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0.1 Basic Facts

1. DO NOT BLINDLY APPLY powers and roots across expressidrat have+ or — signs.
2. As in comment 1,/9z2 + 16 is something that can NOT be simplified!!
3. Asiin comment 1(2z + 5)* can not be done without care.

The square formula applieg: + b)*> = a® + 2ab + b*. Notice the2ab term. This means when you
square you will have a term that looks like twice the prodddhe terms in parentheses. You get
this from FOIL.

4. In particular,2z + 5)? = 4x? + 20z + 25. Do NOT forget the middle term. Note that you can
get this quickly by multiplyin2z and5 and doubling.



0.2 Factoring Formulas

A. Formulas

Perfect Square Factoring® 4 2ab + b* = (a + b)?
Difference of Squaresi® — v* = (a + b)(a — b)

Difference and Sum of Cubeg? + b® = (a + b)(a® F ab + b?)

B. Comments

1. There is no “sum of squares” formula, i.e. no formulad®# b? (over the real numbers).

2. With + and= in the same equation, you get one equation when you takedpésigns,
and you get another when you take the “bottom” signs.

Thus you get® + b* = (a + b)(a® — ab + b?) anda® — b* = (a — b)(a® + ab + b?).

3. The easy way to remember the Difference and Sum of Cubesufais to remember
that the first factor looks like you just remove the cubes. rTtiee second factor looks
like you “square” the first factor, except rather than doudplihe middle term, you take the
negative of the middle term.



C. Examples

Example 1: Factordz? — 12z + 9
Solution
472 — 122 4+ 9 = (22)% — 2(22)(3) + 32

Now use the Perfect Square Formula (with minus):

Ans | (2z — 3)?

Example 2: Factordz? — 49
Solution
42% — 49 = (2z)2 — 72

Now use the Difference of Squares Formula:

Ans |2z +T7)(2z —T)
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Example 3: Factor27z® + 125
Solution
27x3 + 125 = (37)% + 5°

Now use the Sum of Cubes Formula:

Ans | (3z + 5)(92% — 15z + 25)

Example 4. Factor8z3 — 2743
Solution
83 — 27y = (22)% — (3y)3

Now use the Difference of Cubes Formula:

Ans | (2z — 3y) (422 + 6zy + 9y?)
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Exercises

. Expand3z + 2)2.

. Expand(4z — 5).

. Factordz? + 20z + 25.
. Facto9z? — 24z + 16.
. Factor9z? — 16.

. Factorgz® + 27.

. Factor64z® — 125.
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Chapter 1

Review of Functions

1.1 Functions

A. Definition of a Function

Every valid input,z, producesxactly oneoutput,y; no more, no less

B. Explicit vs. Implicit Functions

1. Explicit Functions: function whose defining equation is solved for

2. Implicit Functions: function whose defining equationn®t solved fory.
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C. Examples

Determine if the following equations define functionsagfif so, state whether they are
explicit or implicit.

Examplel y=32%2+1

Solution
Plug in somer-values, see how manyvalues you get:
t=-2=>y=3(-2%4+41=3-441=13
r=1=>y=31)2+1=3-1+1=4
1=2=y=322%41=3-44+1=13

For eachr, we only get one y, so this a function of

Ans | This is an explicit function of.

Example 2: 4% =3z2+1
Solution
r=0=9y>=3001+1=y*=1=y=+l1.

We have tway’s. So this is not a function of.

Ans |This is not function of. |

16



Example 3: 222 + 3y =10
Solution
t=0=2(012+3P=10=3P=10=>y"=2=y= 2
r=2=2(2)2+3y*=10
S8+3° =103 =22y =25y = {/2

For eachz, we only get one y, so this a function of

Ans | This is an implicit function ofz.

Note: If we have a graph, we may determine if we have a function dfy using the
Vertical Line Test (if any vertical line hits the graph more than once, it is nédrction
of x). For example:

not a function ofz

17



D. Notation and Comments
y =)

1. The function operatgtis written incursive to distinguish it from a variable.

2. Interpretation:

x input
/4 function operatorrepresentsthe function; “eats’ to spit backy
Y output

J4€3) same as y; output of the function

Note: f(z) is not the function,/ represents itf(x) is ay-value. For instance, if 3 is an
input,£(3) is the output ¢-value).

3. In terms ofz, () is theformula for the output .

18



E. Evaluation Examples

Considel(z) = 32* — 2z
Example 1: Findg(3)
Solution
We want the output when = 3. Use formula for the outpug(z), and plug in3.

Now g(z) = 32 — 2z, S0f(3) = 3(3)2—2(3) =39 — 6 = 27 — 6 = 21.

Ans

Example 2: Find/(2a + 3b) and simplify
Solution

We want the output when the inputis + 3b. Plug “2a + 3b” into formula for
outputg(r) where you see:

Now f(z) = 32> — 2z, SOf(2a + 3b) = 3(2a + 3b)* — 2(2a + 3b).

Then simplify:3(4a® + 12ab + 9b*) — 4a — 6b

Ans | 1242 + 36ab + 27b* — 4a — 6b|

19



Example 3: Simplify thedifference quotientw
Solution
Now f(z) = 32® — 2z SOf(z + h) = 3(z + h)> — 2(z + h).

Theng(z + h) — f(z) = [3(z + h)* — 2(z + h)] — [32* — 22]

fo+h)—fAx) [3(z+h)*—2(z+ h)] — [32* — 2z]

Thus A = A
_ 3(a®+2zh + h?) — 2z — 2h — 32 + 2
h
32+ 6zh 4 3h* — 2z — 2h — 32 + 2z
B h
_ 6zh+ 3h* —2h
N h
_ h(6z+3h —2)
h

Ans 6z +3h —2,if h # 0|

20



Exercises

1. Determine if the following equations define functionscoff so, state whether they are explicit
or implicit.

ar?+y’=9
b.32z2 —y=5
C.y=vVz+5
dz=4
e.y=|z*> -7
ffy=6+x
g.z+y*=9
2. Letf(z) = 22* — 6. Find and simplify:
a.f—2)
b. £(0)
c.gh) - 43)
d.gh—3) Note: Thisis different than part c.
e.fz+h)

¢ fath)fo)
) h

21



3. Letg(z) = —L;. Find and simplify:
a.(2)
b. f(~1)
C.fx+h)

fath)—{@)
d. =

4. Find the difference quotie Hh,z_g(w) and simplify forg(z) = 322 — x + 5.
5. Find the difference quotie “h,i_g(x) and simplify forg(z) = /.

z-l—h)—g(ac—h)

6. Find*" o and simplify forg(z) = z3.

22



1.2 Domain and Range of Functions

A. Domain

dem { all valid inputs
B. Range

rong £ all outputs

C. Finding Domain

We “throw” away all problem values.
In particular, we don’t allow division by zero or complex nbers.

Three things to check:
1. Denominators Throw away values making the denominator zero.
2. Even Roots Set inside> 0, and solve inequality.

3. Logarithms: Set inside> 0, and solve inequality.

23



D. Domain Finding Examples

Example 1: Giveng(z) = z® + 1, find dem .
Solution

Nothing in checklist, so domain is all real numbers.

ANs | dem = (—00,00)

Example 2: Giveng(z) = Y222, find dem £.

Solution

1. Denominator: Throw awayz = 4.

2.Even Root:Setx +3> 0=z > -3

o >
C L
Throw awayzr = 4
>
-3 4

ANs | dem f=[—3,4) U (4,00)

24



E. Finding Range

This is more difficult.
Methods

1. By plugging in differentz-values, try to see what-values you get back. What
is the smallesy-value? What is the largegtvalue? Are any-values missed?

Heuristic: Expressions that are raised to even powers or even roots of ex
pressions have smallegtvalue equal to O.

2. Graph it, and read off thg-values from the graph.

3. See if you can apply “HSRV transformations” to a known bgrsgh (reviewed
later in Section 1.3)

4. For a quadratic function, find the vertex. Depending ontihwrethe parabola
opens up or down, thg-value of the vertex will give you the minimum or the
maximum value of the range, respectively.

5. Odd degree polynomials have rarigex, o).

There are other methods, such as the Back Door method, whiletotbe reviewed
here.

25



F. Range Finding Examples

Example 1: Giveng(z) = 2® + 1, find g £.
Solution
Using Method 1:
The smallesy-value possible ig (sincez? has smallesy-value0).

What is the largesj-value possible? There is no upper limit!
(They-values go tax.)

We see that and everything larger gets hit (nothing missed).

Ans g f=[1,00)

Example 2:  Giveng(z) = v/3z — 2 — 4, find «ng £.

Solution
Using Method 1:
The smallesy-value possible is-4 (since the square root has smallgstalue0.)
largesty-value possible? no upper limit

no values larger thar4 are missed

ANs | g f = [—4,00)

26



Example 3:  Giveng(z) = —3z* + 6z + 2, find =g £.
Solution
Using Method 4:

This is a quadratic function. The parabola opens down simeéetading coefficient
is negative. Now find the vertex.

Vertex Formula:(—2,¢ (—£)) = (—2(53),5 (—Q(ES))) = (1,41)) = (1,5).

)
largesty-value isy = 5!

ANs | g f = (—00, 5]

27



Exercises

1. Finddem £ and-ng ¢ for gwhere
a.flz)=2*+3
b.fx) = /z — 1
C.flz) =vVr+3-2

2. Finddemgforgwhere

a.flz) = 2

b. f(w) = 25

c. fz) = A5
d.fl) = /25
e.f7) = 755
f. fz) = Ew

3. Determine which of the following are true or false:
a. Every polynomiaf(x) satisfieSiem £ = (—00, 00)
b. Every polynomiaf(x) satisfieSwmg £ = (—00, 00)
c. No quadratic function hag.g £ = (—o0, 00)
4. Construct a functiopthat satisfieSem f = [—1, 3] and-mg £ = [0, 2]

28



1.3 HSRV Transformations

A. Summary of Transformations

1. Horizontal Translation: Add/Subtract Number INSIDE ¢f(Left/Right Respectively)
a. y-values fixed

b. z-values change

N

- ldx—c)

c>0

2. Stretching/Shrinking (Vertical): Multiply OUTSIDE of ¢ By Positive Numben
a. z-values fixed

b. y-values multiplied by positive number

29



3. Reflections:
a. Outside- sign: z-axis reflectiong-values fixedy-values times-1
b. Inside— sign (next tax): y-axis reflectiony-values fixedz-values times-1
4. Vertical Translation: Add/Subtract Number OUTSIDE @gf(Up/Down Respectively)
a. z-values fixed
b. y-values change
We always perform transformations in the order HSRV.

NOTE: When the output formula is not given, we identify “kegipts” on the graph, and
then move those according to the rules given. In this casenwyhs obtained fronmy
by transformingy, theng is called the “transformed function” anglis called the “base
function”.

B. An Example

The graph of is given by

] e

Graphg, whereg(z) =2 — Lf(z + 1). Also determinglem g and-mg g.

30



Solution

Perform HSRV:

1. H: Add 1 inside: move graph left by 3;values fixedz-values move

y
(=2,0) > (=3,0) H/\ L
0,3) = (=1,3) -
(1,0) + (0,0) [ e S e s el
(3’ _1) = (25 _1) ::

(_370) = (_3a0) S T
(_173) = (_17%) NB
(0,0) — (0,0) AT
(2a _1) = (25 _%) 1

31



3. R: Outside- sign: z-axis reflectionz-values fixedy-values times-1

Y
(—3,0) — (-3,0) 1
(_1’ %) = (_L _%) T
0,0 +~—  (0,0) "t r—t++t=7°
(2,-3) = (2,3) R

4. V: Add 2 outside: move graph up 2;values fixedy-values move

y
(=3,0) — (—3,2) VT - ==—
(_17 _%) = (_1’ %) T

0,0) ~—  (0,2) S e e e e
(2,3)—(2,3) T

From the graph of, we see that

15
g g = [3,3]
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Exercises

1. Letg be given by the following graph:

a. Graph,, wherey(z) = f(z — 2)
b. Graphk, wherek(z) = f(z) — 2
c. Graphe, whereg(z) = —f(z)
d. Graph, where«(z) = f(—z)
e. Graph, where(z) = 2{(z)

f. Graphw, whereu(z) = 2z +1) +3

33



2. Letgbe given by the following graph:

a. Graphy, whereyg(z) = 4 — 1 f(z + 1). Then determin@em ¢ and-ug g.
b. Graphk, wherek(z) = f(—z — 2) + 3. Then determin@em £ and-uwg £.

3. Supposgis a function withdem ¢ = [—2, 3] and-mg £ = [0, 5].
Find dem ¢ and-mg 4, Whereg(z) = 24—z +2) — 1.

34



1.4 Symmetry of Functions; Even and Odd

A. Symmetry of Functions

1. A function withy-axis symmetry is calledven

Note: A nonzero function may not haveaxis symmetry.
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B. Even/Odd Tests

1. Afunction isevenif f(—z) = f(z).
2. Afunctionisodd if f(—z) = —f(x).

To use these tests, we compgtez) and—(x) and compare tg(x). Then we compare to
see if any of them are equal, as in the test above. If none of tHre equal, the function is
neither even nor odd.

Note: When testing, you must usgeneric X not just one number. For example, if

f(z) = z* — z — 2, theng(1) = —2 andf(—1) = —2, butgis not even!

C. Examples

Determine ifgis even, odd, or neither:
Example 1. f(z) = 2°

Solution

Ans |Sincef(—x) = —{(z), £is odd.
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Example 2: {z) = |z|

Solution
Q=) =|—z[=|=1]|z] = |z]
dz) = |z|
~f(w) = 1|

Ans [Sincef(—z) = f(x), gis even

Example 3: fz) = (z — 1)?

Solution

ANs

f—z)=(—z—1P2=a2"+2z+1
fz)=(z—-1)?=2—-2z+1

—fz)=—(r—-1P2=—(>-2z+1)=—2+ 2z +1

Sincef(—x) is neitherg(x) nor —¢(x), gis neither even nor odd.

37



D. Symmetric Domains

The domain of a function isymmetric if the domain contains the same values to the right

of the origin as to the left.
Examples of symmetric domains:

[—6,—2)U(-1,1) U (2,6]

(—00, 00), [—3, 3], (—4,4),

Examples of domains that are not symmetric:

[0, 4], (1,00), [—2,1), (—5, 5]

E. Decomposition of Functions Into Even and Odd Parts

1. Statement: Any function (even/odd/neither) with a symmetric domain ba decomposed
into the sum of an even function and an odd function.

2. Formulas:

A fper(®) = 3 [A2) + ()]
b. £,44(2) = 3 [@z) — @—)]

3. Comments:

a. Note, by definitiory, __is an even function and ,, is an odd function.

b. Note, also that, _ (z) + £ ,4(7) = f(z).

38



F. Decomposition Examples

Example 1: Giveng(z) = (z — 1)*, decomposginto even and odd parts.
Solution
Note: dem £ = (—00, 00), SO the domain is symmetric.

Now use the formulas:

boerl®) = 5 [£(2) +£-2)
_ % [(@ = 1)+ (—z — 1)?]
1 2 2
=3 [3: —-2z4+1+4+z +2m+1}
= %(2x2+2) =2’ +1.
1
boud®) = 2 [d=) - )]
- % (@ -1 - (-2 —1)?]
= % [2° =22 +1— (2% + 22 +1)]
= %(—43:) = —271.

Ans |fg (z)=2*+1

boad®) = —22

Note: g, (%) +£ 4(z) =2° +1 -2z = (z —1)> = f(z).

39



Example 2: Giveng(z) = z°, decomposg into even and odd parts.
Solution
Note: dem g = (—00, 00), SO the domain is symmetric.

Now use the formulas:

oved®) = 3 [0 + (~2)]
Lo s 3
= ? [2° + (—z)°]
=3 [2° + (—1)°z?]
Loa 3y _
= 5(3: —z°) = 0.
300d(®) = 5 [9(2) — g(=2)]

Ans | g (z) =0
(z) = 2°

This was no surprise, really.was already odd.
Note: This is another even/odd test. To test a function, do therdposition . . .
If the even part is 0, the function &dd. If the odd part is 0, the function even

If neither are 0, the function iseither even nor odd.

40



Exercises

1. Determine iffis even, odd, or neither where
a.f(x) =3z +2
b.fz) =22* —z +1

C.lx) =12 -2z

d. fz) = /]2

W=

e.fz)==x
f. fx) = Hﬁ
9.{z) = 5
2. Giveng(z) = (z — 3)?, decomposginto even and odd parts.
3. Explain why a nonzero function can not havaxis symmetry.

4. Explain why the domain of a function must be symmetric idesrto be able to decompose it
into even and odd parts.

41



1.5 Combinations of Functions

A. Definitions of (+, —, -, +, o) for Functions

L (¢+9)(2) = fz) + 4(2)
2. (- 9)(z) = f(z) — 4(2)

3. (¢9)(x) = fz)g(2)

4. (L)) =45

3
5. (fog)(x) = fg(x)) £ o 4 is calledg composed withg
Note: fo 4, £ — g, €tC. are functions; whereago 4)(x) etc. are theutputs.

Warning: The above ardefinitions of new functions, having nothing to do with the “distribeiv
property for variables.

B. Examples

Example 1: Find the output formulas for f+g4, £—4, {9 g, £og gof
wheref(z) = vz + 1 andg(z) = 2.

Solution

£+ 9)(2) = fz) +4(z) ={vVo +1+ 2

€9 (@) =fr) —g(z) =V +1-32

42



Example 2: Giveng(z) = 3 + 2% andg(z) = = — 1. Find:
a) (£9)(=1)
b) (40(0)

) (3—0(2)

Solution
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Example 3: LetZandg be given by the graphs below:

Find:
A(E-92 D@  IGoa-3) D (o
Solution

a)((—9)(2) =d2) — 4(2) =3 - 1=2]

graph graph
of% ofg

9 (-

44



C. Comments on Domain

1. The domainsof ¢+4, f—4q {9 g, fog  etc. cannot be found by just
looking at their output formulas!

2. Reason output formula gives the wrong domain:
Example:
If f(x) = x — \/z andg(z) = \/z, then(f + g)(z) = =.
However,dom (£ + 4) # (—00, 00) as suggested by the output formula.
Note that(f + 4)(—2) is undefined:
€+ 9)(—2) = f(—2) + 4(—2), butg(—2) andg(—2) are undefined!

3. We will investigate how to find theorrect domains of these new functions in the
subsequent sections.
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Exercises

1. Find the output formulas for ¢+4, f—494, f9. &, fog9 g0of
wheref(z) = \/z andg(z) = 5.

2. Letf(z) = YZ andy(z) = 2=L. Find and simplify(go ¢)(z) and(g o ) ().
3. Giveny(z) = 22 — 2 andg(z) = 3 — z. Find:

a. (£9)(=2)

b. (£24)(0)

c. (goo)(1)

4. Letgandg be given by the graphs below:
Yy Yy

~ et L, A,

£

Find:
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1.6 Domain of Combined Functions

A. Introduction

In this section, we discuss how to fiagh.(f+ g), dem(f— g), dem(fg), anddm(g) . We will

leave the discussion abm (£ o 4) for the next two sections. Recall that just looking at the
output formula will yield the wrong result.

B. Method

To find dem(f+ ). dor(§ — g), dem({), andem( £):
1. Finddem £ anddem g.

2. Intersect them in AND, i.e. find where they overlap.

3.1n thede/vn(§> case, additionally throw out anys whereg(z) = 0
(since the denominator can’t be zero)
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C. Examples

Example 1: f(z) = 1 andg(z) = = — 1. Find (¢ + ¢)(z) anddem(£ + g).

Solution

L (g+g)(z) =fz) + 9(x) = 2 + (& -

8 =
N—r
Il

—
| ‘»—‘
8

Note: By the output formula, you would get tivcorrect domain of(—oo, 1) U (1, 00).
Now we’ll do it correctly.

2.
dom { o $ Throwawayr =0
0
dom g o $ Throwawayr = 0,1
0 1
intersectgg >
0 1

ANs | dom(f+ g) = (—00,0) U (0,1) U (1,00)
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Example 2: f(z) = 7£5 andy(z) = J=%. Find (g)@:) andm(g).

Solution

1. <£)(x) _ o _ =i z+1

9 - g(x) - z=2 T z-2°
Note: As we'll see the domain is nét-oo, 2) U (2, 00)
2. dem {. requirer + 3 > 0 (root) andz + 3 # 0 (denominator)

dem g. requirez + 3 > 0 (root) andzr + 3 # 0 (denominator)

-3
-3

intersect >
-3

Since we hav%, here we need talsothrow out whergy(z) = 0,

i.e.fa%zo = 15-2=0= x=2.

Throw outzx = 2: >

Ans dm(f) — (=3,2) U (2, 0)
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Example 3: Find dem| £ when¢ andg are given by the graphs below:
g ¢andg

/x ST

Solution
From the graphs,
demtg ‘ ® O
-1 0 3
deﬂng PN ’
—4
intersect < gu———— @ o

-4 -1 0 3
Now throw out whergy(z) = 0 (that is, whereg; crosses the-axis):

Thus throw outr = -3, —1, 1.

= s G =
—-4-3-1 01 3

Ans d,a,m(g) —[—4,-3)U(=3,-1)U[0,1) U (1,3)
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1.7 Domain of Composition: From Output Formulas

A. Introduction

In this section, we will discuss how to findm (£ o 4) from output formulas.

B. Motivation

Since(fo g)(z) = dg(x)), the domain must consist of
1. values thaj accepts Jom g

2. also,4(x) must be accepted lyythis occurs wheg(4(x)) is defined

[de'Yn(g © 9) incorrect]

C. Method

1. Find(£o g)(z).

Look at the output formula and find tliecorrect domain:dem(£ © g)incorrect-
2. Finddem g.
3. Intersectiom (£ © g)incorrect With dem g (Overlap with AND).

Note: dom £ Never gets used!
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D. Examples

Example 1:  Finddem(£ o g) Wheref(z) = = andg(z) = vz + 3.

Solution
1. Firstfind(go g)(x):

(0 9)(w) = l3(2)) = Av/z +3) = by = 2

(Vz+3)2—1 — z+2
Sincex 7é -2, dem(go g)incorrect = (—OO, _2) U (_27 OO)

2. Now finddemg:

from the even root, we requite+3 > 0 = z > —3.

Thusdemg = [—3, 00).
3. Intersect:
dem(go %)incorrect ‘ ’
-2
d,efmg ® ’
-3
intersect ® >
-3 -2

ANns |dem(fog) =[—3,2) U (2,00)

Note: dem £ Was never used!
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Example 2:  Finddem(£ 0 g) Whereg(z) = 2£2 andg(z) = 2241,

Solution

1. First find(go g)(x):

2c41 +3 M+3(¢+3) 52410
(go 4{}) (I) = g(%(x)) = £(2;-|—-|—31) = 2mac-':|—31_1 = m;cil_iig = ;tg = siiéo : ﬁ—fg
z+3 z+3  x+3 z+3

ThUS(gO 9)($) = 52%;0, SOox ?é 2 = dem(gog)mcorrect = (—OO, 2) U (2’ OO)

2. Now finddemg:

We see that # —3, SOdem g = (—00, =3) U (=3, 00).

3. Intersect:
dem(go g)incorrect ‘ ’
2
-3
intersect‘ >
-3 2

Ans | dem(fog) = (—00,=3) U (=3,2) U (2,00)
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1.8 Domain of Composition: From Graphs
Note: This method is different from that used for output formulas!
A. Method

1. Finddem ¢ from the graph.
2. Drawdem £ 0N they-axis of the graph of.
3. Throw away the parts gfthat are not inside the “bands” determined byghaxis marks.

4. Read off the domain of the new “mutilated” graphyof

B. Examples

Example 1: Finddem (£ o ) Whereg andg are given by the following graphs:

Solution

1. From the graphjem f = [—3, 1].
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2. Mark dem £ On they-axis of the graph of:

Y

\/ - - include
| T

. include

3. “Mutilated” graph of:

4. Now read off the domain:

Ans

de'm(go ?}) = [_25

—1]U[2,4]

Band determined byem ¢
Throw away everything outside

Example 2. Finddem(£ 0 4) Whereg andg are given by the following graphs:
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Solution
1. From the graphjem f = [—3, —1) U [0, 2).

