﬁgt)‘wx(t){mo:(m} .

A g(t)

where x(t) is again defined by (5.6.18). It follows from (5.7.11), that the initial condition on
(5.7.12) is

x(0)=x, = {u‘)} (5.7.13)

In Example 5.6.1, we looked at the homogeneous version of this problem and derived its general
solution. Among the results from Example 5.6.1 that apply to this example is the solution to the
homogeneous equation written in the form (5.6.27), repeated,
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1 1 ot c
e I P S (5.7.14)
i, —lw, || 0 e’ |c,
It follows from (5.7.14) and (5.7.1) that the transition matrix in this case is
1 1
T= { _ } (5.7.15)
o, —lo,

The inverse of (5.7.15) is the matrix

pio_ e S Lo (5.7.16)
2w, | -y, 1] 2 o

Given (5.7.16), (5.7.15), (5.7.13) and the g(t) identified in (5.7.12), the solution (5.7.10) takes the
form

x(t) = TeT 'x, + I:;Te_D(T_t)T g (r)dzr

p
11 e @, [
e o “ ||t (5.7.17)
2|iw, —iw,|| 0O e 1 |
@, |
i i
—iap(r-t) 111 ——
1 pr=t 1 1 e “ 0 @, 0 d
+_
290w, —iw, 0 eiwn(H)_ 1 i cos(wr) ‘
L @

If the various square matrices are multiplied together, (5.7.17) can be written

1. - i —ia
X(t): E(e%t+e wot) m(ewgt_e uot) |:u0:|
iﬂ(eiwot _e—ia)ot) l(eiwot +e—ia)ot) Uy
i 1 i 1 (5.7.18)

_(e—i%(f—t)+ei%(f—t)) 0

=t 2

+L=0 ia)o( iap(e-t)  iay(r-t) 1/ Ciag(et i (7t {Cos(wr)}dr
0 (e _e ) _(e o (r1) | gion ))
2 2

: e—ia)o(r—t) _ eia)o(r—t))
2w,



Sec.5.7 . Particular Solution 463

If trigometric functions are introduced in place of the complex exponentials, (5.7.18) simplifies
further to

o o Ll

—m,sin(wpt)  cos(awyt) Yo

| cos(ay(e=1)  ——sin(ay(r=1) [ 0
+H[ @ cos( e |97 (5.7.19)
a)OSin(a)O(r—t)) cos(a)o(f_t)) { ( )}

U, Cos(@yt) +—sin(e;t) ——sm (@, (7 —t))cos(wr)

= @, HJ. dr
— @y, Sin (@4t ) + v, COs(ayt) cos(a)o (z—t))cos(wr)

If the integrations in (5.7.19)are carried out, the results are

U, €08 (@yt) +—Lsin (eyt) + ﬁ(cos(wot) —cos(at))

u(t) @ @
x(t)=] . =
( ) L (t)} —myU, sin(a)ot)+uo COS((OJ)+%(—% sin(a)ot)+a)sin(a)t))

(5.7.20)

This result shows that the harmonic motion consists of two components. One that oscillates with
the frequency @, and one with the forcing frequency @. Equation (5.7.20) also displays the

phenomena known as resonance. As the forcing frequency @ becomes close to the natural
frequency «,, the amplitude of the displacement grows large.

There is an interesting special case of (5.7.20) that we shall examine next. In this special
case, we select the initial conditions (5.7.13) to be u, =v, =0. These assumptions reduce the first

of (5.7.20) to

u(t) =(w%w§)(cos(a)ot)—cos(a)t)) (5.7.21)

An equivalent form of (5.7.21) is

u(t)= 22H (sin( G t)s (

0

) (5.7.22)
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Wy +

Thus, the solution is a combination of a high frequency component with frequency and a

. a)o - a)
low frequency component with frequency

. In the case where we simplify the numeric’s

with the choices H =1, o, =1and @=0.9, (5.7.22) produces the figure

F2usdt® +u=cos(ot)
18 T ! ! ;

15 | | | i
] a0 100 150 200 260

This figure displays the classical “beats” phenomenon which is the result of superimposing two
frequencies that are close in value. The figure displays two distinct effects. The effects are a high
frequency oscillation contained within a slow oscillation.

Example 5.7.2: If we repeat the above example except adopt as the starting place the ordinary
differential equation

U(t) + 26am,u(t) + @,’u(t) = H cos(wt) (5.7.23)

we will be studying damped forced vibrations. Example 5.6.2 discussed the free vibration or
unforced vibration problem for this ordinary differential equation. The following figure applies to
this case.
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}7 u —>‘ "
m 2Ma,
m f(t) = mH cos(wt)
——
YV
If we define, as with our earlier examples,
u(t)
t)= 5.7.24
o) o720
The matrix form of (5.7.11), that we are trying to solve is
dx (t 0 1 0
x(v)_[ o x(t)+ (5.7.25)
dt —w; —2lw, H cos(ot)
A g(t)

Recall from Example 5.6.2 that the eigenvalues and the transition matrix for this problem are

A =—Cw, +iwy\1-& (5.7.26)
A, ==y — iy J1-

and
1 1
| ¢, Hiop1-¢? —Co, —imp1- &
We shall continue to consider the under damped case. In other words, we are assuming that

J1-¢2>0.

The inverse of (5.7.27) is the matrix

T (5.7.27)
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T'=

. Y [
_ 1 [_é’a)o_ia)o\ll_é/z _1]_ 1 I(_é’_l e ) _;O (5.7.28)
ey 1-47 | Co, —imp1-¢* 1| 2y1-¢° _i(_§+i\/]7) -
Q,

0

Given (5.7.28), (5.7.27), (5.7.26) and the g(t) identified in (5.7.25), the solution (5.7.10) takes the
form

r=t
r=

x(t) = TeD'T’1xO + j . Te’D("')T’lg(r)dr

e

1 1 e““l\/:‘ 0
o +ioN1-C o —ioN1-C || o e

i(—./;—i 1—./;2) —

(i)

24J1-¢°

_. OS
1
oc DC

L 1

1 1
_—g“a)o+ia)0\/1—§z —{a)o—ia)(]\/l—é’z:|x

B i, \1-¢" (e-t)
_H [ e o |
W 0 e.mﬂ\Em)

=

(eeie) -

«

L 0

0
[ } (5.7.29)

cos(wr)

If the various square matrices in (5.7.29)are multiplied together, you obtain
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d\

) 2@005(@ \/;t)+2§sm(a) \/l—gt) 2 :
() e ool "]
2w, sm(a) \/th) Zcos(a)ox/;t)(\/l—?—ngin(a)ox/?t)) D
(2\1-¢ cos(a)«/l (- t)) |
—2§S|n(a)\/1 ¢’ (r )
J1—
. \/Lj”e“ﬂ‘”) [ }
2o cos(wr)
2005(0)0\/1—4.”2 (T—t))x
2wosin(co0\/§(r—t)) N
+2cjsin(a)0«/1—cj2 (r—t)) |

—fsin(wop(f —t))

\!\

(5.7.30)

If you keep expanding will eventually find, for the first row of (5.7.30)
u(t)=e* [uo cos(a)o(wll— cjz)t) + \/172 [&+ guojsin(a)o(\/l— - )t)]
I - —Ca)o Sln(a)o(\ﬂ &) (t-1) )COS (wr)dz

(5.7.31)

a)oxll ¢?

The integration formula

woﬂj-o ¢yt sin(a)o(\/l—7)(t—r))cos(a)r)df

= @ — @ (cos(a)t) —g cos(a)0 \/1—7’[)) (5.7.32)

2 2 2 2 2
(a)o—a)) +4 o

2
+ f {Za)a)osin(a)t) DO eg“’Otsm(a)o 1- gt))

(a)(f—a)z) +40 0t o J1-¢72
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can be substituted into (5.7.31) to get the complicated formula *2

u(t)=e“| u, cos(a)0 (\/1—7)t) + ﬁ[:—i’) + guOJsin (a)o (\/1—7)t)
+H %~ (cos(a)t) —e cos(a)O \/1—7t)) (5.7.33)

2
2 2 2 2 2
(a)o—a)) +4S o

2 2
+H ¢ waosin(wt)—we‘g“’o‘sin(a)o 1—§2t)

(a)g — o’ )2 +40 %0}’ \/1—7

This formula reduces to the earlier result, (5.7.20), in the special case ¢ =0. Equation (5.7.33) can
be rearranged into the form of a transient solution plus a steady state solution.

2

2 J—
u,— H D~ @ g ! cos(a)0 (J1-¢72 )t)

2
2 2 2 2 2
(a)o—a)) +4S o

2 2
n 1 2 (&_’_guO]_H é/ - - (;)02+a) — e—gwotsin(a)o [1_(21:)
1-¢2 @y V1-¢° (0f - ) +4¢ 0o

)

Goes to zero as t grows = Transient Solution

2 2
' — o
+H 9

28w,
(a)g — )2 +40 0t 0’

2
(coé - a)z) +40 0t 0’

Steady State Solution

cos(mt)+

sin(wt)

(5.7.34)

Within the context of the examples we have been working, equation (5.7.34) is very

general. It contains, as special cases, Examples 5.6.1 and 5.6.2 discussed earlier: It is helpful to
list these cases more precisely.

Important Special Cases:
a) Undamped Free Vibrations with initial conditions u(0)=u, and u(0)=v, (See (5.6.29))

2You can find the integral above in a good table of integrals. MatLab will also do the integration.
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U(t) = U, cos(ayt) +—2sin (wyt) (5.7.35)
@y

With the numerical values

m=10kg, k = 250kg /sec?
3 (5.7.36)

Uy :Bm, U, :—%m/sec

equation (5.7.36) produces the plot

Flot of u(t):uucostoaut)+(vnfcou)5in(coutj)

04 T T T '

04 3 i :
0

b) Damped Free Vibrations with initial conditions u(0)=u, and 1(0)=uv, (See (5.6.44))

u(t)=e* [uo cos(a)0 (Y1-¢72 )t) + ﬁ(;—‘; + ;uojsin (a)o (J1-¢72 )t)j (5.7.37)

With the numerical values
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m=10kg, k = 250Kkg /sec

3 1 (5.7.38)

Uy :Em, U, :—Em/sec

and a family of values of the damping coefficient equation (5.7.37) produces the plots

Under Damped Free Vibrations
0.4 : .

04 i : i i
0

c) Damped Forced Vibrations with initial conditions u(0)=u, and u(0)=v, (See (5.7.34)).

With the numerical values

m=10kg, k =250kg/sec’, c¢ =20,
w=4 H=1 (5.7.39)

3 1
, U, =—-—mMm/sec

Uy =-—m
10 10

the resulting plot of (5.7.34) is
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Forced Vibrations
04 g T T !

Sl B .................... .................... .................... .................... i

0 2 4 6 8 10

This figure illustrates how the solution quickly evolves to the steady state solution.

Exercises

5.7.1 Find the solution of the initial value problem

dy,

ot =2y, -6y, +1

Ye oy -3 (0)=2,,(0)= y5(0) =0
Al %:(0)=2,¥,(0)=y;(0)=
d

f:yz_zys

Answer:

e'+9"'-3t-8

t
wO1 1 g
yz( ) = Ee +Ee —-2t-5
Ys(t) 1 3

Ze'+=e' -t-2
2 2

—+

471

(5.7.40)

(5.7.41)
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Chapter 6

ADDITIONAL TOPICS RELATING TO EIGENVALUE PROBLEMS

Section 6.1 Characteristic Polynomial and Fundamental Invariants

When the eigenvalue problem was introduced in Chapter 5, we introduced in Section 5.2
the characteristic polynomial and the associated idea of fundamental invariants. In this section, we
shall built upon the results in Section 5.2 and introduce a few new results that will be useful in this
chapter.

Our formulas are going to involve powers of the linear transformation A: % — 7 . Aswe
have utilized earlier with matrices, the n™ power of a linear transformation A:¥ — ¥ is defined
by

A’=1, A"=AAA-A for n=12,.. (6.1.1)

n times

It follows from the definition (6.1.1) that the linear transformations A" and A™ commute. In other
words,

ATA" = ATA™ = A™ (6.1.2)
Given (6.1.1), a polynomial in A:7 — ¥ is a linear transformation g(A) of the form
9(A) =l + A+, A’ +-- -+ A" (6.1.3)
where n is a positive integer and the coefficients «,,;,,,...,, are real numbers.

The characteristic polynomial of a linear transformation A: ¥ — ¥ is given by equation
(5.2.14), repeated,

f(A)=det(A—Al)=(=2)" + 1 (-2)" "+ + a4 (-2) + 1 (6.1.4)

The coefficients x4, 1,,..., 1, are the fundamental invariants of A:¥”— ¥ . In Section 5.2, we
observed that

473
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w=1trA (6.1.5)
and

14, = det A (6.1.6)

For the case N =2, we gave the formula (5.2.20), for the invariant z, . The explicit formula for
the invariants in the general case turns out to be rather complicated. If {e,,e,,....e, } is a basis for
¥, then it is possible to show that the j" fundamental invariant is given by

5_‘11 6}% . . . 5|q1
5(12 5_‘12 . . . 5_‘12
1 & N . . o y
p== 3 Y A A AT (6.1.7)
| LA T A S Y I .
Y I R

As an illustration of (6.1.7), the second invariant, s, , is given by

1 N N 5(11 [h ) 1 N N ) )

4 z z |2 All A — = z z (é}qlé*iqz _é’iqzé'iql )Ah Al2

2 Gt | 5‘12 5‘12 92 2 e 1 Tl 1 Tl G 9z
2 7 1142 1172 (6.1.8)
N

% (A A - A A )= (A -0 A?)

0.0,=1
By a much more complicated calculation,
s :%trA3 —%(trA)trAz +%(trA)3 (6.1.9)

It is perhaps evident from (6.1.7) that the fundamental invariants will always be expressible as
linear combinations of products of powers of factors like tr A,tr A%,....tr A'. Equations (6.1.8) and
(6.1.9) illustrate this point. Equation (6.1.7) is not always the most convenient formula to use.
Fortunately, equations (6.1.8) and (6.1.9) are special cases of formulas that can also be derived
from the so called Newton Identities.> The iterative formulas that yield these results and others are

k i .
ket =2 (-1)"" gy tr A for k=12,.,N (6.1.10)

j=1

! See, for example, http:/en.wikipedia.org/wiki/Newton%27s_identities.
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where we have adopted the convention g, =1. It follows from (6.1.10) that

u=1tA
24, = ju tr A —tr A?
i, = p, tr A — gy tr A> +tr A

(6.1.11)

(N =) gty = ptyy o A= gy T A2 ot (=1)" 7 g tr AN 4 (<2) P r AN
Nty =ty o tTA = 1 o tr A 4t (1) g tr AN 4 (1) T r AV
Equation (6.1.9) can be seen to be a result of the substitution of (6.1.11); and (6.1.11), into (6.1.11)s.

Additional useful information about the fundamental invariants can be obtained if we look
again at the factored form of the characteristic equation (5.2.6), repeated,

f(2)=det(A-21)=(4 - 2)(4 - 2) (A —=2) (A —2) (6.1.12)

N Factors

As illustrated in Section 5 for the special case N =3, we can equate (6.1.4) to (6.1.12), expand the
products in (6.1.12) and obtain formulas for the invariants in terms of the eigenvalues 4,,4,,...,4, .

The results of this multiplication can be written?

N

p= Aoy A For j=12,.,N (6.1.13)

Ky Kg e k=1
1<k, <k, <--~<kj <N

|
' terms in the sum (6.1.13). It

CEN

For given N =dim¥” and j, it turns out that there are

follows from (6.1.13) that

2 Equation (6.1.13) defines what is known as an elementary symmetric polynomial. A brief but good discussion of
these polynomials can be found at http://en.wikipedia.org/wiki/Elementary symmetric_polynomial.
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=4+ A+ + A
ﬂzzﬂiﬂz+ﬂiﬂ’3+."+ﬂlﬂ“N +22ﬂ'3+ﬂ’2ﬂ'4+“.+ﬂ’2ﬂ'N +"'+/1N—1/1N

= 21/12/13 +/1122/14 toeet 21/12/1N + 1113/14 + Aiﬂ's/qs e +A’1231N Tt /IN—ZJ’N—IJ’N
: (6.1.14)

My = Ay - Ay

It is useful to note in passing that equation (6.1.13) and the expanded version equation (6.1.14)
remain valid if the eigenvalues are not distinct.
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Section 6.2 The Cayley-Hamilton Theorem

In Section 6.2.1 the idea of a polynomial in A: ¥ — ¥~ was mentioned. One polynomial of
importance is the one that was mentioned in Exercise 5.2.1. This polynomial is the one formed
from the characteristic polynomial by formally replacing the scalar parameter A by the linear
transformation A and the introduction of the identity linear transformation in the constant term.
The resulting theorem of importance involving this polynomial is the Cayley-Hamilton Theorem.
This theorem was stated without proof in Exercise 5.2.1. Basically, the Cayley-Hamilton Theorem
states that a linear transformation A7 — ¥ obeys its own characteristic equation. The formal
statement of the theorem was given in equation (5.2.33), repeated,®

(A" + 24 (-A) T+ g (<A) + 1 =0 (6.2.1)

where the characteristic equation is given by (6.1.4), repeated,

f(2)=det(A=A1)=(=2)" + 4 (=2)" "+ + 1y 4 (~A)+ sy (6.2.2)

In equations (6.2.1) and (6.2.2) N =dim¥ . Note that the polynomial (6.2.1) is identically zero for
all A:¥ — v . The polynomial (6.2.2) is zero for those A that are eigenvalues. The formal
theorem we shall prove is as follows:

Theorem 6.2.1: (Cayley-Hamilton). If f (1) is the characteristic polynomial (6.2.2) for a linear
transformation A:¥ — ¥, then

f(A)= (A + 1 (A ot (FA) + 1 =0 (6.2.3)
where N =dimy”.

Proof: The proof which we shall now present makes use of equation (1.10.50). If adj(A—Al) is
the linear transformation whose matrix is adj[Apq —/15” , Where [A"q] =M(A.e;.e,), then by
(5.25) and (1.10.50)"

@adj(A - A))(A - A1) = f () (6.2.4)

3 The polynomial f (A)=(=A)" + 24 (AN ™" +--+ 1,_,(=A) + 1, 1 = 0 is an example of an annihilating
polynomial. Another such polynomial that is important in linear algebra is the minimum polynomial m(A). Without

attempting a careful definition here, the minimum polynomial of a linear transformation is the lowest order polynomial

that annihilates a linear transformation A .
* In the case of a three dimensional vector space, equation (6.2.4) is a consequence of equation (4.10.37)

477
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By (1.10.48), it follows that adj(A — A1) is a polynomial of degree N —1 in 4. Therefore, this
polynomial will always take the form

adj(A— A1) =B, (=) " +B,(-A)" ? +---+B,_,(-1) +B,, (6.2.5)

where B,,...,B,_, are linear transformations determined by A. If we now substitute (6.2.5) and
(6.2.2) into (6.2.4), the result is
(Bo(=A)V 7 +By (=) +--+ By, (-4) + B, )(A - Al)

:((—A)N +M(—/1)N_1+"'+ﬂN71(_l)+,uN)l (6.2.6)

The next step involves forcing (6.2.6) to hold as an identity for all values of 4. The results of this
requirement are

B, =1
B,A+B, =l
B,A+B, =l

(6.2.7)
By oA +By =yl
ByaA =yl

Now we multiply (6.2.7)1 by (=A)", (6.2.7), by (-A)" ™, (6.2.7)3 by (-A)"?,...,(6.2.7)x by
(=A)" " etc., and add the resulting N equations, to find
(A" + a4 (A) T gy (FA) + 4 1=0 (6.2.8)

which is the desired result. Note that one can form the trace of (6.2.8) and obtain the earlier result
(6.1.12)n.

