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Preface

The following work is the result of diverse explains, courses and conferences dictated
by the Francisco Bulnes, PhD, in many international academic places and diverse
national forums along thirteen years inside the research in integral theories of
generalized measures, integral operators cohomology and Integration on Haar spaces
and on spaces of infinite dimension. Many of these talks, were given in Institute of
Mathematics of National Autonomous University of Mexico (IM/UNAM), into the
seminar of “Representation Theory of Reductive Lie Groups” (1999-2006) and after, in the
Department of Research in Mathematics and Engineering of Technological Institute of
High Studies of Chalco (DIMI/TESCHA) among the years 2004-2012.

The purpose is to present a complete course on these topics and to establish some
orbital applications of the integral on Lie groups to the harmonic analysis and induced
representations in representation theory.

Some other applications in this respect they will be given for some integral models of
the cosmos.

Department of Research in Mathematics and Engineering, TESCHA
Institute of Mathematics UNAM, Mexico






Chapter

Introduction

I. 1. Introduction

In the study of the theory of irreducible unitary representations, is necessary to analyze and
demonstrate diverse results on integral orbital of functions belonging to the cohomology
Hi(g, K; V® V), and that it is wanted they belong to the L*(G)-cohomology of their reducible
unitary representations called discrete series. Then is necessary consider the Frechet space 1(G),
and analyze the 2-integrability to the fibers of the space G/K, in spaces or locally compact
components of G/K. For it will be useful the invariance of the corresponding measures of
Haar under the actions of Ad(G), and the corresponding images of the Harish-Chandra
transform on the space of functions I.s(G).

Likewise, we will obtain a space in cuspidal forms that is an introspection of the class of the
discrete series in the whole space G.

This harmonic analysis in the context of the space in cuspidal forms is useful in the
exploration of the behavior of characters for those(w, K)-modules Hi(g, K; V ® V,*) and also for
the generalization of the integral formula of Plancherel on locally compact spaces of G.

The generalization of the Plancherel formula is useful for the study of the functions on
symmetrical spaces.

I. 2. Generalized spheres on Lie groups

We consider to G = L/Hg, a homogeneous space with origin o = {Hg}. Given goeG, let Lgobe the
subgroup of G, letting go fix, that is to say; the subgroup of isotropy of G, in go.

Def. I. 2.1. A generalized sphere is an orbit Lgog, in G, of some point geG, under the subgroup
of isotropy in some point goeG.

In the case of a Lie group the generalized spheres are the left translations (or right) of their
conjugated classes.

We assume that Hg, and each Lgo, is unimodular. But is considering Lgog = Lgo/(Lgo)s, such that
(Lgo)s, be unimodular then the orbit Lgog, have an invariant measure determined except for a
constant factor. Then are our interest the following general problems:

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
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a. To determine a function £, on G, in terms of their orbital integrals on generalized
spheres.

In this problem the essential part consist in the normalization of invariant measures on

different orbits.

If is the case in that Hg, is compact, the problem A), is trivial, since each orbit Lgg, have
finite invariant measure such that f(go) is given as the limit when g — go, of the variation of f,
on Lgog.

I. 2.1. Orbits

Suppose that to every goeG, exist an open set Lg-invariant CgcG, containing go in their
classes such that to each geCg, the group of isotropy (Lgo)s, is compact. The invariant
measure on the orbit Lgg (g0€G, geCgo) can be normalized consistently as follows: We fix a
Haar measure dgo, on Lo (Hg = Lo). If go= g | 0, we have Lg = gLog™,and we can to carry on
dgo, to the measure dggo,on Lgo through of the conjugation z — gzg! (zeLo). Since dgo, is bi-
invariant, dggos, is independent of the election of g satisfying go = g | o, the which is bi-
invariant. Since (Lgo)g, is compact, this have an only measure of Haar dgg.s with total
measure 1 and reason why dge, and dggos, determine canonically an invariant measure p on
the orbitLgog = Lgo/(Lgo)s-

Reason why also the following problem can to establish:

b. To express to f(go), in terms of the integralsJ.Lgngf(p)du(p), geCgo.
that is to say, the calculus of the orbital integrals on those measurable open sets called orbits.

I. 3. Invariant measures on homogeneous spaces

Let G, a locally compact topological group. Then a left invariant measure on G, is a positive
measure, dg, on G, such that

[cf(xg)dg = Jef(g) dg, (1.3.1)

vxeG, and all feCe(G). If G, is separable then is acquaintance (Haar theorem) that such
measure exist and is unique except a multiplicative constant.