2. Mark dem ¢ On they-axis of the graph of:

,,,,,,,,,,,, don’t include

z _ __include
777777777 don’t include

,,,,,,,,,,,, include

4. Now read off domain:

ANs | dem(fog) =[—4,-2)U(1,2)
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Exercises

1. Letg(z) = E=2EH) andy(z) = S22 Find (g4)(2) andden(fy).

2. Letg(z) = =% andg(z) = S25. Find (g)(:p) andaw(g).
3. Letf(z) = = andg(z) = v/z + 2. Find (¢ o g)(z) anddem (£ g).

4. Letg(x) = 22 andg(z) = 222, Find (¢o g)(x) anddem(£o g).

5. Letgandg be given by the following graphs:

a. Findm(g)
b. Finddem(£o g)

)

d. Findm(g o g)

C. Findm(

b
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6. Letgandg be given by the following graphs:

a. Finddem(§>
b. Finddem (£ o g)
C. Findm(%)

d. Finddem(g 0 §)
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1.9 Inverses

A. Definition of Inverses

Two functionsg andg are callednversesif two conditions are met:
1. (fog)(z) =2

2. (300)(z) ==

Thusg and9 undo each other!

B. Examples

Example 1: Aregandginverses, wherg(z) = 2* + 1 andg(z) = vz — 1?
Solution

Check the two conditions!
1.(fog)(z) =fg(z) =gV —-1)= (Ve -1 +1=z—-1+1=z

2.(300(c) = 9lfla) = (@ + 1) = @+ D)~ 1= VP =2

Ans | YES,gandg are inverses
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Example 2: Aregandginverses, wherg(z) = z? andg(z) = \/2?
Solution
Check the two conditions!
L (fog)(x) =flg(r)) = dvz) = (Vo) =

2. (g00(z) = g(l(x)) = g(z?) = Va® = |z

Both conditions are not met, so . . .

(7]

Ans gand9 are NOT inverse
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Exercises

1. Determine if andg are inverses wheggz) = 3z — 5 andg(z) = 2.

2. Determine if andg are inverses wheigz) = 22 — 6 andg(z) = v/ + 6.

3. Determine if andg are inverses wheggz) = -2 andg(z) = 2%

z—1
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1.10 One-to-One Functions

A. Motivating Question

Let's say we have a functign We might ask the following question:

Does therexista functiong, so thaf andg are inverses?

B. Discussion

Well, if we can find ag, at the very least we must have thgto £)(z) = 4(dz)) = =,
I.e. g undoeg (since that is one of the conditions for two functions to beenses).

Let’s consideg(z) = 2 for example.

For this particular function, we have a problem. Notice whides to -3 and 3:
:3,&

9
s

Sincef sends both -3 and 3 to B,we had a; that worked 4 would have to send 9 back to
-3 AND 3, but functions can’t do that!

Moral: We see that for a function to have an inverse, it sahsend two or more’s to the
same number. In fact, provided the function doesn’t behad®tike this, we can find an
inverse (discussed later in Section 1.11).
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C. Definition of a One-to-One Function

A function is calledone-to-oneif it is impossiblefor different inputs to get sent to the
same output. Alternately, we see that this means thatgaah only come from one.

14 g
e e
e e
— —

=

one-to-one not one-to-one
D. One-to-One Tests

1. Definition: See if it is impossible for different’s to go to the same.

2. Graphical: Horizontal Line Test
(if any horizontal line hits the graph more than once, it isoe-to-one)

not one-to-one

3. Formal Method:
a. Set(x) = f(a)
b. Solve forz

c. If z = a (only), thengis one-to-one; otherwise, it is not
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E.

Formal Method Examples

Example 1: Determine iff is one-to-one whergz) = 2z + 3
Solution
1. Setf(z) = (a): 20 +3=2a+3

2. Solve forz: 2r=2a0a = x=a

A1 %4

Ans Sincez = a (only),|£is one-to-ong

Example 2:  Determine ify is one-to-one wherg(z) = -5

Solution
1. Sety(x) =g(a): 5 =35
2. Solve forz:  LCD=(z + 1)(a + 1), andz # —1
@+ D(a+1) ;5] = (=+1)(a+1) [;%]

zla+1l)=a(lz+1) = axr+r=ar+a = z=a

Ans Sincez = a (only),| 4 is one-to-ong
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Example 3: Determine if is one-to-one wherg(z) = 2+
Solution
1. Setd(z) = R(a): G4 = ad
2. Solve forz:  LCD=(2? — 3)(a? — 3), andz # +/—3,V3
(@ = 3)(a* - 3) [25] = (o~ 3)(a* ~3) |54
(a® — 3)(2? +4) = (2% — 3)(a® + 4)

a’x® + 4a® — 322 — 12 = a?x? + 422 — 3a®> — 12

402 =322 =422 - 3d®> = -T2’ =—-Ta> = 2> =a?> = z = +a

Ans Sincez = =+a, not justz = a,|£ is not one-to-ong

65



Exercises

Use the formal method to determing’is one-to-one where

1. fz)=22-71.

2. f(z)=2"+3.

4. =) =5

5. lz) = logy (22 + 1).

6. fz)= ﬁ
7. Show that all linear functions with nonzero slope are tmene.

8. Show that ifis even, thelgis not one-to-one.
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1.11 Inverse Functions

A. Notation

1. The inverse function is written gsl.

2. Beware: Algebra of functions is different from algebra of variables
at=1 but £ x) # ﬁ
B. Finding Inverse Functions Algebraically

1. Verify thatZ is one-to-one.
2. Set outpug(x) = y and solve, if possible, far (the input).

Note:y =f(z) = z=¢£"'(y)
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C. Examples of the Algebraic Method

Example 1: Find, if possible, the output formula fgr' whereg(z) =1 — 3z
Solution
1. Check to see {fis one-to-one:
Formal Method: Sef(x) = £(a):
1-3r=1—-3ad = —3r=-3ad = x=a
Thusgis one-to-one, and has an inverse.
2. Lety =1 — 3z and solve for:

1—
3z+ty=1=3z=1-y = o=

1—

Ans Nowz =g '(y),so|f ' (y) = F*

Note: For any outpuy, this formula gives back the original inpaut
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Example 2: Find, if possible, the output formula fgr' whereg(z) = 3242

Solution
1. Check to see Fis one-to-one:

Formal Method: Sef(x) = f(a):

3z+4 _ 3a+4
2r—3 =~ 2a-3

LCD=(2z — 3)(2a — 3) andz # 2, then

(22 — 3)(2a — 3) [3252] = (22 — 3)(2a — 3) [3a+4]

2a—3

(2a —3)(3x +4) = (22 — 3)(3a + 4)
6arx+8a—92—12 =6ax+8x—9%a—12 = —17xr = —17a = z=a
Thusgis one-to-one, and has an inverse.

2. Lety = 242 and solve fou:

Note:z # 3. Then:

2z —3)y=3x+4
2zy — 3y =3x +4
2cy — 3rx =3y + 4
z(2y —3) =3y +4

3y +4
:2y—3

T

Ans Nowz = £ 1(y), so|g ! (y) = 32
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D. Evaluating; ' on a Graph

Sincex = ¢ '(y), £ ' takesy-values and gives backvalues. Thus, if we have the graph of
£, and we want to evaluage’ at a point, we put in thg-value and take the corresponding
z-value as the answer.

E. An Example

Let ¢ be given by the following graph:

Evaluate:
a.f'(2)
b. £ (~3)

Solution

Note: gactually has an inverse, since it passes the Horizontal Tése

a.f'(2):wheny=2,2=1,s0/f'(2) =1

b.£'(-3): wheny = -3,z = -2, so|g ' (-3) = —2

70



Exercises

1. Find, if possible, the output formula fgr' where

a.fx)=2-5z
b. f(z) = b5
c.flz) = V3 — 2
d. f(w) = |z — 3|

fde) = 53
0.fz) =2v2r—-5—-1
h. f(z) = leg, (z + 3)

2. If gis one-to-one, find the output formula fgr!, wherey(z) = a f(z + b) — ¢ wherea # 0.
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3. Letgbe given by the following graph:

Evaluate:
a.z'(3)
b. ¢ *(~1)

c.z'(1)
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1.12 Inverse Functions Il: Reflections

A. Introduction

It is sometimes undesirable to examine the inverse funttydooking sideways. Thus, for
graphical purposes, we can get a “non-sideways” versiohafjtaph of~" by switching
the z andy coordinates. Thus to get a “non-sideways” version of thelyraf {1, we
would take each point on the graphfsay(3, 2) for example and plog2, 3).

Note: When we want to consider this alternate version of the gréph'owe indicate that
in our output formula as well. In this case, we switch theeleih the output formula for
¢! fromy to z; that s, if our original output formula was' (y) = 3y — 2, our new output
formulaisf' (z) = 3z — 2.

Now let’'s see what this means geometrically.

B. Graph of the Inverse Function

To get the graph of !, we switch the coordinates of each point on the gragh Geomet-
rically, this corresponds teflecting the graph about the liney = z.
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C. Justification of Geometric Interpretation of the Inverse

1. If (a,d) is ong, then(b, a) is ong".

2. Connecting these two points, we cut the line = at some poinfc, c).

3. The slope of the connecting segmeniié = —?a_—bb) = —1.

4. Since the slope of the line= x is 1, we see that the connecting segment is perpendicular
to the liney = .

5. To show thag~! is a mirror image acrosg = z, we just need to show thét, b) is the
same distance frorfe, ¢) as the pointb,a) is . . .

6. Distance fron{a, b) to (¢, ¢): v/(c — a)2 + (c — b)2

7. Distance from(b, a) to (¢, ¢): v/(c — b)2+ (c —a)2 = y/(c — a)? + (c — b)?

Thus (b, a) is the mirror image ofa, b) across the ling/ = z, so the graph of ! is the
reflection of the graph gfacross the ling = .
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1.13 Domain and Range of the Inverse Function

A. Domain and Range of¢™!

1. To finddem(£~"): find g ¢
2. To find-mg(g1): find dem ¢
This comes from the idea that' takesy-values back ta:-values.

Warning: You have to use the above relationship. The output forgauler) will give the wrong
domain and range.

B. Examples

Example 1: gis invertible ang(z) = vz — 8. Findg!(z), dem(£ ), and-mg(g*).

Solution
1.
y=vz—38
y2 =xr—8
r=9>+8
£ly)=y*+38
(l(x) =22+8

Hence, we havgg ' (z) = z” + 8.

Note: The above output formula suggests that(f ') = (—oo, 00), but this is not
the right answer. Now let’s find it.
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2. dom(f"): Find ng £

Now g £ = [0, 00), Since the square root produces outputs greater than or
equal to zero.

Thus|dem(f™") = [0, 00)

3. mg(f"): Find dem ¢

NOW dem £ = [8, 00) [Since we requirec — 8 > 0].

Thus|-mg(f ') = [8, 00)

Example 2: 4is invertible andy(z) = v/z + 3. Finddem(g '), and-ng(g ).
Solution
1. dem (g '): Find ng g
Now +/z forces|0, co) outputs

Thus+/z + 3 forces outputs if3, 00), SOxng g = [3,00).

Hence dem(g ') = [3, 00)

2. rrm,g(%il): Flnddefmg

NOW dem g = [0, 00) [Since we requirer > 0]

Hence -mg(4~") = [0, o0)
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Exercises

1. Letf(z) = Vo + 2 — 3. Findg ! (z), dem(£"), andrmg(f ).
2. Letg(z) = v/3z — 2+ 5. Findg (), dem(g '), @and-ng(g ).

3. Lety(z) = 26og, (¢ + 3) — 1. Findg (), dom(g 1), @nchong(g~Y).
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1.14 Capital Functions

A. Motivation

If gis useful, butnot invertible (not one-to-one), we create an auxiliary fuoeti that is
similar tog, butis invertible.

B. Capital Functions

C.

Giveng, not invertible. . ., we definex invertible.
Z must have the following properties:
1. 3(x) = g(x) [2 produces the same outputsaso the output formula is the same]
2. %is given a smaller, restricted domaingo that
a.kis one-to-one
b. g 3 = g €

Any suchz is called acapital function or principal function

Method for Constructing Capital Functions

Giveng, we try to determine what to cut out @= ¢ so that the result is one-to-one with
the same range.
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D. Examples

Example 1: gis not invertible, whergf(z) = 2. Construct a capital functian.
Solution

To see what is going on, let’s look at the graptg.of

Note: dem { = (—00, 00) @Nd-mg £ = [0, 00).

Cutting off either the left half or the right half makes theyaning part one-to-one,
without changing the range.

Ans One solution i$3(x) = 22,2 € [0, 00)

Another solution is*(z) = 2%z € (—o0, 0]

Note: Each such solution can be loosely referred to as a “branch”.
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Example 2: gisnotinvertible, whergy(z) = /9 — (z + 2)2. Construct a capital functiop.
Solution

To see what is going on, let’s look at the graphyof

This is the top half of a circle with cent¢+2, 0) and radius 3.
[The full circle would be(x + 2)? + y? = 9]
Note: dem g = [—5, 1] and~ng 4 = [0, 3].

Cutting off either the left half or the right half makes they&ning part one-to-one,
without changing the range.

Ans One solutionisf(z) = /9 — (z +2)% 2 € [-2,1]

Another solution i$§(z) = /9 — (z + 2)%4 2 € [-5, 2]
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E. Comments

1. By construction, the capital functioase invertible.
2. SinCewg 3 = g £, it retains the useful information from the original furaoti
3. The inverse of the capital function, !, serves as the best approximation to an inverse

of the original function one can get.

F. Inverses of the Capital Functions

Here given a functiog, we examinet'.

Example 1: Letgz) = (z+3)*— 1. Using the left branch, determimeand findx~' (y).
Also, givedem(3~!) and-mg(31).

Solution

Let’s look at the graph of

g\/x

U,,““

Note: dem £ = (—00,00) and-mg f = [—1, 00).

Using the left branch,

Hz)=(z+3)*—1;2 € (—o0, —3]

81



Note 2: dem & = (—00, —3] anduwmg 3 = [~1,00)

Now find 2~ !:

y=(r+3)°-1
(z+3)=y+1
r+3=xy+1
T=-3x\y+1

Since functions only produce one value, we need to decidehndiithe two solu-
tions to take. In this cas@em 2 = (—o00, —3], SO we need to take the minus sign to
makez smaller than -3.

Hence|3 !(y) = -3 -y + 1|

NOW dem (2 1) = rng 2 @Ndrmg(E ') = dem 2, SO by Note 2, we have

dem (A1) = [—1,00) |and| mg(Z ') = (—o00, —3]

Example 2: Letg(z) = |z — 2| + 3. Using the right branch, determinieand finds ().
Also, givedem (3 !) and-ng(31).

Solution

Let's look at the graph of
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Note: dem £ = (—00,00) andmg £ = [3, 00).

Using the right branch,

Hzx) =z —2|+3;z € [2,00)

Note 2: dem &t = [2,00) and-wmg 2t = [3, 00)

Now find 3~ !:

y=|lr—2/+3
|z —2[=y-3

Then z-2=y—-3 OR z-2=—(y—3).
r=y—1 OR z—-2=—-y+3
r=y—1 OR z=-y+5

Since functions only produce one value, we need to decidehndiithe two solu-
tions to take. In this casaem % = [2, 00), SO we need the equation givingvalues
that are 2 or bigger. Singe> 3 [range], this happens in tHgst equation.

Hence|{3 '(y) =y — 1|
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NOW dom(3™") = rng *t @Nd-ng(3") = dom T, SO by Note 2, we have

dom(31) = [3, 00) | @and]eng(3 1) = [2, 00)
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Exercises

1. Letf(z) = (z — 3)* + 2. Using the left branch, determine a capital functioand find=~"(y).
Also, determinglom (3~") and-mg(3~1).

2. Letf(z) = (z + 1)® — 3. Using the left branch, determine a capital functioand findx~"(y).
Also, determinglom (3~") and-mg(31).

3. Letg(z) = |z +4|. Using the right branch, determine a capital functicand findx~'(y). Also,
determin@iem(3~') and-mg(371).

4. Letf(z) = |z — 1| + 2. Using the right branch, determine a capital functioand findx~"(y).
Also, determin@lem (3 ') and-mg(3 ).
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Chapter 2

Rational Functions

2.1 The Reciprocal Function

Letg(x) = 1. gis called thereciprocal function.

We can plot this by making a table of values. Sigéeundefined at = 0, we pick a lot
of points neab.

x y x Y
-10 o 0 | undefined
-3 — = 10
2| - S
-1 -1 : 2
-3 -2 1 1
-1 -3 2|
—= | —10 3 3

0 | undefined 10 =
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For very large numbers (like0000) and very negative numbers (like10000), the graph

approaches the-axis, but does not cross. Also, for numbers riefike —10(1)00 or mlw ,

the graph approaches theaxis, but does not cross.

These “imaginary” approaching lines are calesymptotes

Note: When asymptotes don't lie along theor y axes, as in this function, we often draw
them in for a visual aid as a dashed line.
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2.2 Rational Functions and Asymptotes

A. Definition of a Rational Function

¢is said to be aational function if fz) = %, whereg andx are polynomial functions.
That s, rational functions are fractions with polynomialthe numerator and denominator.

B. Asymptotes/Holes

Holes are what they sound like:

/ is a hole

Rational functions may have holes or asymptotes (or both!).
Asymptote Types:

1. vertical

2. horizontal

3. oblique (“slanted-line”)

4. curvilinear (asymptote is a curve!)

We will now discuss how to find all of these things.
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C. Finding Vertical Asymptotes and Holes

Factors in the denominator cause vertical asymptotes ahdles.
To find them:
1. Factor the denominator (and numerator, if possible).
2. Cancel common factors.

3. Denominator factors thaancelcompletely give rise tholes Those that don't
give rise tovertical asymptotes

D. Examples

Example 1: Find the vertical asymptotes/holes fonhereg(z) = %

Solution

Canceling common factorgtz) = 3£ # —4

x + 4 factor cancels completels | holeatz = —4|

x — 7 factor not completely canceleé ‘ vertical asymptotewith equationr = 7

Example 2: Find the vertical asymptotes/holes forheref(z) = 2,=3-12.

Solution

_ (z—4)(2z+3)

FaCtOI’Z (.T)) = m
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Ans

Cancel:f(z) =

243 5137&4

z—1"7

Vertical Asymptote with

equationr =1

Hole atz =4

E. Finding Horizontal, Oblique, Curvilinear Asymptotes

Supposg(z) =

apx™ + -+ a1 + ag

b4 -+ bz + by

1. degree topc degree bottomhorizontal asymptotewith equationy = 0

2. degree top= degree bottomhorizontal asymptotewith equationy =

3. degree top> degree bottomoblique or curvilinear asymptotes

To find them: Long divide and throw away remainder

F. Examples

Example 1: Find the horizontal, oblique, or curvilinear asymptotefatheref(z) =

Solution

ANs

degree top- 4

degree bottoms 5.

horizontal asymptotewith equationy = 0
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Example 2:  Find the horizontal, oblique, or curvilinear asymptotedaheref(z) = 62, -202+1

22345
Solution
degree top 3 degree bottoms 3.
Since3 = 3, we have a horizontal asymptotep g = 3. Thus
Ans | horizontal asymptotewith equationy = 3
223-3

Example 3: Find the horizontal, oblique, or curvilinear asymptotefahere/(z) =

z2-1"
Solution
degree top 3 degree bottoms 2.
Since3 > 2, we have an oblique or curvilinear asymptote. Now long divid
2x

22 +0x—1 ‘ 223 + 022+ 0z — 3
— (223 + 022 — 22)

2¢ — 3
) 33 2x — 3
Since 5 =2 f , we have that
xre — xrc —
N——
Throw away

Ans |4(z) = 2z defines a line, and is the equation for ttdique asymptote
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Example 4: Find the horizontal, oblique, or curvilinear asymptotefarhere

35—t + 222+ +1
fz) = 5 :
2 +1

Solution
degree tog 5 degree bottoms 2.

Sinceb > 2, we have an oblique or curvilinear asymptote. Now long divid

323 —2? — 31+ 3
224+ 0z +1 ‘ 325 — 2t + 023 + 222 + 2 + 1
—(32° + 0x* + 323)
—a* — 323 + 222
—(—2* 4+ 023 — 2?)
—31*+ 32?2 +
—(—32% + 02 — 32)
322 +4z +1
—(32% + 0z + 3)
4x — 2

305 — 2t + 227 1 dv =2
T T+ 22"+ + — 33— 22 _3r+3+ L,Wehavethat
.’E2+1 .Z'2+1

Since
Throw away

Ans |4(z) = 32® — 2® — 3z + 3 defines aurvilinear asymptote
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G. Asymptote Discussion for Functions

1. As the graph of a function approachesestical asymptote, it shoots up or down towargtoo.

approach

A
\, approach
v

A
v

2. Graphs approachorizontal, oblique, and curvilinear asymptotesasx — —oo or

Tr — OQ.
approach approach
<ottt - > R >
approach
A A
approacN
yas . //’
\_/

3. Graphs of functionsever cross vertical asymptotes, botay cross other asymptote
types.
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Exercises

1. Find the vertical asymptotes and holesfahere

_ (z=3)(z+4)
a.f(z) = (z+4)(22—1)

_ (22-3)(z+4)(2x—1)2
b. f(z) = (z-+4)2(2z—1)

2_Br—
C.{(7) = Srsims

2. Find the horizontal, oblique, or curvilinear asymptatefwhere

3_
a.fx) = 551

b. flz) = &=8

2441

c.flz) = =8

d. f(z) = S=5

2z4—5z2 1
e.fz) = 3;576;*:af2t2

4 k2
f.lz) = Fgrars

3. Create a rational function with curvilinear asymptpte 23 — 222 + 5z — 1.

4. Suppose a rational function has no vertical asymptotdwlms. What is the domain of the
function?

5. Describe the relationship between the domain of a ratfanationg and its vertical asymptotes
and/or holes.
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2.3 Graphing Rational Functions

A. Strategy

1. Find all asymptotes (vertical, horizontal, oblique \limear) and holes for the function.
2. Find thex andy intercepts.

3. Plot thex andy intercepts, draw the asymptotes, and plot “enough” pointthe graph
to see exactly what is going on.

Note: The graph mayot cross vertical asymptotes, but may cross others. Also, someg
knowledge about symmetry (even/odd/neither) can speedeugraphing.

B. Examples

Example 1:  Graph, wheref(z) = =1

Solution
1. Asymptotes
Vertical: z = —2
Horizontal:y = 2 =3

1

2. Intercepts:

: . N _ 3z—1
z-Intercepts: sey = O: 0="0%

Disallowed valuesz # —2, and LCD= + 2.

Multiplying by the LCD:0 =3z -1 = z =3
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y-intercept: sek = 0: 70) = % =—1
Now graph an initial rough sketch:
)
A
e e >
e
b

Now we need to plot enough points to see what is going on. Weapie —6 and
x = 6 to see the behavior near the horizontal asymptote, andapiek —3 and
x = —1 to see the behavior near the vertical asymptote. Then pielwathers to
see what is going on:

z |y
19
—6| L
13
—4| L8
—~3| 10
—1| -4
2
L] 3
17
6 | %

We plot these points on the grid we already made. Then we cbtimepoints using
the asymptote behavior.
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Ans

22—z —6

3 — 622 + 5x + 12

Example 2: Graphy, wheref(z) =

Solution
1. Asymptotes
We first have to factor the top and bottom.
Top: 22 —z— 6 = (x — 3)(z + 2)
Bottom: 2® — 622 + 5x + 12

Rational Root Theorem:

factors ofl2  £1,+£2,43, +4, £6, £12
factors ofl +1

Rational Candidatest1, +2, +3, +4, 46, 12
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Note: (—1)3 — 6(—1)2+5(—1)+12=-1—-6—-5+12=0

Thusz + 1 is a factor. Divide it out using synthetic division:

j1 -6 5 12

—1 7 =12

1 -7 12 |0

23 —622+52+12 = (z+1)(2* =72 +12) = (z+1)(z—3)(z —4)

z—3)(z+2
Thus,/(z) = (zJ£1)(x)—(3)(z)—4)-

Simplifying, ¢(z) = %

Thus, we haveertical asymptoteswith equations = —1 andz = 4.
Also, we have doleatz = 3.