As a polynomial, (6.2.8) can be factored. In the case where we list the N roots as
A A0 Ay (6.2.8) factors into the expression

(A= A) (A1 = A) (Al = A)-- (21 =A) =0 (6.2.9)

N Factors
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where the order of the factors is unimportant. Equation (6.2.9) is suggested by the characteristic
polynomial written as in equation (5.2.6). If we wish to recognize the possibility that the
eigenvalues are not distinct, we can express the factorization of (6.2.8) as

(A1 =A)" (1= A)? (A1 =A)* (A 1-A)" =0 (6.2.10)

where, as in equation (5.2.26), d,,d,,d,,...,d,_ are the algebraic multiplicities of each eigenvalue
and obey

ZL:d. =N (6.2.11)

J
j=1
Again, the order of the factors in (6.2.10) is unimportant.

Equations (6.2.7) contain other results. For example, it follows from (6.2.5) that
B, , =adjA (6.2.12)
Given (6.2.12) and (6.2.7)4, it follows that
adjA =, 1 -B, A (6.2.13)
Given (6.2.13) and the next equation in the sequence of equations (6.2.7), results in the formula
adjA = g, 1 By ,A =y 1~ (1,1 —By ,A)A (6.2.14)
If this sequence of substitutions is continued through the set (6.2.7), the result is
adjA = (A" + 1 (A T+ (ZA) + gy ] (6.2.15)

Thus, the linear transformationadjA is expressed in terms of powers of A and the invariants
oy Ho oo iy g -

> For certain linear transformations there are lower order polynomials that are obeyed by A . The minimum
polynomial, for example, which was mentioned in the above footnote would take the form

(A1 =A) (21 =A) (1 =A)" (41 -A)" =0

where 1< r < dj . While we shall not prove it here, when =1for j=1,2,...,L there exists a basis of ¥ that

makes the matrix of A diagonal.
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Given (6.2.7), (6.2.12) and (6.2.15), it follows from (6.2.5) that

adj(A- A1) =B,(-A)" * +B,(-A)" ? +---+ B, _,(-4)+ B, ,

= (A" () +(-A))
+---+(—/1)(ny2| -ty (~A)+ (<A + (AT 4 (—A)N_z)
H(=A T+ 1 (AT, (AN e (6.2.16)
= AT (D) AT H (A D+ ) (-A)T
+---+((—/1)N’2 + ()" ey (-A) + /uN—Z)(_A)
F(ED T+ AN+, (A S (<2) + )]

The complicated formula (6.2.16) simplifies considerably if the parameter A is selected to be an

eigenvalue of A. In this case, after (6.1.13) is used to express the fundamental invariants in terms
of the eigenvalues of A, the result from (6.2.16) is®

adj(A—,zjl):ﬁ A-2])
-1 (6.2.17)

=(A=A1)- (A= 1) (A= 20) (A= 20)
for the case where 4 =4,, the j" eigenvalue in the set A, 4,,..., 4,
The steps from (6.2.16) to (6.2.17) can best be illustrated if we make the special choice

A =4, and use (6.1.13) or, equivalently, (6.1.14) to evaluate the coefficients in the polynomial of
linear transformations (6.2.16),. The sequence of formulas that result are

® A different derivation of (6.2.17) can be found in Elementary Matrices by Frazier, Duncan and Collar, Cambridge
University Press, 1938, Section 3.8.
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At =L Ay :kz_:ﬂ«
(_21)2 +u(—A) + 1 :(_/31)(_/31"'/11)4‘;“2

CAZA 2 Ak 2 s

(_21)'\‘_1 +ﬂ1(_ﬂ1)N_2 + i, (_/?'1)’\1_3 LI 2N (_/?1) + Uy
= (_%)((_%)N—Z +/"1(_ﬂ1)N_3 +"'+;UN—2)+/JN—1

N N
=(~4) 2 A A |* 2 Aot A A
ky ko K3 ky_ =2 ky Ko Kg Ky _p kg =1
2<k, <k, <kg<--<ky_p <N 1<k, <k, <kg<--<ky_p<ky_1 <N
N
= 2 Ao A, = oot A Ay (6.2.18)

kl,kz ,kg"',kN,z 1kN71:2
2<ky <ky <kg<-<ky_p <kn_1 <N

If these formulas are used in (6.2.16),, the result can be seen to factor into the form (6.2.17) for

A=A

In Exercise 4.10.5, a formula was asserted for the derivative of a linear transformation that
depends upon a parameter. This formula, equation (4.10.39), was stated in the context of three
dimensional vector spaces but it was asserted that it holds for vector spaces of arbitrary finite
dimension. If we accept this generalization, it follows from (6.2.2) that’

d
=———det(A-Al 6.2.19
lLlel dﬂ, ( ) ( )

A=0

If we utilize equation (4.10.39) to evaluate the derivative in (6.2.19), it follows that®

Ly, = tr(adjA) (6.2.20)

" Equation (6.2.19) is a special case of the formula which also follows from (6.2.2) that

[ = ((_l)N_j 9" det(A-21)

N—j)ldat

A=0

& A special case of equation (6.2.20) was given in footnote 3 of Section 5.2.
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If the formula (6.2.14) is used to calculate the right side of (6.2.20), the result is

1
N -1

fy 1 = =AU CA) T+ (A o TH(-A)) (6.2.21)

which is the result obtained earlier in equation (6.1.11)x.1.

Exercises

6.2.1 Consider the case where the linear transformation A:7 — ¥  has L distinct eigenvalues
Ay Aysen A IF A is one of those eigenvalues and its algebraic multiplicity is d;, use (6.2.4) and

(6.2.10) and show that

d* (adj(A—A1))|
da

(<) T(A1-A)

Kk
k

—

L:/lj Z (6.2.22)

= () (A A (A= A) (Al =AY (A A

6.2.2 Consider the linear transformation whose matrix is given by (5.6.65), repeated,

(6.2.23)

O O O -
-
o O O

-2

In Section 5, we showed that the eigenvalues of this matrix are given by (5.6.68), repeated,

(6.2.24)

Sg
o
| 1=
L@

Show that
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i3 1 -3 -1
adj(A— 1) = _._% i:/f ij§ _if (6.2.25)
3 -iv3 -3 i3]

Confirm (6.2.25) by direct calculation of the left hand side and, also, by use of the identity (6.2.17).

6.2.3 Consider the linear transformation whose matrix is given by (5.3.45), repeated,

111
A=|0 1 1 (6.2.26)
0 01
In Section 5, we showed that the eigenvalues of this matrix are given by (5.3.47), repeated,
A =1 (6.2.27)
and it has an algebraic multiplicity of 3. Show that
0 01
adj(A—41)=0 0 O (6.2.28)
0 0O

Confirm (6.2.28) by direct calculation of the left hand side and, also, by use of the identity (6.2.17).
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Section 6.3. The Exponential Linear Transformation

The exponential linear transformation is one example of a function of a linear
transformation. In other words, given a linear transformation A:7 — 7, the exponential

function, which we shall define, is a function g that maps A e #(7;7") into a linear

transformation g (A) . The exponential linear transformation is an example of an analytical

function of a linear transformation A:% — ¥ . These are functions that can be expressed as the
series

=Y pA" (6.3.1)

Example 6.3.1: A special case of equation (6.3.1) is the polynomial of a linear transformation
A:¥ — v defined by

g(A)=21+A+3A2+ A’ (6.3.2)

The exponential linear transformation is a special case of (6.3.1) defined by
A _ 1 2 3 _ n
et =1 +A+§A —A —Z—A (6.3.3)

The motivation for this definition is the power series representation of the ordinary exponential
function e*. Recall that this series takes the form

A _ 1 2 1 3 _w n
e _1+/1+Z/1 +§/1 +oe=Y =2 (6.3.4)

Equation (6.3.3) is formally obtained from (6.3.4) by replacing 4 with A and the constant term by
I . We shall often encounter the matrix exponential in the form

Al At A 42 A +-~-=ZiA"t“ (6.3.5)
2! 3! ~n!

which you obtain from the definition by the substitution A — At

The definition (6.3.3) and its equivalent definition (6.3.5) yield the following properties of
the exponential linear transformation:

a)

485
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e =1 (6.3.6)
b)
=e’l (6.3.7)
The proof of (6.3.7) follows from (6.3.5) and (6.3.4).
c)
) = gMle (6.3.8)

e

The proof of (6.3.8) involves forming e*"** from the definition (6.3.5) as follow

e — | L A(t +5) WL%A2 (t+s)° +%A3(t +8)° 4= ) =A"(t+s)" (6.3.9)

o n!

Next, we can again use the definition (6.3.5) and form the product

ete™ = (I +At +iA2t2 +1A3t3 +- j(l +As +iAzs2 +1A3s3 +- j (6.3.10)
2! 3! 2! 3!

The algebra is not pretty, but if (6.3.10) is expended and compared to (6.3.8) the asserted result is
obtained.

d)
(e’“)f1 —e ™ (6.3.11)

This result follows from (6.3.6) and (6.3.8) by the choice s=—t in (6.3.8).
€)
eAB —MeB jf  AB=BA (6.3.12)

The proof of (6.3.12) follows by use of the definition (6.3.5) to form both sides of (6.3.12). The
next step is to expand the result and utilize the given condition AB =BA

f) If A is given by the product
A=TBT (6.3.13)

then
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A"=TB"T" (6.3.14)
and it follows from (6.3.3) that
et =Te®T™ (6.3.15)

9) As introduced in Section 3.2, if {e,,e,,....e, } is a basis for 7", the matrix of

A:¥ — ¥ with respect to the basis is written M (A,e, ;). It follows from equation (3.4.19)
and the definition (6.3.3) that

M (" e,.e;)= gV (heei) (6.3.16)

In words, (6.3.16) says simply that the matrix of the exponential linear transformation is the
exponential linear transformation of the matrix.

h) If, for example, the linear transformation A: ¥ — ¥, has N linearly independent
eigenvectors {v,,V,,..., v, }, then, as explained in Section 5.1, the matrix of A with respect to this

basis takes the diagonal form (5.19), repeated,

4, 0 0 0|
0 4, O 0
0 0 0
D=M(Av,v,)= & (6.3.17)
10 0 O Ay ]
It is elementary to see that
A" 0 0 0 |
0 A4 0 0
D" = 0 0 4 0 (6.3.18)
0 0 0 - - Ay

As a result, the definitions (6.3.3) and (6.3.4) combine to yield
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_]n 0 0 .o 0
2™
0 1 N
0 > =4 0 .o 0
ron!
e’ = ii D'=| 0 0 iiﬂ;‘ 0
= n! = n!
0 l N
0 0 0 > =
L on! |
e 0 0 0]
0 e 0 0
|0 0 e 0
0 00 0 .- . e (6.3.19)
i) If we return to the case where {e,,e,,...,e, } is an arbitrary basis for ¥ and continue

to assume A has N linearly independent eigenvectors {v,,V,,..., v}, then the matrix of A with
respect to {v,,V,,..., v } is connected to the matrix of A with respectto {e,,e,,....e, } by (5.1.10),
repeated,

M(A v, v,)=T'M(Ae;e)T (6.3.20)

where T is the transition matrix. Given (6.3.13), (6.3.15), (6.3.16) and (6.3.19), it follows that

M (e*.e.e;)= g"(he%) _ g0y
e 0 0 0
0 e2 0 0
T 0 0 e 0 - (6.3.21)
0 0 0 - - en

In the special case where A has N distinct eigenvalues and, thus, N linearly independent
eigenvectors, equation (6.3.21) provides a useful way to actually calculate the exponential linear
transformation. The disadvantage of (6.3.21) is that it requires the calculation of the N
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eigenvectors in order to construct the transition matrix T . In cases where the eigenvalues of A are
not distinct, the situation is more complicated. For this reason, it is useful to outline an alternate
way to determine the exponential linear transformation. This alternate method has the advantage,
when applied to the case where the eigenvalues are distinct, that it does not need an explicit
calculation of the eigenvectors.

The Cayley-Hamilton theorem, equation (6.2.8), offers a method to simplify the series
expansion (6.3.3). Given this simplification, we can then develop a method of calculating the
exponential linear transformation. As a first step, it is helpful to illustrate this simplification by an
example.

Example 6.3.2: Consider the polynomial defined by (6.3.2) and assume for the moment that we
are dealing with a vector space 7~ such that N =dim¥ = 2. In this case, the Cayley-Hamilton
Theorem (6.2.3) specializes to

A% — A+l =0 (6.3.22)
This relationship reduces (6.3.2) to

g(A)=21+A+3A% + A’
=21+ A+3(A - 1)+ A( A - 1,1)
=21+ A+3( 1A - 1,1) + 14 (1A — 1) — 11, A
=(2-3pt, — pupty )V + (14 3p = g1, + 127 ) A

(6.3.23)

Because the degree of the polynomial was greater than N =dim¥ =2, the terms explicit in A?
and A® can be eliminated by use of the Cayley-Hamilton result (6.3.22).

The point illustrated in Example 6.2.2 can be applied to (6.3.3). Equation (6.2.8), written in
the form

(=A)" == (-A)" ==y 4 (A) — | (6:3.24)

can be used to eliminate the term in (6.3.3) corresponding to n= N in terms of lower powers of
A . The next term in the series, the one with the factor A"**, can be eliminated in terms of lower

powers of A because we can write A"* = AA" and again use (6.3.24). If we continue this
process, the series (6.3.3) always takes the form

N-1
e =, (s e pty ) A" (6.3.25)

n=0

where the coefficients «,,¢,,,,...,a,_, are complicated functions of the invariants. Given a linear
transformation A: 7 — 7, the problem of expressing its exponential as a function in the form
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(6.3.25) reduces to finding a method to determine the functions ¢,,¢,,,,...,,_, in the polynomial
(6.3.25). It is this calculation that we shall now explain.

Because we do not have anything equivalent to the Cayley-Hamilton theorem for scalars,

i.e. for N =1, we have no obvious way to reduce (6.3.4) to a polynomial. We can, however,
establish such a result in an important special case. By long division, (6.3.4) can always be written

% :i%zn —Q(2)f(2)+R(4) (6.3.26)

n=0"'"=
The remainder from the division, R(4), is a polynomial of degree N —1=dim¥ 1. The quotient
Q(4) is an infinite series in 4 obtained by dividing the series zilﬂ” by the characteristic
n-o N:
polynomial f (). Given the form of the series (6.3.4) for e’ and the series (6.3.3) for e”, it is
also true from (6.3.26) that
et = ziA” =Q(A)f(A)+R(A) (6.3.27)

However, the Cayley-Hamilton Theorem (6.2.3) tells us that f (A)=0. Therefore (6.3.27)
reduces to

=1 N-1 i
e = D AT =R(A) = 2 an (4t ) A (6.3.28)

where (6.3.25) has been used. The explicit form of the remainder as a function of A given in
(6.3.28), the formal similarity of (6.3.3) and (6.3.4) and the result (6.3.26) combine to give an
explicit form of the remainder as a function of the scalar 4. This explicit form is

R(/i)=NZ_lan (11 ey 1y ) A" (6.3.29)

This result allow us to write (6.3.26) as

L7 =Q(A) () + X eyttt iy ) 2" (6.3.30)

n—o N: n=0

The utility of (6.3.30) arises when the parameter A is an eigenvalue of the linear transformation
A:¥ — ¥ . Inthis special case, A is a root of the characteristic equation and (6.3.30) reduces to
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N-1
a, (th, by, pty ) A" for 2= an eigenvalue of A

-0

e/1 = i—lﬂ,n =

n=0 n:

>

If the linear transformation A:¥ — ¥ has N =dim¥~ distinct eigenvalues 4, 4,,...

can apply (6.3.31) N times and obtain the system of equations

N-1
&% =2y (fh by bl ) 2y

n=0

N-1
& = 3t vt ) 2

n=0

N-1
" =Dty (f gy ) A

n=0

This set of equations, when expressed as a matrix equation, takes the form

1 A4 A A | [e?
1 4 122 ﬂzN_l 2] e’
1 4 ﬂ'sz ﬂsN_l o | e®
1 A A AN e e ]

491
(6.3.31)
, Ay » then we
(6.3.32)
(6.3.33)

The matrix of coefficients is the transpose of the Vandermondian matrix that was introduced in
Section 1.10 and again in Section 5.4. Because the matrix and the transpose have the same
determinant, the determinant of the matrix of coefficients, as explained in Section 5.4, is

1A A A
1 4 A o
1 2 N-1 N
e e 0 ()
K
1 A Ay N

(6.3.34)

In the case under discussion, we have assumed the eigenvalues are distinct, thus the determinant
(6.3.34) is nonzero, and the system (6.3.33) has a solution. This solution can then be used along

with (6.3.28) to determine the exponential solution.
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Example 6.3.3: If we examine the case where N =2 and the two eigenvalues are distinct, the
system (6.3.32) reduces to

(6.3.35)

and the solution is

(6.3.36)

Given (6.3.36) and our assumption N =2, (6.3.28) reduces to

e = (/‘11#2)' +a1(:“1'ﬂ2)A
_ e - A" |+e*2 —eh
A =4 A =4
_ep AAlL L A4
/11_/12 /12_/11

(6.3.37)

Example 6.3.3 presumes the two eigenvalues are distinct. If this is not the case, i.e., if 4, =4, , the
logic that led to (6.3.35) only produces a single equation that connects the two unknowns
oy (14, 11,) and o, (14, 41,) . The key to how the argument above is modified in this case is

equation (6.3.26) and the characteristic equation in the case of multiple roots, equation (5.2.26). As
(5.2.26) illustrates, the polynomial f (1) vanishes at, for example, 2 =4, . In addition, for the root

A=,
dif(2)

dA’

=0 for j=1,2,..d,-1 (6.3.38)
A=

Equations (6.3.38) and (6.3.30) combine to yield

for j=12,..,d, -1 (6.3.39)

N
41 n
My yeoy 1 /1]
dw@ (£ by ooty

A=ty

with similar results for each of the other repeated roots.
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In order to be more explicit, consider the case where the linear transformation A: ¥ — ¥
has L distinct eigenvalues 4,,4,,...,4,4,,...,4_, where d, is the algebraic multiplicity of the
d; N-d,
repeated root. For this case, equations (6.3.39) yield the d, —1 equations