If G, is a Lie group with a finite number of components then a left invariant measure on G,
can be identified with a left invariant n-form on G (where dim G = n). If p, is a left
invariant non-vanishing n-form on G, then the identification is implemented by the
integration with regard to p, using the canonical method of differential geometry. If G, is
compact then we can (if is not specified) to use normalized left measures. This is those
whose measure total is 1.
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If dg is a left invariant measure and if xeG, then we can define a new left invariant measure
on G, W, as follows:

ux(f) = Jef(xg)dg, (1.3.2)

The uniquely of the left invariant measure implies that

ux() = 800l cf(xg)dg, (1. 3.3)

with §, a function of x, which is usually called the modular function of G. If 5, is identically
equal to 1,then we say that G, is unimodular. If G is then unimodular we can call to a left
invariant measure (which is automatically right invariant) invariant. It is not difficult affirm
that §, is a continuous homomorphism of G, in the multiplicative group of positive real
numbers. This implies that if G, is compact then G, is unimodular.

If G, is a Lie group, the modular function of G, is given by the following formula:

3(x) = |det Ad(x)|, (1.3.4)
where Ad, is the usual adjunct action of G, on their Lie algebra.
Let M, be a soft manifold and be y, their form of volume. Let G, be a Lie group acting on M.
Then (g*n)x = c(g, X)ux, each geG, and xeM. If is left as exercise verify that c satisfies the
cocycle relationship
c(gh, x) = c(g, hx)c(h, x) ¥V h, geG, xeM, (I.3.5)

We write as _[M f(x)dx, to _[pr. The usual formula of change of variables implies that

IMf(gx)le(g, )ldx = [cf(x)dx, (1. 3.6)
to feCe(G), and geG.

Let H, be a closed subgroup of G. Be M = G/H. We assume that G, have a finite number of
connect components. A G-invariant measure, dx, on M is a measure such that

[nf(gx)dx = Imf)dx, V feC(G), geG (1.3.7)

If dx, comes of a form of volume on M, then (I. 3.7), is the same, which is equal to that
lc(g, x)| =1V geG, xeM.

If M, is a soft manifold then is well acquaintance that M, have a form of volume or M, have a
double covering that admit a form of volume. To rising of functions to the double covering
(if it was necessary) one can integrate relatively to a form of volume on any manifold. Come
back to the situation M = G/H, is not difficult demonstrate that M, admit a measure G-
invariant if and only if the unimodular function of G, restricted to H, is equal to the
unimodular function of H. Under this condition, a measure G-invariant on M is constructed
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as follow: Be g, the Lie algebra of G, and be b, the subalgebra of g, corresponding to H. Then
we can to identify the tangent space of 1H to M with a/h. The adjunct action of H, on g,
induces to action Ad”, of H, on g/h. The condition mentioned to obtain an identity in (L. 3. 7)
tell us that [Ad"(h)| =1 VheH. Thus if H’, is the identity component of H, (as is usual) and if
1, is a element not vanishing of A™(a/h)*[3] (m = dim G/H) it is can to translate p, to a form of
G-invariant volume on G/H®.

Therefore for rising of functions of M, to G/HY, is had an invariant measure on M. But the
Fubini theorem affirms that we can normalize dg, dh and dx, such that

[cf(g)dg = [om ([ f(gh) dh) d(gH), feC(G) (1.3.8)

Let G, be a Lie group with a finite number of connects components. Let H, be a closed
subgroup of G, and let dh, be a selection of left invariant measure on H. The following result
is used in the calculus of measures on homogeneous spaces.

Lemma I. 2.1.If f, is a compactly supported continuous function on H/G, (note the change to
the right classes) then it exists, g, a continuous function supported compactly on such G, that

f(Hx) = [og(hx) dh, (1.3.9)
This result is usually demonstrated using a “partition of the unit” as principal argument.
For details of demonstration see [1].
Let G, be a Lie group and be A, and B, subgroups in G, such that A, and B, are compact and
such that G = AB. The following result is used to the study of induced representations and

classes of induced cohomology.

Lemma I. 2.2.We asume that G, is unimodular. If da, is a left invariant measure on A, and db,
is a left invariant measure on B, then we can elect an invariant measure, dg, on G, such that

[cf(g) dg = [+ sf(ab) da db, para feCd(G) (L. 3.10)
Proof: Consult [2]. B

In the following section we will explain basic questions on invariant measures on
homogeneous spaces. With it will stay clear the concept and use of normalized measures.

Let G, be a Lie group with Lie algebra g; let H, a closed subgroup with Lie algebra b — a.
Each xeG, gives rise to an analytic diffeomorphism

1(x) :gH—>xgH, (I.3.11)
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of G/H, onto itself. Let n, denote the natural mapping of G, onto G/H, and put o = n(e). If
heH, (dt(h))o, is an endomorphism of the tangent space (G/H)o. For simplicity, we shall
write dt(h), instead of (dt(h))o, and d=, instead of (d=)e [4].