Since degree tep 1 and degree bottom 2, and sincel < 2, we have a
horizontal asymptotewith equationy = 0.

2. Intercepts:

z-intercepts: sej = 0: o it2 =0

Disallowed valuesz # —1,4, and LCDXz + 1)(z — 4).

Multiplying by the LCD:z +2=0 = z = -2

y-intercept: set: = 0: {(0) = 4=y = mew =

N[
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Now graph an initial rough sketch:

hole on graph here

Now plot some more points using the output formgla) = %:

x Y
1
—6 | —%
1
-5 | —%
_ 1
4 12
1
_3 2
2 11
1| _2
2 3
1
L =3
2
2 3
5}
3 T4
7
5 6
4
6 7

Note: In fact, the poin{(3, —2) from the table above is the location of a hole, since
we saw previously that we had a holerat 3.
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We plot these points on the grid we already made. Then we cbtimepoints using
the asymptote behavior.

Ans

3 2
—9
Example 3: Graphg, whereg(z) = %
T Z

Solution
1. Asymptotes
We first have to factor . . .

Consideringr? + z + 1, we can't factor it immediately, so we decide to use
the quadratic formula. Howevét — 4ac = (1)? — 4(1)(1) = -3 < 0, so
the zeros are complex. Thus we have no vertical asymptotesies!

Since degree top 3 and degree bottom 2, and since3 > 2, we have an
oblique or curvilinear asymptote (oblique, in fact, as we selow).
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Now find it by algebraic long division:

x
> +r+1 ‘m3+x2+0x—2
—(2® + 22 + )
—x—2
4+t -2 —x—2

Hence——— = _
2?2 +x+1 x+x2+x+1

Thusy = z defines armoblique asymptote
2. Intercepts:

x3+x2—2_

z-intercepts: sey = 0: _
P e 2+z4+1

No disallowed values and LCD2 + = + 1.
Multiplying by the LCD: 23 + 22 — 2 = 0.

Rational Root Theorem:

factorsof —2  +1,42
factorsofl =~ +1

Rational Candidatest1, £2
Note: 13 +12-2=1+1-2=0
Thusz — 1 is a factor. Divide it out using synthetic division:
ﬂ 1 1 0 -2
12 2 [0

Thus(z — 1)(z* + 2z + 2) = 0.
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Now use the quadratic formula on the remaining quadratic:

o 2E/4-4(1)(2) _ _24A—8 _ —24v/—4 _ —24% _ 1434
T = 2(1) = 2 =T 2 T2 = ¢

Since these are complex, we only get animtercept from the: — 1
factor.

Thus we have one-intercept,x = 1.

y-intercept: ser = 0:  ((0) = G2 = -2,

Now graph an initial rough sketch:
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P+ —-2

Now plot some more points using the output formgla) = ——:
P P g P Hia) 22+zx+1

z |y
20
—3| -2
92| -9
3| _2
2 14
—1| -2
1| _s
2 2
10
2 | 7

We plot these points on the grid we already made. Then we cbtimepoints using
the asymptote behavior.

Ans
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2x°

s —x

Example 4. Graphy, wheref(z) =

Solution
1. Asymptotes

(z) = 20 22% 27°
o)== r(z2-1) 2(@z+1)(zr-1)

Simplifying: g(z) = %
Thus we havevertical asymptoteswith equations: = —1 andz = 1.

We also have holeatz = 0.

Since degree top 4 and degree bottom 2, and sincel > 2, we have an
oblique or curvilinear asymptote (curvilinear, in fact,ves see below).

Now find it by algebraic long division:
227 + 2

22 +0zx—1 ‘ 2z* + 023 + 022 + 0z + 0
—(2z* + 023 — 22?)

222+ 0z +0
—(22% + 0z — 2)
2
* 2
Hence =2 2 .
2 —1 T +:v2—1

Thusy = 222 + 2 defines aurvilinear asymptote.
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2. Intercepts:

z-intercepts: sey = 0:

Disallowed valuesz # —1,1 and LCDxz + 1)(z — 1).
Multiplying by the LCD:22* =0 = 2* =0 = z =0.

However, this intercept isot a point, since we said earlier that we
had a hole at = 0.

y-intercept: set = 0:  (0) = 20 _ 0 _

This intercept is not a point either, since we found it byiegtt = 0, which
is where we said we had a hole.

Now graph an initial rough sketch:

hole
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2t

Now plot some more points using the output formgla) = — T
;L‘ p—

Note: Since this function i®ven we need only make our table with negative
values. The positive-values we get for free by reflection.

We plot these points on the grid we already made, along wahythxis reflected
points (even function). Then we connect the points usin@fyeptote behavior.

Ans
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Graph the functiog, where

1.fx) = 3o+l

T 2r—4

2 —4)(z+1
35(.%‘) = w(;c)—l(—l) )

5 4

4-62) = @ a6

Exercises
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Chapter 3

Elementary Trigonometry

3.1 Circles and Revolutions

A. Circles

Standard Form: (z — a)® + (y — b)> = r?
1. center:(a, b)
2. radius:r

3. circumference2nr
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B. Examples

Example 1: Find the center, radius, circumferengegndy intercepts of the circle, where
(r —1)2 + (y + 4)? = 12. Then sketch the circle.

Solution

center: | (1, —4)

radius: V12 =[2/3

circumference: 27 - 2v/3 = 47/3

z-intercepts: sety = 0:

(z—1)2+ (0+4)*=12
(x—1)2+16 =12

(z—1)°=—4
r—1=+v-4
r—1=42

r=142

| Thus there are no-intercepts|

y-intercepts: setz = 0:

(0—1)2+(y+4)> =12
1+ (y+4)> =12

(y+4)? =11
y+4=+V11
y=—-4+11

Thus they-intercepts are-4 + v/11.
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Graph:

circumferencedr/3

Example 2: Find the center, radius, circumferengegndy intercepts of the circle, where
z? +y? = 1. Then sketch the circle.

Solution

center:| (0, 0)

radius: v/1 = 1]
circumference: 27 - 1 =| 27|

z-intercepts: sety = 0:

2 +0°=1
22 =1
r = =1

Thus thez-intercepts are-1.
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y-intercepts: setz = 0:

02 4+¢2=1
y? =1
y==+1

Thus they-intercepts aret1.

Graph:
y

N
N,

circumference: 27

Note: This special circle is called thanit circle.

114



C. Revolutions on the Number Line
We put a unit circle on the number line@tand allow the circle to “roll” along the number
line:

circumference: 27

N

43 9

Note: The circle will touch2r (at the pointP) on the number line when the circle rolls to
the right one complete revolution.

D. Examples

Where does the circle touch the number line if the circlesroll.
Example 1: To the right, two complete revolutions?

Solution

Ans

Example 2: To the left, one complete revolution?

Solution

Ans
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Example 3: To the right, half a complete revolution?

Solution

Ans

Example 4: To the left, one and a half complete revolutions?

Solution

Ans
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Exercises

1. Find the standard form of the equation of the specifiedecirc
a. center:(0,0) radius:2
b. center(—1, 2) radius:3
c. center(3,—1)  radius:\/7
2. Find the center, radius, circumferengegndy intercepts, and sketch the circle where
a.rl+y?2=9
b.(z —2)*+ (y+1)> =16
C.(z+3)*+(y—2)=11
3. Why does:? + y? = —1 not define a circle?

4. With a unit circle sitting on the number line@twhere does the circle touch the number line if
the circlerolls . . .

a. Right Three Complete Revolutions?
b. Left Half a Revolution?

c. Left One and a Half Revolutions?

d. Right a Revolution?

e. Right3 a Revolution?
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3.2 The Wrapping Function

A. Setup

Put a number line in vertical position ét, 0) on the unit circle.

circumference: 27 —+ -+ =2

Let d (theta) be the number line variable.
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Now “wrap” the number line around the circle.
. Wrapping function

w(@): point on the unit circle wheré on the number line wraps to

Yy 0
T2
w(2) /1(0,1) | ,
w1
(_1’0)/ Y 0 o
‘ \w—l (1,0}
1 -1
% (0,-1)
circumference 27 4 =2

Note: ,(f) is an ordered pair in the plane and not a number.

B. Strategy

To easily and semiaccurately locaté)), we use the following guidelines:

1. Everyr wraps halfway around the circle counterclockwise and everywraps
halfway around the circle clockwise.

2. To locatew(#) when@ is a fractional multiple ofr, we divide the semicircle
into fractional parts. For instance, if (in lowest termsg want to findw.(”*), then

we divide the semicircle inte equal sized wedges and count to the correct wedge,
namely themth one.

3. To locatew(f) whend is an integer, we use the number line as a guide and
recognize that ~ 3.14. Thus.,(3) is slightly above(—1, 0) on the unit circle.
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C. Examples

Example 1: Locate and mark.(2%) on the unit circle.
Solution

We divide up the upper semicircle into four equal wedges amdhtover to the
third wedge:

N
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Example 2: Locate and mark,(—27) on the unit circle.
Solution
Here we are wrapping clockwise, starting on the bottom sidbeeounit circle.

We divide up the lower semicircle into six equal wedges anthtolockwise to the
fifth wedge:
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Example 3: Locate and mark,(15*) on the unit circle.
Solution

Here we are wrapping counterclockwise, starting on the it af the unit circle.
Note that“%r = 3% . Now 27 takes us once around, 8o takes us halfway around
to (—1,0). Then we need to gér more. Hence, we divide up the lower semicircle
into three equal wedges and move to the second wedge.
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Exercises

1. Draw a “large” unit circle and the number line(at 0) in vertical position. Locate and mark on
the unit circle the following:

a.ou(2m) (%)

b. (%) o (%)
C. u(—E) K. a(—271)
d. w(1) | w(3)
e.w(2) m. w()
f. w(3) N.w(=%)
9-w(—7%) 0. ()
h. w(5) p-w(F)

2. What can you say abow{f) and..(6+27)? More generally, what can you say abo{#+2k),
wherek is an integer?
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3.3 The Wrapping Function At Multiples of 7 and /2

A. Setup

Unit circle and number line in vertical position @t 0)

Yy 0

circumference 2r — -+ =2

0: theta (number line variable)

B. Evaluation

Locate.,(#) and read off the coordinates.
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C. Examples

Example 1:

Solution

ANs

Evaluate. ()

rw(’ﬂ')

(_1’0)
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Example 2:

Solution

Ans

Evaluate.,(%)

w(

SIE]
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Example 3:

Solution

Ans

Evaluate.(2)
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3.4 The Wrapping Function At Multiples of 7/4

A. Introduction

Evaluating..(¢) for 6 being a multiple ofr or 7 is direct. However, we need a rule for
evaluating.(#) when@ is a multiple ofZ.

We will derive the7 rule in six easy steps.

B. Derivation of the 7 Rule

Step 1:Note that if6 is a multiple off (lowest terms), then,(6) is in one of 4 spots.

g
—~
g
N—r

g
—
19
N—

T
~

g
~—~
)
e
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Step 2: Drawing diagonal lines through the points yield perpenidiclines, since the
points are vertices of a square

Step 3: Connecting the top two points creates a right triangle wileshaving length 1

We can use the Pythagorean Theorem to find

124+12=h% = h?=2 = h=+/2(sinceh > 0)
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Step 4: By symmetry, they axis bisects the triangle into two with top edge Iengéh

Step 5: We examine trianglé3

We can use the Pythagorean Theorem again tosfind

y
I
i

2
52—1—(?) =12 = +2=1= =
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Step 6: We now have the following picture, from which we can read.ff )

<
“fS

Thus rw(

SN—
Il
~—
I

N
oI5
SN—

. By symmetry, we get thé rule.

B

C. 1 Rule

By symmetry, ther andy coordinates of,(6) for 6 being a multiple off are% and?
with appropriate signs.

D. Strategy

Locate the point on the unit circle, and then use the ruletasdhe picture.
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E. Examples

Example 1: Evaluatew(F)
Solution

First locatew(Z*) on the unit circle:

Y

N
-

u>|;'
N—

Since we see that to locate the point, we must have positaed negative;, we
have that

Ans |w(F) = (2, )
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Example 2: Evaluatew(2X)
Solution

First locatew(2") on the unit circle:

Y

i
NI

Since we see that to locate the point, we must have negatarel positivey, we
have that

ans (%) = (572, )

4 2 72
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Example 3: Evaluate.(—2F)
Solution

First locatew(—27) on the unit circle:

Y

B
%

~

-

Since we see that to locate the point, we must have negatwel negative, we
have that

ANs  fa(—31) = (=2, —

NS
N—
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Exercises

Evaluate the following exactly:

—
S
| ©
S— N
3 3
N~ o0
—~
ﬂ_2

—
—_ Q,ﬂu.
%_4 _
L5
N—r
2 )
. O
o
—
W_4 —~

)

117
4

11. oo

12. 1,(10237)
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3.5 The Wrapping Function At Multiples of 7/3 and 7/6

A. Derivation of the 36 Rule

Step 1: Locatew(5) andw (%)

g
—~~
|y
~—

g
—~~
wly
~—

/

Step 2: Form a central triangle, and label the inside anglds andc

w(F) w(3)

NI

Notice that since the upper semicircle has been cut into algneces,
we have thata = /b = Zc.
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Step 3: Alternate Interior Angles Of Two Parallel Lines
Cut By A Transversal Are Congruent

By the above geometric fact, the other internal angles ofrihegle arec anda
respectively, as in the diagram.

w(F) w(3)

N

Step 4: SinceZa = /b = Zc, the triangle is equiangular. Thus the triangle is equiddie
and all sides have length 1.
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Step 5: By symmetry, they axis bisects the triangle into two with top edge Iength

Step 6: We examine trianglés

N[+
g
—~~
E]
SN—r

—_

We can use the Pythagorean Theorem to find

oI5

2
S+3) ==>s+1=1=> =2 = 5=
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Step 7: We now have the following picture, from which we can read.ff)

%
N

Thus rw(

Wy
~
Il
—
N[
%

w
~

. By symmetry, we get thg, % rule.

™
56 Rule

We draw a triangle (withx-axis base) at the point, and give the longer §@ethe shorter
side%. These give the: andy coordinates of,(f) for § being a multiple of; or ¥ with
appropriate signs

C. Strategy

Locate the point on the unit circle, and then use the ruleasdhe picture.
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D. Examples

Example 1: Evaluate.(3F)
Solution

First locatew(%X) on the unit circle:

Y

A
N

Then we draw the triangle and label it:

Y

(%) \
7 J T

N[

e[S

Since we see that to locate the point, we must have negatarel positivey, we
have that
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)
~—
Il
—
I
ok
N[
~—

ANS |

Example 2: Evaluate.(3F)

Solution

First locatew(%X) on the unit circle:

Y

i
N

%)

Then we draw the triangle and label it:

Y

N[

-
N

141
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Since we see that to locate the point, we must have positaed negatives, we
have that

Ans [a() = (4 -

b

z3)

N[

Example 3: Evaluatew(—“T”)

Solution

11w

First locate.,(—=g") on the unit circle:

Y

N,
NI
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Then we draw the triangle and label it:

Y

e
N

NS

Since we see that to locate the point, we must have positaed positivey, we
have that

Ans |w(3) = (2,

)