& = 0ty ) + 200ty ) - (N =1) i (f by )

e =20, (s ty ot )+ (N D) (N = 2) (st 1) A

(6.3.40)
e =(N=1)(N=2)-(N=d+L)ay_; (4 ooty ) 4"
For the distinct roots 4,,4,,...,4, , we have the N —d, +1 equations
N-—d,
N-1
e =D, (t tlyoons iy ) A
n=0
N-1
& =Y, (41t bty ) 1
n=0
(6.3.41)

N-1
& =3 1, (1, s i)
n=0

The N equations (6.3.40) and (6.3.41) yield the matrix equation for the N unknowns
Oy Ay Oy
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1 A4 /112 ﬂlel
0 1 24 (N _1)21N—2
0 2 (N-D)(N-2)4™"
0 0 (N =1)(N =2)--(N ~d, +1) 2%
1 4 A AN
_l A jf . lli\lfl |
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(6.3.42)

The matrix of coefficients is the (transpose) of a matrix known as a confluent Vandermondian
matrix. It can be shown to be nonsingular, thus it determines the unknowns «,,a;,...,c, ,. Asan

illustration of the repeated root case, consider the following example:

Example 6.3.4: We again examine the case where N =2 except in this case, the two eigenvalues

are not distinct. The system (6.3.32) yields the single equation
e = oy (14, i)+ o (1 1) 2
The second equation follows from (6.3.39). In this case it yields
e =a, (1, 1,)
Therefore, from (6.3.43)
oy (1) = (1= 2 )€™
Given (6.3.44), (6.3.45) and our assumption N =2, (6.3.28) reduces to

" =a (£t )V + 0y (40 1) A
=(1-4)e*l +e*A

=e" (1+(A-41))

(6.3.43)

(6.3.44)

(6.3.45)

(6.3.46)

Example 6.3.5: Consider the linear transformation defined in Example 5.3.1. Namely, the linear

transformation A: 7 — ¥ defined by
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Ae, =¢, +e, +4e,
Ae, =2e, —4e, (6.3.47)
Ae, =—e, +e, +5e,

where {el,ez,e3} is a basis for #". The eigenvalues are given by equation (5.3.4), repeated,

A =1
A,=2 (6.3.48)

A, =3

Because the three eigenvalues are distinct, the exponential linear transformation is given by
specializing (6.3.28). The resultis

A

e = ot (1, 4y, )V + 04 (11, 1o 115 ) A+ 0ty (111, 41, 1) A (6.3.49)

where the coefficients «¢,,c,,, are determined from (6.3.31). When (6.3.31) is specialized in this
case, the results are

% = oy (4, 1) + 04 (s ey 115) 2o + @ (114, 1 115) A
e* = a, (tts oy 1t5) + 04 (o, iy 185) 2 + 0t (/“1’/12’/“3)122 (6.3.50)

” =ay (o )+ (s 1y 115) Ay + 0y (111, 5 105 ) AL

where the eigenvalues are given by (6.3.48). If (6.3.48) is used, the solution of (6.3.50) turns out to
be

o (10 05) | (11 17T et 35 -3 13 ol
al(luluuznujg) =1 2 4 e2 = _E 4 _E eZ
az(:uvﬂzaﬂg) 1 3 9 e® o?
E 3 9
i 1 i (6.3.51)
_ 2 3
3e—3e“+e 6.0732
= —ge+4e2—§e3 =|-7.3678
1 1 4.0129
_e_e2+_e3
| 2 -

Therefore, (6.3.49) reduces to
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e* =6.07321 —7.3678A + 4.0129A° (6.3.52)

If we utilize (6.3.16) and the matrix representation of the linear transformation defined by (6.3.47),
equation (5.3.2), it follows from (6.3.52) that

Fﬁlﬂ 100 1 2 1 1 2 aF
e ™ °1=6.0732/0 1 0]-73678/1 0 1 [+4.0129/1 0 1
0 01 4 -4 5 4 -4 5 (6.3.53)
-5.3078 9.3415 -8.6836
=112.6965 -1.9525 8.6836
50.7859 -18.6831 37.4528
Example 6.3.6: The linear transformation in Example 5.3.2 has the eigenvalues
=-3
4 (6.3.54)
A, =3
where the algebraic multiplicity for A, is 1 and that for A, is 2. The exponential linear
transformation is given by
e =y (st 0 i)V + 0 (ps 1y 1) A+ 0ty (14, 11y, 105 ) A (6.3.55)

where the coefficients «,,,,, are determined from (6.3.31) and, because of the repeated root,
(6.3.39). When (6.3.31) is specialized in this case, the results are the two equations

™ = oy (), phy 1y ) + 0 (11, 1y 115) 2y + 0y (11 10y 115) A

. , (6.3.56)
e = o (1 1y 115) + 04 (fhyy 1y 1) 2y + 0ty (s 15, 185) 2
The third equation is our set follows from (6.3.39). The result is
e = (b y) + 20, (144, 1y 115) 2 (6.3.57)

Given the numerical values in (6.3.54), the solution of (6.3.56) and (6.3.57) is given by
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i s 3
&t 1605)] 1 -3 9T e 41 ‘l‘ 2 e
o (ot 1) [=[1 3 9 e’ |= R 0| ¢€°
a, (1, 1y, 1) 0 1 6 e’ 1 1 1 e’
36 36 6
B - (6.3.58)
oo 3¢
‘1‘ 14 ~15.052
= 863 —ge_s = 33393
2.791
5 3 1 73
—e'+—e
| 36 36
Therefore, (6.3.55) reduces to
e* =-15.0521 + 3.3393A + 2.791A° (6.3.59)

If we utilize (6.3.16) and the matrix representation of the linear transformation defined by (5.3.25),
equation (5.3.26), it follows from (6.3.59) that

[_Zf% 100 1 -2 2 1 -2 27
et 2 U-_15052|0 1 0[+3.3393|-2 1 2|+2791|-2 1 2
0 0 1 2 2 1 2 2 1 (6.3.60)
13.4070 -6.6786 6.6786
=|-6.6786 13.4070 6.6786
6.6786 6.6786 13.4070
Exercises
6.3.1 Show that the determinant of the exponential linear transformation obeys
dete” =" (6.3.61)

6.3.2 Determine the exponential linear transformation of the linear transformation defined in
Example 5.3.3 of Section 5.3.

Answer:

e =1.3591(1+A?) (6.3.62)
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Section 6.4 More About the Exponential Linear Transformation

In the case when there the eigenvalues are distinct, embedded in the calculations utilizing
(6.3.28) and (6.3.32) is a somewhat more elegant way to calculate the exponential matrix. The
essential fact that allows this more elegant formula to be obtained is a result known as the Lagrange
Interpolation Formula. Lagrange interpolation was mentioned in Exercise 2.4.2 and, later, in
Example 2.6.3. The essentials of the derivation of this formula begins with a polynomial of degree
N —1 that we shall write simply

f(X)=0ap +aX+a,Xt +-+ay X" (6.4.1)

The idea is to calculate the coefficients ¢, ¢, ,, ...,y _, from knowledge of the values
f (%), f(X,)..... f(xy)at N distinct points x,,X,,...,X . If (6.4.1) is evaluated at these points, the
coefficients «,,,,,,...,«, , are the solution of

2 N
Xl Xl 1
2 N-1
X, X - - X o f(x,)
N
3

= (6.4.2)

I Xy Xy - - Xﬂ_l Oy_1 f(XN)

If we were actually to calculate the coefficients we are led again to the solution of an equation of
the form (6.3.33). In this case, however, the polynomial is formally rearranged such that the
polynomial (6.4.1) is written

N
f(X)=ay+aXx+aX +-+ay X" =) 1(x)f (XJ—) (6.4.3)
=1

where the quantities I, (x) for j=1,2,..,N,are N —1 degree polynomials to be determined. One
obvious property that follows from (6.4.3) is

1 ifj=k
| = 6.4.4

These functions are solutions of
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11 1 L)) [ 1]
XX X Xy || L (X) X
X x  x X || 13(x) _ X2 (6.45)
X X O] X
Equation (6.4.5) follows from the multiplication of (6.4.2) by the matrix
N
[L(X) L(X) L(x) - - 1,(x)], making use of (6.4.3) to eliminate >I;(x) f(x;) from the
j=1

result and forcing the result to hold as an identity in the coefficients «,, o, ,,..., ¢y ;. Given what

we know about the determinant of the Vandermondian matrix, equation (6.3.34), and Cremers rule,
equation (1.11.6), we can write the solution for Il(x) , for example, as

1 1 1 - 1
X X, X; o Xy
X x ox - - X
| (X): xN-1 XZN—l X:;\l—l o Xsfl
! 1 1 P | (6.4.6)
Xl X2 XS XN
2 2 2 2
Xl X2 X3 XN
N-1 N-1 N-1 N-1
Xl X2 XS XN

with similar formulas for the other functions I, (x) for j=2,...,N. The two determinants in
(6.4.6) can be evaluated by the formula (6.3.34) to yield

ﬁ(x—xk)
L(x)= = (X_XZ)(X_XS)'.'_'_(X_X“) (6.4.7)
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The general expression for the functions |, (x) for j=1,2,....,N follows by a similar argument and
IS

e ol :<x—x1>,__<x—x,--1) (x=x1)  (x=%)
" ﬁ<x—xk> R N e B Oy B

k= j

Equations (6.4.8) and (6.4.3), combine to yield the Lagrange Interpolation Formula

ﬁ(x—xk)

=S 00 ()= 3 (5, e
- - [T(x—x)

(6.4.9)

Equation (6.4.9) is an identity for the N —1 degree polynomial (6.4.1). Given the duality
between polynomials and polynomials of linear transformations, we can apply (6.4.9) to the
polynomial (6.3.28) and write

=

(A—ﬂk')

~x

ol
—

N
=2

j=1

(6.4.10)

’:]z

(4-4)

%]

=~ x
—

Equation (6.4.10) is a special case of a result known as Sylvester’s Theorem.® Equation (6.3.37)3, a
result that was derived without the use of (6.4.10), is of the same form. The point is that the results
inOSection 6.3 contain results like (6.4.10). They are simply not manipulated into the form (6.4.10)

1

® See, for example, Elementary Matrices by Frazier, Duncan and Collar, Cambridge University Press, 1938, Section
3.9.
1% Sometimes equation (6.2.17) is used to write (6.4.10) in the equivalent form

:ieﬁ] adj(A- 1)
- H(ﬂ« 4)

k¢j
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As explained, (6.4.10) assumes that the eigenvalues are distinct. We shall not give the
generalization of (6.4.10) to the multiple eigenvalue case.'! It is useful to note in passing that in the
special case where a linear transformation has a single eigenvalue A4, the exponential matrix turns
out to be

1 1

e? =e‘(|+(A—M)+E(A—;u)2+§(A—M)S+.--+ !

(N -1)!

(A-2l )“J (6.4.11)
Equation (6.3.46) is a special case of (6.4.11).

Exercises

6.4.1 In this exercise, we shall develop the modification of Sylvester’s Theorem, equation (6.4.10),
in the case where N =3 that is appropriate for the case where the characteristic polynomial takes
the form

f(2)=det(A-Al)=(4 1) (4 -2) (6.4.12)

In other words, the first eigenvalue has algebraic multiplicity of two and the other eigenvalue has
algebraic multiplicity of one. The first step is to find a generalization of the Lagrange interpolation

formula to replace (6.4.9). If f(x) is the quadratic
f(X)=aq, +aXx+a,x° (6.4.13)

and we are given two values f(x,) and f(x,) for distinct values of x, and x, . In order to
complete the interpolation based upon (6.4.13), we are also given the slope, f'(x,),at x,. These
conditions and (6.4.13) yield the following three equations for the unknown coefficients «,,, and

a.

1 % X e f(x)
0 1 2x| al|=|f'(x) (6.4.14)
1 x X |a f(x;)

w

Equation (6.4.14) is an example of a confluent Vondermonde matrix (transposed). Show that

1 See, Elementary Matrices by Frazier, Duncan and Collar, Cambridge University Press, 1938, Section 3.10.
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1 x X
0 1 2x| =
1 X X
__ X, (2%, — X, ) X1 Xa Xt |
(Xl_X2)2 (Xl_XZ) (X1_X2)2
2%, XX 2%,
(Xl_X2)2 (Xl_XZ) (Xl—XZ)Z(XZ—X3)
B 1 1 B 1
L (X1_X2)2 (X =%) (Xl_xz)2 |
(6.4.15)
As with the derivation of (6.4.9), we are interested in how the polynomial (6.4.13) can be
rearranged into the form
00 =N, (%) (%) + My (%) £(x)+ N, (%) f (%) (6.4.16)

where the quadratics N, (x), M, (x) and N,(x) need to be determined. Show that these three
quadratics are given by

1 (Xl_x)2
-1\ (% =%)’
N, (X) 1 x X X
M) =0 1 2x| | |x|=|BeX)0e=x) (6.4.17)
N, (x) 1 x, X x° (Xl_xzz
(=)
(x=%)’

Finally, show that for the linear transformation A:%¥ — ¥~ whose characteristic polynomial is
given by (6.4.12) the exponential linear transformation is given by

e’*:eﬁl{l—w}e‘1 (A_%I)(A_Mhehw (6.4.18)
(h—4) (h—%) (h-2)

6.4.2 Adapt the results of Example 5.3.2 to the notation used in (6.4.18) and show that the
exponential matrix is given by
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. el+2e® e?-e® e-¢3 13.4070 -6.6786 6.6786
eh = 5 e’—e® e?+2e e*-e® |=|-6.6786 13.4070 6.6786 (6.4.19)
el—e3 e—e3 e®42e° 6.6786 6.6786 13.4070

This exercise is essentially the same as Example 6.3.6 except that here a basis has been selected to
represent the linear transformation that was unspecified in Example 6.3.6. Also, the method of
solution was built around the method introduced in Section 6.4.

6.4.3 Repeat Exercise 6.4.1 for the case where all of the eigenvalues are identical. In particular,
show that

eAzeﬁl(H(A—zll)%(A—m)zJ (6.4.20)

Equation (6.4.20) confirms (6.4.11) for the special case N =3.
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Section 6.5 Application of the Exponential Linear Transformation

One important application of the exponential linear transformation is to the study of certain
types of systems of linear constant coefficient ordinary differential equations. Our discussion of
ordinary differential equations in Sections 5.5 and 5.7 was limited to the case where the matrix that
defined the system or ordinary differential equations has N distinct eigenvalues. As illustrated in
Section 6.3, the exponential linear transformation can be calculated in cases where the eigenvalues
are not distinct and, thus, the eigenvectors do not form a basis. Therefore, the exponential linear
transformation can be used to generate the solution of systems of linear constant coefficient
ordinary differential equations in those cases where the matrix that defines the system does not
have N distinct eigenvalues. Before we illustrate this generalization, we need to establish a few
additional properties of the exponential linear transformation.

We begin with the exponential linear transformation in the form (6.3.5). When studying
constant coefficient linear ordinary differential equations, one of the most important properties is

deAt

e At =e™MA (6.5.1)

The exponential linear transformation is exceptional in that it commutes under multiplication in the
special way the last formula shows. This feature of polynomials of linear transformations was
pointed out in Section 6.1. The result (6.5.1) follows by differentiation of the formula (6.3.5). The
result of this differentiation is

At
de” _ArZansSany A
dt 2! 3! 41
l 242 1 343
=A| Il +At+ At +=At" - (6.5.2)
21 3!
=AeAt
Likewise,
At
g™ A+ 2ansSa st
dt 2! 3! 41
1 242 1 343
=| |+ At+ =A%t " +=At"--- |A (6.5.3)
21 3!
:eAtA

The fact that €™ obeys the ordinary differential equation (6.5.1) turns out to make the exponential
linear transformation of great importance when one tries to find the solution to (5.5.1).
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In Section 5.5, our study of ordinary differential equations involved finding the solution of

& axrg(t) (6.5.4)

where x(t) isa N x1 column matrix, A isan N xN matrix and g(t) isa N x1 column matrix.

The initial value problem associated with (6.5.4) is the problem of finding the function x = x(t)
such that

%: Ax+g(t) and  x(0)=x, (6.5.5)

where X, is given. As discussed in Section 5.6, the solution of (6.5.5) will be of the form
x(t)=x, (t)+x,(t) (6.5.6)

where x, is the general solution, i.e., the solution of the homogeneous equation
dx,
— = AX 6.5.7
it h (6.5.7)

and x is a particular solution of

d
%: Ax, +g(t) (6.5.8)

If (6.5.7) is multiplied by e™ and (6.5.3) is utilized, we find that x, (t) obeys

d(e™x
u =0 (6.5.9)
dt
Therefore, after (6.3.11) is utilized, the general solution is
X, (t)=e*h (6.5.10)

where h is an arbitrary N x1 column matrix. The particular solution is obtained from (6.5.8), for
example, by the same kind of procedure used in Section 5.7. The result turns out to be

=t

X, ()= e g(r)dz (6.5.12)

and, from (6.5.6), (6.5.10) and (6.5.11),
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x(t)=e*h+[" e g(r)dr (6.5.12)

Finally, if the initial condition x(0) =X, is applied to (6.5.12), the result is h =x, and (6.5.12)
becomes

x(t)=ex, +I:e‘A("‘)g(r)dr (6.5.13)

In the special case where the matrix A has N linearly independent eigenvectors, equation (6.3.21)
reduces (6.5.13) to our earlier result (5.7.10).

The method used in Chapter 5, in the special case where the matrix A has N distinct
eigenvalues and, thus, N linearly independent eigenvectors, is the preferred method to evaluate the

exponential matrix e* . However, when the matrix A does not have N linearly independent
eigenvectors, we need a method based upon the discussion in Section 6.2. The fundamental
equations are (6.3.25), (6.3.31) and (6.3.39). Even when the matrix has N distinct eigenvalues,
equations (6.3.25), (6.3.31) and (6.3.39) or, in this case, (6.4.10) have the advantage of not
requiring that the eigenvectors be explicitly calculated. In certain numerical situations, this fact can
be beneficial.

Before we utilize (6.3.25), (6.3.31) and (6.3.39) we must adjust these equations to
accommodate the substitution A — At. We could rederive these equations for the linear

transformation e*. However, this approach is not necessary. We simply need to agree that the
symbols 4, 1, ,..., 1, are the fundamental invariants of A and not those of At. Likewise, the

symbols 4,,4,,...,4, are the N, not necessarily distinct, eigenvalues of A rather than the

eigenvalues of At. With these understandings, the substitution A — At converts the fundamental
invariants by the rule —>tNyj and the eigenvalues by the rule 2; —t4,. Next, we redefine the

unknown coefficients in (6.3.25) to reflect a dependence on t. The result is

N-1
e =" a, (14, g iy 1) A" (6.5.14)
n=0
Likewise, (6.3.31) transforms into
N-1
e = a, (s, ttyr ey ,t) A" for 2= an eigenvalue of A (6.5.15)
n=0

and (6.3.39) transforms into

dJ’
W(e/u)

for j=12,..d,-1 (65.16)
=iy

) =
—tipht — ¥ n
ey (Z;a (£ s 11 1) A j
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The transformation A — At converts Sylvester’s Theorem, equation (6.4.10), to

=

(A=4d)

aN

(4-4)

k
k

~x
ol

(6.5.17)

eAt — ieijt

j=1

=

[N

*

In the case of the repeated root example discussed in Exercise 6.4.1, the answer (6.4.18) becomes

™ =e‘1{| —M}Lte‘“ (A-Al)(A-4]) +e'% w (6.5.18)
(h-4) (h-2) (h=%4)

Likewise, the result (6.4.11) becomes

1

1 2 3 1
e? :e’l[l +(A—/“Ll)t+§(A—/1I) t2+§(A—M) e

(N -1)!

Example 6.5.1: In Example 5.6.1, we calculated the general solution of the second order ordinary
differential equation

(A—/II)N_lt’“J (6.5.19)

li+aiu=0 (6.5.20)

where @, is a positive constant. The matrix A in this case is given by equation (5.6.19), repeated,

Ac {_0 1} (6.5.21)

o 0
The eigenvalues in this case are given by equation (5.6.21), repeated,

A4 =i,

T i (6.5.22)

The transition matrix, as follows from (5.6.24) and (5.6.25), is given by

11
T{ _ } (6.5.23)

iw, —io,
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Because this example is one where the eigenvalues are distinct, we have three equivalent ways to
calculate the exponential matrix e .

Method 1: The first method is simply to use (6.3.21) which, in this case, yields

i -1
oA _TelT 1 = l 1 glet O 1 l

i, —lw,|| 0 e |in, -—ig,
111 e 0 i 1
iy |im, —im, 0 e im -1

11 1 Jige™ e
2, | i, —iw, ||ime ™ —e

%(ei“"’t + e*‘wot) Ta)o(eiwot _ efi%t)
_%(ei%t _ e—iwot) %(ei%t " e—iwnt)
_ cos(ayt) wiosin(a)ot)

_—a)osin(a)ot) cos(apt) (6.5.24)

Method 2: The second method utilizes (6.5.14) and (6.5.15). From (6.5.14), the exponential
matrix is given by

At

e™ =y (s, 1, )V + o (14, 10, 1) A (6.5.25)

Because the eigenvalues are distinct, the coefficients o, (4, 4,,t) and a; (4, 1,,t) are determined
by specializing (6.5.15). The results are

el =a, (ﬂl’ﬂzlt)"'al(/“l’ﬂz’t)ia’o

N _ (6.5.26)
e = (14, 115,t) = oy (144, 115, 1)y

The solutions of (6.5.26) are

o () 115,t) = %(ei“’ot +e ) =cos(apt)
(6.5.27)

1 - : 1 .
1 ,t — lapt _ A—lopt - t
a, (14, t5,1) S (e e ) ” sin(myt)

If (6.5.27) and (6.5.21) are combined with (6.5.25), the result is again
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At

™ = (14 o ) | + 0y (1, 115, 1) A
:cos(a)ot)[é ﬂﬁtisin(a)ot){ 02 (ﬂ (6.5.28)

@, -,

cos(mpt) isin(a)ot)
= @,

—a,sin(apt)  cos(amyt)

Method 3: If this problem is worked utilizing Sylvester’s Theorem, equation (6.5.17), the result is
again

N k=1 _
ot =Zeljt k;] _ i z_&zl At ,/0{ _/1;:
- H(lj _ﬂk) ? 2
]
ot Atiayl it A i, |
210, 2Ny (6.5.29)
e g, 1| e -ig 1
iw, |~} ey | 2iw, | -~} i,
it Aot 1 it it
_ —(e% re ) 2, (e —e) | cos(at) wisin(a)ot)
B - 0
ia —i 1 ia _j .
—%(e ® g ‘”Ot) E(e LA ‘”Ot) ~a,sin(agt)  cos(ayt)

Example 6.5.2: In Example 5.6.2, we calculated the general solution of the second order ordinary
differential equation

U(t) + 26a,u(t) + @, u(t) =0 (6.5.30)

where @, is a positive constant and ¢ is a nonnegative constant. The matrix A in this case is
given by equation (5.6.35), repeated,

0 1
A{ } 6531)

- —2lw,

The eigenvalues in this case are given by equation (5.6.21), repeated,
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A ==Ly + ia’o\ll_gz
A =—Ca, _iwo\/l_é,2

As with Example 5.6.2, equations (6.5.32) are written to fit what is called the under damped case.

For this case, the damping is assumed to be such that \/1—¢? >0. We shall work this example
utilizing equations (6.5.14) and (6.5.15). From (6.5.14), the exponential matrix is given by

(6.5.32)

e™ =y (g, 1, )V + o (14, 10, 1) A (6.5.33)

Because the eigenvalues are distinct, the coefficients o, (4, 1,,t) and «, (4, 1,,t) are determined
by specializing (6.5.15). The results are

g ctgioni-c =a, (/ul’:u2’t)+a1 (M’ﬂzat)(_é/a)o + ia’o\/]?)

2 (6.5.34)
e T = a (ﬂl’ﬂZ't)+a1 (zulyﬂzit)(_é/a’o - ia’o\ll_é,z)
The solutions of (6.5.34) are
—gant é/ 1 2 2
o (f, fhy 1) = €75 [—sm wy\1— &Pt +cosap\1- & tJ
=< ( ) ( ) (6.5.35)

—Caopt
a A 1) = ——
1(1“1 Hy ) a)o\/]?

If (6.5.35) and (6.5.31) are combined with (6.5.33), the result is

sin (a)o Mt)
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At

€ :ao(ﬂuﬂzit)l +a1(/vﬁuuzvt)A

=g ! [ﬁsin (a)o 1—§2t)+cos(a)o\/l—7t)]{(1) ﬂ

+—e_§%t sin(a)0 1—§2t){ ° ! }

Wy J1— &} -2lw,
i 2 ; ] (6.5.36)
\/1——4(:05((00 1-¢ t) isin(a)o 1_42,[)
oo +gsin(wo 1—§2t) @,

1-¢* Jl—?cos(a)o 1—§2t)

_wosin(wo 1_§2t) _{;sin(a)o 1‘§2t)

The last two examples have the property that the eigenvalues are distinct and the associated
eigenvectors are linearly independent. An example where this is not the case is one based upon
Examples 5.3.3 and 5.6.4. This example is as follows:

Example 6.5.3: In Example 5.6.4, we considered the system of first order ordinary differential
equations

% = Y0+ Y, () + y5(0)
D)y, 0+ 1,00 (65.37)
dy,(t)

G Ys(t)

The matrix A in this case is given by equation (5.3.45), repeated,
111
A=|0 1 1 (6.5.38)
0 01
The eigenvalue in this case are given by equation (5.3.47), repeated,

A =1 (6.5.39)

and it has an algebraic multiplicity of 3. As explained in the discussion of Example 5.3.3, one
cannot construct a basis of eigenvectors for this problem. Given this fact, we can never the less
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proceed with the calculation of e based upon equations (6.5.14) through (6.5.16). In this case,
equation (6.5.14) reduces to

At

" = g () . 3, 1) | + 0 (1, 11y, 113, 8) Aty (11, 11, 115, 1) A2 (6.5.40)

For the eigenvalue 4, =1, equation (6.5.15) reduces to

t

€' =ao (14, o o 1) + 0 (fhs flo g, 0) + 0 (141, 41y, 115, 8) (6.5.41)

Because the 4, =1 has a multiplicity of 3, equation (6.5.16) yields

te' = (fh fo g 1) + 20, (4 1, 5, 1)

o (6.5.42)
te :2052(:“1’;“2’/"3”[)
Equations (6.5.41) and (6.5.42) yield
(e L)
Ao (4, 10 1, t) =| 1 t+§t e
oy (st 115, 1) = (t—12) ! (6.5.43)
1
az(/ﬁlﬂzvﬂzvt)zztzet
These results along with (6.5.38) and (6.5.40) yield
eAt:ao(/"l’/Jzyﬂyt)l+a1(:u1uu2uus't)A+a2(:ul’/vlzuus’t)Az
. 1 0 0] "111‘1"1112
:[1—t+5t2jet 0 1 0f+(t-t*)e'|0 1 1 +Et2et 011
0 0 1] 0 0 1] 0 01
1 1 0 O] _111_1_123
:[1—t+5t2jet 0 1 0f+(t-t*)e'|0 1 1 +Et2et 01 2 (6.5.44)
0 0 1] 0 0 1] 001
1t teip
2
=e'|0 1 t
0 0 1

Equation (6.5.44) also follows from (6.4.11) or from its special case, equation (6.4.20).
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Exercises

6.5.1 Calculate e™ for the matrix

16
A= L 2} (6.5.45)

that arose when we worked Exercise 5.6.3. Calculate e™ twice, first utilizing the fact that the
eigenvalues are distinct and second utilizing the second method used with Examples 6.4.1, 6.4.2
and 6.4.3 above.

_e4t +§e—t §e4t _Ee—t
Answer: e™ = 5 5 5 5
1 4t_1e—t §e4t+ge—t

6.5.2 Calculate e™ for the matrix

1 5
A= {_1 5} (6.5.46)

that arose when we worked Exercise 5.6.5. Calculate e™ twice, first utilizing the fact that the
eigenvalues are distinct and second utilizing the second method used with Examples 6.4.1, 6.4.2
and 6.4.3 above.

At

e* (cost - 2sint) 5e*sint }
Answer: e” =

—3e” sint e* (cost + 2sint)

6.5.3 Calculate e™ for the matrix

1 -2 2
A=[-2 1 2 (6.5.47)
2

that arose when we worked Exercise 5.3.2. Calculate e™ utilizing the appropriate forms of
equations (6.5.14) through (6.5.16). The calculations in this problem are similar to those used in
Example 6.4.2.
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. ey 0p¥ ¥ _g¥ ¥ _g
Answer:'? e = 3 e -e" e +2e* e¥-e™
e¥ LB gt g3t o3t oo

6.5.4. Use the formula (6.4.11), that was given without proof, and derive the result (6.5.44)

6.5.5 Utilize the result (6.5.44) and the general solution (6.5.10) and derive the solution (5.6.53)
that was given without proof in Section 5.6.

12 The answer to this problem can also be obtained from (6.5.18). In this case, it can be confirmed that
(A-Al)(A-41)=0

This result is actually the minimum polynomial for this linear transformation.



516 Chap.6 - ADDITIONAL TOPICS EIGENVALUE PROBLEMS



Sec. 6.6 . Projections and Spectral Decompositions 517

Section 6.6 Projections and Spectral Decompositions

In this section, we shall look deeper into the eigenvalue problem introduced in Chapter 5.
In particular, we shall introduce a special linear transformation called a projection and show how it
can be used to produce a decomposition, called a spectral decomposition, of certain linear
transformations A: 7 —> 7.

Definition: A projection is a linear transformation is a linear transformation P: ¥ — ¥  that
satisfies the condition

P2=p (6.6.1)
Theorem 6.6.1. If P: 7 — ¥ is a projection, then
¥ =R(P)®K(P) (6.6.2)
Proof. Let v be an arbitrary vector in 7. Let
w=v-Pv (6.6.3)

Then, by (6.6.1), Pw=Pv—P(Pv)=Pv—-Pv=0. Thus, we K(P). Since PveR(P), (6.6.3)
implies that

¥ =R(P)+K(P) (6.6.4)

To show that R(P) K (P)={0}, let ue R(P)K(P). Then, since ue R(P) for some ve ¥,

u=Pv. But, since u isalsoin K(P),

0=Pu=P(Pv)=Pv=u (6.6.5)

which completes the proof.

The name projection arises from the geometric interpretation of (6.6.2). Givenany ve?
then there are unique vectors ue R(P) and w e K(P) such that

V=U+W (6.6.6)
where

Pu=u and Pw=0 (6.6.7)
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Viewed as an eigenvalue problem, equation (6.6.7); shows that every nonzero vector u e R(P) is

an eigenvector and the corresponding eigenvalue is 1. Likewise, (6.6.7), shows that every nonzero
vector w € K (P) is an eigenvector and the corresponding eigenvalue is 0.

Geometrically, the linear transformation P takes v and projects in onto the subspace R(P)
along the subspace K (P). The following figure illustrates this point.

w=(1-P)w

u=Pv

Given a projection P, the linear transformation 1 —P is also a projection. It is easily
shown that

¥ =R(1-P)®K(1-P) (6.6.8)
and
R(I—P)=K(P), K(I—P)=R(P) (6.6.9)

Matrix of a projection P: ¥ — ¥ takes a simple form if a judicious choice of made for the
basis of ". If N =dim¥ and R=dimR(P), the basis of " can always be written

€,,€,,..,5,€r.1,€r.1-Ey (- It fOllows from the result (6.6.7) that

Basis for R(P) Basis for K(P)
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Pe, =

{ek for k=1,2,...,.R (6:6.10)

0 for k=R+1,....N

Therefore, the matrix of P: 7 — 7 with respect to the basis {e,,e,,...,6z,€z,1,8.1,--, 8y | IS

1 0 0
010 0
0
M(P,ej,ek): 00 1 ) (6.6.11)
-
RxR
00 . 0 0
0
00 0

Given the matrix (6.6.11), the characteristic polynomial of the projection is
dm(P—AU:dm(M(P—ALeP%)y:@%)WR@_if (6.6.12)

Theorem 6.6.1 is a special case of the following theorem.

Theorem 6.6.2. If P, k=1,...,R, are projection operators with the properties that

P?=P, k=1..,R (6.6.13)
PP, =0, k#q -
and
R
| =ZPk (6.6.14)
k=1
then
¥ = R(Pl)('B R(pz)@...(—D R(PR) (6.6.15)

The proof of this theorem is left as an exercise. It is a small generalization of the proof of Theorem
6.6.1. Asa converse of Theorem 6.6.2, if ¥~ has the decomposition
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V=AD - DY (6.6.16)
then the R linear transformations P, : 7~ — 7 defined by
PVv=v,, k=1..R (6.6.17)
forall vey , where
V=V, +V, +- 4V, (6.6.18)
are projections and satisfy (6.6.14). Moreover, % =R(P,), k=1,...,R.

If the vector space ¥ is an inner product space, the adjoint of a linear transformation
A: v — ¥ isalinear transformation A": ¥ — ¥ defined by the following special case of the

definition (4.9.1)
<v2,AV1>:<A*v2,v1> forall v,v,e? (6.6.19)

If we apply the definition (6.6.19) to the projection (6.6.1), the definition becomes

<v2,Pvl>:<P*v2,vl> forall v,v,e? (6.6.20)

If we form the inner product <(I —P)v,, Pv2> , the definition (6.6.20) allows the result to be written

(1=P)v,, Py, ) = (P (1=P)v,, v, ) = ((P" = P'P)v,,v, ) (6.6.21)

The conclusion from (6.6.21) and the definition (6.6.1) is that if the projection P is self adjoint,
i.e., if P=P" then the subspaces R(P)and K(P) are orthogonal. As explained in Section 4.11,

this geometric relationship between orthogonal subspaces is written
R(P)=K(P)" (6.6.22)
In this case, the projection is called an orthogonal or perpendicular projection.
In Section 5.4, it was pointed out that for eigenvalue problems for which the geometric
multiplicity is equal to the algebraic multiplicity for each eigenvalue of a linear transformation

A: ¥ — ¥, then the vector space ¥~ admits the direct sum representation

V=V (1) OV (L) ® @V (1) (6.6.23)
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where 4,,...,4_ are the distinct eigenvalues of A. Given the representation (6.6.23), then every
w e ¥ has the unique representation

L
W=W, +W, +-+W_ =D W, (6.6.24)
=1

The representation (6.6.24) allow us to define L projections P, : ¥ — ¥~ by
Pw=w, for k=1,..,L (6.6.25)

The L projections P, : 7 — ¥ defined by (6.6.25) obey (6.6.13) and (6.6.14). Given (6.6.24), it
follows that

AW=A[ZWJ}:ZL:AWK :iﬂkwk (6.6.26)

k=1 =

where the defining condition for the k" eigenvector, Aw, = A4, w, , has been used. Given (6.6.25),
equation (6.6.26) yields

(A—ZL:AkPkJW:O (6.6.27)

Equation (6.6.27) holds for all vectors w e ¥". Therefore, (6.6.27) yields the spectral
decomposition of A: ¥ — 7 interms of its eigenvalues and projections into its characteristic
subspaces. The result is

A= ZL:ﬂkPk (6.6.28)

k=1
The representation (6.6.28) holds for linear transformations for which the geometric multiplicity is
equal to the algebraic multiplicity for each eigenvalue. If this condition does not hold for each
eigenvalue, then (6.6.28) is not valid.

Given (6.6.28), it follows from (6.6.13) that
A" = AP, (6.6.29)

for a positive integer n. Equation (6.6.29) shows that the exponential matrix (6.3.3) takes the form
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el i—|A” i(ii‘ Jk:Ze‘*Pk (6.6.30)

n-o N: k=1 \n-o N

where (6.3.4) has been used. It is also true that

::M—‘
s\H

AT -3,

(6.6.31)

1

The quantity A" obeys

1\ 1 1
[A”j =A"- AN =A (6.6.32)
—_—

n times

and gives an analytical expression for the n" root of a linear transformation that has the spectral
decomposition (6.6.28).

Example 6.6.1: In this example, we shall consider again Example 5.3.1. This example solved the
eigenvalue problem for the linear transformation A:7 — ¥  defined by (5.3.1), repeated,

Ae, =e, +e,+4e,
Ae, =2e, —4e, (6.6.33)
Ae, =—e, +e,+5e,

where {el,ez,e3} is a basis for ¥". The problem is to determine the spectral decomposition

(6.6.28) for this example. This particular example was one where the three eigenvalues were
distinct and the associated characteristic subspaces were one dimensional. In Example 5.3.1, we
wrote the three eigenvalues as in (5.3.4), repeated,

A =1
A,=2 (6.6.34)
A =3

and the three eigenvectors as in (5.3.20), repeated,
1 1
Vv, = —Eel + Eez +€,
1 1
Vv, = _Eel +Ze2 +e, (6.6.35)

Vv, = —le1 Jrie2 +e,
4 4
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The three projections P,,P, and P, are defined by (6.6.25). With respect to the basis of
eigenvectors, {vl, vz,v3} , their components are given by

% for j=Kk
Pv, ={ " J (6.6.36)
o for j=k

Therefore, with respect to the basis of eigenvectors, {v,,v,,V,}, the projections have the following
matrices

100
M(P,v;v,)=0 0 0
000
[0 0 0]
M(P,v;v,)=[0 1 0 (6.6.37)
0 0 0]
[0 0 0]
M (P.v;,v,)=|0 0 0
0 0 1]

The matrices of the three projections with respect to the basis {e,,e,,e,} are given by the usual
basis transformation formula (3.6.18). Therefore,

M(Ae; e )=TM (A v, v )T (6.6.38)

where A is any one of the matrices in (6.6.37) and T is the transition matrix based upon the basis
change (6.6.35). This matrix was given earlier in equation (5.3.22), repeated,

111
2 2 2
T+ 11 (6.6.39)
2 1 1
11 1

Given (6.6.37), (6.6.38) and (6.6.39), it follows that
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111 11
121214100121214
_ -1 _
M(P.e;.e )=TM(P,v;v,)T" = > 1 3 888 > 1 3
1 1 1 1 1 1
_ - - - _ - (6.6.40)
1t 1 0 o L
12121410004—1 21
-l = =Zloo0o0||4 -4 0|=[0 2 -=
24 4150 0)a o 2 2
1 1 1 B 0 4 -1
Likewise,
2 2 0
M(P,.e;.e)=TM (P, v,,v,)T*=|-1 -1 0 (6.6.41)
4 -4 0
and
-1 0 21
2
i 1
M (Ps.ej.e )=TM (P, v, v, )T =| 1 0 > (6.6.42)
4 0 2

It is elementary to show that the relationships (6.6.13) and (6.6.14) are obeyed by the projections
whose matrices are given by (6.6.40), (6.6.41) and (6.6.42). In addition, these formulas along with
(6.6.34) can be used to confirm the spectral decomposition (6.6.28) in this case. Finally, one can
use (6.6.40), (6.6.41) and (6.6.42) along with (6.6.30) and rederive the result (6.3.53) that was
obtained earlier by a different method.