N [—
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Exercises

Evaluate the following exactly:

~~~

53

Ll

2 3
N~ ©

&les

—_—
Sl 5l

&~
—

(o)}

2

—

2

-

12. (%)
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3.6 The Trigonometric Functions: Definitions

A. Definitions

Letw(6) = (z,y).

Then we define

con) =1 “cosine off”
am =1y “sine of §”

tan O = 2 “tangent off”
cot ) = 7 “cotangent o®”
rec =1 “secant ofg”
el = “cosecant of”

To find any of the 6 trigonometric functions, we find#) and then use the definitions
above.

Note: For some values af, we may get division by zero upon evaluating a trigonometric
function. In that case, the valueusdefined We will discuss this issue later in the next
section.
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B. Examples

Example 1:  Findces(ZX)

Solution

We first finduw(%5):

e[S

]
NI

).

N[

Thusw () = (-4, -

NOW ces O = x, SO

-3

™

ANS OGA(F) = —
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Example 2:  Find can(2F)
Solution

We first finduw(2):

Ans  |tam(3) = -1
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Example 3:  Findcet(—7)
Solution

We first findw,(—7):

Thusw(—3) = (0, —1).

NOW cot ) = %, SOcet(—75) =

ANS oeb(—%) =0
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Example 4:  Findsec(4%)
Solution

We first findw (1)

R

ANS | ec(UE) = 243

Sl

S
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Example 5: Find cc(3F)

Solution

Ans

We first findaw(25):

SN—r
I
)

R
NI

S
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Example 6:  Findtan()
Solution

We first finda(5):

ant
N,

Thusw(3) = (0,1).

NOW tam § = ¥, sOtan(%) = 3.

Ans  |tan(%) is undefined
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1. Evaluate the following exactly:

Exercises

2. Supposen f = L andees § = —2£°. What isw/(6)?
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A.

3.7 Domain and Range of the Trigonometric Functions

Sine and Cosine

N
NI

1. Domain:

Sincew () is defined for any with ces § = z andain # = y, there are no domain
restrictions.

ThuSdem (sin) = (—00, 00) @Nddem(ces) = (—00, 00).
2. Range:

The z-coordinate on the circle is smallest(at1, 0), namely -1; ther-coordinate
on the circle is largest &t, 0), namely 1.

Hence we can see thaty(ces) = [—1, 1].

By similar reasoning, we can see tha§(.n) = [—1, 1].

153



B. Tangent

1. Domain:

Givenw(f) = (v,y), we havewar § = £. Now £ is undefined whea = 0. When
does this happen?

Y

TN

T z = 0 happens here

5

9 7, aee

Thustar 0 is undefined fo) = ..., —37”, -

MIE]
Ny

bl

oIy

b

What is this in interval notation? To see it, let’s plot thimaled values on a number

line:
) % o o o
_ 3 _T s 3n sm
2 2 2 2 2
Thusdem (tan): ... U (=35, —5) U (=2, 2) U (£,35) U (35,20 U

Note: Each interval has an endpoint being an “odd multiplg§ of

Since2k + 1 is the formula that generates odd numbers @can integer), we
recognize that

dem(tam): UNioON Of all intervals of the fornftEU™ @EE3T

[k is an integer]

), wherek € Z
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Thusen(eos) — | ((Qk + U (2 + 3)7r)_

2 2
kEZ

2. Range:

SinceZ can be any numbekug(tan) = (—00, 00).

C. Cotangent

1. Domain:

This is similar to tangent. Given(d) = (z,y), we havecet § = 7. Now ¥ is
undefined whemy = 0. When does this happen?

Y

AR
N

y = 0 happens here

Thuscet 6 is undefined fob = ..., —27, —7, 0, 7, 2m, ...
) % o o o
—27 —T 0 T 2T
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Hencedem(cot) = U (km, (k+ 1)m).

2. Range:

Now £ can be anything, Sexg(cet) = (—00,c0).

D. Secant

1. Domain:

Givenuw () = (z,y), we have.ec § = L. Now 1 is undefined whea = 0. When
does this happen?

Y

TN

x z = 0 happens here

So similar to tangentiom (sec) = | J (

2k + D)1 (2k + 3)7T> |

2 ’ 2
2. Range:

On the right semicircley ranges from down to0, so% ranges froml up tooc.

On the left semicircleg ranges from nedy to —1, so% ranges from—oo up to—1.
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Hencewg(sec) = (—o0, —1] U [1,00).

E. Cosecant

1. Domain:

Givenw () = (z,y), we havecsc § = i Now% is undefined whery = 0. When
does this happen?

A
N

y = 0 happens here

Thus, similar to cotangentem (cet) = U (km, (k+ 1)m).

kEZ

2. Range:

By the same reasoning as for secant, we®ggftsc) = (—oo, —1] U [1, 00).
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F. Summary

Domain Range
sim (=00, 00) [—1,1]
con (—00,00) [—1,1]
. ,CLEJZ ((% ;r Dr (2% ; 3)77) (—00.00)
cot gz(m (k +1)m) (=00, 00)
- kLEJZ ((Zk ;r hr (2k—;3)7r) (0, 1] U1, 50)
ere kLEJZ(/m, (k +1)7) (=00, —1] U1, o0)

Note: To help remember the table, we remember that

1. ton @andsec are undefined at odd multiples Hf

2. cet andesc are undefined at multiples af
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3.8 Trigonometric Functions: Periodicity

A. Introduction

iy
N

Sincew spits back the same point every time we &ddwe say that. is periodic.

B. Periodicity

Formally, a functiory is said to beperiodic if f(z + p) = g(x) for somep. The smallest
such value op that makes the function periodic is called feriod.

C. Periodicity of the Wrapping Function

By the above discussion;(f + 27) = «(f), so the wrapping function is periodic. From
Section 3.1C, we see th2t is the smallest such value, schas perio®x.
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D. Periodicity of the Trigonometric Functions

Since the trigonometric functions are defined in terms.pthey are also periodic, and
repeat evergr.

Note: If «w(8) = (z,y), thenw(0 + 7) = (—z, —y) SO, in particular, tangent and cotangent
actually repeat every.

E. Summary of Periodicity

Period
Aim 2m
cen 21
tam T
cet m
rec 2m
e 2m
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3.9 Trigonometric Functions: Even/Odd Behavior

A. Discussion

Considenrs(f) andw.(—0):

Yy

/ "*’(0) = (a’ b)

k wol~6) = (a, ~b)
cerl =a ces(—0) =a
sm@ =0 sim(—0) = —b
tanf = tan(—0) = =
cet ) = ¢ cot(—0) = %
Aec0 == é Aec(—e) = %

From the above facts, we can see the symmetry of the functions
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B. Symmetry

1. Even Functions:
ces(—f) = ces ) even
sec(—0) = sec § even
2. 0Odd Functions:
sim(—0) = —sin @ 0dd
tan(—0) = —tan @ o0dd
cot(—0) = —cet# o0dd

C. Examples

Example 1: Suppose.» # = Z. Use even/odd relationships to simplify(—6).

Solution

162



Example 2: Supposee,§ = 2

Solution

. Use even/odd relationships to simpliy.(—0).
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Exercises

1. Supposees § = —i. Use even/odd relationships to simplify.(—6).
2. Supposein § = 2. Use even/odd relationships to simplify(—6).

3. SUPPOSE(H)) = ces O +»in 0. Findg, _(6) andg_, (0).
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3.10 Elementary Trigonometric Relationships

A. Discussion

Givenuw(#) = (z,y), we have

corl =2 m@;%
sm =y cre =1
tan ) = 2 oetezg
We see that
rec ) = erc = cot ) =

This gives rise to some fundamental identities.

B. Reciprocal Identities

1. m@zwig and 0949:/)6%
_ _1 . _ 1

2. o»ce—m and /wne—m

Bleet =5 and twml=—_
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C. Quotient Identities

Using the definitions again, we get

1. mﬁzo”‘:—

23

ESES)

2.|cot = <228
AUm

D. The Pythagorean ldentity

/ wl0) = (2,9)

Note: 22 + y? = 1 (because we have a unit circle)

Since we have thab. § = x and.ix f# = y, the equation becomes

(c,e/s 0)2 + (/wn 0)2 =1

Shorthand:(oe/x 9)2 - 09A2 9

warning: ce» 6% does notmean(ces 0)?;  ces 82 meansees(6?)
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Pythagorean Identities

Thus we havéPythagorean I:| ces2 § + xn? 6 = 1|

Now, if we divide both sides of Pythagorean | by? 6, we get:

Thus we havePythagorean II: | 1 + tan? 6 = sec? 6]

Dividing both sides of Pythagorean | by §, we get:

Thus we havéPythagorean lll: |cot?  + 1 = cac? 6
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G. Examples

Example 1: If sin 6 = % what are the possible valuesf 6?
Solution

We use Pythagoreands? 0 + xx? 60 =1

Thus,
2 2
09A20 - == 1
+ )
4
2
con 0 - = 1
+ 25
21
cor ) = —
25
V21
corl)l = £——
5
Ans i@
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Example 2: If sec § = —3, what are the possible valueswaf 6?
Solution

We use Pythagorean 4 ton? 6 = rec? 6

Thus,
1+ tan® § = (—3)?
1+ tanlf=09
kan’ 0 = 8
tan 0 = £V/8 = +£21/2
Ans |+2v/2
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Exercises

. KnOchAH - % F|ndae00

. KNowsim § = —2. Findcac(—6).

. Knowees § = 2. Find sec(—6).

Nsim 0 = i what are the possible values©f 67?
Ncon ) = % what are the possible values.of 0?
. If tan 0 = 3, what are the possible valuesset 0?

. If eac # = —10, what are the possible values®t 6?

. Ifsim 8 = 1, what are the possible valuesf 6?
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Chapter 4

Graphing Trigonometric Functions

4.1 Graphs of Sine and Cosine

A. Graphofy=.nzx

Since we are now familiar with the. function, we may writey = »» x and not confuse
thex andy in the equation with the andy coordinates in the output t6(6).

Let us graphy = »i» © by making a table of values. Since we know thais 27-periodic,
we only need to make a table frobrto 2.

x Yy x Yy
0|0 3m | V2
4 2 3 -1

T |1 5 1 2
6| 2 6 2 st | _ 3
P | o0 |

m | V2
7 | V3 m | _1 4 2
3 2 6 2 117 1
T | 5m | _ V2 6 2
2 4 2

21 0
2r | V3 dm | V3
3 2 3 2
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Thus the graph of = sz z iS:

We may obtain the graph gf= ces x Similarly (Exercise).

B. Sine and Cosine Graphs

1

A A /4
1 :
S =2m \—m Wv 27 3%\/47
V

1
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Y=cesd
|
\

\\TARA
AVARVAIVA

C. Sinusoidal Graphs

Oscillatory graphs likgy = »in x andy = ce» x are calledsinusoidal graphs They usually
take the form:

y=d+ asn(br —c)

or

Yy =d+ aces(br — )

D. Features

1. Amplitude: |a|
a. graph bounces betwee anda instead of—1 and1 (stretching)

b. represents half the distance from the maximum and miniralaes of the func-
tion
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2. Period: |277|r

a. horizontal distance for function to complete one cycle
b. accounts fohorizontal stretching

3. Phase Shift:g

represents the amount of horizontal translation (to thatyig

E. Examples

Example 1. Letf(x) = 4 ces3z. Find the period and amplitude.

Solution

H 2w | 2w
Perlod.m =3

Amplitude: |a| =[4]

Example 2: Letf(z) =6 — 3. (2x — §). Find the amplitude, period and phase shift.

Solution
Amplitude: |a| = | — 3| =[3]
H 2m 2 2w
Period: 5 = 5 = 5 =[7]

Phase Shiftg =

Nl
|
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In the next section, we will look at how to graph sinusoidsngsa “modified” HSRV
strategy.
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Exercises

1. Sketch the graph of = ce» x by plotting points between = 0 andz = 2.
2. Find the period and amplitude for the following:
a.f(r) = 3sndx

b. g(.T) = %oea’ﬂ'x

oo

C.lz) = —5»n T
3. Find the amplitude, period, and phase shift for the foilhmy
ag(l‘) = 2094(3$ — 7T)

b. f(x) = =3 sm(mz + 1)
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4.2 Graphing Sinusoids

A. Strategy

Giveny = d + asin(bz — ¢) Ory = d + a cen(bz — )
1. Setbx — ¢ = 0. This gives thestart of one cycle.
2. Setbx — ¢ = 2x. This gives theend of one cycle.
3. Draw one cycle with amplitude|.

4. If a is negative, flip across theaxis.

5. To get the final graph, perform the vertical shift usingppheameter.

B. Examples

Example 1.  Graphg, wheref(z) = 4 xn 2.
Solution
1.2z =0 = 2=0

2.2 =27 = z =7
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4. There is no reflection.

5. There is no vertical shift.

ANs
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Example 2:  Graphy, wheref(z) = 3 + 2 ces (7 + 2)
Solution
laz+2=0=2=-2

2.tz +2=21 = x=2r—-2 => =22

3. Note below that thg-intercept before the vertical shift, beilges (2), is nega-
tive.

4. There is no reflection

5. Shift up 3 to get final answer
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Ans

X

Example 3:  Graphy, wheref(z) =2 — 5 sin (22 — 3)

1
2
Solution

1.220-3=0 = z=3

2.20 —3=27n = 22 =2r+3 = acz@zﬂ—i-%
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o=
|
\

ol
|
\

4. Reflect across the-axis:
Yy

Nl
|
\

N[
3
+
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5. Shift up2:

Ans

N[
3
Tt
N[
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Exercises

1. Grapty, where
ag(:l?) = 3cerdx

b. f(z) = 2sm(z — )

INE

C.dx) = 5ces(22 — )
e.f(x) = 2+ 3ain(z + X)

f. f(x) = 4eos(3z —2) — 5

h.flz) =7+ % sm(3fz + %)

2. Letf(x) = 2+ 3ces(mz 4 1). Findung £.
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4.3 Sinusoidal Phenomena

A. Introduction

Phenomena that cycle repetitively through time can oftembédeled using sinusoids.

Examples:tides, yearly precipitation, yearly temperature

B. Strategy

Given a data set, we write down= d + a ces (bx — ¢) as follows:
1. Find a (amplitude): Leta = (max— min)
2. Find d (centerline): Letd = 3 (max+ min)
3. Find b:
a. first find the periodp = 2 - (time from max to min
b. then leth = 27” (sincep = 2)
4. Find ¢:
a. first find the phase shiff: = time when max occurs

b. then letc = b - (phase shift
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C. Example

(Tides)

The depth of water at the end of a dock varies with the tideg fdHowing table shows
the depths (in meters) of the water:

t(time) || 12am|2am|4am|6am| 8am| 10am| 12 pm

y(depth)|| 35 | 42 | 35| 21| 14| 21 | 35

Solution
We model usingy = d + a ces (bx — ¢)
1.Find a: a = 3(max— min) = 7(4.2 - 1.4) = 1.4
2.Find d: d = L{(max+ min) = $(4.2+ 1.4) = 2.8
3. Find b:
a. periodp = 2(6) = 12
b.b=2%2=1
4. Find c:

a. phase shift{ = 2

b.c=2-b=2(%) =

wlxy

Ans |y =28+ 1.4ces (5t — %) | Wheret is time in hours past midnight.
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1. The water at the end of dock varies with the tides. Measengsrof the water depth were taken
every 2 hours and recorded. Using the data below, consteictiaoidal model for the water depth,

Exercises

y, in terms of the number of hours,past midnight.

Time

12 am

2am

4 am

6 am

8 am

10am | 12 pm

Depth

3.5m

4.7m

54m

47m

35m

28m| 3.5m

2. The water at the end of dock varies with the tides. Measenesof the water depth were taken
every 2 hours and recorded. Using the data below, consteictiaoidal model for the water depth,

y, in terms of the number of hours,past midnight.

Time

12 am

2am

4 am

6 am

8 am

10am | 12 pm

Depth

3.8m

44m

3.8m

2.6m

20m

26m| 3.8m

3. The table below gives the recorded high temperature asureghon the5th of the indicated
month. Construct a sinusoidal model for temperatiliten terms of the number of months,past

January25.

Month

JAN

FEB

MAR

APR

MAY

JUN

Temperature

54°F

58°F

66°F

76°F

90°F

98°F

Month

JUL

AUG

SEP

OoCT

NOV

DEC

Temperature

102°F

98°F

90°F

76°F

66°F

a8°F
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4.4 Graphs of Other Trigonometric Functions

A. Graphof y =tz

Sincetan § = Jeord

, Whenever,,..« = 0 we get vertical asymptotes:
Zeoord

Y

TN

x x = 0 happens here

Thus the graph of = tax = has vertical asymptotes at odd multiplesjof

Since the tangent function has periodwe only need to make a table for valug$o ,
then the graph repeats.

Yy
0 0
s V3
6 3
O 1
z V3
g undefined
T -v3
3T
3 —1
5m _ V3
6 3
T 0




B. Graphofy = cocx

Leoord

Similarly, sincecet ) =

, We get vertical asymptotes whep,.q = 0.
Yeoord

Y

A
N

y = 0 happens here

This occurs at multiples af, and making a similar table of values, the graph looks like:
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A A A
| 2+ | |
l 1+ l l
| | | | | X
| s T [ 37 [
=T T2 2 ! 2 2!
l -+ -1 l l
1 + -2 1 1
v v v
Y =cektd

C. Graphsofy =seczandy = cxc x

Sincesec ) = , @S iny = tarn z, We get vertical asymptotes at odd multiplesiof

L coord

Also, sincecsc § =

, @S Iy = cet x, We get vertical asymptotes at multiplesmof
Yeoord

Furthermore, sincec # = —L— and<.c # = ——, we obtain an easy way to graph these
functions.

Easy Way to Graphy = sec £ O csc
1. Graphy = cesx Or Yy = sin .

2. Put in the vertical asymptotes at thdantercepts and take reciprocals of the
y-values.

Doing this fory = sec £ andy = csc x yields:
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4.5 Graphing General Tangent and Cotangent

A. General Tangent

Here we use the idea that= tar z has vertical asymptotes at= —7 andz = 7 with
z-intercept halfway in between, and we use the fact thaits 7-periodic.

Strategy
Giveny = d + atar (bz — ¢)
1. Sethr — ¢ = —§ andbr — ¢ = 7 to find the location of two vertical asymptotes.
2. Put anz-intercept halfway in between the two asymptotes.
3. Draw in a “copy ofy = tar 2" and repeat with asymptotes to make periodic.
4. If a < 0, flip aboutz-axis.

5. Shift centerline ug@ units.

B. General Cotangent

This has the same strategy as general tangent, except timptasgs for cotangent are at
x =0andz = 7, sofory = d + acet(bx — ¢), we sethx — ¢ = 0 andbx — ¢ = = in the
above strategy.
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C. Examples

Example 1:  Graphy, wheref(x) = 3 tan (22 — )

Solution

[SIE]

us
2

N |
N
+
-
[l
S

INH

-

A
|
|

v

4. No reflections

5. No vertical shift
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Ans

1)

2+ cet(

Graphy, wheref(x)

Example 2:

Solution

=1 = x=2

8l

—1=0=

8l

=2+ 2

=7+1 ==z

— T
—]_—7T:> 5

8l

2. z-intercept (one of): halfway in betwe@wand2r + 2

2+@r+2)]=1i2r+4)=7+2

1
2
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Q
c
e~
Q
+—
c
()
o

A
|
|
v
cek

3. Now draw in the “copy of) = cet " and make periodic:

4. No reflections
5. Move Up 2.

ANs
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Example 3:  Graph¢, wheref(z) = —4 tan (% 4 )

SOlUtion
T s T 3 3m 3
-3 —|—7T———2 = 3 -5 = LL‘———2 p = T = —
T s T s T 3 3
3 + 2 = 3 2 = T 2T = T T2

3. Now draw in the “copy of) = tex " and make periodic:

Y

I\
!
i
v

A A A
| | |
| | |
% v v
9 3 9
2 2 2

_ _3
2
4. Now flip across the-axis.

5. No vertical shift
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Ans

D. Comments

1. For general tangent/cotangent, amplitude is undefined.

o
b

2. Period:
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4.6 Graphing General Secant and Cosecant

A. General Secant

Strategy
Giveny = d + asec (bz — ¢)
1. Graphy = aces (bz — ¢)

2. At eachz-intercept, put in a vertical asymptote, and “reciprocadbe® graph to
gety = asec (br — c).

3. Shift the centerline ug units.

B. General Cosecant

Fory = d + awc(bx — ¢), we use the same strategy as above, except we first graph
Yy = arim(bx — C).

C. Examples

Example 1.  Graphy, wheref(z) = 2 4 3sec (22 — §)
Solution

1. First graphy = 3 ces (22 — %):

b.2x—§:27r = 233:%” = gzg=2
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ANWANAN

2. Put in the vertical asymptotes, and reciprocate . . .
)
3. Move up 2
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Ans

- centerline

cse (M + 1)

1
2

Graphy, wheref(z) = —1 +

Example 2:

Solution

1. First graphy =  sin (12 + 1)

1
™

0= mrx=-1=1=2

arxr+1

1

™

brz+1=27n = mz=271—1 = =2 —
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-l &

—™N

2. Put in vertical asymptotes and reciprocate:

3. Move Down 1
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Ans

- centerline

—l&
G i I > |
<t
—l&
Am\ \\\\\\\\\\\\\\\\\\\\\\ > |
o
—l&
<
O it S > |

D e > |
< nle
> _ )
| |
<o >k
—eN _
_
—lk
S e e > |

D. Comments

1. For general secant/cosecant, amplitude is undefined.

o
(]

2. Period:
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1. Find the period for the following:

a.f(x) = 4tan(52 4+ 3) +1

b. f(z) = =3 cet(mz — F)

O

c. fz) =

d.f(z) = —V2ere(f2 + §)
2. Graply, where

a.f(z) = 2tan(3z — T)

b. (&) = —3 sec(2z + )

C.{x) = 5eot(§7 — 3)

d.f(z) = —Fee(fz+3) -1

e.f(x) = \/Brec(rz — 1) +2

f. f(z) =5tam(22 —7) +3

g.4z) =1~ Feot(22 — %)

h.f(xz) =2 —3cesc(bz + 1)

Exercises
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4.7 Damped Trigonometric Functions

A. Introduction

Sometimes a trigonometric function gets multiplied by &eotfunction called @amping
factor

..y =22 cont hereg(z) = z?* is the damping factor

Damped trigonometric functions involving sine and cosireesaraightforward to graph.

Since—1 <.sm(bz —c) <1 or —1<ces(bx—c) <1, we have that
—6(z) < E(x)sim(bx —c) <E(x) or —E&(x) <E(r)cer(br —c) < &(z)
for g(z) > 0.

Considering all possiblg(x) in the same way, we see that the function oscillates between
+£(z) (the damping factor).

Note: In applications, often the damping factor serves to “dani@ amplitude as time
progresses (i.e. amplitude diminishes). However, in thigien, we consider all viable
factorsg(x).

B. Graphing Strategy

1. Graph the undamped trigonometric function.

2. The damped trigonometric function will oscillate betwees(x) andé(z)
instead of-1 and1.
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C. Examples

Example 1:  Graphg, wheref(z) = z? sin 2
Solution
First graphy = ain 22:
a.2xr=0= =0

b.22 =27 = z =7

206



Now draw in the damping curves= z? andy = —z2, then modify:

Ans

Example 2:  Graphy, wheref(z) = €” ces 3z
Solution
First graphy = ces 3x:
a.d3r=0= =0
2w

b.3z =27 = T =
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A \NANS
SAVARVARY

Now draw in the damping curvas= ¢* andy = —e®, then modify:

Ans

208



Exercises

Graphg, where
1.lx) =zsnz
2. f(z) = 2% cor(32)
3. dx) = e n(22)
4. f(x) = /T cor

5.0z) = (x — m)% cer(22)
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4.8 Simple Harmonic Motion and Frequency

A. Simple Harmonic Motion

An object that oscillates in time uniformly is said to undesymple harmonic motion.

Example: Spring-Mass System

frictionless

CAESX| m —

Hered = asin (wt) OF d = a ces (wt), Where

d: displacement from equilibrium position
a: maximum displacement

w: angular frequency

B. Frequency

1. Period, T: T = Qf time to undergo one complete cycle

Units: units of time, typically seconds (s)

2. Frequency,v: v = % “oscillation speed” (how many cycles per time)

Units: inverse units of time, typically s, also called Hertz (Hz)
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3. Angular Frequency, w: w = 2nv

Units: inverse units of time—typicallys, but not usually written as Hz

C. Examples

Example 1: An object in simple harmonic motion is described dy= 3 i (5t). Find
the period, frequency, angular frequency, and maximumlatgpment. Time is measured