Example 6.6.2: In this next example, we shall consider again Example 5.3.2. This example solved
the eigenvalue problem for the linear transformation A: ¥ — ¥ defined by (5.3.25), repeated,

Ai, =i, —2i, +2i,
Ai, =-2i, +1,+2i, (6.6.43)
Ai, =21, +2i, +1,
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where {i,,i,,i,} isan orthonormal basis for #". The problem is to determine the spectral

decomposition for the linear transformation defined by (6.6.43). This particular example was one
where there were only two distinct eigenvalues. The two eigenvalues are given by (5.3.28),
repeated,

A =-3

)3 (6.6.44)

The algebraic multiplicity for 4, is 1 and that for 4, is 2. The characteristic subspace ¥'(4,) is
one dimensional and is spanned by the vector, from (5.3.41), repeated,

vV, =—i, —i, +1, (6.6.45)

The characteristic subspace ¥*(4,) is two dimensional and is spanned by vectors {-i, +1i,,i, +i,}.
Without loss of generality, we can take the basis of ¥ (/12) to be the pair of vectors

V,=—i,+i, and v,=i, +i, (6.6.46)

The two projections P, and P, are defined by (6.6.25). With respect to the basis, {vl,vz,vs}, their
components are given by

v, for j=1
Pv; = .
0 for j=2,3

_ (6.6.47)
{O for j=1
Pv. =

V. for j=2,3

Therefore, with respect to the basis of eigenvectors, {vl,vz,vs}, the projections have the following
matrices

(6.6.48)

M(Pz,vj,vk):

O 0O oo O O Bk
O r O © O O
r O O O o o

The matrices of the two projections with respect to the basis {il, i2,i3} are given by the usual basis
transformation formula (3.6.18). Therefore,
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M (Aii)=TM (A v, v, )T (6.6.49)

where A is any one of the matrices in (6.6.48) and T is the transition matrix based upon the basis
change (6.6.45) and (6.6.46). This matrix was given by,

1 -1 1
T=-1 1 0 (6.6.50)
1 0 1

Given (6.6.37), (6.6.38) and (6.6.39), it follows that

|
|
AN

-1 -1 171 0 O][-1 -1 1
M(P.i; i )=TM(P,v, v, )T"=[-1 1 0}|0 0 0||/-1 1 0
1 0 1j0 0 0J[1 0 1
B A I S
1 -1 1]t 00 3 33 |3 3 3 -
R R
1010001 12|11
'3 3 3] |3 3 3]
Likewise,
(2 1 1]
3 33
. , 1 2 1
M (Py.ii,)=TM (P, Vv, )T = 3 3 3 (6.6.52)
112
|3 3 3]

It is again elementary to show that the relationships (6.6.13) and (6.6.14) are obeyed by the
projections whose matrices are given by (6.6.51) and (6.6.52). In addition, these formulas along
with (6.6.44) can be used to confirm the spectral decomposition (6.6.28) in this case. Note that the

matrices (6.6.51) and (6.6.52) are symmetric matrices. Because the basis {i,,i,,i,} is orthonormal,

the projection linear transformations are symmetric and, as mentioned above, the image spaces
¥ (4,) and ¥ (4,) are orthogonal. Finally, one can use (6.6.51) and (6.6.52) along with (6.6.30)

to rederive the result (6.3.60) that was derived earlier by a different method.
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Example 6.6.3: In Example 5.3.4 the eigenvalue problem was solved for the linear transformation
A: v — v defined by (5.3.53), repeated,

Ae, =g, (6.6.53)

Of course, {el,ez,e3} is a basis for #”. The eigenvalues for this problem are given by equation
(5.3.56), repeated,

4=%(1+i)
A, =1 (6.6.54)
ﬂf%l—i)

and the three eigenvectors are given by (5.3.69), repeated,

=ie, +¢e,
e, (6.6.55)
=—ie, +¢e,

Vi
Va
Vs

The three projections P,,P, and P, are defined by (6.6.25). As with Example 6.6.1, with respect to
the basis of eigenvectors, {vl, v,, v3} , the projections have the following matrices

100
M(P,v;v,)=0 0 0
000
[0 0 0]
M(P,.v;,v,)=|0 1 0 (6.6.56)
0 0 0]
0 0 0
M (P,v;,v, )=|0 0 0
0 0 1]

The matrices of the three projections with respect to the basis {el,ez,e3} are given by
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i 0 —ilf1 0 ofi 0 i
M(P.e;.e)=TM(P,v;v,)T*=/0 1 0[0 0 0|0 1 0
10 1/0 0 0f[1 0 1
i 0 171 0 i (6.6.57)
i 0 —i||1l 0 0} » 2 2 2
=|01 0[/0 000 1 0[=0 00
10 1Jooofi 1| i 1
2 2] L 2 2]
Likewise,
000
M(P.e; e )=TM(P,v;,v,)T*=/0 1 0 (6.6.58)
000
and
S
2 2
M(Ps.e;.e,)=TM(P,v;,v,)T*=[0 0 0 (6.6.59)
LR
L2 2 |
Exercises

6.6.1 Consider the special case where the linear transformation A:7 — ¥ has N distinct
eigenvalues and show that the projections P; for j=1,2,...,N are given by the explicit formulas

N

[T(A=21)

k#j
p=X

J N

[1(4-4)

for j=1,2,...,N (6.6.60)

6.6.2 Example 6.6.2 involved the arbitrary choice (6.6.46) of the basis for the two dimensional
characteristic subspace ¥"(4,). Other choices are possible. For example, rather than (6.6.46) one
could take

vV, =1,+I,

and v, =-2i, +i, i, (6.6.61)
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The two vectors (6.6.61) can be show to span 7'(4,). Show that the two projections P, and P, are

again given by (6.6.51) and (6.6.52). The point of this exercise is to illustrate that when the
geometric multiplicity is greater than one the corresponding projection into the characteristic
subspace does not depend upon the basis selected for the characteristic subspace.

6.6.3 Show that the fundamental invariants of a projection P:¥ — ¥  are given by

I
L for j=12,...,R
i = (R=j)j! (6.6.62)

0 for j=R+1,..,N
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Section 6.7 Tensor Product of Vectors

In this short section, we shall introduce a notation that is convenient in certain applications.
The notation is connected to an operation known as the tensor product of vectors. In rough terms,
if one is given a pair of vectors in an inner product, the tensor product is an operation that creates a
linear transformation from the two vectors. The convenience of the notation is that it allows a
somewhat more convenient connection to be made between linear transformations and components
of linear transformations.

Definition: If f isa vector in an inner product space¥” and g is in an inner product space % ,
their tensor product, written g ®f, is a linear transformation in g&®f : ¥ — % defined by

(g®f)w=g(w,f) (6.7.1)

forall win ¥ .

Because of the properties of an inner product, it should be evident that the quantity g®f as
defined by (6.7.1) is, in fact, a linear transformation as defined in Section 3.1. It is important to
note that g®f #f ®g.
The definition (6.7.1) and the properties of the inner product combine to show that

(A9, +10,)®F =40, ®F + ug, ®F (6.7.2)
and

g ® (Af, + uf,) = A9 ®F, + g ®f, (6.7.3)
for scalars A, ue® . Itisalso true that

(g®f) =f®g (6.7.4)

Equation (6.7.4) follows from the definition of adjoint, equation (4.9.1), and the definition of the

tensor product, equation (6.7.1). The following sequence of calculations establishes (6.7.4). From
the definition of the adjoint (g ®f)"

(@®f)uv)=(u,(g®f)v) (6.7.5)

If the definition (6.7.1) is utilized, (6.7.5) can be written
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(@®f)uv)=(u(g®f)v)=(u,g(v.f))
=(u,g)(f,v) =(f(u,g),v) = ((f®g)u,v)

Because (6.7.6) holds for all vectors ve ¥ and ue %, (6.7.4) is obtained. Another relationship
that holds is

(6.7.6)

(d®c)(g®f)=(g,c)(d®F) (6.7.7)

for the product of two linear transformations g®f: 7 —»> % and d®c: % > ¥ . If {e,,e,,...e, }

is a basis for ¥ and {b,,b,,...,b, } is a basis for # , the matrix M (g ®f,ek,bj) is given by

B glf_l g1f2 glf_3 L glf_N
ng_l g2f_2 g21:_3 . . . ng_N
3¢l
M(g@f.e.b,)=| '
M f_l M .I:_2 M f_3 M .I:_N
3991 tetg LR (6.7.8)
gZ
g’ T £
— |:.I:1 f 2 .I:3 f N:I
gM
The definition (6.7.1) allows the formula (3.2.3), repeated,
M .
Ae, => Alb, k=12..,N (6.7.9)
j=1

to be written in an alternate form which is sometimes convenient. If {el,ez,...,eN} is the reciprocal

basis to {e,.e,,....e, }, then it is true from (4.7.7), repeated,

<ek,eq>=5qk for q,k=12,..,N (6.7.10)

Therefore, (6.7.9) can be rewritten
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M M N

=Y ALb =Y Alb 5 = ZZA’ (e,

j=1 j=1 q=1 j=1 q=1

MN j q (6.7.11)
= Al b.®e" |e

N
An arbitrary vector v € ¥ has the representation v = Zukek , it follows from (6.7.11) that
k=1

i=1 gq=1

M N
[A—ZZqubj(@quv:O (6.7.12)
]

for all vectors ve¥ . Therefore,

A:iZN: Alb, ®ef (6.7.13)

=1 g=1

By the usual changes between basis and reciprocal bases, one can establish the following
equivalent forms of (6.7.13)

M N

A:iiqubj ®e’=>"> Alb, ®e,
’;1 " ;Al - (6.7.14)
:Zz AlqbJ ®el = ZZ Aqu‘ ®e,
j=1 g=1 j=1 q=1

Example 6.7.1: If 1.7 — ¥ is the identity linear transformation and { €yyeny N}, then equation
(6.7.13) yields

M ON
=Y Y 5le,®e'=e, ®e' +e,®e’+---+e, @e" (6.7.15)
j=1 g=1

Example 6.7.2: For the eigenvalue problem given in Example 5.3.1, we defined a linear
transformation A:7 — ¥ by equation (5.3.1), repeated,

Ae, =e +e, +4e,
Ae, = 2e, —4e, (6.7.16)
Ae, =—e, +e, +5¢e,

If we apply the representation (6.7.13) to the linear transformation (6.7.16), the result is
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=l (6.7.17)

If we represent A: ¥ — ¥ with respect to its basis of eigenvectors defined by (5.3.20), repeated,
1 1
V1 = —Eel +§e2 +es
1 1
Vv, :—EelJrZepLe3 (6.7.18)

1 1
V3 = —Zel +Zez +es
The representation of A:%7 — ¥  becomes

3 -
A= 2V, @V =v,®V' +2v,®V* +3v,®V’ (6.7.19)
j=1

where the components with respect to the basis {vl, v2,v3} are given by (5.3.21) and where
{vl,vz,v3} is the reciprocal basis to {v,,v,,v,} . Itis readily established that the three linear

transformations v, ® v*, v, ® v’ and v, ® v* are projections into the characteristic subspaces
¥ (4), ¥ (4,) and ¥ (1), respectively.

Example 6.7.3: For the eigenvalue problem given in Example 5.3.2, we defined a linear
transformation A:7 — ¥ by equation (5.3.25), repeated,

Ai, =i, —2i,+2i,
Ai, =-2i, +i, +2i, (6.7.20)
Ai, =2i, +2i, +1,

If we represent A:¥ — ¥ with respect to its basis of eigenvectors defined by (5.3.40) and 5.3.41),
repeated,

V, =i, +i, (6.7.21)

The representation of A:% — ¥~ becomes
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3 .
A=AV, ®V =-3v, @V +3(v,®V +Vv,®V°) (6.7.22)
j=1

where the components with respect to the basis {vl, v2,v3} are given by (5.3.42) and where
{vl,vz,v3} is the reciprocal basis to {v,,v,,v,}. Itis readily established that the two linear

transformations v, ® v* and v, ® v + v, ® v* are projections into the characteristic subspaces
¥ (4,) and 7'(4,), respectively. From our earlier discussion of this example in Section 6.7, it
should be clear that the matrix of v, ® v* with respect to the orthonormal basis {i,,i,,i,} is given
by (6.6.51) and the matrix of v, ® v’ + v, ® v* with respect to the same basis is given by (6.6.52).

Exercises:

6.7.1 If A:¥ — % has the representation (6.7.13), show that the adjoint A" :% — ¥ has the
representation

A = iZN:A_iqeq ®b, (6.7.23)

i1 oL
6.7.2 If A:¥ > % and B:% — v are linear transformations show that
A(v®u)B =Av®BuU (6.7.24)
where ve? and ue % .
6.7.3 If f and g are vectors in an inner product space ¥, show that
tr(g®f)={(g,f) (6.7.25)

6.7.4 If f isa vector in an inner product space 7" g a vector in an inner product space % , and
B:% — 7 alinear transformation show that

(9®f)B=g®(Bf) (6.7.26)
and
B(g®f)=(Bg)®f (6.7.27)

6.7.5 In Section 4.3, the Gram Schmidt Orthogonalization process was introduced. The
fundamental equations that defined that process were equations (4.3.22), repeated,
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i = = for k=12,.,K

Use the definition of tensor product and show that these equations can be replaced by

i =D for k=12,..K
[P

where P, : v — 7, for k=1,2,...,K, are the orthogonal projections

k-1
|

P =1-Y>i,®i,

j=1

(6.7.28)

(6.7.29)

(6.7.30)

Also, show that the normalizations that appear in (6.7.29) can be evaluated with the formulas

IPeec]| = /(e Peei)

(6.7.31)
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Section 6.8 Singular Value Decomposition

In this section, we shall discuss what is known as the singular value decomposition of a
matrix. The discussion begins with a linear transformation A:¥ — % , where ¥ and % are finite
dimensional inner product spaces. As we have done before, we shall write N =dim¥~ and

M =dim% . Also, we shall write R =dimR(A) for the dimension of the image space R(A). We
know from our discussions in Chapters 2 and 3 that

R<min(M,N) (6.8.1)

The singular value decomposition arises from the calculation of the so called singular
values and the singular vectors of A:7 — % . These quantities are defined as follows:

Definition: If 4 isanonzero scalarand ve ¥ and ue % are nonzero vectors such that
Av = uu (6.8.2)
and
A'u=puv (6.8.3)
then x4 is asingular value of A and v and u are a pair of singular vectors of A.
It follows from (6.8.2) and (6.8.3) that
A'Av = uA'u = 1Pv (6.8.4)
Likewise, it follows from (6.8.3) and (6.8.2) that
AA'U = uAv = 1u (6.8.5)

Equation (6.8.4) shows that . is an eigenvalue corresponding to the eigenvector v of the linear
transformation A"A: % — ¥ . Likewise (6.8.5) shows that 4 is also an eigenvalue corresponding

to the eigenvector u of the linear transformation AA”™ : % — % . If we utilize the identities (4.9.5)
and (4.9.9), it is readily established that

*

(A'A) =A'A (6.8.6)

and
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*

(AA") = AA (6.8.7)

Therefore, the two linear transformations A'A: ¥ — ¥ and AA" : % — % are Hermitian. They
are also positive semidefinite because

(v, AAV) =(Av,Av) = |Av| >0 (6.8.8)
and

u, AAUY) = (AU, AU =[AT[ >0 (6.8.9)

(1 AAY) = (A'u A=A

These facts and the results summarized in Theorems 5.4.3 through 5.4.6 tell us that the
characteristic subspaces of A"A: 7 — ¥ and AA" : % — % , respectively, are mutually orthogonal
and that the eigenvalue, x° is greater than or equal to zero. The fact that #* >0 makes it
convenient to change notation slightly and write

A= (6.8.10)

and adopt the convention that we shall always use the positive square root of (6.8.10) and write the
singular values as

u=- (6.8.11)
It is a theoretical result that
K(A)=K(A'A) (6.8.12)
This result was established in Section 4.4 for the case when ¥~ and % are real inner product

spaces. The particular result is given in equation (4.4.13). That proof is easily modified to fit the
case where ¥~ and % are complex inner product spaces. If we apply the rank nullity theorem,

Theorem 3.3.5, to the two linear transformations A and A"A , we can conclude that
dimR(A) =dimR(A’A) (6.8.13)

The kernel of A"A , by definition, consists of those vectors v e ¥ that obey A"’Av=0. The
dimension of the kernel, by the rank nullity theorem is N —R. Therefore, the linear transformation

A’A has zero for an eigenvalue and it has an algebraic multiplicity of N —R. From (6.8.12), the
vectors in the kernel of A"A are in the kernel of A and conversely.
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In Section 5.2, we introduced the idea of the spectrum of a linear transformation as the set
of its eigenvalues. Given the fact that A"A: ¥ — ¥ is Hermitian, positive semidefinite and has
N —R zero eigenvalues, the spectrum of AA is the set of nonnegative real numbers

N-R

Spectrum(A'A) _{21,4?,...,4 ,o,...,o} (6.8.14)
R
An entirely similar argument tells us that the spectrum of AA”™ is the set

Spectrum (AA”) = {@,@,...,AR u} (6.8.15)

MR
The convention we shall follow is to order the eigenvalues {4, 4,,..., 4} such that

A2 2Nz 0 >0 (6.8.16)
Therefore, the singular values are ordered as follows:

JAh A 2 2>, >0 (6.8.17)

We have not assumed that the singular values are distinct. We have, however, ordered the singular
values so as to give a list of R =dimR(A) nonzero quantities.