in seconds and displacement is measured in meters.

Solution

Note: This checks, as we could have readirectly from the formula above.

Ans  Period: 4s]

Frequency; ; Hz

Angular Frequency:Z st

013

Maximum Displacemen{3m|
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Example 2:  Find a model for simple harmonic motion satisfying the ctiods:
e Period:6s
e Maximum Displacemenm
e Displacement at = 0: 2m
Solution
Since the object starts at maximum displacement, we usetieecmodel:

d = QA cen (wt)

Nowa =2, andT’ =6 = 2, sow = 2 =

|y

AnS d: 209/;(%15)
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Exercises

1. Consider an object in simple harmonic motion. Time is ragssin seconds and displacement
in meters. Find the period, frequency, angular frequenay,rmaximum displacement, when the
motion is described by:

a.d = 2in(5t)
b. d = 4 ces(67t)
C. d = 3 cen(10t)
d.d = 5.m(%t)
2. Find a model for simple harmonic motion satisfying theditans:

a. e Period:4s
e Maximum Displacementtm
e Displacement at = 0: 1m

b. e Period:3s
e Maximum Displacement3m
e Displacement at = 0: 3m

C. e Period:5s
e Maximum Displacemen2m
e Displacement at = 0: Om

d. e Period:2s
e Maximum Displacement3m
e Displacement at = 0: Om

213



3. Describe physically the motion of a spring whose dispteeat from equilibrium is described
by d = 2e~* »in(27t). Explain what the factog—* does to the motion and use this to explain why
the term “damping” is appropriate. What physical conditioight give rise to such a damping
factor?
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Chapter 5

Trigonometric ldentities

5.1 Using Trigonometric Relationships

A. Review

1. Reciprocal Identities

a.Aecez 10 and 0940:—19
cen srec
b. m@:—,la and rim B = 10
Am cac
_ 1 1
C. te_tama and e_oete

2. Quotient Identities

a.ta/nezmo

cen

b.| cot O = <228
AU
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3. Pythagorean ldentities

Pythagorean I: | ces? 6 + sin? 6 = 1|

Pythagorean II: |1 + tan? 6 = sec? |

Pythagorean IlI: ‘cetQH +1= mQG‘

4. Even/Odd ldentities

a. Even Functions:

oea(—e) = con b even

rec(—0) = sec @] even

sim(—0) = —sin 6| odd

tan(—0) = —tan 6] 0dd

oeb(—e) = —oete Odd

crc(—0) = —cac 0] o0dd
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B. Simplifying/Factoring

1. Use the rules of algebra and the identities.

2. When factoring, if stuck, try to convert all trigonometfunctions to the same trigono-
metric function first.

3. If stuck, as a LAST resort, convert everything to sinescogines.
Common Theme: Look for opportunities to use the Pythagorean Identitiefobking for

squared trigonometric functions.

C. Examples

Example 1:  Simplify (1 — sin? 2) sec x
Solution

Use Pythagorean |: ces? 7 + »in? x = 1 to replacel — sin?  With cos?z . . |

1
con T

ThUS(l—m2$)Aec$:oeA21"Aec$ =  ceslT - = con T
~

reciprocal

Ans
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Example 2:  Simplify 1

sm T 1+ cenx

con X am T

Solution

ANs

Find a common denominatofl + ces ) (sin )

Thus,
sm L 1+ cenx
14+ cerx am L

Gin ) (smz) (14 cor2)(1 + con )

MQ.T 1+209ACU+09A2.’L'

n D)1t oort) T Gma)(1+ <or )

(094233 +/wn2$)+].+2ce4$
(sim 2)(1 + cer )

S~~~ Am cen
Pythagorean I( x) (1 + x)

2+2C,GA.T
(sim ) (1 + cer x)

 (in2)(1+ con2)

2
= —— =2
sm L

2erc
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Example 3: Factorec?z + 5tan + 5
Solution
Can’t factor directly, so convert to same trigonometricdtion!
Use Pythagorean Il: 1 + tan? = sec’
Thus,
nec? T + Bkam T+ 5
=(1+ta’T)+5Htamz+5
=tan’ T + Htan T + 6

= (tan T + 2)(tan T + 3)

Ans | (tan  + 2)(tan z + 3)
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10.

11.

12.

13.

14.

15.

16.

. Simplify <<=

. SIMplify (1 + sec 0)(1 — sech)

. SIMplify tanf cotd

. Factor and simplifyces30 + +in20 cos
. Factor2 co?6 — cet — 3

. Factorces30 + »in®0

. Simplify =2l 4 _cos?

1—sm

. Factor2 cot?0 — 5.cacf — 10

cacf—

. Simplify tan 6 + 75224

Factorcos — sin*0

Simplify (sin @ + ces)?

. . 1 1
Slmp“fy necO+l  sech—-1

Exercises

Simplify and factor-2 ces20 — 3 sin(—

0) — 3.
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5.2 Verifying Trigonometric Identities

A. ldentities

Identities are equations that aedwaystrue
Examples:

(3z — 4)? = 922 — 24z + 16

(}9A20+ML20:1

In each equation above, the equatiomliaystrue. No matter what the input is,
the equation works (provided the expressions are definekil i different from
conditional equations.

Conditional equationsare equations that only work for a few valueswafinput)
Examples:
3z + 4 = 10 (only the solutionz = 2 works)
22 = 9 (only the solutiong: = —3 andx = 3 work)
We solve(conditional) equations, but weerify identities.

When we solve a (conditional) equation, we do the same dpar&d each side of the
equation to find the values afthat work.

However, when we verify identities, we have the answer diyem some sense. We just
need to demonstrate that the equation is always true. Thieoohé¢b do so is radically
different than the method for solving equations.
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B. Verifying Identities

Unlike solving equations, we aret allowed to work with both sides of an identity at the
same time to verify it.

Here is an example that demonstrates why doing so causesnsms
Example: “Provel/verify” that-5 = 5

If we square each side, we g&it = 25, which is true, but obviously-5 # 5, so
we've done something wrong.

As you can see, operating on both sides to verify an iderditydgorrect.

C. Method to Verify an ldentity

1. Pickoneside of the equation (usually the more complicated side),ignore the other
side.

2. Manipulate it, by itself, using valid laws f@axpressions Thus randomly squaring, or
randomly adding numbers, etc. is not allowed (you don’t rvequation to balance out
the operation!)

3. By manipulating it, through a number of steps, you try tkend “become” the other
side.

Hence, unlike equations (conditional) where the goal isolgesto get an “answer”, you
actually know the answer to an identity already! It is theentbide of the equation! Here
you know the beginning and the end, and the goal is to fill inntiiédle—to showhow to
get from the beginning to the end.
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D. Verifying Trigonometric Identities

1. Starting with one side (typically the more complicatede$j try simplifying and/or
factoring it. Try to implement any trigonometric identgigou can think of. Often you will
look for, or try to make, squared trigonometric functionstlisat you can use Pythagorean
Identities.

2. If you see two fractions, find a common denominator and ¢oenthhem.

3. If nothing seems to work, and you are desperate, try ctingegverything to sines and
cosines.

4. Keep your goal in mind (you know the answer already)

5. Even if you can’t see immediately what to do, try somethDgad ends sometimes give
you ideas that help you see the correct approach.

Note: In verifying trigonometric identities, you know the beging and the end. You are
trying to fill in the middle.

E. Examples

Example 1:  Verify the identity: (1 + sin 0) (1 — sin 0) = ces? 0
Solution
Start with the left side:
(14 4in 0)(1 — 2in 0)
=1— 1?0 (Now use Pythagoreands.? 0 + ,n? 6 = 1)

= (09429+M29)—m29
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= 06420

Thus we reached the right side, so we are done.

Example 2:  Verify the identity:sec* § — sec? @ = tan® 0 + tan® 0
Solution
Start with the left side:

nect O — rec?

= sec? 0 (sec?f — 1) (factoring)

= (14 tan? 0)((1 + tan® ) — 1) (using Pythagorean II)

= (1 + tan® 0) (tan® 0)

= tan® 0 + tan’ 0 (multiplying)

Thus we reached the right side, so we are done.
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. 1 1
Example 3:  Verify the identlty:1 ey R " 2 rec’ 0

Solution

Start with the left side:

1 " 1
1+asimf 1 —4nf

1—smb 1+ sn6
T 0T O —n0) A Fom O =) CP

2

= di
0T O)(I gy 20dING)
2 :
=1 7g (multiply out bottom)

= (20 + ‘22 T (use Pythagorean I)

= 2126 (use reciprocal identity)

Thus we reached the right side, so we are done.
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Example 4:  Verify the identity: 1(:07@;0 = cot? f

Solution

Start with the left side:

enc?

1+ tan? 6

:

= (use Pythagorean Il)

b

—_

5

= (use reciprocal identities)

con’

Al

(¥
B~

(}9/)2 0

—_

S
)
—_

§ .

= cot? 0 (use reciprocal identity)

Thus we reached the right side, so we are done.

Note: Sometimes multiplying top and bottom by something that eaws Pythagorean
identity is a good plan, as in the next example.
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Example 5:  Verify the identity: . =

A»UTLH_ 0949

Solution

Start with the left side:

C&Ae

14 4inf

con B (1 — »in 0)
(14 4im 0)(1 — 2in 0)

(chosen to makeé — sin? 6 = cos?6)

_ cosf (1 —»in)

1 —an26

_ce 6 (1 Z—QM 0) (use Pythagorean | [modified))
1 —sim :

=— (canceling)

Thus we reached the right side, so we are done.
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Example 6: Verify the identity:tan 0 + cot 0 = sec O cac 6

Solution

Start with the left side:

kam 6 + cet 0
= 7 + p (convert to sines and cosines)
/»i/nQ 0 0942 0
= LCD
/»i/n2 0 + 09/)2 0

rim O con 0

09420+m20

rim B con 0

= . (use Pythagorean I)

rim B con O

Thus we reached the right side, so we are done.
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Exercises

Verify the following trigonometric identities:
1. crclcor = cotf
2. sinB(cot O + tanl) = rect
3. (ercl — cotf)(crcl + cotf) =1

4. o»c40 - o»c29 = oet40 + oet20

1 1 _ 2
5. 1—cesl + 1+cosd 2 cac”0
6 cenl + smb 0+ 0
"T—ktamf T 1—cetf — " cer

20 p2
7./)600 m9+m9:oe40+wn0

srecl

9. o»o40 — 20»(:20 -+ 1= oet40

smf+cen

secl __ 1—cenl
11. 1+recld — aim?0

cekl __ cacl+1
12. cach—1 —  cekh

13 amb—cesrf+1 _ amb+1
" ambtconf—1 T cenl

cerlf—nim? __ 1
15. (2cen20—1)2 — 1-2,m20
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16.

17.

18.

19.

20.

simltcend _ coslb—aml _ g g
~im 0 cenl

g = ton’0

iy = recOtant

Uiy = o —

232



5.3 Sum and Difference Formulas |

A. Derivation of ce.(a — 3)

Step 1: For valuesy andg on the number line, identify(a), «(5), anda —

Yy 6

N

Step 2: Connect points to form triangle, and calculate lendiistance betweei(«) and

w(f)

w(@) = (con @, sim @) w(B) = (cos B, 5im 3)

N

Distance Formulal = /(ces o — cos 3)2 + (sin @ — sin 3)2
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Step 3: Reconsider — 5 on the number line, and(a — 3)

Yy 6
w(a — B)
™\ La— I}
/\\ .y
NIV

Step 4: Connects(a — ) and(1, 0) to form a triangle

N
N

Since the arc here of length — 3 is congruent to the arc of length — 3 from
Step 2, the corresponding chords are congruent. Tlagscalculated in Step 2 is
the same as the distance betweg¢a — 3) and(1,0).

Thus by the distance formuld,= /(ces(a — 8) — 1)2 + (s(c — B) — 0)2, and
this is the saméas in Step 2.
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Step 5: Set the two expressions fbequal, and use algebra

V (cor(a = B) = 1)2 + sn? (0 — B) = V/(conr & — con §)? + (sim & — sin B)?
[cos(a = B) = 1] + sin” (@ — B) = (cor @ — con 3)° + (im & — in 3)°

caAZOZ—QOQAOIOQAﬂ+oeA2/B+m2O[—2m04wnﬂ+m2,3

[0942(04—6) +/>im,2(04 _ﬂ)] - 2094(0!— ,8) +1=
(oea2a+m204) +(0942ﬁ+/wn2ﬁ) —2094040945—2m014imﬂ

I—Qwa(a—ﬂ)-f-].:1+1—2094C¥oe4ﬁ—2/wn0!/wn/6
—2ce/>(06—ﬂ) = —QwAawAﬂ—Qm&&mﬁ

cea(a—ﬂ) :oeAaoeAﬂ—f—/»i/nOtwnﬂ

Hence, we have thates(a — ) = ces At ces B + sim @ ain 3

B. Derivation of cos(a + 3)

cor(@ + ) = cos(@ — (=f)) = cor veor(= ) + sin Arin(— )

Thus, using the even/odd identities, we get that

oeA(Ot—f—ﬂ) :oeAOtoeAﬂ—ma’mg
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Together, the sum and difference formulasderare sometimes written:

cea(a:i:ﬁ) :ceAOéceAﬂ:FAi/nOé&mﬂ

Here, we interpret this as “take the top signs together, akel the bottom signs together.”

C. Cofunction Identities |

1. oeA(E —9) = sin 0

2

Justification:

Justification:
By the cofunction identity fokes, we have that

(5 = 0) = con(’ — (5 = 0)) = cor 0

236



D. Derivation of ..(a + 3)

Using the cofunction identity fotes, we have that

snla+B) = con (5 = (0 +9))

- n((5-e)- )

c(f ) ()

:maoea/8+oeaﬂm5

ThUSAi/n(O!—f—,B) = aim Qcon 3 + con Qaim 3

E. Derivation of ,x(a — 3)

sin(@ = B) = sm(a + (=0))
= sam Oéoea(—ﬂ) + cen am(—ﬂ)

:maoeaﬂ—ceaa{mg

Thus, m(a—ﬂ) = sim Qces 3 — cor Qaim 3

Together, we haven(a £ ) = sin @ cen 3 £ cor A sin 3
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F. Formula for te(a + )

Writing tor(a + ) @s m((a g)) , and then expanding and simplifying (Exercise), we get
cenl X
kam @ £ kam 3
confer ) = 1 F ton @ tan 3

Comments:

1. The above formula will only work wheta» o andcar § are defined!

2. If they are not defined, then you need to simplify the exgasthe long way,
using
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G. Cofunction Identities Il

Using the quotient and reciprocal identities, along with ithentities already established,
we get the following cofunction identities (Exercise):

1. tcm(ﬁ—e) = cot 0

—0) = tan 0

In fact, the cofunction identities are the reason for thdipreo in 3 of the trigonometric
functions.

Co-sine is short for complementary sine, that is cosing-@mplementary to sine.

Similarly, cotangent is;-complementary to tangent and cosecarg-somplementary to
secant.
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H. Evaluation Examples

Example 1:  Findces(1Z)
Solution
H r T 7r
WMe§%§+ﬂ

Then

R
S

ANs

=~
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Example 2:  Find tan(75)

Solution

i ™ T _ T
erte]_2 asy — !

Then

o (33) = (5~ 1)

_V3-1
VB +1

__v§—1_v§—1
T VB+1 V31

3—2v3+1
3-1

_4-2V3

Ans |2—+/3
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Example 3:  Findam(g) ces(fg) + cor(§)rin()
Solution

Use Addition Formula fokiz(oc + ) in reverse:

o (5) o (g) + o (5) = (56) = [(5) + ()]

I
g

I
§.
—
ol
~—

Ans

N[

Comments

1. From Examples 1 and 2 above, we see that we can now evahealgapping function
and the trigonometric functions any multiple @, by considering sums/differences of
multiples ofZ and?.

m_ T _ T St _ 2m _ w m _@m @ Un _ 27 4 @
2. 123 14 12~ 3 4 2 =3t1 2 =3 T1
Br _4r _ w Iim _ 57 _ @ r _dr 7 28r _ 5r 4 om
12~ 3 4 12~ 3 4 12~ 3 4 12~ 3 4
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Exercises

1. Findam(1Z)

2. Findces(22)
3. Findtan( 1)
4. Finda(%2)
5. Findw(£2)
6. Findsec (1)
7. Findcet(¥Z)
8. Finduw(1X)

~—

10. Findain(2) cos( %) — con( ) sin( )

am o
18 9 18

11. Findees(3%) cos( ) — aim(32) aim(Z)

13. Simplify tan(a + ) = % to obtain the formul‘:ﬁm;zmi;:;ﬂﬁ

14. Establish the cofunction identities for tangent, cgtart, secant, and cosecant as stated in this
section.
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5.4 Sum and Difference Formulas Il

A. Summary

1. Sum and Difference Formulas

/wn(CK:i:/B) :mawA/BiwAQMﬂ

ceA(Oj:I:ﬁ) :oeAOéoeAﬁ:Fm)nOéMﬁ

s £ ) tam @+ tam [
N oea(afiﬁ) - ]_:Ftoma’twnﬂ

tam( £ )

Note: The second formulation above faw(a + 3) only works when
tan o @Ndean (3 are defined.

2. Cofunction Identities

m(ﬂ—ﬁ) =con

2

We will now use these formulas, in addition to the ones weaalyeknow, for simplifying
and verifying trigonometric identities.
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B. Examples

Example 1:  Simplify (6 + 2F)
Solution

s
2
Ans

Example 2:  Simplify tan(0 + T)
Solution

m(&—l—z)— tamf +tanf  tamB+1  14taml
4/ 1—tamb-tanT 1—(tan6)-1 1—tanb

1+ tam 6
1 —tam

Ans
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s+ 3)

Example 3:  Verify the identity: ol =14 cot atan 3
Solution

sim(c + 3)

Aum CerA/B

_ maceaﬂ+ce4aMm6

Ai/nO[oeAﬂ

_ 1+oea0!/wnﬁ
Ai/nOdoeAﬂ

=1+ cot W kan 3

Example 4:  Verify the identity:sin(z + ¥) sec T rec Y = tan T + tan y

Solution
sim(T 4 Y) rec Trecy

= aim X cer Y rec T srec Y + cor T sim Y rec T sec Y

1 1 1 1
conl conlf conl cenl

= amTcorl

Am T aim Y

cen I con Y

= tam T + kam Y

246



Exercises

. Simplify s (6 + )

. Simplify ces(6 + 3X)
. Simplify can(6 + 35)
. Simplify ces(6 — 25)
. Simplify tan(6 — 2F)

. Simplify tan(6 + Z)

. Show thatin(6 + 2n7) = ain @ @andees(6 + 2n7) = cos 0, Wheren is an integer.
. Verify the following trigonometric identities:

A sim(G + 0) 4+ coa(m — 0) + 2in(§5 — 0) = conl

b. tan(m + 0) — tan(m — ) = 2 tan b

C. M(a - ﬂ)oeaﬂ'f‘oea(a — ﬁ)/wnﬁ = am (Y

d kam(a+B)—kama _ simf
" l+kom(a+B) kama T cenf

€. sin(a + B) sin(a — ) = sina — 2in?3

f. sim(a 4+ B) — sin(@ — B) = 2 cos rin 8
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5.5 Double-Angle Formulas

A. Derivations

2094(20) :oea(e-i-e) = corOcerl — im0 sin 0 :ceA20—/>i/n2(9

a. Alternate Sine Form: Replacingee.?  with 1 — »x2 0

cen? —ain? 0 = (1 —2in® ) — sin® 0 = 1 — 2500

b. Alternate Cosine Form: Replacing.im? § with 1 — ce.? 0

OGAQO_MLQQZCQAQG_(I_CQAQH) :209429—1

tam 0 + tam 0 2 tam 0

3. tan(20) = tan(0 + 0) = T e fed  1—cZo

Note: As with the sum/difference formulas, this only holds when# is defined,;
im(26)
cos(20)

otherwisecan(260) = must be used.
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B. Summary

064(20):oeer—m20:1—2wn20:2oeA20—l

~im(26) 2 tam 0

cnl20) = o) T T e d

Note: The second formulation above fas:(260) only works when.. ¢ is defined.
The above formulas are called theuble angle formulas The reason for the word “angle”

will be explained later.

C. Examples

Example 1:  Simplify »in(20 + )

Solution

(26 + 3)
= 244/17,90940094\.54‘ (WAQQ—MQO)MIB

Ans 2wn00940094ﬁ+(oea20—/wn20)mﬁ
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Example 2:  Derive a “triple-angle” formula fote»(30)

Solution
con(30)
= (0942 _MQO)OGAQ — 25im0corOrim

:wage—m20w40—2m29w40

:wA30—3m2909A0

ANs 09A39—3m20wae
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Exercises

1. Simplify ces(26 + 3)

2. Simplify sin(6 — 213)

3. Derive a “triple-angle” formula fotix(36)
4. Simplify ces(20 — 2/3)

5. Simplify —<e220__

sm O+cen 0
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5.6 Power-Reducing Formulas

A. Derivation for .20, cos? 8, and ta.? 6

1. OQA(20) =1- 2/34)71,2 9, S02 M2 0=1-— ceA(20)

1 — con(26)

Then.n? 0 =
2

2. oea(ze) - 0942 9 — ]., 502 09/)2 0 == 1 + 094(20)

Thenee,2g — -1 <20) cox(20)
2
—cen(20
3.&”20:&/»120:1 2(2) 1—094(29)

cor2 ) Ltces@) T T4 o(20)

B. Summary

Lag_1- ces(26)
2

2p 1+ ces(20)
2

1= con(20)
20 _
o T eon(26)
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C. Examples

Example 1: Rewriteces* 7 without powers

Solution

con T

— (oem2 37)2

2
— (#) (power reducing formula)

(]_ —+ con 2£C)2
4

N 1+20942.’L'+094223'}
N 4

RS SUPSNE RS
—4 2094. X 4094 X

1 1 1 _1+09A4.T .
=24 T con? B P — ower red. withd = 2
1 tgem 2ot — ] (p h = 2z)

- - —0942 — | = —0944
1t 5 x+4_2+2 T

1 1 11 1 }

1 1 1 1
- - _0642 - _CG/)4
4—|—2 a:+8+8 x

3 1 1
= — —ceAQ —ceA4
g T gt T gt

3 1 1
ANs g+§oea2$+gcea4l'
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Example 2:  Graphg, wheref(z) = 4 sin” z + 1
Solution
Use the power reducing formula for sine!
drm?x +1
= 4(i=e22m) 11
=2(1 —cen22) + 1
=2—-2cen2z+1
=3 —2cesn2x
Thus, we grapfiwheref(z) = 3 — 2 ces 2
1.20=0 = 2=0

2.20=21r =z =7

3. Graphy = 2 ces 2x:

ANINAN
EAVARVERV.
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4. Reflect about the-axis:

5. Shift up 3:

Ans

centerline
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Exercises

. Rewritexrtz without powers.

. Rewriteces* (2x) without powers.

. Rewritesix* (3z) without powers.

. Rewritece.*s + ceos?x Without powers.
. Graplg, wheref(z) = ces’x

. Graply, wheref(z) = 3 sin’z — 2
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5.7 Half-Angle Relationships and Formulas

A. Half-Angle Relationships for sine and cosine

. 1 —cen2 1 —cor2a0 . .
Sincesin’ a = % andees o = %, if we replacen with ¢, we get

2 2

“*\2) 7 2

Note: »in(%) andees(£) will either be the positive square root or the negative sejuaot
of the above expression (but not both). The choice of rodtdejpend on the
specific value ob that is used in a problem.

B. Half-Angle Formulas for tangent

Here we will be able to get an explicit formula far(£) with no sign ambiguity.

2(1—0&; 0)

2
rim O

(half-angle rel. for sine)

 am
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Now we will obtain another formulation:

]._COAQ .

1 —cor0 im0

rim 0

rim 0 rim 0

2im? 0

— cen? 0

(Pythagorean I)

(1 —ceaB) sin 8
(14 cor0)(1 —cos0)

(diff. of squares)

rim 0

]_+09A9

Thus S

. ]._09/)0

~(3)

T 1+ conf

Y

Note: The first expression222_ is more versatile, since even multiplesroivork

correctly in it. However, provided these values are not ptes
second expressioR=224 is often simpler to use.

C. Evaluation Examples

5w

Example 1. Finda (%

)

Solution

First locatew(5Z):
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g
—
oo|§"“
N—r

N
/

T

Use the half-angle relationships for sine and cosine:

EAPREE. JRETC NRES B -

8 2 2 2 2 4
_ofbm :1+wa(%):1+(—?) 1- 2 2*;5:2_\/5
8 2 2 2 2 4

Then,z = OQA(%”), and sincer < 0, we haver = —4/ 2*4‘/5 = —- 22_\&-

Alsoy = xn(L), and since; > 0, we havey = 4/ 2+4*/5 =Y 2;‘/5

8 2 2

Ans w<5_7r> _ (_\/2—\/5’ \/2+\/§)

Example 2:  Find can( )

Solution

Here we use the half-angle formula for tangeﬂt<9> = #
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(We could have used the other half-angle formula here, anduld result in the
same answer, but it would involve slightly more work)

T\ 1—ces(ZE) 1422 2242
“"‘(?) w(E) T 2T
2-V2 2
-
2o
V2
_2-V2 -2
V2 V2
_ V22— VY)
2
=2y2+42
= ==
_2(—V2+1)
==
=1-V2
Ans |[1—+2
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3

. Findaw(Z0)

|

. Findean(?

g
N

. Findean( ")

. Findain(22)

Exercises
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5.8 Verifying More Trigonometric ldentities

Examples

Example 1:  Verify the identity:sin? 0 ces? = = (1 — cor 40)

1
8
Solution

MQ oea2 0

= (/wn 009A0)2

1 2

2
= (% * aim 20) (double angle formula)

= % [M] (power reducing formula)
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)

1 + tan?(

)

1— 2
Example 2:  Verify the identity:cos § = fon(

N[D(N[D

Solution

Start with the right hand side:
)

1+ tam?(

)

1 — tan(

N[N

1 — tan®(§
= ﬂ (Pythagorean II)

= [1 — tam? (g)] - con? (g) (reciprocal)

= ces (2 . g) (double angle formula)
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Example 3:  Verify the identity:w?(%) =

Solution

(2

sec B+ 1
 aecf—1

(half-angle formula)
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Exercises

Verify the following trigonometric identities:

1. ton(Z% + 0) = Lt

cen20

2. 409449 = 4ce/>29 — M2 26
. M/n3 0 sin 20 = 20949 — con 0 con 20 + iwa 0 cornd0

amP0tcesd 1 _ 1 .
4 2y =1— 520

5 ltsm20 _ 1
" ldcen20 T 2

(1 4 tanB)?

6 am20 _ cen20 _

* im0 cend rect)
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5.9 Productto Sum Formulas

A. Derivations

Consider the sum and difference formulas for sine:
s 4 B) = sim acen B+ con Qrin 3
sim(@ — B) = sim A con B — con Qain 3
Adding these two equations, we get:
sim(@ + ) + sin(a — ) = 25im 0 cen 3
Dividing by 2, we get:
i @con § = Sain(cr — B) + win(r + )]
By similar methods, we also get:
sim Osim B = Llcos( — ) — ces(a + )]

cen Oéoeaﬂ = %[094(01 - ﬁ) +09’>(a/ + /6)]

B. Summary

sim Qaim 8= L[ces(a — B) — ces(a + )]

conr Qlces J = %[oefs(a’_ﬁ) +09”(a+6)]
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Note: It is more useful to remembérow to get the product-to-sum formulas than it is to
memorize them.

C. Examples

Example 1:  Evaluatesin(37) ces( %)

Solution

Usesin atcos f = 3sim(a — B) + sim(cx + )]

PP L S -
"\ 24 24) T\ 24 T 24

Thus

(5) -

Il
DN | DN | —
~—
o3
——
+
~~
N
——

N =
[\
DO

N —
[\

I
N

ANs

267



Example 2: Express.=(26) »in(50) as a sum or difference.
Solution
USesin atsin 3 = gleos(a — B) — cos(a + B)]
Then
sn(26) in(50) = % (con(20 — 50) — cor(20 + 50)]

= 1 leon(=36) — con(T0)]

 coa(30) — con(70)
2

Ans | 22(30) = cos(76)
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Exercises

5

. Evaluate-es(3

NS
N—
i
NE
N—r

. Evaluateun(52) sin()
. Evaluatein(2237) ces(12)
. Evaluateun(Z2) ces(21)

. Expressin(36) ~in(50) as a sum or difference.
. EXpresses(46) ce+(20) as a sum or difference.

. Expressin(76) ce+ 6 as a sum or difference.

. Follow the derivation in Part A to verify the formulas ot a sin 5 aNdces acces f.
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5.10 Sum to Product Formulas

A. Derivations

Consider the sum and difference formulas for sine:
s+ B) = sim (e B+ con Qrin B
sim(@ — ) = sim Qcen B — cor Qsin 3
Adding these two equations, we get:
sim(@ + ) + sim(a — ) = 2sim acen 3
LetA=a+ pfandB = o — .
ThenA + B = 2a andA — B = 24.
Thusa = 2452 andg = 432.

Sincesin(a + B) + sin(@ — ) = 24im a ces 3, We have that

simn A+ sin B = 25in(218) cos(452).

The derivations of the other sum to product formulas arelami
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B. Summary

aim A+ sim B = ZM(‘”TB)CM(A;B)

CGAA +094B - QOGA(A;B)OQA(AQ )

Note: Again, it is more useful to remembkow to get the sum-to-product formulas than it
Is to memorize them.

C. Examples

Example 1: Express.i» 30 + »in 56 as a product

Solution

Usesin A + sin B = 2 sin(218) cos(452):

Thus

aim 30 + sim 50 = 2m(30+ 50) wA(Be ; 59)

2
= 2 1in(40) con(—0)

= 2.4im(40) ces 0 (even identity for cosine)

ANs 2%(40) con O
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Example 2: EXpressees 70 — co» 46 as a product
Solution

Us€cor A — con B = _ZM(A—f—TB)m(A__B)

Thus

con T — cor 4 = —2m(70;40) m(?& . 49)

(23

Ans —QM(%H)M({SG)
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Exercises

1. Expressin(66) + »in(26) as a product.

2. Expresses(56) — ces 0 as a product.

3. Expressin(36) — »ix(76) as a product.

4. EXpresses(26) + ces(46) as a product.

5. Follow the derivation in Part A to verify the formulas for

rim A — aim B, con A + cor B, andces A — cos B.
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5.11 Verifying Even More Trigonometric Identities

Examples
. . .. aim O+ aim 30
E lel: W the identity: —————— = tan 26
xample erify elenlyww_i_(mge kam
Solution
aim O + im 30
0949"1—09430

(sum to product formulas)
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Example 2:  Verify the identity:

am O

/wnOJ—AJ/nﬁ

Solution
/wna/"'/wnﬁ
aim O — aim 3
2%(% oea(a;ﬂ)
ECORCD
cor(252)  ain(952)

(sum to product formulas)
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Exercises

Verify the following trigonometric identities:

L s
2. cordbcoadl — _ .0
3. et = —(25) cn(772)
4 cesl—cenbl __ fam 20

© amO4am 50
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Chapter 6

Advanced Trigonometric Concepts

6.1 Capital Trigonometric Functions

A. Quadrants in the zy-Plane

Later in this chapter it will be useful to be familiar with tidea ofquadrants in
the zy-plane. Thezy-plane is divided into 4 quadrants by thendy axes.
They are named as follows:

1 A\
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B. The Six Trigonometric Functions

To motivate what comes next, let us first review the graphéefsix trigonometric func-
tions.

1
J=2r \—T WVQT( 37?\/4%
%

1L

Y =cerl
|
\

AWANAA
AARVAIVA
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o8
< mmmmmm---- e >
=
X
\%_2
R w\w
L — ™~
| |
, , , ,
[ [ [ [
S \
[kl
[
=
<o L >
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e
- ﬂv
R - - - - - - -T - >
5]
&l
- ltﬂv
=S Teim ~ T =
yj ,
N\K e
—
A_rﬂv
<o - --------- e i >
&=
FM_Q_
< ---------- B >

=
<t
< - ---- - e i >
o Wﬂv
o
U :
[N}
- ﬂ
R e >
=

282



C. Motivation

All six trigonometric functions fail the horizontal linedg so aranot one-to-one/invertible.

We therefore define the capital trigonometric functions.

D. Capital Sine Construction

Y=srnl
1L

A A )
| | o
) —2m \—m Wv 27 37r\/47r
1

1

To make this function one-to-onwjithout changing the range one choice that can be
made is to throw away everything except the part of the graivéeen—7 and?. This is
not the only choice, but it is the most obvious choice.

Yy
1+ y:ﬁmgj

NN ——
5 —+

|

\

|
—_

The residual function is a capital function. We calkit.

ThusSin z = smz; z € [—5, 5.
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E. Definitions of the Capital Trigonometric Functions

By similar considerations, we can define all of the capiigbinometric functions as well.
18w =smz; v €[5, 7]

2.Conx =cenx; x € [0,7]

3.Camt =tamz; z € (—5,%)

4.Cotx =cotx; x € (0,7)

5.8cc & =secx; x €[0,5) U (5, 7]

6.Coc® = crcx; z € [—5,0)U (0, 7]

F. Comments

1. The only difference between the behavior of the capitgbtrometric functions and the
ordinary trigonometric functions is the restricted domain

2. Like all capital functions, the capital trigonometriafitions are invertible.
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6.2 Capital Trigonometric Problems |

A. Solving Problems With Capital Trigonometric Functions

1. Rewrite the capital trigonometric functions as the oadyrtrigonometric functions with
the appropriate domain restriction.

2. Use ordinary trigopnometric identities to solve the peobl

3. Use the restricted domain to remove the ambiguity in sign.

B. Examples

Example 1:  You knowSim 0 = 2. Findces 6.

Solution
1.8 0 = % )

inl =2 0€[-T

]

[SIE]

Y

2. To getees O from sin 0, We US€es? 0 + »in? 0 = 1:

2 2
ce420 - == ]_
" <3>

4
2
0949 —:]_
+9
2
con’ ) = =
9
)
wAG:i%



3. Use the restricted domain to try to remove the sign amtyigui

Sinced € [-7, 5], we are in the region marked:

(1%
N

Hereces 8 > 0, SO

ANS |cos 0 = V5

Example 2:  You knowCes 6 = —1.  Findasin 6.

Solution
1.Cesd = —1, SO

cor = —i, 0 € [0,77']

286



2. To getsin  from ces 0, We US€es? 0 + »in? 0 = 1:

2
(—i) +am? =1

1

— +an’f=1
6"
15
an® 0 = —
16
V15
b=t

3. Use the restricted domain to try to remove the sign amtyigui

Sinced € [0, ], we are in the region marked:

Y

N

Heresn 6 > 0, SO

Ans m ) = V15

sm —_— 4
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Exercises

. You kKnowCe» = 2. Findsin 6.

. You knowS8inf = — Findces 8.

3.
. You knowsSin 6 = 2. Findcesf.
. You knowCes = —2.  Findain 6.
. You KNnow=Sin @ = 2. Findces 0.

3

. State the values @ffor which8ix20 + Cos?0 = 1.
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6.3 Capital Trigonometric Problems Il

We consider some more complicated examples.
Example 1:  KnowSim 0 = —3.  Findn 26
Solution

1.8m0=-2

2. We know thatir 20 = 2 4in 0 ces 8, SO We Neede, 6.

TO g€tcos 0, WE US€e0s? 0 + sin” 0 = 1

2 3\’
con - :1
o+ (-3

9
09420 —:1
+16
7
2
con 0——
16
waezig
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3. Use the restricted domain to try to remove the sign amtyigui

Sinced € [-7, 5], we are in the region marked:

Y

3

Hereces f > 0, SOces = Y.
However, our original problem was to find 26.

Thus,

ANS | aim 20 = —3Y7
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Example 2:  KnowCes 6 = —1.  Findan 26

Solution

2. We know thatir 20 = 2 4in 0 ces 6, SO We needir 6.

To getsin 0, WE USEcor? ) + in 0 = 1

1\,
—= am” 0 =1
(5)+ 0

1 2
— 4+ 0 =1
251L
24
.2
/wne_—
25
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3. Use the restricted domain to try to remove the sign amtyigui

Sincef € [0, |, we are in the region marked:

Y

aE

2

S

Heresin 0 > 0, SOsin 0 =

.
However, our original problem was to find 26.

Thus,

o))
(0

46

25

: . 4V6
ANS  |,in 20 = — 25
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Example 3: KnowSec6 =5. Findtan 6
Solution

sec @ =5;0€0,5)U (5,7

2

2. To getean 0, We USEL + tan? § = sec? )

1+ tan’ 0 = 5°
1+ tan’f =25
Ean 0 = 24

tam 0 = /24 = 26

3. Use the restricted domain to try to remove the sign amtyigui

Sincef € [0, §) U (5, 7], we are in the region marked:

Y

Fl's
L/

We see thator # > 0 in quadrant | buter # < 0 in quadrant II!
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Thus we have nanitial help.
However, we were originally giveRec § = 5, so in particulakec § > 0.
This can not happen in quadrant I, so we must be in quadrant .

Thustar § > 0 and so we have that. 8 = 21/6.

ANS |tan B = 21/6

Example 4:  KnowSin 6 = —2.  Findcet 6
Solution

1.8mf=—3

2. To geteet 6, there are many different methods that can be used. For dgamp
a. One method:
First findesc 0 = —. Then useet® f + 1 = csc” 0

b. Another method:

Us€cer? 0 + ain2 0 = 1 to find cor 6. Then uset § = ‘j’:g

Here let us arbitrarily use the first method.



Then

25
o2 +1 ="
£ 0+ 9
16
2
co 0:—
¢ 9
4
c,e0::|:—
¢ 3

3. Use the restricted domain to try to remove the sign amtyigui

Sinced € [-7, 7], we are in the region marked:

Y

(1%
N

We see thatet § > 0 in quadrant | butet # < 0 in quadrant IV.
Thus we have nanitial help!
However, since we were originally givess. 6 = —g.

Thussin 6 < 0.
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This can not happen in quadrant I, so we must be in quadrant IV.

Thuscet # < 0 and so we have thatt 6 = —%.

ANS cot 0 = —

[P
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1. KnowSimf = —2.  Find in 26.
2. KnowCes = 2. Findsin 26.
3. KnowSimf = 2. Findces26.
4. KNnowSec = 3. Findtan.

5. KnowCac ) = —4. Findcetf.
6. KNnowZTanf = —2. Findasecf.
7. KnowCesl = —2.  Findcetd.
8. KnowCetf = 2. Findain 26.

9. KnowCacf = —5.  Findcan(%).
10. KnowSec§ = —3. Findw.(6).

11. KnowZanf = —. Finda(6).

1
e

12. KnowZanf = £ andCsc @ = —6.

Exercises

Findan(f + ).
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6.4 Inverse Trigonometric Functions

A. Introduction

Even though the ordinary trigonometric functions acg invertible, the capital trigono-
metric functionsare (by design).

The inverses of the capital trigonometric functions ardechtheinverse trigonometric
functions.

B. Domain and Range of the Inverse Trigonometric Functions

Using the techniques for findingsm (/') and ng(£~') along with the properties of the
capital trigonometric functions, we have:

Domain Range
St [—1,1] (-3 3]
Con™! [—1,1] [0, 7]
Tan™! (—00, 00) (=%:3)
Cot™! (—00, 00) (0, )
See™! || (=00, 1] UL, 00) | [0,5) U (5,7]
Cae™" || (=00, ~=1JU[1,00) | [-5,0) U (0, 5]
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Graphs of the Inverse Trigonometric Functions

Yy
s
T L
| R
—1 1
—r |
Yy =S8z
Yy

—1 1
- —7
Y :Ceailx
)
<----- - -— — - - - - - -z = %
x
<- - - - - - - — - - - - --- > _%
Y =CTan T

299



300



D. Comments

E.

1. Warnings:

a. “~1” means inverse function when attached to functiomg,reciprocal

Bin 'z means inverse sine of x

1
— takes the values of cosecant
Sin T

Note: These are different.

b.8»"! and..x arenot inverses! .. does not have an inverse!
The functions that are inverses a&e~' and<... Be careful of this in problems.

c. Some authors are lazy and write™!, when they really meafi.~ .
To avoid confusion, writei»~! if that is what is intended.

2. In some older booksSin™!, Cos™!, Tan™ !, Cet™ !, Bec™ !, Cac™ ! are sometimes written
aS Arcnin, Arccon, Arckam, Arccot, Awcrec, @N0A-ccnc. IN that context, inverse sing" ", is
pronounced “arc-sine” when it is written @scain.

Evaluation

We can evaluate inverse trigonometric functions if the atitpa multiple ofr, 7, 3, 7, or

%. To do so, we look for appropriate comblnatlons/ratloé,og, ¥7, etc.

Remember the range of the inverse trigonometric function!
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F. Examples

Example 1: EvaluateCes '(*3)
Solution

We ask “whichd € [0, 7] hasw(6) with ? as thex-coordinate?”

T
Ans

Example 2: Evaluatein~!(—%2)
Solution

We ask “whichd € [—7, 7] has.(#) with —? as they-coordinate?”

Ans |—

R
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Example 3: EvaluateZon(—/3)
Solution

We ask “whichd € (—Z, T) hasuw(6) with 222 = _/37”

Zcoord
Clearly, one coordinate is5 and the other ispé.

V3
To get—v/3, we need;@ in the numerator?®>Y — $—§
Zcoord I|I§

oS

Sinced € (—%,%),z > 0, SO We havercoorg = 3 andycoord = —

Y

AP
N

ol

ThusTan ' (—V/3) = —

w3

Ans | —

wly
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Example 4:  EvaluateSin (sim(F))

Solution

Note: . ! and.. arenot inverses. They don't cancel.
NoW Sur ! (%)) = S~ (3)

Thus we ask “whictf € [-Z, Z] has.(6) with 1 as they-coordinate?”

SIE]

Example 5:  EvaluateCes™! (ces(*X))

Solution

Ans

Note: Ce» ! andce» arenot inverses. They don’t cancel.
NOW Cos !(cos(2T)) = Cor (=)

Thus we ask “whicl® € [0, 7] hasw(8) with —@ as thex-coordinate?”
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Example 6:  EvaluateSin~ (sn(32))

Solution

Here we can’t evaluate-(3%) directly, but we notice thal € [—%, 2].

w

Thus, inthis case sn(3%) = Sin(35).

Thus we havein ' (Sn(3%)) = 37, sinceSin ' and<i» are inverses!

Note: We couldn’t do this in the previous examples, since the nuseren't in
the domain of the capital function.

3
Ans 3
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Exercises

Evaluate the following:

=
|
—
—~
N =
~—

6. 8 (sin 2T)
7. 69471(09/} 5_7T)

8. 69471(094 ?_7{)
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6.5 Inverse Trigonometric Problems

A. Method of Solution

1. Define the inverse trigonometric function output todbe

2. Rewrite thg definition with no inverse trigonometric function by applgithe appro-
priate capital trigonometric function to each side.

3. Recast the problem as a capital trigonometric functiablem, and solve it.

B. Examples

Example 1:  Findsin(Ces '(3))
Solution
1. Letd = Cos '(3).
2. ThenCe, § = 2.
3. Thus we have the capital trigonometric problem:
You knowCes § = 2. Findsin 6.
a.Cor =2

conl = %, 0 € [0,7'(']
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conl O+ 2?0 =1

2\ 2 )
- a0 =1
(3) -

—4antf=1
9+
5
s’ 0 = =
9
m@:i\/?g

c. Sinced € [0, ],
Y

Pl

NI

Hereain 6 > 0, S0sin § = ¥

ANs

&
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Example 2:  Findsec(Sn ! (—

)

o

Solution
1. Letd = 8w *(—2).
2. ThenSm § = —3.
3. Thus we have the capital trigonometric problem:
You knowSim § = —3.  Findasec 6.

a.8mf = -3

co2f 4 o =1
* 16
7
2 PR
me_ig
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c. Sinced € [-Z, 2],

Y

1
N

S

Hereces § > 0, SOces § = ¥

Then,

IS
\1%
3

ANs
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Example 3:  Findces(2Zan1(3))

Solution

1. Letd = Tan *(3).

2. Thenten 0 = %

3. Thus we have the capital trigonometric problem:

You knowZan § = 3. Findces 26.
tan =3 0 € (-5,%)

b. NOWcos(20) = 2 cos? 6 — 1, SO We needen 6.

Howeverl + tan? 6 = sec? 0, SO1 + (2)? = sec? 6.

25

_ 9
Thussec? =1+ 6= o

Thenoer/)2 9 == %

In fact, we have no need fog., 6!
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094(29) - 20942 (9 - 1

Note: In this problem, we actually didn’t have any sign ambiguity.

Example 4:  Findsin(2 8 'z)
Solution
1. Letd = 8 'z,
2. ThenSin 6 = .
3. Thus we have the capital trigonometric problem:
You knowSin 0 = z.  Findain 26.
a.8nf ==z

smf=x;0 €[5, 5
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b. NOWAin(20) = 2 sin 0 cen 0, SO We Ne€den 6.
conl O+ an’ 0 =1
col 0 +2° =1
2

09429:].—.7)

ce49::|:v1—$2

c. Sinced € -7, 7],

Y

Al 2
N

ThuSces 0 >0, SOcenr 0 = V1-— 2,
However we wanti» 26, SO

2 20 = 2 4im 0 con 0 = 2.TV]. —31'2.

Ans |2zv/1 — 22
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Example 5:  Findsun(Ces™1z + Sinly)
Solution
1. Letd; = Cor 'z andf, = Sin ly.
2. ThenCes 1 = z andSin 6y = y.
3. Thus we have the capital trigonometric problem:
Youknow Cesf; =z and Sy =y. Findan(f; + 65).
a.Cerly =2 and SBinby =1y

T T

09491 = T; 91 € [0,71'] and M02 =; 02 c [_5’5

b. NOWM(Gl + 02) = sim 91 cen 02 + con 91 Am 92.
Thus we need 6; andces 0,.

[)FIiNd sin 01 :

09A201 +wn291 =1
$2+Aim201 =1
mzé’l = 1—1?2

mﬁlzj:\/l—xZ
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Since#; € [0, 7],
)

I

NI

ThuSaim 07 > 0, SOxn 0, = /1 — 22,

I1.)FINd ces 65:

wA292+m292:1
094292+y2:1
2

094202:1—y

09402::t 1—y2

315



Sincef € [-3, 5],

Y

Al 2
N

ThuSces 03 > 0, SOces 03 = /1 — 12.

Hence,

m(ﬁl +02) :m01w592+om01m02

- () (V) e

Ans |V1—22\/1—y2+ 2y
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10

11

12

13

14

15

. Findtan(

Exercises

. Findees(&n (1))

. Findain(Cor 1(=2))

3

. Findan(Sin "1 (—1))

. Findese(Cor™ (=3))

4

. Findces(28mn (%))
. Findsin(28ec~1(=3))
. Findces(2Ceor 1)

. Finde(&m’lx + 6947133)

S (1))

1
2

~

. Findeos(2Zan}(2))

. Findtan(2Ces™!(—2))

. Findeos(&in (=) + Cos 1(%))

. Findsin(Tant(—4) + Rec1(3))

. Findtan(Tan ! (3) + Tan ' (5))
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16. Finduw (Bec"1(—4))
17. Finduw(Cet 1 (—2))

3

18. Finduw(Sin (1) 4 Con 1 (—1))
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6.6 Verifying Inverse Trigonometric Identities

A. Single Function Method

This method is used when each side only contamsinverse trigopnometric function.
1. Letd =one side.

2. Manipulate this equation to get rid of the inverse trigmetric function and reduce the
resulting capital trigonometric function to an ordinangémometric function with domain
restriction.

3. Use regular trigonometric identities to simplify theukismg equation.

4. Reverse the process to getother side.

B. Examples

Example 1:  Verify the identity:Qin=!(—z) = -8 'z
Solution
1. Letd = Sin !(—2).
2. ThenSn § = —z, SO
s =—x; 0 €[5, 5

3. —snb=uz;0c[-F, 5]

sim(—0) =3 0 € [-5, 5] [odd identity for sine]
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sin(—0) = z; —0 € [-5, 3

272
4. 8n(—0) =z
—0 =8 'z
0 =—S8n 'z

. . . 1
Example 2:  Verify the identity:Sec 'z = Ces ! (5)

Solution
2. ThenSec § = 2, SO

we=a; 0€[0,5)U (5,7

B.cesf= 4 0€[0,5)U (3,7

Since% # 0, 0 = 7 isimpossible anyway, so
con ) = %, VNS [0,71']

4.Cornl =1

x

0 =Ces ' (1)

Z
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C. Sum of Functions Method

This method is used when one side contains a sum of
inverse trigonometric function outputs.

Assuming that the sum is on the left hand side of the identity .
1. Simplify »ix(Sum) as an inverse trigonometric problem to get an identity.fgsum).
2. Use the domain restriction to get an appropriate idefdityhe original sum.

Note: If it is easier, you may USé&s Or tan, €tc. instead Ofin.

D. Examples

Example 1:  Verify the identity:Sin 'z + Ces 'z = Z
Solution
1. Simplify sin(Sin~ 'z + Cor~1z):
Letf; =R 'z and 6y =Cer 'z.
Then&n 0, =z and Cesfy = z.
Hence we have the following capital trigonometric problensolve:
You knowSix 0; = x andCes 8 = x. Findain(6; + 65).

NOWSin 0y =2 = »in by = z; 0 € [-Z, %]

andCesfly =& = ceslbly = x5 65 € [0, 7]
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Also m(ﬁl + 02) = sm 01 cen 02 + cen 61 Am 02
Thus we need to findes 6; andair Os:

Find ces 0;:
094201 —|—m291 =1
oem2 01 + 33'2 =1

0%291:1—362

oeaelzﬂ:\/1—$2

Now use the domain restriction to eliminate sign am-
biguity:

Sinceb, € [-7, 7],

Y

(15
N

ThuSces 01 > 0, SOcen 01 =v1- 2.
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Find sin 65:
corl Oy + rin? 0y =1
22 4 a2y =1
w0y =1 — 22

Ai/n92::|:\/1—$2

Now use the domain restriction to eliminate sign ambiguity:

Sincef, € [0, 7],
)

N

ThuSain 05 > 0, SOxim 0y = /1 — 22.
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Thus
m(01 +92) :m01w402+w401m02

=x-x+V1—122-V1—22
=2+ (1 — 1%
=1
Hence our identity fokix(sum) is:
win(Sim 1z + Cos™lx) =1
2. Now we need to use the domain restriction to get the origaieatity:
Now 6; € [—%, %] andd, € [0, 7], S08; + 0, € [—%, 37].
Thus we have thatin 'z + Ces 'z € [-Z, 27].

SinceSin 'z + Ces 'z € [—%, 2] andain(Sin 'z + Ces 'z) = 1, and the

only value off € [-Z, 22] whose sine is 1 i§, we have that

Bl +Cerlz =1

Aside: Sin 'z 4 Ces 'z = 5 can actually be verified by a creative use of the first method,
which is easier, as follows:

Letd = 8 'z
ThenSm 6 = x, S0sn 0 = x; 0 € |7, 7]
cor(E —0) =x; 0 € [-%, %] (cofunction identity)
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— -1
%—O—Cem X

Then solving foM, we haved = T — Cen"'2.

vl

Hence we verified thai» 'z = Z — Cos !z, SO

S 'w +Cor ' =5

However, the sum of functions method is useful since it ptesia way to tackle
identities that you can’t figure out the other way.

Example 2:  Verify the identity:Can ' (1) + Can *(2) = 2
Solution
Sincetaon is More natural here . . .
1. Simplify tam (Tan™*(3) + Tan*(2)):
Letf) =Tan '(3) and 6y =Tan '(2).
ThenZen 6y = 1 and Camby = 2.

Hence we have the following capital trigonometric problensolve:

KNOwZan 1 = } andcan B, = 2. Find tan(6; + 62).
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Also
ta/n01+ta/n02
(1 2) 1—tam.01t0/n92
1, 3
_ 17153
= 1 _ 3
I=3-3
5 12
_ 2wt
- 3
=12
17
— 20
- 17
20
=1

Hence we have the identity:
o (Ean () o (1) =1
2. Nowé, € (-3, 5) andb, € (-3, %), 806, + 03 € (—m, 7).
Thus we have thate (1) + Zan () € (=7, 7).
SinceCan (1) +Can*(2) € (—m, ) andean (Can ™ (1) + Tan™!(2)) =1,
and the only values df € (—m, 7) whose tangent is 1is 2" andZ, we have

that

ol () e () = =% o T (}) e (P =

It only remains to determine which of the two identities isregt.