In Section 5.4, it was established that Hermitian linear transformations possess an
orthonormal basis consisting entirely of eigenvectors. Given this fact, we can always construct an

orthonormal set {V,,V,,V;,..., Vg, Vg,y,..., vV } Of N eigenvectors of A"A and an orthonormal set

{U;,U,, Uy, Ug Ugy,.. Uy | OF M eigenvectors of AA™. Given this construction, it is true that

. Av; for j=1..,R
A'Av; = _ (6.8.18)
0 for j=R+1,..,N
and
. Au; for j=1..,R
AAuU; = _ (6.8.19)
0 for j=R+1,.,M

It is important when constructing singular values and singular vectors to build the orthonormal sets
{V1, V5, Va1 Vi, Vigygseon Vg } @0 {U;, U, Uy, Ug, U,y Uy | sUch that the vectors obey (6.8.2)
and (6.8.3). These relationships are summarized by rewriting (6.8.2) and (6.8.3) as
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Au. for j=1,..,R
Av, = VA J (6.8.20)
0 for j=R+1,...,N
and
. Av. for j=1.. R
Au =V P (6.8.21)
0 for j=R+1,..,.M

The construction of the orthonormal basis  {v,,V,,V;,..., Vg, Vg,V fOF 77 and
{U;,U,, Uy, ..., Ug, Ugy,..., Uy, | OF @ yields, among other facts,

K (A)=span(Vg,s,.mVy) (6.8.22)
R(A)=span(u,,U,,Us,....Uy) (6.8.23)
K(A")=R(A) =span(Ug,,...uy ) (6.8.24)
and
R(A")=K(A)" =span(v,,v,,V,..., Vg) (6.8.25)

Example 6.8.1 Let ¥ and % be real vector spaces such that dim¥” =2and dim# =4. We
define A: ¥ — % by

Ai, =j, +3j
h=hEl, (6.8.26)
Al, =3),+],
where {i,,i,} and {j;,j,.J;. .} are orthonormal bases. The matrix of A is
1 3
. 31
M(Aigj, )= S (6.8.27)
0 0

The transpose of A, is a linear transformation A" : % — ¥ defined by
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ATj =i, +3i,
A'j, =3i, +i
TJ_Z v (6.8.28)
Aj,=0
A'j, =0
The matrix of A" is
1300
M(A",j.i, )= 6.8.29
(qu)[sloo} (6.8.29)
A straight forward series of calculations yields
10 6
TAG i )
M (A A,uq,up){(5 10} (6.8.30)
and
10 6 0 O
6 10 0 O
M(AAT ], )= 6.8.31
(AAYGGI)=| 0 o 0 o (6.8.31)
0 0 00O
Note that N =2 and M =4 in this example. The eigenvalue problem for ATA yields
A =16,4, =4
1, . 1, . . (6.8.32)
Vl=$(ll+lz),vzzﬁ(—ll+lz)

As with all eigenvalue problems, the eigenvectors are not uniquely determined. For example, the
choices

v, =——=(i,+i,),v, =- (6.8.33)

1 1 .
E( E(_'l“z)

are also eigenvectors. We shall continue to use the choices (6.8.32). Given (6.8.32), it follows
from (6.8.20) that the vectors u,and u, are given by
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1 1 (1. . 1 . . 1,. .
ul_\/ZAvl_ZA(ﬁ(lﬁ"z)J—4\/§(Jl+312+3]1+Jz)—$(11+12) (6834)

1 1 (1, . . 1. 1, . o
uz—_(ZAVZ—EA(ﬁ(_lﬁ"z)j—m(_h_:ng+311+Jz)—$(11_12)

The full set of eigenvectors are obtained by solving the eigenvalue problem for AA". The result of
this solution is

A =16,4,=4,4,=2, =0

1, . 1, . ) ] (6.8.35)
ulzﬁ(.ll-i-JZ)’uZ:E(Jl_12)1u3zj37u4214

where the choices (6.8.34) have been made along with the choices u, = j,,u, = j,. Given the fact

that there are two nonzero eigenvalues, the rank of the linear transformation A: ¥ > % is R=2.
It follows from the results (6.8.32) and (6.8.35), that the singular values are

\/Z - 4,\/;T2 =2 (6.8.36)

and the singular vectors are

1, . 1, . .
Vl—ﬁ(ll+lz),vz—$(—ll+lz) (6.8.37)
and
Uy = (G4 d,) Uy =y~ ) (6.8.38)
1‘\/5]1]2!2_\/511]2 e

With respect to the orthonormal bases {v,,v,} and {u,,u,,u;,u,}, the matrix of A:¥ — % is

M(A,v;.u, )= (6.8.39)

o O O b~
o O NN O

The matrix (6.8.27) and the matrix (6.8.39) are connected by the usual change of basis expression
(3.6.17). In the notation utilized here, (3.6.17) takes the form

M (AigJ)=S"M (A v;,u )T (6.8.40)
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where T is the (orthogonal) transition matrix for the basis change {v,,v,} —{i,,i,} and S is the
(orthogonal) transition matrix for the basis change {u,,u,,u;,u,} = {j;,J,.Js.Js} . It follows from
(6.8.37) that

1 1 11
T'= V2o V2 =>T= V2 V2 (6.8.41)
1 1 1 -
V2o 42 2 2
and, from (6.8.35),
- 1 ;
— — 00
V2 2
1 1
St=|l-= ———= 0 0 6.8.42
2 ( )
0 0 1
0 0 0 1
If we combine (6.8.27), (6.8.39), (6.8.41), and (6.8.42) the result (6.8.40) becomes
1 L -
— — 00
1 3 2 2 4 0 1 1
oy 3 1] |1 1 0 2] 2 2
M(A . j )= =|—— —— 0 0 6.8.43
(Aled)=lg o772 2 0ol 1 1 (6843)
00 0 0 0llo ol 2 2
| O 0 1]
An equivalent version of (6.8.43) is
.
L3 |v2 V2 EI
- 31 1 1[4 0] V2 2
M(A ] )= =|l—"= ——F= 6.8.44
(riei)=lo o\ o 2) 1t O848
o0/ |0 O V2 2
_O 0 -

Equation (6.8.43) is an example of a singular value decomposition. It expresses the matrix (6.8.27)
as the product of an orthogonal matrix followed by a diagonal matrix followed by an orthogonal
matrix.
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If we return to the general case characterized by (6.8.20), we can express the linear
transformation A:% — % in terms of its components with respect to the orthonormal bases

{V1, V51 Vyyen Vi, Viygs oo Vg b @Nd {U;, U, Ug, oy U Ug,y, o Uy . The result is the matrix

\/Z .. .0 - -0
0 \/Z .. .0 - -0
. \/Z : - 0| g

M (A, v,.u, )= | 0 (6.8.45)

v Vg Mk

If we adopt the notation of the tensor product introduced in Section 6.7, the linear transformation
A:¥ — 9 can, from (6.8.20), be written

A:ZR:\/ZUPQOVP (6.8.46)
p=1

The matrix version of (6.8.46) arises from projecting (6.8.46) into a basis for ¥* and % . Equation
(6.8.45), as explained, represents the matrix with respect to the orthonormal bases

{V1, V50 Vg Vi, Viogy ooy Vg b @Nd UL, U, Uy, ooy U Uy, Uy, . Wit respect to an arbitrary basis
{e,.&,,....ey} for ¥ and {b,,b,,...,b,, } for %, the matrix is given by the change of basis formula

(6.8.40). Equivalently, the matrix can be derived by projecting the linear transformation in the
form (6.8.46) into the given bases. In the applications, the most useful form of (6.8.46) results

when orthonormal bases of ¥* and % are utilized. If we denote these bases by {i,, i,.,...,i,} for

¥ and {j,,j,,....Jw} for @ . If we represent the matrix M (A,iq,jk) in components, as in Chapter
3, we can write

A11 A12 ’ T AiN
Ay Ay Aoy
Ay A

M (Aig. ) )= (6.8.47)

AMl AMZ ’ “AMN
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where, from (4.8.6),,

Aq =(Aigj,)

it follows from (6.8.46) and the definition (6.7.1) that

Aq :<Aiq’jk>:g<( AUy ®Vp)iq’jk>

M (A, )

R

=2 (o )= 2 {31

Equation (6.8.49) is equivalent to the matrix product

(Updi)  (Uady)  (Usd)
(Upd)  (Uzo)  (Usido)
(Ups)  (Upds)  (Us.ds)

(Vi) (Viniz) (Vids)

I A11 A12 ) v AiN ]
Ay Ay Aon
A31 Asa ’
AMl AM 2 ) e AIVIN ]

(i) (o) (i)

545

(6.8.48)

(6.8.49)

(6.8.50)
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Because the bases {V,,V,,V,, ..., Vg, Vg, Vi } @nd {iy,i,,...,iy} of ¥ are orthonormal, the

N x N matrix is [<vp, iqﬂ unitary. The proof, which is similar to that used to derive equation

(4.4.7), involves connecting the two sets of bases by the usual change of basis formulas we have
used many times. In this case, we shall write the change of basis as

N

V, =D Qi (6.8.51)

q

As a result of (6.8.51), the components of the matrix Rvp,iqﬂ are given by

Qyp =(Vyiiy) (6.8.52)

Given the labeling of the inner products as in (6.8.52), we can define the N x N unitary matrix

( ( (Valy) ' ' (Vi ir)
(Viriy)  (vouiy)  (Vaily) (Vaoiz)
( ( ( i

Q=[Q, = Vark) <V”" o) (6.8.53)

_<V1’.iN> (Vo) (Vaiiy) | <VN"iN>_

In a like fashion, we can characterize the change of basis {jl,jz,...,jM } to

{U;,U,, Uy, Ug Ugy, .. Uy b by the formula

M
u, => K, (6.8.54)
k

and define the M x M unitary matrix

I <U1,j1> <U2,j1> <u3:j1> ’ ’ <UM ’j1>_

<u1,J:2> <uva:2> <u3,J:2> <uM,J:2>
K=[K,]- <u1j13> (Uzds)  (Usds) | <uM‘,Js> (6.8.55)

(i) () (i) (i)

With the notation (6.8.53) and (6.8.55), equation (6.8.50) becomes
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INZA 0 - 0
_An A12 ’ T AiN_ 0 \/Z 0 0
A Ay Ao 0
A, A, . . . . N
=K 6.8.56
| o . ¢ e
0 0 . 0
_AMl A1\/|2 ’ B AMN_
0 0 - . 0 - 0]

Equation (6.8.56) is the singular value decomposition for the matrix M (A, iq,jk) . It expresses the

matrix M (A, iq,jk) as the product of a unitary matrix, a diagonal matrix and another unitary

matrix. Equation (6.8.56) is illustrated in Example 6.8.1 by equation (6.8.43). As mentioned in
Example 6.8.1, it is implicit in eigenvalue problems that the eigenvectors are not unique. This fact
results in the matrices K and Q not being unique in the decomposition (6.8.56). The matrix

(6.8.45) is unique. The following example further illustrates the construction leading to (6.8.56).

Example 6.8.2: The linear transformation in this case is the matrix A:.#** — .4** defined by

R
-8 9 8
A= _ (6.8.57)
4 -9 15i
7 40

The first step is to determine the eigenvalues and eigenvectors of the Hermitian matrix

130 -8+7li —-57+60i
A'A=| -8-71i 179 —56i (6.8.58)
~57-60i 56 338

The characteristic polynomial for (6.8.58) is

f(1)=det(A'A—Al)=-12°+6474 ~1126221 + 4106615

(6.8.59)
= (377.4466 - 1)(220.1275 - 1)(49.4258 - 1)

Therefore,
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J, =377.4466 = [}, =19.4280

4, =220.1275= [, =14.8367 (6.8.60)
A, =49.4258 = \[1, =7.0304

A set of eigenvectors corresponding to these eigenvalues turn out to be

—0.1539 +0.2593i —0.2663—-0.4758i —0.6573+0.4239i
v, =| 0.0990-0.2159i |,v, =|-0.7696+0.2415i |,v, =| —0.2728 - 0.4674i (6.8.61)
0.9234 0.2282 —0.3087

The eigenvectors in (6.8.61) have been normalized to have unit length. Because the matrix A"A
Hermitian, the eigenvectors are orthogonal. Thus, {v,,V,,Vv,} is an orthonormal basis. Given

(6.8.61), the matrix Q from (6.8.53) is given by

—0.1539+0.2593i -0.2663-0.4758i —0.6573+0.4239i
Q=| 0.0990-0.2159 —0.7696+0.24151 -0.2728-0.4674i (6.8.62)
0.9234 0.2282 —0.3087

Choices of the eigenvectors u,,u, and u, are made by utilization of (6.8.20). Therefore,

14 7] [ 0.3137+0.0083i
_ . |[~0.1539 +0.2503; ,
oLy oL |8 B0 0a1ser || O1562+034%61 | o o
VAt Jarrades| 4 -9 15| T | -0.0775+0.8664i |
7i o4 o | ' ~0.0490 - 0.0351i
14 7] [ 0.1060+0.0198i
, . |[~0.2663-0.4758i _
R S b B O B e ] U
© YR V201275 4 -9 s L | 0.3951-0.0441i |
i 4 0 ' 0.1594—0.331i
and
1 47 - [-0.4673+0.0991i
_ . |[~0.6573+0.4239i _
o Lo L |8 e oagra || 013810206 |
Sk 7 J49.4258| 4 -9 150 03087 | -0.0247+0.1810i |~
i 40 ' —0.1561—0.8097i

The vectors u,,u, and u, are three of the four eigenvectors of the Hermitian matrix



Sec. 6.8 . Singular Value Decompositions 549

51 —57i 4 —96i —4-7i
. 57i 209 39-32i -56-36i
A = i ) . (6.8.66)
4+96i 39+32i 322 8i
—44+7i -56+35i —8i 65

The solution of this eigenvalue problem yields

A, =377.4466
2, =220.1275
A, =49.4258
2, =0

(6.8.67)

for the four eigenvalues and the four eigenvectors given by (6.8.63), (6.8.64) and (6.8.65) and

0.0298+ 0.8129i

. 0.3063+0.1117i

*10.2160—0.0735i
0.4242

(6.8.68)

for the normalized eigenvectors. Given (6.8.63), (6.8.64), (6.8.65) and (6.8.68) the matrix K in
(6.8.55) is given by

0.3137+0.0083i 0.1060+0.0198i —0.4673+0.0991i 0.0298-+0.8129i
K 0.1562 +0.3436i -0.7234+0.4131i 0.1331-0.2016i 0.3063+0.1117i (6.8.69)
"~ | -0.0775+0.8664i 0.3951—0.0441i —0.0247+0.1810i 0.2160—0.0735i |

—0.0490-0.035Li  0.1594-0.331i —0.1561-0.8097i 0.4242

Given (6.8.62) and (6.8.69), the singular value decomposition of (6.8.57) is
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1 - 7 0.3137+0.0083i  0.1060+0.0198i —0.4673+0.0991 0.0298+0.8129i
-8 9 8i 0.1562+0.3436i —0.7234+0.4131i 0.1331-0.2016i 0.3063+0.1117i

A: =
4 -9 15i| |-0.0775+0.8664i 0.3951-0.0441i —0.0247+0.1810i 0.2160—0.0735i |
7i 4 0| |-00490-0.0351i 0.1594-0.33% -0.1561—0.8097i 0.4242
19.4280 0 0 _ .
~0.1539+0.2593i  0.0990—0.2150i 0.9234
0 148367 0 _ .
~0.2663—-0.4758i —0.7696 +0.2415i 0.2282
0 0  7.0304 _ .
. . ~0.6573+0.4239i —0.2728—0.4674i ~0.3087
(6.8.70)

An equivalent version of (6.8.70) is

1 - 7 0.3137+0.0083i  0.1060+0.01981 —0.4673+0.0991
-8 9 8i 0.1562 +0.3436i —0.7234+0.4131i 0.1331-0.20164i

A=l'4 9 15i|7| 007751086641 03951-0.0441i —0.0247 +0.1810i |
7i 4i 0| |-0.0490-0.0351i 0.1594-0.331 —0.1561—0.8097i (6.8.71)

104280 0 0 7[-0.1539+0.2593i 0.0990 - 0.2159i 0.9234

0 148367 0 ||-0.2663-0.4758i —0.7696+0.2415i 0.2282

0 0  7.0304 || -0.6573+0.4239i —-0.2728—0.4674i ~0.3087

The transformation from (6.8.70) to (6.8.71), which is similar to the transformation from (6.8.43) to
(6.8.44) simply reflects the result (6.8.46) which does not depend upon the vectors {VR+1,..., VN}

and {Ug,,,... Uy }. Inour Example 6.8.2, this observation means that the last column of the matrix
(6.8.69) does not contribute to the answer.

It was mentioned above that the K and Q are not unique in the decomposition (6.8.56).