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In fact, we can do better.

Sincetar 6, = 1 with 6 € (—Z, %), we actually know thaf; € (0, Z) since
we must be in quadrant I.

Similarly, 6, € (0,%), so
Zo/n_l(i) +Zo/n_1(%) = 91 +92 € (0,7’(’).

Thus, we must have that

e (e (0=
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Exercises

Verify the following inverse trigonometric identities:
1.Z<J/n71(—x) = —Zoun71$
2.Cac e =8 (1)

3.Cos7}(—x) =7 —Ces~tz  [Hint: Sart with the right hand side]
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6.7 Inverse Trigonometric Identities

A. Summary

1. Reciprocal Inverse Identities

a.|Bec 'z = Ceail(l)

T

b.|Cac 'z =S (1)

T

Warning: A similar identity forCoet~! doesnot exist!

2. Cofunction Inverse Identities

a.|8n 'z +Cor ' =5

b.|Tan tr +Cot la =3

C. Secil.T +C»cill' = g
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3. Reflection Identities

d.|Cet™ ! (—x) =7 — Cet™ 'z

e.[Bec™(—12) =7 — BTz

f.|Cc™(—2) = —Cac'

B. Calculator Use

Since many calculators don’t have all six inverse trigonwrméunctions on them, we can
use the above identities to do computations in calculators.

In particular,
1.Cot ' =% —Tan 'z
2. 8ec™lr = Coa™!(2)
3.Cac lz =8 (1)

reduces the evaluation of inverse trigonometric functitmghat of inverse sine, inverse
cosine, and inverse tangent.

In fact, using the identityfon 12 = Qin~! (ﬁ) we can reduce the need to that of an
inverse sine buttononly!
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Then
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6.8 Solving Trigonometric Equations |

A. Motivation

We know that the equatiofi. z = @ can be solved as follows:

V2

Qg = L2
T=7

However, in typical trigopnometric equations, we typicdiigve the ordinary trigonometric

functions, i.e.n = = 2.
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; , — V2
B. Solving.xxz = %

Here we havenore solutions than just the single inverse trigopnometric sotut . .
Sincesimx = ? we have thaycoord = §

This happens in the following locations on the unit circle:

Thus we have solutions = o andz = 337”

However, more than that, by addigg we get two more solutions.

We can keep going, so the answer is

)i +2nk; keZ
%"-i—?wk; keZ
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C. Strategy

1. Use algebra to isolate a trigonometric function on one sidhe equation.

2. Find all solutions if0, 27) through help from looking at the unit circle, and the defini-
tions of the trigonometric functions.

3. The answer is obtained by taking each solution and ad@mng™to get all solutions.

Note: In situations where more than one type of trigopnometric fiamcoccurs in an equa-
tions, we try to either

a. separate the functions via factoring

or

b. get rid of one of the trigonometric functions via trigonetmc identities.

D. Examples

Example 1: Solve4 ces?z — 3 = 0 for z

Solution
409A2.’1? —-3=0
40942.1' =3
3
2 —
cen L = A
V3
con = :i:—
o 2
V3
Tcoord = i?



3
—
=|f
N—

g
—
olF
N—

-~
N

+2mk; kel
5F7T-i-27rk; keZ
7%+27rk; keZ
HT”+27TI<:; kel

Ans |z =

Example 2:  Solve2sin?z =1 — s x for

Solution
242 +ainz—1=0
Letu = s x, to make a standard quadratic equation.
Thus we haveu? +u — 1 =0

Now factor the equation:

2u+u—1=0 +, —
20 +2u—u—1=0 -2/
2u(u+1)—1L(u+1)=0
(u+1)(2u—1)=0
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Thus(simz + 1)(2simz — 1) = 0.
By the Zero Product Principle:

samZ+1=0 or 2smx—1=0

sm®=—1 OF snz=1
Yeoord= —1 O Yeoord = %
Y
5T T
w(g) w(§)

-~
N

& +2rk; kel
Ans |z = 5%+27rk; keZ
37”+27rk; keZ
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Example 3: Solve2cers’z =4 — 5z forz
Solution
2cenl T +5snt —4=0
Use Pythagorean | to eliminate the trigopnometric function:
2(1 — s 2) + Haimz —4=0
2—24n2x+5sinz—4=0
—2+0® T+ Haimx —2=0
2ain T — Hain T +2 =0 — -
2502 T — ain & — dsimx +2=10 4/
wim T (25mx — 1) — 2(2smx — 1) =0
(2simz — 1) (sinx —2) =0
By the Zero Product Principle:
2mx—1=0 Or smnz—2=0
2smx =1 OF simx =2
AmT =% OF smx =2
Yeoord =3 OF Yeoord = 2

It is impossible for the)-coordinate to b&, S0ycoorq = %
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i

§t2nk; kel
Ans |z =<.
A2k, kel

E. Comments

1. Sometimes solutions can be written more compactly bygusialtiples
of something other tha®wr.

For example, if we consider the answer to Example 1:

c+2nk; k€L
5{+27rk; keZ
7?7r-i-27rk; kel
11T7T-i-27rk; keZ

it can be written as

) E+Tk; k€L
S t7k; kel
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sinceZ and’r differ by = and
since>™ and 1 differ by .

However, we can not reduce this any further, because althguagnd‘%r differ by
4, the formulaZ + #7%; k € Z would also givelX = 2T as a solution, which is not

true.

2. Sometimes equations involving multiple angles occurpmidon’t
actually need multiple angle identities! We just solve tog tnside.
See the examples that follow.

F. More Examples

Example 1:  Solve(ces 5) tan® & = ces bz fOr z
Solution
(ces BT) kan® T — cen bz = 0
ces BT (tan’z — 1) = 0
ces BT (kan T + 1) (kanz — 1) =0 (Diff. of Squares)
By the Zero Product Principle:
cerndT =0 OF tamz+1=0 OF tamx—1=0

cerdZ =0 Or tamz=-1 OF tamz =1
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|. Considerces 5z = 0:

o8
N—

R
NI

vl
SN—r

5y — 5+2nk; keZ
37“+27Tk; keZ

Thusbz = 5 +7k; k € Z
Hencegz = % + = k€ Z

[l. Considercor z = —1:

(B

™
N

u>|§'
N—

?ﬂf+27rk; keZ
Tr =
%+27rk; kel
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Thus:s:%”+7rk; keZ

[ll. Considerton z = 1:

w<5z>\\

)i t2nk; kel
%+27rk; kel
Thusz =% +7k; k€ Z

Putting all of these solutions together, we get

f—0—|—7r5—k; ke
r=<ST+7nk; ke
3 4 1k; keZ

Thus, we have (upon reducing),

k.
ANS x:{f—o+%, keZ

%—l—g—k; keZ

Note: For ces 5z = 0, we don't divide by 5 until thevery end
after we have all the solutions via addi2gk.
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Example 2:  Solvesin & — cesz = 1 fOr
Solution
We want to get rid of a trigonometric function, but we cantteditly!
We could, if we hadin?  Or ces? .
This motivates the following trick:
1. Square each side to use Pythagorean Identities.

2. Check solutions at the end to eliminate “fake” solutions.

Now do it:

(in® —cenz)? =1

win? T — 22im T conT + conl T = 1
1—2sinZcerz =1 (Pythagorean)l

—2smTcerx =0

sim T con T =0

By the Zero Product Principle:

snZ =0 Or cexxz =0
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=02  an(0)—ces(0)Z1 = 0-1Z1 X
? ?
? ?
r=77  an(m) —ces(m) =1 = 0—(-1)=1 Vv
2=372 () (321> —1-021 X
- 2" M2 e\ ) — -

Thus addin@~k to the legitimate solutions, we get

T+onk; kel
Ans |z =<2
T+ 2wk, keZ
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Solve the following equations far:

1.

10.

11.

12.

13.

2cesx+1=0
24mZ +v3=0
tanz —1 =0

2conlz —1=0
2% — ainz — 1 =10
2con’T = 3cent — 1
2sim 3T =1

cer DL = —

e[S

24T 4+ 5aimx —3 =10
ko’ 3T = 3

S5tan(5) +5=0

2A4/n2.1'+9094.7)+320

Exercises

(»tom2 2.7))0947.7) —3cenlz =0
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14.

15.

16.

17.

cor’T + simT = 2

tam T — tan®® + 3 kamx — 3 =0

wm® =1 — con

cercl + cokX = 1
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6.9 Solving Trigonometric Equations Il

Sometimes we need to use sum and difference formulas, dangle formulas, etc. to solve
trigonometric equations.

Examples

Example 1.  Solvesm(z + %) + sm(z — §) = 1 forz
Solution
sn(T + F) +am(z —5) =1

Now use the sum and difference formulas:

(Aun.’ll'oe/x%—f—oexsl'wn%) —f—(/wnﬂfce/s% —oeA.’L'/wn%) =1

Thus,
QM.ToeAz =1
3
1
20mx - - =1
Ty
sm X =1
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Ans |z =7 +21k; k€Z

Example 2:  Solve2 ces & + »in 22 = 0 for z

Solution

2con T+ 2smTcerx =0 (double angle formula)

By the Zero-Product Principle:
2cerx=0 OF 14amx=0
cerZ =0 Or asmz=-1

Both of these solutions together, lie on the unit circle ia fbllowing locations:
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o8
N—

Ans |z =75 +7mk; k€Z

Example 3:  SolVesin & + cos z = ¥ for z
Solution

Here we use the “square and check” trick:

6

. 2 _ -
(Aun.T—i-oeAfL') 4

.2 . 2 _3
m.’E'{‘Qm.fEceA.T'}‘wA .’L'—§
3

1 24mLcen = —

+ T cenr X 5

1

24m L cen = —

X X 5

Here we can’t use the zero-product principle, because i side is not
zero. However, we can use the double angle formula.

Thus we haven 2z = 3.
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N
N,

c+2mk; kel
20 =47
5 t2nk; kel

Thus,

15 +7k; keZ
Tr =
S trk; keZ

Now we need to do the check. It suffices to only check the smistin the interval
[0, 27).

Check:

Y 71' — T m — T s ™
— V3. V2 _ 1. v2_ V6-V2

- 2 2 2 2 4

™ - ™ ™ - ™ m m
OGA(E)—OGA(E_Z)—O&AECSA4+AUYL3AUTLZ
=1.¥2 4 V38 2 _ V6+v2

-2 2 2 2 4

Thus substituting into the original equation:
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Thus substituting into the original equation:

? - _Ja_ ?
)+ ) Lo > G s 2

350

_ 5 5 2 _ 2 2
=7 sin(T5) = am( G — ) = sim G con T — con Fam §
_ﬁ.g_(_l).ﬁ_\/ﬁﬁ
- 2 2 2 2 4
5T\ _— 2 _ 2 o .
con((5) = cos(F — §) =cos Fcon § +am T am g
= 1.2 V3 V2 _ V6-V2
- 2 2 2 2
Thus substituting into the original equation:
(5 smy 2 /6 V6+v2 | V6-v2 2 V6
m(%)—f—oea(%)—T = 1 + 7 =5 \/
_ 13 . (13 . (4 _ .4 4
B2 () = anl = D) =i e T o i ]
=-—¥3. 2 _(_L V2 _ V642
- 2 2 2 2 4
13 _ 4 4 4 .
094(1_27(-)—CGA(?W_%)—CGA%OGA%"FM?FA«WL%



177 17w 5 T _ . b« s 57 . ow
—_V3 V2 _ 1 v2_ V62
o 2 2 2 2 4
1
oem(%):oea(%r—%):oea%roa/s%-i-m%”wn%
—1.v2 _ V3 V2 _ —V6+V2
-2 2 2 2 4

Thus substituting into the original equation:

? —6— — ?
) ol ) 2o 5 ST SELS

Thus the only initial solutions that work in the interyél 27) are % and>2

Ans

)5 t2mk; keZ
?—g+27rk; keZ

Example 4: Solvesndx + sim11lz = 0 for z

Solution

Use the sum-to product formulai A + sn B = 2 sn(4E2) cor(45E)

Arimdx 4+ aim 1l =0
1 —
2 2
2 2
Am 5 ceon 5

0 (cesis even

0
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By the Zero-Product Principle:

/wn(15—w) =0 or oeA(nE) =0

2 2

Consider firstin(132) = 0:

Here we haved = nk; k € Z

__ 27k,
Thusz = 2% ke Z
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Now considekes(£):

o8
N—

-
N

NI

Here we havel = 2 + 7k; k € Z
Thusz =2 + 22k ke Z

Putting all solutions together, we get

2nk keZ
Ans x:{15’

%—F@; keZ
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Exercises

Solve the following equations far:

7. oeA:E—/wn%:\/i

N

8. conbz +cer92 =0

9. sin2x —Ainbz =0
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6.10 Harmonic Combination

A. Motivation

We will “reduce” this as follows:

1. Factor out/22 + 32 = /4 + 9 = /13:

2 Since(i>2 + (iy =1 (i i) is on the unit circle
' V13 13) 7 \V13' V13 '

—
w
I—“w
w

1N
N

355



4. What isa?
3

Note: For this problemg € (—%, %) andtan o = % = =
V13

ThusZorn o = % = o= Ca/nil(%)

Hencef(6) = V13 (0 + o), Wherea = Tan 2 (2).

B. Harmonic Combination Rule

If £0) = asin(nd) + bees(nb) fora >0

theng(0) = Va? + b »in(nf + «), wherea = Tan ' (2).

C. Examples

Example 1: Compress the harmonic combinati@in(360) + 5 ces(36)
Solution

Apply the harmonic combination rule:

V22 4+ 52 =4/29, so

Ans | v/29.in(30 + o) wherea = Zan!(2)
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Example 2:  Graphg, wheref(z) = »m @ + V3cer @
Solution

Compress the harmonic combination . . .
124+ (V3)2=V4=2
Az) = 2am(z + @), wherea = Tan ' (v/3)

In fact, we can simpliffa.~*(v/3):

il
N

[N

Thusa = 3

Hence, we grappp wheref(z) = 2sun(z + %)

1.a:+§:0 = r=—

woln

(— __ bm
2.$+§—27r = ="

Note that they-intercept i2 »in 2 = 2(%2) = V/3.
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Ans

<
<
-

Example 3:  Solvebanz — 12 ces z = 13 fOr z
Solution
Compress the harmonic combination . . .

V52 + (—12)2 = /25 + 144 = /169 = 13

Thus we havé3 sn(z + o) = 13, Wherea = Tan ' (—12)

Thensin(z 4+ ) = 1, wherea = Tan (- 12)

We now locate where thg-coordinate i.:
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Ans

N
N

Thusz + o = § + 27k; k € Z.

Hencer = 7 — a + 27k; k € Z.

Then we have that
T=%—Can ' (—2)+2rk; kEZL

We can simplify the minus signs, using the Reflection Idgritit Con !
Can H(—0) = —Can 1 0.

Then we have

T=2%4Ta () +2nk; kEL
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Exercises

1. Compress the harmonic combination:
a. 3aim(40) + 4 ces(40)
b. 54m(76) + 12 cos(70)
C. 2sin(50) — 4 ces(50)
d. 4in(30) + 5 ces(36)
2. Graply, where
a.f(x) = 34n22 + 3ces 2T
b. f(z) = V3sin(mx) — con(n)
3. Solve the following equations far.
a. 3am2r + 4dces2x =10

b. 2.nbz —6cesdbzr = \/30
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Chapter 7

Triangle Trigonometry

7.1 General Angles

A. Motivation

Suppose we want to solve z = 3

1
We Wantycoord == g .

N
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We have solutions al and B:
A: 81 (3) + 27k; k€ Z

B:?

We need to find3:

chords are the same, so
the corresponding arcs
are congruent
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lengthofarcis— o

g St (3) \
| L/

ThusB: 7 — Sin '(3) + 27k; k € Z.

This solves the problem. However, let us reconsider ther@igicture:
)

NI

Note: If we consider the two triangles, we know that the legs of hetriangle are congru-
ent, since both have Ieng%and the hypotenuse of the two triangles are congruent, since
both have length (unit circle). Thus, by the HL Postulate, the two triangleseongruent.
Thus the inneanglesof the triangles are the same.

This suggests that learning information about angles woake this problem easier.

Goal: Connect arc length to angles.
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B. Radian Measure of Angles

On the unit circle, we define thradian measureof an angle to be the signed arc length on
the circle as a number (in the same fashion as the wrappirogidum).

w(6)
e

Radian Measure:mZA =60

C. Comments

1. Special Angle:1 radian

Y
N
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Herem/Z0 =1

2. Special Angle: 27 radians

?

N

5

o) w(2T)

D. Arc Length Formula

Consider concentric circles of radius 1 and radipand label the arc length cut off by a
given angle):

Cy

C
/ 1.\ \8
0 T

The arcs on the larger circle are in the same proportion aartfseon the smaller circle, so
in particular considering aregsandf against the corresponding circumferences, we have
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Thuss = 6(&2) = 6(%2).

Hence, we have tharc length formula:

E. Degree Measure of Angles

Thedegree measuref an angle is defined by dividing up the angle of one complete
revolution into360°.

90°

e
NV

270°

F. Conversion

We know27 radians= 360°.

Thus:2Z =1 =

/[ S—
360° 180° L.

This gives us the following conversion rules:
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1. To convert degrees to radiansmultiply by .
2. To convert radians to degreesmultiply by %

Note: Technically, “radians” is not a unit. Radian measure for agl@is just a number!

G. Conversion Examples

Example 1: Convert the following to radians:
a.120°
b. 10°
c. —135°

Solution

a.120° = 120° - 7 =| &

b.10° =10°- I = L&

180° 18
o _ _ o, _m __ _ 1357 _|_ 3w
C. —135° = —135° . (I = —180m 3
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Example 2: Convert the following to degrees:

o
©l3

Solution
a.§=75 2 =[20]
b5 = —3% - 1 — 5 .45 {70

H. Comments on Terminology

1. Coterminal Angles: Angles that have the same initial and terminal sides

Y

Za and/ shown above are coterminal.

Coterminal angles differ by a multiple @fr (or by 360°)
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2. Supplementary Angles:Angles that differ byr

B=m—«

3. Complementary Angles: Angles that differ by

=@
I

B
|
Q

I. Examples Involving Arc Length

The arc length formula = rf assumes that angles are measured in radians. If an angle is
given in degrees, we need to convert to radians first befong tise arc length formula.
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Example 1: Find the arc length cut off on a circle of radigs by a20° angle.

Y

(=
N

20°

Solution

We first need to convert to radiar0® - -7 = %

Now use the arc length formula:

Sinces = rf, we have that = (9m)(5) =7 m

Ans
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Example 2:  Find the central angle of a circle of radiu@m that cuts off an arc length of
20m

20m

o)

Solution
s=rf = 20=100 = 6 = 2 (inradians)

Ans
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Exercises

1. Convert the following to radians:
a. 150°
b. —270°
C. 225°
d. 15°
e.—75°
f. 135°

2. Convert the following to degrees:

3. Find the arc length cut off on a circle of radi8rs by an angle with measuﬁ‘g.
4. Find the central angle of a circle of radiu® that cuts off an arc length @frm.
5. Find the arc length cut off on a circle of radis by an angle having measut@®.

6. Find the arc length cut off on a circle of radig® by an angle having measur&0°.
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7.2 Right Triangle Trigonometry

We now begin applications of trigonometry to geometry usingle ideas.

A. Development

Suppose we have a right triangle:

Draw circles of radiud and radius::

T
N

. . ; a __ ¢ b _ ¢
Note: By similar triangles2 = § and = ¢

Thusz = ¢ andy = 2.
C C

Henceces 6 = ¢ andam § = °

c*

__ adjacent side . __ opposite side
Then we have thate, 6 = hypotenuse andain 0 = hypotenuse
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Using the reciprocal and quotient identities, we get thenitedns of the 6 trigonometric
functions in terms of right triangle side ratios.

B. Definitions

Given a right triangle:

hypotenus opposite side

0
adjacent side

We have the definitions of the trigonometric functions imterof the right triangle:

) = opposite side
A Y Thypotenuse

adjacent side

cos ) = hypotenuse

opposite side

tan 0 = adjacent side

This can easily be remembered by the mnemonic: “SOH-CAH-TOA

Then the other 3 trigonometric functions can be obtainedhwy reciprocal identities,

namely
__ adjacent side
cot O = opposite side
f = hypotenuse
»ec ¥ = adjacent side
f = hypotenuse
CAC — CAnmcito o

opposite side
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C. Examples

Example 1: Given the right triangle:

Find sin 0, con 0, tam 0
Solution
We first get the hypotenuse via the Pythagorean Theorem:

h2=922452 = h=+4+25=+29

Now use the right triangle definitions:

G_M 2 _|2v29
a0 = o5 =

0940:—:

— 9P _ |2
tam O = =5
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Example 2:  Given the right triangle:

Find ain 0, cos 0, tan 6
Solution
We first get the third side via the Pythagorean Theorem:
524+ 52=132 = 2 =132-52=169—-25=144 = s =12

Now use the right triangle definitions:

hyp. 13
—adi. |5
<or ¥V hyp. —| 13
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D. Solving Right Triangles

Solving a right triangle means that for a triangle you wardetermine all three of the side
lengths and both of thecuteangles (i.e. the angles less tHH).

We can solve a right triangle if we have at least the followimfgrmation:
1. Two sides
or

2. One side and one acute angle.

E. Tools For Solving Right Triangles

1. Two sides determine the third side via the Pythagoreaoréne.

2. One acute angle determines the other by using the facti@atcute angles in a right
triangle are complementary. Thus, if the two acute angles“ar and /3, we have that
a+pB=gora+ g =90°.

3. Everything else can be found by using the trigopnomettiosa

Note: We approximate appropriate trigonometric functions bygsi calculator. Typically
degree measure is used in triangle problems. Make sure gtmudator is in the right mode.
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F. Notation

We label the sides as b, ¢, where we always usefor the hypotenuse.

We label the angles opposite the sideshyB, C.

Note: C is the right angle.

G. Examples

Example 1:  Solve the right triangle witlh = 5 and A = 40°
Solution

We draw a right triangle, and label it accordingly:

B

40°

We can getV B, by using the fact that the acute angles are complementary:

B = 90° — 40° =|50° |
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We can geb andc by using trigonometric ratios involving thi° angle:

ta/n40°:% = b:mﬁ%

Example 2:  Solve the right triangle witla = 7 andb = 5

Solution

We draw a right triangle, and label it accordingly:

We can get, by using the Pythagorean Theorem:

c=+T2+52=+/49 + 25 =[/74

We can getd by using tangent:

Sinced € (—%,%) [Infact, A € (0,%)], we have that

TamA=1 = A=CTon () ~54.46°
Now we can get/ B, by using the fact that the acute angles are complementary:

B =90° — A = 90° — 54.46° =| 35.54°
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Example 3:  Solve the right triangle witle = 9 and A = 20°

Solution

We draw a right triangle, and label it accordingly:

B

20°

We can getV B, by using the fact that the acute angles are complementary

B = 90° — 20° =| 70°|

We can get: andb by using trigonometric ratios involving th#° angle:

sn20° =2 = a=9nm20°~3.08]
cer20° =2 = b=0ces20° ~{8.46
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H. Some Terminology

1. Angle of Elevation

Object
Observet Horizontal
2. Angle of Depression
Observer Horizontal
Object
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3. Bearings: Surveying Measurement; Angles Are Measured From NorthtSbine

35°

S

N 35° E
(35° east of north)

75°

S

S75°W
(75° west of south)
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Exercises

1. Findain 8, ces 8, andear 0 for the given right triangle:

>
a 5 C. 2
5
b 3 ] 7

2. Solve the following right triangles. Use a calculator andnd to two decimal places.
a.A=35,b0=10
b.B=62°,b=15
c.a=3,b=6
d.a=5,¢=13
e.A=40°c=11

f.B=51°¢c=T7
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3. Consider a cube with edge lengthFind the anglé as shown:

386



7.3 Lines and Angles

A. Using Trigonometry with the Slope of a Line

Let # be the smaller angle between a line and the positiagis.

Now conside# in relation to the slope of the line:

(551,111)

We have tha‘tm _ BT e
To — T1
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B. Angle Between Two Lines

Consider two nonvertical lines that are not perpendicular:

1. Picture:

h

2. Derivation of Angle Formula:

_ N ta/neg—to/ngl
con = ten02 = 01) = T ) (eam 01

However,ms = tan 05 andm; = tan 6.

Mo — My mo — My

Thus,tan § = = .
1+ moMm 1+ mime

If the positions ofl; andi, are reversed, we would have. § = w.
14+ mime

To ensure that the smaller angle is chosen, no matter winehdi“labeled” line 1,

mo —Mmy
tom,ez

1+ mi1me