The matrix (6.8.45) is unique. The source of this lack of uniqueness is the fact we have observed,
namely, that an eigenvalue problem does not determine the length of an eigenvector. In the

singular value decomposition the vectors {u,,u,,...,u;} are determined by the vectors
{V1,V,,..., Vg } Dy (6.8.20). It follows then that the indeterminacy in the vectors {v,,Vv,,..., vp} is
passed to the vectors {u,,U,,...,u; } . This fact is illustrated by rewriting (6.8.46) as
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R R o
A=pZ;\//Tpup®vp :pZ;\//Tp(G—”Jup@vp
= = p

R .0

=3 2| L |u, ®v, (6.8.72)

2
=1
= el

_ ) oYy Vo
205 Tl 1oL o

where o, for p=12,..,R are arbitrary nonzero complex numbers. The arbitrary complex
numbers can be placed in the formula (6.8.72), in other ways. The arrangement (6.8.72), preserves

the orthonormal character of the sets {lel , o9V, GRVR} and {Glul,gzuz ..... GRUR}. If , for
loul " o=l ol loull ez e

example, we take

91__ 05105+ 0.8599i

Al

%2___0.4884+0.8726i (6.8.73)
A

%5 _0.8404+0.5419i

o

then, for Example 6.8.2,



—-0.3015
0.2362-0.0251i

0.4714 4+ 0.7940i

0.5452

—-0.1114+0.1991i

—0.7822
0.0240-0.5407i
—0.2594-0.1673i

0.1530+0.2739i
—0.2175+0.3066i
—0.7845+0.3756i
0.0052 - 0.0600i
—0.0690+0.0828i
—0.0072-0.8330
—0.1544 +0.3663i
0.2129+0.3018i

—0.4456 —0.1700i
0.2211-0.0974i

552 Chap.6 -
~0.1539 +0.2593i
_ﬁfl"ﬁ=(0.5105+o.8599i) 0.0990—0.2159i |=
o 0.9234
—0.2663—0.4758i
7V, = (~0.4884 +0.8726i)| —0.7696 + 0.2415i |=| 0.1651—0.7895i
|| 0.2282
—0.6573+0.42309i
T3Vs = (0.8404+0.5419i )| —0.2728 - 0.4674i | =
o] -0.3087
0.3137 +0.0083i
0.1562 + 0.3436i
ﬂ’l”ﬁ:(o.5105+o.8599i) 0.0775 +.0.8664i | =
o, —U. + U. |
~0.0490-0.0351i
0.1060 + 0.0198i
—0.7234+0.4131i
Tuﬁz(—o.4884+0.8726i) 0.3951_0.044%i |~
62 ' Y
0.1594 —0.331i
—0.4673+0.0991i
0.1331—0.2016i
92l _ (0.8404+0.5419i) =
o] —0.0247 +0.1810i

—0.1561-0.8097i

—0.1188+0.1387i
0.3076—0.7651i

ADDITIONAL TOPICS EIGENVALUE PROBLEMS

(6.8.74)

Given, the results (6.8.74), the singular decomposition (6.8.71) can be replaced by the equivalent

result™
1 i 7 0.1530+0.27391 —-0.0690+0.0828i -0.4456-0.1700i
A -8 9 8i _ -0.2175+0.3066i —0.0072-0.8330 0.2211-0.0974i y

4 -9 15i —0.7845+0.3756i -0.1544+0.3663i -0.1188+0.1387i
71 40 0 0.0052-0.0600i  0.2129+0.3018i  0.3076-—0.7651i
19.4280 0 0 -0.3015 0.2362-0.0251i

0 14.8367 0 0.5452 0.1651-0.7895i

0 0 7.0304 -0.7822 0.0240 -0.5407i

(6.8.75)
0.4714+0.7940i
~0.1114+0.1991]
~0.2594-0.1673i

3 Example 6.8.2 has been worked with the aid of MATLAB to carry out the calculations. The result (6.8.75) is the

form of the answer given by MATLAB’s built in singular value decompositi

on command.
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An interesting application for the formula (6.8.46) is to derive a representation for the
solution of the equation we have discussed throughout this textbook, namely, given a vector b € #
and a linear transformation A:¥ — %, find a vector x € ¥~ such that

Ax =D (6.8.76)

As we discussed in Section 1.8.1 with Theorem 1.8.1, (6.8.76) has a solution if and only if the
vector b e R(A) . This result was again discussed in Section 2.7. If the representation (6.8.46) is

used, equation (6.8.76) can be written

(ZR: /Ipup®vpjx=b (6.8.77)

p=1

The definition (6.7.1) can be used to rewrite (6.8.77) as

ZR:\/Z<X,Vp>up =b (6.8.78)

This equation shows that the given b must be in the span of {u,,u,,...,u,}, the image space R(A).

This result is simply a restatement of the earlier result mentioned above. An equivalent way to
assert this fact is to observe that (6.8.78) is equivalent to

(u,b)=0  for p=R+LR+2..,M (6.8.79)

Equation (6.8.79) asserts that b e K (A* )L. Of course, equation (4.11.8) shows that the result

beK (A*)L is simply a restatement of b € R(A) . If the given b obeys b e R(A) , it follows from
(6.8.78) that

<b,up> for p=12,..,R (6.8.80)

<X’Vp>:ﬁ

Because x is a vector in 7 and {V,,V,,V,..., Vg, Vg,,,...,Vy } isabasis for 7, it has the
representation

x:§:<x,vp>vp :ZR:<x,vp>vp+ ZN: <x,vp>vp (6.8.81)

If we now use (6.8.80), (6.8.81) can be used to write the solution of Ax=b as
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xi[ﬁ<b,up>]vp+ ZN: <x,vp>vp (6.8.82)

Equation (6.8.82) is a representation of the solution of (6.8.76) in the case where b R(A) . ltis
of the form of the representation given in Theorem 2.7.5.

Example 6.8.3: In Example 2.7.6, we found the solution of equation (2.7.91), repeated,

"y
1 1 -2 1 3|Xx 1
2 -1 2 2 6| X%|=|2 (6.8.83)
3 2 4 -3 9| x, 3
L%
to be
x| [0] 0] [1]
X, 2 0 0
X=X [=%X|1|+X| O [+[0O (6.8.84)
X, 0 -3| |0
| Xs | 10| | 1] [0

It is instructive to generate (6.8.84) based upon the singular value decomposition of the matrix of
coefficients

1 1 -2 1 3
A=l2 -1 2 2 & (6.8.85)
3 2 -4 -3 -9

The eigenvalues of the matrix

(14 5 -10 -4 -12]
5 6 -12 -7 -21
ATA=|-10 -12 24 14 42 (6.8.86)
4 -7 14 14 &2
—12 21 42 42 126

are the solution of the fifth order polynomial
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f(2)=det(A"A-Al)=4%(-A°+1844% - 38451 +16200)

(6.8.87)
= 1%(160.70-1)(17.56 - 1)(5.74- 1)
and the solution representation (6.8.82). Therefore,
4, =160.70 = /2, =12.6768
A, =17.56 A, =4.1902
: =% (6.8.88)
Jy =5.74= [2, = 2.3962
A =4=0
Among other things, equation (6.8.88) tells us that the rank of the matrix (6.8.85) is 3. The
normalized eigenvalues of (6.8.86) are
[-0.1074 | [ 0.7401 | [-0.6638 | 0] [0 |
-0.1611 0.2654 0.3219 . 2 . 0
v, =| 03221 |,v,=|-0.5308 |,v,=|-0.5438 |,v,=—F—=|1|,v,=——| O (6.8.89)
0.2930 0.1000 0.0641 E 0 V10 -3
| 0.8791 | | 0.3001 | | 0.1942 | 10 1]
and the corresponding singular vectors are
0.1592 0.7320 0.6624
u, =| 0.5089 |,u,=|0.5141|,u, =| -0.6904 (6.8.90)
—0.8460 0.4470 —-0.2907

The next formal step is to utilize (6.8.88), (6.8.89) and (6.8.90) to form the solution (6.8.82). This
calculation goes as follows:
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[—0.1074 | [ 0.7401 |
0.1592 -0.1611 0.7320 0.2654
_ L [1 2 3] 0.5089 0.3221 |+ L [1 2 3] 0.5141 | || -0.5308
x, | 12.6768 4.1902
—0.8460 | )| 0.2930 0.4470 )| 0.1000
X | 0.8791 | | 0.3001
X=X |= _ .
X, —0.6638
X, ) 0.6624 0.3219
7 toaeg| [T 2 3] -0.6904 ) | -0.5438
—-0.2907 0.0641
| 0.1942 |
5 e
[0])[0] 0 0|
202 0 0
+é[x1 X, X5 X, X]|1 1+%[x1 , X X X][ 0[]0
0|0 -3/ -3
0])|0] 1)) 1] (6.8.91)
pgﬂ@,vm
If this complicated numerical expression is evaluated, one finds
T o
X, 0
X=X |= 0 +
X, 0
| Xs | 10
3 £l
W o (6.8.92)
0 0
2 0
+=(2%, +%)| 1 [+=(-3%,+X;)| O
0 -3
_O_ _1_
> vy

This result is entirely equivalent to the earlier answer (6.8.84)
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This brief introduction to the singular value decompositions does not do justice to a large
and complex topic that has great application. A few minutes searching the internet will reveal
many of these applications.™

Exercises

6.8.1 Let ¥ and % be real vector spaces such that dimy =2 and dim% =4. We define
AV > % by

Ai, =3j,+]
h=ohd, (6.8.93)
Ai, =3}, +],
where {i,,i,} and {j;,],.Js. J,} are orthonormal bases. Determine the singular values and the
singular vectors for the linear transformation A.

6.8.2 In the case where you are given a matrix Ae.#"" that has rank N, the singular value
decomposition (6.8.56) can be written

N
0 i

A=K| 0 : Q (6.8.94)

ym

The matrix Ae.#™", by our assumptions is nonsingular. The inverse, from (6.8.94), is given by

4 A couple of interesting articles that give insights to the singular value decomposition can be found at
http://www.mathworks.com/company/newsletters/news_notes/oct06/clevescorner.html and
http://www.ams.org/samplings/feature-column/fcarc-svd. The second article contains a link to a New York Times
article that discusses a challenge by Netflix that will award a million dollars to anyone that can improve in a specific
way its recommendation engine. The article explains how the singular value decomposition is being utilized by
individuals working to win the Netflix challenge.
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L9
VA
0 1
A" =Q 0 Q (6.8.95)
1
Given the matrix from Example 1.6.5, repeated,
1 3 1
A=l 2 1 1 (6.8.96)
-2 2 -1

and utilize (6.8.95) to calculate the inverse of (6.8.96). The answer was given earlier in equation
(1.6.35).

6.8.3 Show that the singular value decomposition of the matrix A:.#** — .#>* defined by

6 1 N
B Loy Lla
S Lo Law)
sy 23
A= S (6.8.97)
lasiy & 2
5 5 5
o 0 o0
0o o o |
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(6.8.98)

X
I 1
o o m o o
o < o o o
ow o o o o

o o o o -

o o o «H o

—

+

= o

—

7((00

o TJ TJOO

(6.8.99)

o~
o Ii_J 17200
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Section 6.9 The Polar Decomposition Theorem

The polar decomposition is a decomposition of a linear transformation A: ¥ — % into the
product of a Hermitian linear transformation and a unitary linear transformation. The Hermitian
linear transformation is positive semidefinite and, depending upon the properties of A, the unitary
linear transformation may not be unique. The details of this rough description will be made clear in
this section. One of the applications of the polar decomposition theorem is in the case where
A:¥v —> % isonetooneand N =dim¥ =dim% . In other words, when A:% — % is one to one
and onto, thus invertible. This is the case that arises when one studies the kinematics of strain for
continuous materials. The formal statement of the polar decomposition theorem in this case is

Theorem 6.9.1: A one to one onto linear transformation A:¥ — % has a unique multiplicative
decomposition

A=RV (6.9.1)
where R: 7 — % is unitary and V:7 — ¥ is Hermitian and positive definite.
Proof: The proof utilizes a construction similar to that used in Section 6.8 for the singular value

decomposition. Given a one to one onto linear transformation A:¥ — % , we can construct
Hermitian linear transformation C: ¥ — ¥ by the definition

C=A'A (6.9.2)

By the same argument that produced (6.8.8)
(v,Cv)= <v,A*AV> =(Av,Av) = ||Av||2 >0 (6.9.3)

Because A:¥ — 4 is one to one and onto, K (A) only contains the zero vector. As a result

2 - . .
||Av|| >0 for all non zero vectors ve¥ . Therefore, the Hermitian linear transformation

C:¥ — v is positive definite. As a positive definite Hermitian linear transformation, C: 7 — ¥
has the spectral representation

N
C=>Ayv,®v, (6.9.4)
j=1

where the positive numbers 1,,4,,...,4, are the eigenvalues of C and {v,,v,,...,v, } isan

orthonormal basis for ¥ consisting of eigenvectors of C . The representation (6.9.4) does not
assume the eigenvalues are distinct. If they are, the tensor products in (6.9.4) represent the
projections into the characteristic subspaces of C. It is useful to note that we can apply (6.6.31) to
the expression (6.9.4) and obtain
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N
: 1
Ch =2 —V;®v, (6.9.5)

j=1 7%

We can also apply the definition (6.6.31) and define the linear transformation V:¥ — 7" by
}/ N
V=Cr=3Y [Av;®v, (6.9.6)
j=1

where, by convention, we have used the positive square root of each eigenvalue. It follows from
(6.9.6) that

V (6.9.7)

4 o1
=) —V.®V,
JZ—;\/Z j j

Equation (6.9.6) provides one of the two linear transformations in the decomposition (6.9.1). The
next formal step is to define the linear transformation R: ¥ — % by the formula

R=AV" (6.9.8)
Because A is invertible, R as defined by (6.9.8) is also invertible. If we can establish that R is
unitary, we will have established (6.9.1). We shall establish that R is unitary by showing that it
obeys (4.10.14), repeated,
RR=1, (6.9.9)
The definition (6.9.8) yields
R'R=(AV!) Avi=(V1) A'AV?
=VIA'AVT =V ViV (6.9.10)
=(V'V)(wWi)=1,

where (4.9.10) and (6.9.6) have been used. The uniqueness of the decomposition (6.9.1) is a
consequence of (6.9.2), (6.9.6) and (6.9.8).

A corollary to Theorem 6.9.1 is that A: ¥ — % also has the decomposition
A=UR (6.9.11)

where U: % — % is a positive definite Hermitian linear transformation. Equation (6.9.11) results
if we simply define U by the formula
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U=RVR" (6.9.12)
It readily follows from this definition that
B=U? (6.9.13)
where B: % — % is the positive definite Hermitian linear transformation defined by
B=AA (6.9.14)

It is possible to show that

\ (6.9.15)
j=1
. i 1
U =) —u,®u
,-:1\//17 i<
where {u,,U,,...,uy } isan orthonormal basis of % consisting of eigenvectors of B. The
eigenvectors {u,,U,,...,u, } are related to the eigenvectors {v,,v,,...,v, } by the formula
1
u. = Av, =—RVv
(6.9.16)

where (6.9.1) and (6.9.6) have been used. Equation (6.9.16) can also be established from (6.9.12),
(6.9.6), (6.9.15) and (6.7.24).

Example 6.9.1: As an illustration of the polar decomposition theorem, consider the linear
transformation A:7 — ¥ introduced in Example 5.3.1. The definition of this linear
transformation is given in equation (5.3.1), repeated,

Ae, =e, +e, +4e,
Ae, =2e, —4e, (6.9.17)
Ae, =—e, +€, +5¢,
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where {e,,e,,e,} is a basis for 7". Asexplained in Example 4.5.1, the matrix of A with respect to
this basis is

1 2 -1
A=M(Ae.e)=1 0 1 (6.9.18)
4 -4 5

The linear transformation C defined by (6.9.2) has the matrix

T

1 2 -1][1 2 -1
C=M(Ceje)=[1 0 1[|1 0 1
4 -4 5||4 4 5

(6.9.19)
18 -14 20
=|-14 20 -22
20 -22 27
The eigenvalues and eigenvectors of the matrix (6.9.19) can be shown to be
A4, =0.1207, 4, =0.4.9776, 4, = 59.9017 (6.9.20)
and
vy Uy U | [-0.4164 07578 05024
T= uz(l) uz(z) 02(3) =| 05268 0.6515 -0.5459 (6.9.21)
3 3 3 0.7410 -0.0374 0.6705
Yo Ve Pe

where the notation introduced in equation (5.3.23) has been used to label the eigenvectors. The
spectral form of (6.9.19) which follows from (6.9.4) is
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18 -14 20
C=M(Cee)=|-14 20 -22
20 -22 27
1 1 T 1 1 T 1 1 T
Vo ||V Vi |||V Ve |||V

3 3 3 3 3 3

Yol\lPo Yo \Y e o l\[Ye (6.9.22)
0.1734 -0.2194 -0.3085 0.5742  0.4937 -0.0283
=0.1207| —-0.2194 0.2775 0.3904 |+4.9776| 0.4937 0.4244 —0.0243
~0.3085 0.3904  0.5491 ~0.0283 —0.0243 0.0014

0.2524 -0.2743 0.3369
+59.9017| -0.2743 0.2981 —0.3660
0.3369 —-0.3660 0.4495

where (6.7.8) has been used to determine the matrix representation of the tensor products in (6.9.4).
From (6.9.6) and (6.9.22), it follows that

1 1 T 1 1 T 1 1 T
Yoll|Pw Yo l|lYe Yo ll|Ye
V:M(V,ej,ek):\/z uz(l) uz(l) +4, 02(2) 1)2(2) + A 1)2(3) 02(3)
o'y I\ [V oo [P v |||V
01734 -0.2194 —0.3085] 0.5742  0.4937 -0.0283
=0.3475(-0.2194 0.2775 0.3904 |+2.311| 0.4937 0.4244 —0.0243
| -0.3085 0.3904  0.5491 | —0.0283 -0.0243 0.0014 (6.9.23)

[0.2524 -0.2743 0.3369 |
+7.7396| -0.2743  0.2981 —0.3660
 0.3369 —0.3660 0.4495 |
32950 -1.0978 2.4368
—|-1.0978 3.3501 -2.7516
24368 -2.7516 3.6730

Finally, the matrix of the orthogonal linear transformation R : 7" — ¥ is, from (6.9.8)
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R=M(Re,e)=M(Ae,e)M(Vee)

-1

1 2 -1][ 3.2950 -1.0978 2.4368
=1 0 1] -10978 3.3501 -2.7516 (6.9.24)
4 -4 5| 24368 -2.7516 3.6730

[ 0.7551 05442 -0.3656
=|-0.0682 0.6198 0.7818
| 0.6520 -0.5654 0.5051

Therefore, the polar decomposition (6.9.1) is given by (6.9.18), (6.9.24) and (6.9.23). If we utilize
(6.9.12) and (6.9.24) it follows that

M(U.e.e)=M(Re; e )M(V.e;e)M(R",e.e;) (6.9.25)

Equation (6.9.25) creates a small problem because the components of the linear transformation R'
with respect to the basis {el,ez,ea} are given by (4.9.24) specialized to the case of a real vector

space ¥~ and a linear transformation ¥" — ¥~ . Equation (4.9.24) requires knowledge of the matrix
of inner products formed from the basis{el,ez,es} . Fortunately, we do not need to utilize (4.9.24)

in this case because R is orthogonal and, from (4.10.15),
R'=R™ (6.9.26)

and from (3.5.42)
M (R e.e)=M(R e e)=(M(Re,e,)) (6.9.27)
Equation (6.9.27) allows (6.9.25) to be written
M(U.e,e)=M(Re.e )M (Ve e )(M(Re,e)) (6.9.28)

As a result of (6.9.28) and (6.9.24),
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[ 0.7551 0.5442 -0.3656|] 3.2950 -1.0978 2.4368 |[ 0.7551 0.5442 -0.3656 |
M(U,ej,ek)z -0.0682 0.6198 0.7818 || -1.0978 3.3501 -2.7516| —0.0682 0.6198 0.7818
| 0.6520 -0.5654 0.5051 || 2.4368 -2.7516 3.6730 || 0.6520 -0.5654 0.5051 |
[ 0.7551 0.5442 -0.3656|] 3.2950 -1.0978 2.4368 |[ 0.7551 -0.0682 0.6520 |
=|-0.0682 0.6198 0.7818 || -1.0978 3.3501 -2.7516|| 0.5442 0.6198 -0.5654
| 0.6520 -0.5654 0.5051 || 2.4368 -2.7516 3.6730 || -0.3656 0.7818  0.5051 |
[ 2.2091 0.3896 -0.9840
=| 0.3896 0.7136 1.1571
| —0.9840 1.1571 7.3955
(6.9.29)
Example 6.9.2: Consider the linear transformation A:¥” — ¥ whose matrix with respect to an
orthonormal basis {i,, i,,i;,i,} is
2 3 -2i 4
3 -2 1 2i
A=M(A1,i )= _ 6.9.30
(A i) 3i 2 3 4 ( )
-2i 4 0 5i
The linear transformation C defined by (6.9.2) has the matrix
2 3 -2i 47[2 3 -2i 4
3 -2 1 2i 3 -2 1 2i
C=M(Cee)=| . : . :
! 3i 2 3 4 3i 2 3 4
-2i 4 0 5i||-2i 4 0 65i
(6.9.31)
2 3 -3 2| 2 3 -2 4 26 —6+8i 12-4i -2-6i
|8 -2 2 4 3 -2 1 2| |-6+8i 33 -8+6i 8+4i
|2 1 -3 0|3 2 3i 4| |12+4i -8-6i 14 —2i
4 -2i 4 -5i||-2i 4 0 5i -2+6i 8-4i 2i 61
The eigenvalues and eigenvectors of the matrix (6.9.31) can be shown to be
A, =2.8842, 1, = 23.1440, A, = 42.2155, 1, = 65.7563 (6.9.32)

and
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[ 0.0880+0.5008i 0.4924—0.3650i -0.5494-0.1283i -0.1498—0.1584i
—0.3202-0.0747i 0.5868—-0.2064i 0.2852+0.5665i  0.2463+0.2050i
—-0.1050-0.785% 0.1570-0.4337i —0.1758-0.3270i —0.0368—0.1437i