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Since—7 < 0 < 7, we may write

mo — My

Zam.gz
1—|—m1m2

3. Angle Formula

If two lines are not perpendicular, and neither is vertitdagn the smallest angte
between the two lines is given by:

mo —Mmy

0:Zam1<

)

4. Example: Find the smallest angle between the two lines
given by2x —y =4 and3x + y = 3.

14+ mims

Solution
Slope of2z —y =4: m; = 2
Slope of3xz +y = 3: my = —3

Then

Ans (or 45°)
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Exercises

Find the smallest angle between the two lines given below:

1 20 +3y =5
|lz—-y=3

5 2 —y =17
|z +3y=-2

3 r+2y=4
|3z 4+y =10
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7.4 Obligue Triangle Formulas and Derivations

We now consider triangles that amet right triangles. These are calletlique triangles.

A. Law of Sines

B
a C
C A
b
1 Law: aim A _ »im B _ »im C
a b c
2. Derivation:

Here we assume that we haveagute triangle, i.e. all angles in the triangle are
acute. If the triangle i®btuse (i.e. an angle whose measure is greater #@n
exists in the triangle), then the derivation is similar.

ainC =2 = h=asnC

simA=2 = h=cun A

mC_mA

C a

Thusa »in C = caim A, SO
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Proceeding similarly using a triangle height drawn frgm, the result follows.

B. Law of Cosines

1. Law:

‘02:a2+b2—2ab0%0‘

[0 = 02+ & — 2bccenr A

‘bQ :a2+02—2achB‘

2. Derivation:

We'll derive the first one (the other two are similar).

We will assume that the triangle is acute. If the trianglebsuse, you can use a
similar argument.

We place the triangle on the y coordinate system as follows:
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094021 = T:a/oemc

a

wamC =2 = s=asnC

Now by the Pythagorean Theorem, we have that

c=+(r—=0b)2+(s—0)2

= (r—>b?+s

¢ = (acor C — b)? + (arn C)? (by above two equations)
& =0 cor’ C —2abcer C + b* + a® sin” C

¢ = a*(con’ C + »in® C) + b* — 2ab cor C

& =a’>+b> —2abces C (Pythagorean )
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C. Mollweide’s Formulas

B
a C
C A
b
1. Formulas:
a+b  cer(452)
c sin(5)

2. Derivation:

We’'ll derive the first version. The other can be derived sanyl

Since? = = — _we have that —

mA  amB  anC rim A a
a b C wnC ¢
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Thus

+— (by above formulas)

(sum-to-product formula)

(double angle formula)

(557) (A+B+C=n [180°)

(cofunction identity)
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D. Law of Tangents

B
a
C
b
CJa=b _ n(45E)
1. Law: P m(%B)
2. Derivation:
A—B
oy _os ol
atbh T co(AE)
s §)
_n(458)  sa(§)
cor(E)  cos(5E

396




(A+ B+C=m [180°)

n(257) (5~ 457
cor(5 = 43%)  eee(937
M(A__B) OQA(A+B

o E =5 (cofunction identities)

n(552)  cor(457)
(45) en(52)
(5] al(555)
con( 2 ; B) . wt<A —; B) (quotient identities)
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7.5 Oblique Triangle Types

A. Introduction

We can solve oblique triangles using the Law of Sines and Lia@osines if one side is
known, along with two other parts (sides or angles).

B. Cases

1. One side:

a. AAS : Two angles and a nonincluded side:

know know
/

know

b. ASA : Two angles and an included side:

A know knovxk\
!

know
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2. Two sides:

a. SSA : Two sides and a nonincluded angle:

know

N know
/

know

b. SAS : Two sides and an included angle:

know

know

A
know

3. Three sides:SSS
know
AN - know
know

C. Comments

1. AAS, ASA, SSA need Law of Sines only.

2. SAS, SSS also need the Law of Cosines
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3. SSA is called thambiguous case

a. possibilities:

[. no triangle

II. one triangle

[1l. two triangles

b. conditions forZ A acute:

a < bsm A = no triangle

O I~_"—bsn A

a = bsn A = o0ne triangle
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bain A

a > bsn A, anda > b also=- one triangle
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c. conditions forZ A obtuse:

a < b = no triangle

a > b = one triangle
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7.6 Solving Oblique Triangles

A. Strategy

1. Given the side/angle data, draw a rough sketch of theglieés)).
2. If appropriate, use Law of Sines. If not sufficient, use LadvCosines.
3. Check your answers in one of Mollweide’s Formulas (it adtesatter which one).

Some solutions may be fake, and this will tell you.

B. Tips

1. If possible, try to find the largest angle first. This is thegle opposite the longest
side. This will tell you automatically that the other two #&gare acute, and can help to
eliminate fake solutions.

2. Remember that all three angles of a triangle adiges.
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C. Examples

Example 1: Solve the triangleA = 47°, B = 23°,¢ = 10
Solution

Draw a Picture:

a
A =47 C
b
First findC:
C=180°—-—A—B
= 180° — 47° — 23°
= 180° — 70°
=110°
Now find a:

Law of Sines:ml})m" = Wa47°

Thus,a(sim 110°) = 10 »im 47°
Theng = 102w 47 ~ 778,

aun 110°

Now find b:

Law of Sines:“*'”‘l})lo" = mb23°
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Thus,b(sin 110°) = 10 ain 23°

_ 104m 23°
Thenb = e ~ 4.16.

Now we need to check the answer using one of Mollweide’s Ftamu

A—B
Usea+b _ CGA( CZ, )
¢ sin(5)
Check:

778 4+ 4.16 5 ces(5%0)

0 ()

11.94 5 ces(12°)
10 sm(55°)

1.194 2 1.194 (approx.) +/

Thus

Ans |[C'=110°a~ 7.78,b~ 4.16

405



Example 2:  Solve the triangleA = 23°, ¢ = 10, ¢ = 15
Solution

Draw a Picture:

B
c=15 a =10
A=23° C
b
First find C:
; am C __ am 23°
Law of Sines:22C = 223

Thus,10 sim C' = 15 in 23°

Thensn C = 15225° ~ 586

Y

N

Now at|,C € [~7, 7], so we havedin C' ~ .586,

s0C = Bin 1(.586) ~ 35.88°
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Now at Il, the solution (as in the beginning of section 7.1),
isT— SR C, i.e. approx.180° — 35.88° = 144.12°.

Thus we have two cases, and two possible triangles (so far).

Case I:C ~ 35.8%°

Then findB: B ~ 180° — 23° — 35.88° = 121.12°

Then findb:

Law of Sines:22 121127 — 2 28°

Thus,b(sin 23°) & 10 sim 121.12°
_ 10am 121.12°
Case ll: C ~ 144.12°

Then findB: B ~ 180° — 23° — 144.12° = 12.88°

Then findb:

avm 12.88° __ am 23°

Law of Sines: ; = >

Thus,b(sin 23°) & 10 sin 12.88°
Theny = 102 12:88° 5 7.

aun 23°

Now we need to check the answers using one of Mollweide’s Etas
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A—B
Usea+b = 0%( 2 )
¢ sin(5)
Check:
1st triangle:

10 +21.9 5 cos(2=211E)

ERES

31.9 2 ces(—49.06°)
15 am(17.94°)

2.127 % 2.127 (approx.)  +/

Thus this triangle is valid.

2nd triangle:
10 + 5.7 2 OGA(23°7§2.88°)
15 M(144é120)

157 l oea(506o)
15 Ain(72.06°)

1.047 % 1.047 (approx.) +/

Thus this triangle is valid.

Ans |C = 35.88°, B~ 121.12°, b ~ 21.9]

OR [C ~ 144.12°, B ~ 12.88°, b ~ 5.70]
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Example 3:  Solve the triangleaz = 10,56 = 15, ¢ = 20

Solution

Draw a Picture:

Law of Sines won’t work (yet).

Law of Cosines: Find' (largest angle)
A =a?+b0—2abcor C

20% = 10? + 15% — 2(10)(15) ces C
2(10)(15) cos C = 10% 4 15% — 20°

o= 107 +157 - 207
YT 2(10)(15)

=—-.25

SinceC € [0, 7], we haveCe, C = —.25, SOC = Ces 1(—.25) & 104.48°

Note: Since we found the largest angle, we know that
the other two angles are acute!

Find A:

Now we can use the Law of Sine& 12061'48" = “‘q‘oA

Thussin A = 1022 10048 o 484,
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Now since we know thatl is acute A € [—F, 7].

Thus we havein A & .484, SOA ~ Sin '(.484) ~ 28.95°
Find B: B ~ 180° — 28.95° — 104.48° = 46.57°.
Aside: Say you had forgotten or didn’t know thdtwas acute . . .

Then the other solution te. A = .484 in the interval[0°, 180°] would have
been180° — A = 180° — 28.95° = 151.05°.

This is a problem, because th&n= 180° — 151.05° — 104.48° = —75.53°,
which is impossible!

Now we need to check the answers using one of Mollweide’s E@am

A—B
Usea+b = wA( 2 )
¢ »in(5)
Check:

10 + 15 2 094(28'950;46'570)

20 /wn( 104;180 )

_’_7 oea(—8.81o)

25
20 wn(52.24°)

1.250 & 1.250 (approx.) +/

Thus

Ans |C =~ 104.48°, A =~ 28.95°, B =~ 46.57°
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Example 4:  Solve the trianglea = 2,5 = 3, C' = 55°

Solution

Draw a Picture:

Law of Sines won’t work (yet).

Find c:

Law of Cosines:
A =a’>+b>—2abces C
c? =22+ 3% — 2(2)(3) cen 55°

A =4+49—12cer55°

¢ =13 — 12 cor 55° ~ 2.473

Find B:

- am B _ aim 55°
Law of Slnes.T = 2

. _ 3am5B5° o
Thensin B = WTE ~~ .994.
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Thus we have two solutions:
a. B~ S 1(.994) ~ 83.72°
b. B ~ 180° — Sin 1(.994) ~ 96.28°
Case I: B =~ 83.72°
A~ 180° — 83.72° — 55° = 41.28°
Case ll: B =~ 96.28°
A~ 180° — 96.28° — 55° = 28.72°

Now we need to check the answers using one of Mollweide’s Etas

a+b _ 09“( 2
c wn($)

Use

Check:

1st triangle:

24+3 2 Oem(41.28°;83.72°)

2473 (%)

2

5 2 ces(—21.22°)
2473 n(27.5°)

2.02 % 2.02 (approx.) +/

Thus this triangle is valid.
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Ans

2nd triangle:

243 2 094(28.72°;96.28°)

2473 (%5)

2

5 2 CGA(_3378O)
2473 aa(27.5°)

2.02 2 1.80 (approx.) X

Thus this triangle isiot valid.

c = 2473, B ~ 83.72°, A ~ 41.28°

413



Exercises

Solve the following triangles. Use a calculator and rountiio decimal places.
1.A=40°a=10,B = 35°
2.A=20°%a=2B=40°
3.A=42°,0a=9,b=5
4. A=28,a=T7,b=6
5.A=35°a=6,b=8
6.A=17°,a=5,b=10
7.A=063°a=12,b =22
8.A=110°,a=15b=7
9.A=41°,B=31°¢=13
10.a=6,b=8,c=12
11.A=20°b=10,c=15
12.a=15,b="7,c= 14
13.A=38°,0=12,¢=8

14.A=12°,0=8,c=9
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7.7 Area of a Triangle

A. Oblique Triangle Formula

The area of the triangleda, is given byAx = 3b-h =

1
2

Using the same idea for other triangle heights, we have

Ap = %ame’ = %bcmA = %acmB

The easy way to remember this is to take “one half the produgtmsides and sine of the
included angle”.

B. Heron’s Formula

Heron’s Formula for the area of a triangle is a formula thdy anolves the lengths of the
three sides of the triangle.

Ap = /s(s —a)(s — b)(s — c), wheres = #tbtc
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C. Derivation of Heron’s Formula

A—B
atb _ con( 2 ) (Mollweide’s Formula)
¢ sin(5)
A—B
atb ) _ <o 2 ) 41
¢ sin(5)
vrb e cwl) (f)
c e am(5)  sa(3)

c ()
con A—B + aim n—(A+B)
a+b+c: ( 2 ) C( 2 ) A+ B+C=n
¢ sin(5)
srbre_cold=8) ta(- (3 +2)
c sin(5)

= (cofunction identity)

k=

a4 b con(4) con(2) +an(2) un(8) + cos(4) cou( %) = sn(

A B
g = “’“(3 (%";(7) (definition of s)
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ence > = cor(2) coo(3)
e T T a(®)
Then
s @) e(®)
e
s_o_eold)e(8) wal§)
¢ e sn(5) (%)
s—c¢_ oefs(%) w”(g) - "”n(%)
()
A BY _ 7—(A+B)
s—c:“”(z)w“(il Qm( 2 ) (A+ B+C =7 [180°)
smc_ cor(#) eon(8) (3~ (44 )
c m(%)
s—cCc O*’A(g) C‘”(g) - O"“(% + g) cofunction identi
s 2o (cofunction identity)
s con(8) con(8) — [eon(8) co(8) — in(2) n(B)]
s—¢ _ W(%) “’“(g)
c n(5)
encd 2= _ 3L n(®)

By a similar argument, we gef— 2 = and
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Now multiply all the boxed expressions together:

s s—a s—b s—c¢

c a b c

~<(3)(2)-(8) (3
~i2e(3)(3) 2(3)~(3)

1

=1 “aim A sim B (double angle identities)

Thuss(s —a)(s —b)(s —¢) = ;- ac-bc - sim A sin B.

Thens(s — a)(s — b)(s — ¢) = (5bcsim A)(5acsm B) = Ap - A

HenceA% = s(s —a)(s — b)(s — ¢), S0Aa = y/s(s — a)(s — b)(s — ¢).

D. Examples

Example 1: Find the area of the triangle= 3, b = 4, ¢ = 50°

Solution
Use the oblique triangle formula!

A = Zabsin C = $(3)(4)sin 50° & 4.60
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Example 2: Find the area of the triangle= 5,6 =11,¢c=8

Solution

Use Heron’s Formulaza = 1/s(s — a)(s — b)(s — ¢), wheres = 2t2+¢

Now s = 248 — 19

Then
Apx = /12(12 — 5)(12 — 11)(12 — 8)
=V12-7-1-4
=2V3-7-4
= 4/21
Ans |4+v/21
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Exercises

Find the area of the triangle:
l.a=50=9C=120°
2.a=13,b=6,c=15
3.a=20,c=13,B =43°

4.0 =9,0=10,c=12

420



0.2

11

2.

3.

6.

la.

1b.

1c.

1d.

le.

1f.

1g.

2a.

2d.

2f.

3d.

Selected Answers to the Exercises

1622 — 40z + 25
(22 + 5)*

(2z + 3)(42® — 62 +9)

no

yes, implicit

yes, explicit

no

yes, explicit

no

yes, implicit

2h? — 12h + 12

4x + 2h

-1
(z—3)(z+h—3)

4, 6x+3h—1
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6. 322+ h?

1a. dem = (—00,00); ~mgf=[3,00)
1b. dem = (~00,00); mgf = (~00,0)
la. dem f=[—3,00); rmgf=[-2,00)
2b. dem f=[-5,2) U (2, 00)

2. dom £ = (—00,—5] U (2, 00)

2f. dom = (—2,1)U (1, 00)

la.
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1d.

Y
AP A
le.
Y
- \x
2a.
Y
s
S A
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1b. neither

1c. odd

(og)(@) = /35 =55 (4o0@) = = 2F

2. After you fully smplify: (go g)(z) = V82?4250 +18 . (gof)(z) = Toy/5 522 —33—15

3z—1 4215
3b. 7
4a. -3
4b. -1
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1.9

1.10

1.11

1.13

1.14

Bb. dem(£0g) = [—1,0] U [2,4]

3. yes

4. vyes

la. g l(y) = %2

1d. not one-to-one; no inverse exists
2
1f. {_l(y) = —fj.)y

3b. 0

L @) =(@+3)" =2 dom(f) =[-3,00); nmg¢!) =[-2,00)

2. Hx)=(r+1)?-3; z € (—o0,—1]

FHy) =—1=Vy+3 dem(F) =[=3,00); nmg(3") = (—00, 1]
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4. Hz)=|r—1|+2; z €[1,00)

3HY) =y -1 dem(3 1) =[2,00); g3 1) =[1,00)

1b. vertical asymptoter = 4; hole:z =
lc. vertical asymptoter = 3; hole:z = —32
2b. horizontal asymptote; = 0

2d. curvilinear asymptote; = 422 — 2z + 1

2f.  horizontal asymptotey = 2
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3.1

N

e

LA e e e

la.

1c.

2b.

T

?+y*=4

(z -3+ (y+1)>2*=7

center(2, —1);

radius:4;

circumference&~

z-intercepts2 + /15; y-intercepts:—1 + 2v/3

Y
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4b. —7

4d. g
3.2
Y 0
-+ T2
"“(2) 41
w(%”)[/./\\ w(Z) W
0 T
| w2 e 22m)
G
w(=1)
ol )
- =2
3.4
1. (0,1)
3. (R %)
6. (1,0)
7. (%)
8. (1,0)

3.5

428

a), €), e), 9),
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3.6

3.9

12. (L, -

la. —%?
1c. 2%3
le. -1

19. —3

1. —¥2
1k. 2

1m. undefined

1o. undefined

NN
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3.10

1. 3
3. 1
5. £
7. £3V11
4.1
2b. perioe= 2; amplitude= 2
3b. amplitude=3; period=2; phase shift — >
3d. amplitude= 5; period= 67; phase shif 21
3e. amplitude: ;; period= 2; phase shife —2
4.2

la.

/N

ANS

I
I
w
|
\
o8|
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1c.

le.

N ——

4

431
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| .
| |
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1g.

W

ol ——
)
oo

4.3
2. Yy=32+12ces(Gt— %)
3. T ="T8+24cer(5t —)
Note: This model does not fit the dagsactly.
For instance, wheh= 3 above, we gef’ = 78 (rather tharv6).
A model only gives an approximation to real world behavior.
4.6
la. %
lc. =&
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2d.

)

£

=

Q

+—

c

@

O

8
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4.8

5.1

1b.

1d.

2a.

2cC.

10.

11.

Period:; s
Angular Frequencyér s!

Period:12 s
Angular Frequencys s

cen 0

(2cot @ — 3)(cot§+1)

2 nec B

(2erc 04 3)(crc 0 —4)
enc?0 +2cnc O+ 4

rec B

(con B + 2in ) (con O — ain )

Frequency3 Hz
Maximum Displacement m

Frequency:; Hz
Maximum Displacements m

436



5.3

5.4

5.5

12, —2co%0

13. 25.2%0

14, 1+ cesf

V2
12. 2

tom §—+/3 i i
3. Tiv3Eon 0 (unrationalized!)

6. —cek 0

2. Aune(oeazﬂ—MQﬂ)—2oeA0mﬂoeAﬂ
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5.6

5.7

5.9

3&/71,009420 - mse

w|w

1 cor 20 + §condn

% —+ %oe44$ + %09”8‘/'5

/ ..... centerline
X

o
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N
T
N

cen(20)—cen(86
5. cos(2t)—cox®)

2im(60) —2im(86)
7. 2n(E8)-sin(30)

5.10
2. —2.4in(30) 5in(20)
4. 2cor(30) con
6.2
1o
2. 2
.
6.3
3. -1
5. —V15
8. 1
9. 2v6-5
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6.4

6.5

12, W25

1. %
2. —%
s %
5.
g o
11. %
1 2
-
5. 1
7. 222 -1
8. 0

8v10+9
13. 5%

4174234
14. 541
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6.8

6.9

16. (-1, v)

35 ) 35

18. ( —3-16V3 12\/5—4)

27”—1-27#{:; keZ
T =
47”+27rk; keZ

3. z=%+7k; kel

S42mk; ke Z
5. z= 7F7T—1-27r/~c;k€Z
HT”+27rk;k€Z

10. z =

13. z=
15 z=Z+7k; k€Z

16, 7 — 2rk; k € Z
T +2nk; kel

1. z=%+nk;keZ
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5f+27rk; keZ
3. r=9,
Tt 2nk; ke Z

z+2nk; kEZ
6. r=<7n+27k; ke
5{+27rk;k€Z

s k.
8. == {1_5—{—221_1?’ el
R Y
6.10
1a. 5.n(40 + a), wherea = Can (%)

1c. 2v/5.m(50 + o), wherea = Tan™(—2)

2b.

AN N

=t
oz
|
oo
<
o=
|
[\
<
ol
m<$
ol

3 x_{%+§am—1(3)+%;kez

M4l '(3)+EE ke
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7.1

la.

1c.

le.

2a.

2cC.

7.2

la.

1c.

2a.

2cC.

2e.

3.

7.3

72°

—40°

) _ 3v5.
sim O = 35
B =55, a=x7.00, c=~12.21

c=3Vb, A=~26.57°, B=x63.43°

B =50°, a~7.07, c=~8.43

0 = Can (¥2) ~ 35.26°

2. Tan Y(7) ~ 81.87°
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7.6

7.7

1. ¢ =105° b=38.92, c~15.03

3. B~21.82°, (C ~116.18°, c~12.07

5. B=49.89°, C =095.11°, c=10.42
OR B ~ 130.11°, (C ~14.89°, c~2.69

10. C =~ 117.28°, A =26.38°, B = 36.34°

13. a=17.53, B =101.15°, C = 40.85°

1. 19.49

4. 44.04
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Index

Symbols
T, 210

g(:chh’)lfg(w)’ 20
€ 42

3

% rule, 139
T rule, 131

4

cen 1, 145, 376
cot 0, 145, 376
e B, 145, 376
dem(é'i‘ g), 47

445

ong(g), 75

g £, 23
sec 0, 145, 376

sim 0, 145, 376
tan 0, 145, 376
v, 210

w, 210

Hz, 210
0,118

Cos™1, 298
Cot™1, 298
Cac™1, 298
a1 81

3 H(y), 81
Bec1, 298
Sim" 1, 298
Tan 1, 298
£t 67

£ (z), 73
£1(y), 67

A
AAS Triangle, 398
acute angles, 379
acute triangle, 391
adjacent side, 376
ambiguous case, 400
amplitude, 175
angle between two lines, 389
angle of depression, 383
angle of elevation, 383
angular frequency, 210
arc length formula, 368
area, 415
ASA triangle, 398
asymptotes, 88



B
bands, 54
bearings, 384
branch, 79, 81

C
capital function, 78
capital trigonometric functions, 284
capital trigonometric problems, 285
center, 111
centerline, 182, 186
circles, 111
circumference, 111
cofunction identities, 236
cofunction inverse identities, 329
combinations, 42
combining functions, 42
complementary angles, 371
conditional equations, 223
converting degrees to radians, 369
converting radians to degrees, 369
cosecant, 145, 376
cosine, 145, 376
cotangent, 145, 376
coterminal angles, 370
crossing asymptotes, 94
cursive, 18
curvilinear asymptotes, 89, 91

D
damped trigonometric functions, 205
damping factor, 205
decomposition into even and odd parts,
38
degree measure, 368
degrees, 368
difference of cubes, 9
difference of squares, 9
difference quotient, 20
displacement, 210
domain, 23
domain finding, 23
domain of combined functions, 47

446

domain of composition, 51, 54

domain of inverse trigonometric func-
tions, 298

domain of trigonometric functions, 153

double angle formulas, 249

E
equilibrium, 210
even and odd trig functions, 162
even functions, 35
even/odd decomposition test, 40
even/odd tests, 36
explicit functions, 15

F
factoring formulas, 9
factoring trigonometric expressions, 219
formal method, 63
frequency, 210
function composition, 42
function definition, 15
function notation, 18
function operator, 18
functions, 15

G
general cosecant, 199
general cotangent, 193
general secant, 199
general tangent, 193
graph ofy = ces x, 175, 280
graph ofy = cet z, 191, 281
graph ofy = cac z, 192, 282
graph ofy = sec z, 192, 282
graph ofy = sin x, 174, 280
graph ofy = tan x, 190, 281
graph ofy = Ce.™! 2, 299
graph ofy = Cet™! z, 300
graph ofy = Cac"t 2, 300
graph ofy = ez, 300
graph ofy = Q=1 z, 299
graph ofy = Can' z, 299
graphing rational functions, 96
graphing sinusoids, 179



graphs of the inverse trigonometric func-

tions, 299
graphs of the trigonometric functions,
174,175, 190-192

H
half-angle formulas for tangent, 258

half-angle relationships for sine/cosine,

257
harmonic combination, 356
Heron’s formula, 415
Hertz, 210
holes, 89, 90
horizontal asymptotes, 89, 91
horizontal stretching, 176
horizontal translation, 29
HSRV transformations, 29
hypotenuse, 376

I
identities, 223
implicit functions, 15
inverse function evaluation, 70
inverse function finding, 67
inverse functions, 67
inverse trigonometric functions, 298
inverse trigonometric problems, 307
inverses, 59

K
key points, 30

L
law of cosines, 392
law of sines, 391
law of tangents, 396

M
Mollweide’s Formulas, 394
mutilated graph, 54

O
obliqgue asymptotes, 89, 91
oblique triangle formula, 415
oblique triangles, 391
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obtuse triangle, 391
odd functions, 35
one-to-one function, 63
one-to-one tests, 63
opposite side, 376

P
perfect square, 9
period, 159, 176, 210
periodic, 159
periodicity, 159
phase shift, 176
power reducing formulas, 252
principal function, 78
product to sum formulas, 266
Pythagorean |, 167
Pythagorean ldentities, 167
Pythagorean Il, 167
Pythagorean lll, 167

Q
guadrants in they-plane, 279

guotient identities, 166

R
radian measure, 366
radians, 366
radius, 111
range, 23
range finding, 25
range of inverse trigonometric func-
tions, 298
range of trigonometric functions, 153
rational function, 89
reciprocal function, 87
reciprocal identities, 165
reciprocal inverse identities, 329
reciprocate, 199
reflecting across ling = z, 73
reflection identities, 330
reflections, 30
revolution, 115
right triangle trigonometry, 376



S
SAS triangle, 399
secant, 145, 376
shrinking, 29
simple harmonic motion, 210
simplifying trigonometric expressions,
219
sine, 145, 376
sinusoidal graphs, 175
sinusoidal phenomena, 186
slope of a line with trigonometry, 387
SOH-CAH-TOA, 376
solving right triangles, 379
solving trigonometric equations, 332
spring-mass system, 210
square formula, 8
SSA triangle, 399
SSS triangle, 399
stretching, 29
sum and difference formulas, 233
sum of cubes, 9
sum to product formulas, 271
supplementary angles, 371
symmetric domains, 38
symmetry, 35
symmetry of trig functions, 162

T

tangent, 145, 376

tides, 186

trigonometric equations, 332

trigonometric functions, 145

trigonometric functions for right tri-
angles, 376

U
unit circle, 114

Vv
verifying identities, 224
verifying inverse trigonometric iden-
tities, 319
verifying trigonometric identities, 225,
262
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vertex formula, 27

vertical asymptotes, 89, 90
vertical line test, 17
vertical translation, 30

w
wrapping function, 118

Y
yearly precipitation, 186
yearly temperature, 186