0.0769 —0.1569 —0.3764 0.9098

(6.9.33)

where the notation introduced in equation (5.3.23) has been used to label the eigenvectors. The

spectral form of (6.9.33) is given by (6.9.4). From (6.9.6) and (6.9.33), it follows that

* *

_”1(1)— _”1(1)— _”1<2>— _”1(z>_ _“1<3>_ _”1<s>_
1)2 1)2 Uz 1)2 l)2 U2
sz(V,ij,ik)z\/Z 3(1) 3(1) V% 3(2) 3(2) % 3(3) 3(3)
Poll|l?w Yo lll?e Yall|Pe
_')4(1)_ _')4(1)_ _”4<2>_ _”4<z>_ _U4<3>_ _U4<3>_
_Ul(4>_ _Ul(4>—
w7 ”z<4> ”:w
Pal|P®
[V [P ]
4.6995 —0.4113+0.9145 1.5795-0.3682i —0.1218-0.5138i
—0.4113-0.9145i 5.4913 —0.8112+0.8392i  0.6347 +0.2736i
| 15795+ 0.3682i —0.8112—0.8392i 3.1631 0.0264 — 0.0356i
—0.1218+0.5138i  0.6347-0.2736i  0.0264 + 0.0356i 7.7615

Finally, the matrix of the orthogonal linear transformation R : 7" — ¥ is, from (6.9.8)

(6.9.34)
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R=M (R, i,)=M(Ai,i)M (Vi)
(2 3 -2 4 4.6995 ~0.4113+0.9145i 15795-0.3682i —0.1218-0.5138i "
3 2 1 2i|l-0.4113-0.9145i 5.4913 -0.8112+0.8392i  0.6347 +0.2736i
3 2 3 4| 15795+03682i —0.8112-0.8392i 3.1631 0.0264 — 0.0356i
2i 4 0 5] -0.1218+05138i 0.6347-02736i  0.0264+0.0356i 7.7615

[ 0.33i8+0.2091i  0.0859+0.4342i -0.0572-0.6152i 0.5180-0.0115i
0.7544 —-0.1556i —0.4194-0.1684i —0.1913+0.2303i 0.0501+ 0.3321i
0.0466 +0.4144i 0.2809+0.1589i  0.0386+0.7080i  0.4679 —0.0155i

1 0.0943-0.2648i  0.6970-0.0992i  0.1436-0.0720i —0.0416 +0.6307i

(6.9.35)

Therefore, the polar decomposition (6.9.1) is given by (6.9.30), (6.9.34) and (6.9.35). If we utilize
(6.9.12) it follows that
H jl

i )M (V0 )M (R0, = M (R, i )M (Vi i )M (R i)

(6.9.36)
As a result of (6.9.34) and (6.9.35),
5.2688 0.7433-1.8926i  1.0255-0.0011i —0.1317—0.1896i
M (U - )_ 0.7433+1.8926i 3.5748 —0.4145-0.6976i 0.2939 + 0.5847i
VIR 1.025540.001  —0.4145+0.6976i 5.8007 0.2171-1.6108i
—0.1317+0.1896i 0.2939-0.5847i  0.2171+1.6108i 6.4712
(6.9.37)

The proof of the polar decomposition theorem, as shown by the above, involves a
construction that is very similar to that used for the singular decomposition theorem of Section 6.8.
It is the singular decomposition theorem that generalizes the polar decomposition theorem. Our
next discussion will return to the singular decomposition theorem, and it will be used to reprove
and generalize the polar decomposition theorem above. The generalization will be that we will not
assume that the linear transformation A:¥ — % is one to one and onto. The result will be a polar
decomposition theorem similar in form to the one above except that the linear transformation
R:¥ — 4 is not unique. We begin this discussion by summarizing the results of Section 6.8. If
we are given a linear transformation A: ¥ — %, it has the component representation (6.8.46)

R
A:;\/Zup@)vp (6.9.38)
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where R=dimR(A), {21,/12,...,@,0,0,...,0} are the eigenvalues of A’'A: ¥ — ¥,
H_/

N-R
{V1,Vy,es Vg, Vo1, Vyy | iS @0 orthonormal basis of %~ consisting of eigenvectors of A’A and
{U;, Uy, ..., Ug, Ugyp,-.., Uy | is an orthonormal basis of % consisting of eigenvectors of AA™. The

sets of vectors {v,,V,,.., vz} and {u,,u,,...,uy} are connected by the relationships (6.8.18); and
(6.8.19)1.

Given the above construction, we define linear transformations V:¥ -7 and R: ¥ - %

by
R
V=3 [Av,®v, (6.9.39)
j=1
and
R
R=Yu®v, (6.9.40)

respectively. Because the eigenvalues {/11,/1 ..., A5 | are positive and by convention we are

utilizing their positive square roots, it easily follows that V is a positive semidefinite Hermitian
linear transformation. From the definitions (6.9.39) and (6.9.40) it follows that

RVZ(in ®vj](iﬂvk ®vkj:iz\/2(uj ®V)(v, ®V,)

k=1 j=1 k=1

:ZR:Z\/Z<vj,vk>uj®vk:ZR:ZR:\/Zéjkuj@)vk (6.9.41)

j=1 k= j=1 k=1

i

where the fact the basis {V,,V,,.... Vg, Vg,,,...,V, } is orthonormal has been used. If, as in (6.9.12),
we define a positive semidefinite Hermitian linear transformation U : % — % by

U=RVR’ (6.9.42)

it is possible to show that

u:i@uj@)uj (6.9.43)
j=1
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and
UR=A (6.9.44)

Equations (6.9.41) and (6.9.44) represent the same kind of decomposition as we encountered for
the first version of the polar decomposition theorem. In this case, as was mentioned, we have not
had to assume that A: 7 — % is one to one and onto. If it is one to one and onto, then (6.9.41)
and (6.9.44) become the results (6.9.1) and (6.9.11) respectively.

If we return to the case where A: %" — % is not one to one and onto, it is interesting to ask
the question whether or not the linear transformation R : 7" — % is unitary. An answer to this
question is obtained if we form the product

R - R R R
R*R:(Zuj(@vj) (Z“k®ij:ZZ(Vi®ui)(uk®Vk)
i1 k=1 j=1 ki (6.9.45)
R R R R R
zzz<uk,uj>vj®vk:225kjvj®vk =V, ®v,
=1 k1 =1 k1 =

Because R: 7 — % does not obey (4.10.14), the conclusion is that it is not unitary. In the special
case where A: ¥ — % is one to one and onto, it is true that R = N and, because of the result
(6.7.15), equation (6.9.45) establishes that R is unitary. Given (6.7.15), we can replace (6.9.45) by

R N
RR=YVv,®v,=1,- > v,®v, (6.9.46)
j=1

j=R+1

Essentially, one can establish that the restriction of R to the subspace spanned by {v,,v,,...,v;}is

a one to one onto linear transformation R, :Span(v,,v,,..,v;)— R(A) that is unitary.

If one simply defines the linear transformations V:7 — ¥ and R: % — % by (6.9.39)
and (6.9.40), respectively, then the decomposition (6.9.41) is a consequence. If the problem is
stated differently, namely, given A: ¥ —> % and V:¥ — ¥ ,istherean R:¥ — % such that
(6.9.41) holds, then one encounters the problem that R is not necessarily given by (6.9.40). A
similar problem arises when one is givenan A:¥ — % and U: % — % and asks whether or not
there isan R : 7 — % such that (6.9.44) holds. In order to be more precise, assume for the
moment that we are given A:¥ > %, V:¥ — ¥ and U:% — % and two linear transformations

R:% -4 and R:¥% — % such that
A =RV =RV (6.9.47)

and

A =UR =UR (6.9.48)
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Therefore, the two linear transformations R and R must obey
(R-R)v=0 (6.9.49)
and

U(R—fz)zo (6.9.50)

The question is what linear transformation Z =R — R is allowed by the requirements (6.9.49) and
(6.9.50) when V is given by (6.9.39) and U is given by (6.9.43). With respect to the bases

{Vi:Vpre Vg, Vi Vi | fOr 77 and {uy,u,,...,Ug, Ug,y,.0 Uy, b fOr %, we can write

M N
Z=R-R=) > Z,u,®v, (6.9.51)

(R—R)V:iizkjuk®(ij)=ii\//1’jzkjuk®vj =0 (6.9.52)

where the identity (6.7.26) has also been used. If we use (6.9.51) and (6.9.43), equation (6.9.50)
takes the form

A

U(R—R):iizkj(Uuk)@)vj=ii\/ﬂzkjuk®vj=o (6.9.53)

k=1 j=1 k=1 j=1

where the identity (6.7.27) has also been used. Because the eigenvalues A, 4,,..., 4, are nonzero,
equations (6.9.52) and (6.9.53) show that

0 for k=12,...,Randj=12,..,N
Z = . (6.9.54)
0 for k=R+1LR+2,.,Mandj=12,..,R
Equivalently, (6.9.51) must be of the form
. M N
R-R=) > Z,u®v, (6.9.55)

k=R+1 j=R+1

where the coefficients Z,; for k=R+1,..,M and j=R+1,...,N are arbitrary. Equation (6.9.55)

shows to what extent the linear transformation R : ¥~ — % in the decompositions (6.9.41) and
(6.9.44) are determined by the linear transformation A: ¥ — % . More specifically, if we agree to
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construct the decompositions (6.9.41) and (6.9.44) utilizing the definition (6.9.40), then any other
decompositions of the form A = RV = UR also hold where

ﬁziuj®vj+ i i Z,u, ®v, (6.9.56)
j=1

k=R+1 j=R+1

and where the coefficients Z,, for k=1,2,..,M and j=R+1..,N arearbitrary. The

construction (6.9.56) shows the cases where the linear transformation R : ¥ — % is unique. Itis
unique in cases where R=M (A:7 — % isonto) and/or R=N (A:% — % isone to one)

Example 6.9.3: The polar decomposition in the case where the linear transformation A: % — % is
not one to one and onto can be illustrated by the linear transformation A: % — ¥~ whose matrix

with respect to an orthonormal basis {i,i,,i,,i,} is

36 -9 18 9
. 42 -7 19 8
A=M(Aii,)= 8 5 20 7 (6.9.57)

58 -25 35 22

Therefore, for this example M = N =4 . The matrix of the linear transformation C = A" A is

T

36 -9 18 9|36 -9 18 9 8728 2308 4436 2272

o 42 -7 19 8| |42 -7 19 8| |-2308 780 1270 -722 (6.9.58)
148 -5 20 7 ||48 -5 20 7| | 4436 —1270 2310 1224 |

58 -25 35 22| |58 -25 35 22 2272 722 1224 678

The eigenvalues and eigenvectors turn out to be

A, =12252, 4, = 243.5946, 4, = A, =0 (6.9.59)

and

Vo VY Ve Y 0.8416 -0.4506 0.1188 0.2730

Py Y Ve Y| |-02314 07131 -0.6346 -0.1876

T= - (6.9.60)
3 3 3 3 0.4328 0.2465 -0.1843 -0.8473

4 4 4 4 0.2254 04771 -0.7411 0.4152

The results (6.9.59) show that R =2. The singular vectors u, and u,corresponding to v, and v,
are given by (6.8.20);. Therefore,
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U Uu | [0.3812
u?, 1 |V 0.4246
) 1 :
Pleen M= 04676 (6.9.61)
U Ja v ® '
4 4 0.6749
Y Y
and
- -
Uz YU | [-0.0688
u’ v’ ~0.3482
(2) 1 (2) :
=——=Al = 0.6275 (6.9.62)
U | VA |V | |0
4 4 0.6929
Y2 ] el

W ]
® | [ 09219
u? ~0.2012
) :
3 || -0.2606 (6.9.63)
u 3) —U.
4 ~0.2274
U] b -
I )
@ | [-0.0004
u? 0.8112
) :
e iy (6.9.64)
u (@) —V.
4 ~0.1122
U@ b .

Equations (6.9.59) through (6.9.64) combine with (6.9.39) to yield
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V=M(V,i,i)
T (e o r,. 7T
Yoll|Ye Yol Yo
v° v? v’ | [ V%,
- i 3(1) 3(1) 4 3() 3() (6.9.65)
YollYo oY
4 4 4 4
P olll® o] P @(LY @]
87.5731 -16.5427 38.5862 17.6429
|-16.5427 138637 -13.8302 -11.0843
| 385862 -13.8302 21.6838 12.6349
17.6429 —11.0843 12.6349  9.1775
The same equations along with the definition (6.9.40) yield
2 (T ki r (r,e T
Yo ||| Yo U |||V
2 2 2
R:M(Ri.i):u(l) Yol |Yell|Ye
Tk us v u3 1)3
® ® ) @
4 4 4
UolllPol | YolllY e, (6.9.66)
0.3519 —0.0392 0.1480 0.0531
|05142  0.1500 0.0979 -0.0704
0.6766 0.3392 0.0478 -0.1940
0.2557 -0.6503 0.4679 0.4828
Finally, the definition (6.9.42) along with (6.9.65) and (6.9.66) yield
U=M(U,ii,)=RVR'
16.1624 18.2901 20.4179 27.7373
| 18.2901 21.6439 253976 27.9513 (6.9.67)
1204179 253976 30.3774 28.1653
27.7373 27.9513 28.1653 57.9145

If, instead of (6.9.66), one uses a linear transformation R that obeys (6.9.56) it is readily shown
that again A = RV =UR where A, V and U are given by (6.9.57), (6.9.65) and (6.9.67),

respectively.
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Example 6.9.4: Another example of the polar decomposition in the case where the linear
transformation A:¥ — % is not one to one and onto can be illustrated by the linear transformation
introduced in Example 6.8.1. In this example ¥~ and % are real vector spaces with dim¥ =2and
dim# =4. We defined A:¥ — % by (6.8.26), repeated,

Ai, =], +3j
W=kl (6.9.68)
Al, = 3]1 +1;
where {i,,i,} and {j;,],.Js.J,} are orthonormal bases. In the solution of Example 6.8.1, we
showed that N =R =2 and M =4 in this example. In addition, we showed that

4 =16,2,=4
N 1, (6.9.69)
Vl—\/E(I1+I2),V2—\/§( iy +i,)
and
Uy = (G, + 0y) Uy = e (Jy — Jy) Uy = s Uy = ] (6.9.70)
1 \/E 1 2)172 \/E 1 2)1%3 314 4

With respect to the orthonormal bases {v,,v,} and {u,,u,,u;,u,}, the matrix of A: % — % is
given by (6.9.38) which takes the form

R
A=Y [i,u,®v,=4u,®v,+2u,®V, (6.9.71)
p=1
The linear transformation V: ¥ — ¥, defined by (6.9.39), is given by
R
V= J4V,®v,=4v,®v,+2v,®V, (6.9.72)
j=1
The linear transformation R : ¥ — %, defined by (6.9.40), is given by
R
R=>U,®v,=u,®V,+u,®V, (6.9.73)
j=1

Finally, the linear transformation U : % — %, defined by (6.9.42), is given by

U=RVR =(u;®V,+U,®V,)(4v,®V, +2v,®V,)(V,®U, +V, ®U,)

(6.9.74)
=4u,®u, +2u,®u,



Sec. 6.9 . The Polar Decomposition Theorem 577

If we choose to represent the four linear transformations in (6.9.71), (6.9.72), (6.9.73) and (6.9.74)
as matrices with respect to the orthonormal bases {i,,i,} and {j,,j,.Js.j,} the results are

1 3
. 31
A:M(A,Iq,Jk): -
00
11 1 1
o _ V2o 2[4 0] V2 2] [3 1
V=M (Vi) =T M (Vveu)T = YT Tl
2 2 2 2
11
V2 2 N
. . 1 1 0 1 2 2| |10
R=M (R.iyj)=5"M (R,v,u, )T = Z 7 ool 1 170 o
0 0 100 o0/ v2 v2] |0 0
0 0 0 1]
1 1 1 M1 1 T
—= —= 00 — = 00
2 2 400 0|2 V2
o ) 1 1 020 0] 1 1
U:M(U,Jq,Jk):S1|\/|(U,uq,uk)S: ﬁ _ﬁ 0 0 0000 ﬁ _ﬁ 0 0
0 0 10|o0o0o0o0/ll0 O 0((6.9.75)
0 0 0 1] 0 0 1
3100
1300
|0 00O
0000
Exercises

6.9.1 As an illustration of the polar decomposition theorem for a nonsingular matrix (a matrix
whose linear transformation is one to one and onto, consider the matrix of coefficients of the
problem introduced in Exercise 1.3.2. The matrix in this case is
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011 1
303 -4

A= (6.9.76)
111 2
2 31 3

Show that the polar decomposition theorem (6.9.1) and (6.9.11) are given by

~0.5892 0.4120 0.6884 0.0958
05395 0.0257 0.5367 —0.6482

R= (6.9.77)
0.3544 -0.4443 0.4758 0.6713

0.4859 0.7951 -0.1081 0.3467

2.9448 12229 1.8696 -0.5807
12229 2.3531 0.8398  1.8062

V= (6.9.78)
1.8696 0.8398 2.6661 -0.8312

—0.5807 1.8062 -0.8312 5.0705

and

11962 -0.0859 0.7028 1.0333
~0.0859 5.8216 0.1946 -0.2520

U= (6.9.79)
07028 0.1946 1.7285 1.8656

1.0333 -0.2520 1.8656 4.2881

6.9.2 Show that a polar decomposition of the matrix introduced in Exercise 6.8.3, i.e.,

16 1 o1 .
=2 2@-i) 2@
& L) o
Tasi)y 2 3
5 5 5
A=) , ” (6.9.80)
-y i =
5 5 5
0 0 0
0 0 0
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6 1, . 1, .
= Z@1-i) =1
22 3
£ = 6.9.81
c c ( )
3 22
5

5

(6.9.82)

o O O~ O
o O O O

and

I
—
[IN
|
=
I
—
-
+
i
o
o

(6.9.83)

o o ulw 01|B
N
N
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