Lemma I. 2.3.

det Ad, ()

det(dz(hn) =— 0
H

(1.3.12)

VheH.

Proof. dm, is a linear mapping of &, onto (G/H)o, and has kernel b. Let m, be any subspace of g,
such that g = b + m, (direct sum). Then dr, induces an isomorphism of m, onto (G/H)o.. Let

Xem. Then Adg(h)X = dRn-1-dLn(X). Since neRn = 1, V heH, and meLg= 1(g) 7, V geG, we
obtain
dm - Adc(h)X = dt(h) ~dn(X), (1.3.13)

The vector Adc(h)X, decomposes according to g=bh +m,

Adc(h)X = X(h)s + X(h)m, (L. 3.14)
The endomorphism
An: X —> X(h)m, (I 315)
of m, satisfies
dn - Adn(X) = dt(h) -dn(X), (I. 3.16)

VvV Xem, so det An = det(dt(h)). For other side,

exp Adc(h)tT =h exp tTh™ = exp exp Adu(h)tT, (1.3.17)
for teR, Teh. Hence Adc(h)T = Adu(h)T, so

det Adc(h) = det Andet Adn(h), (1.3.18)

and the lemma is proved. B
Proposition I. 2.1. Let m = dim G/H. The following conditions are equivalent:

i.  G/H, has a nonzero G-invariant m-form ®;

ii. det Adg(h)=det Adu(h), for heH.

If these conditions are satisfied, then G/H, has a G-invariant orientation and the G-invariant
m-form o, is unique up to a constant factor.
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Proof. Let o, be a G-invariant m-form on G/H, ® # 0. Then the relation t(h)*® = o, [3] at the
point o, implies det(dt(h)) = 1, so ii), holds. For other side, let X, ..., Xm, be a basis of (G/H).,
and let ®!, ..., ®™, be the linear functions on (G/H)., determined by i(Xj) = &j. Consider the
elemento!A...A0™, in the Grassmann algebra of the tangent space (G/H).. The condition ii),
implies that det(dt(h)) = 1, and the element ®!A...A0™, is invariant under the linear
transformation dt(h). It follows that exists a unique G-invariant m-form o, on G/H, such that
®o= O'A...A0™ If ©*, is another G-invariant m-form on G/H, then o* = fo, where fe C*(G/H).
Owing to the G-invariance, f = constant.

Assuming i), let ¢ : p = (x1(p), ..., xm(p)), be a system of coordinates on an open connected
neighborhood U, of 0 G/H, on which w, has an expression

ou = F(x1,...,xm) dxiA...AdXm,

With F > 0, The pair (1(g)U, ¢ o 1(g™")), is a local chart on a connected neighborhood of g
0eG/H. We put (¢ o 1(g™))(p) = (yi(p), --., Ym(p)), for pet(g)U. Then the mapping

1(g) : U =»1(g)U,

has expression

(yy, ..., ym) = (X1, ..., Xm).

On 1(g)U, , has an expression

omU = G(yy,..., ym) dy1A...Adym,

and since mq= 1(g)*w.(zq, we have for qeU N1(g)U,

aq=G(y1(q), ..., ym(q)) (dy1A...Adym)q= G(x1(q), ..., Xm(q)) (dX1A...AdXm)q,
Hence F(x1(q), ..., xm(q)) = G(x1(q), ..., Xm(q)), and

FGa(q), ..., xm(q)) = F(y1(q),-., ym(@)[O(y1(Q) -, ym(@))E(x1(q), ..., Xm(q))],
which shows that the Jacobian of the mapping (¢ 0 1(g!)) o ¢ ', is positive. Consequently,
the collection (t(g)U, ¢ o t1(g™"))scc, of local charts turns G/H, into an oriented manifold and
each 1(g), is orientation preserving. Then G-invariant form ®, now gives rise to an integral

,[ fw, which is invariant in the sense that

_[G/H fo = _[G/H (fot(g))m, V geG.

However, just as the Riemannian measure did not require orientability; an invariant
measure can be construct on G/H, under a condition which is slightly more general than (ii).
The projectivelP?, will, for example, satisfy this condition whereas it does not satisfy (ii). We
recall that a measure p, on G/H, is said to be invariant (or more precisely G-invariant) if u(f o
1(g)) = n(f), forall geG. =
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Theorem I. 2.1. Let G, be a Lie group and H, a closed subgroup. The following relation is
satisfied

det Adc(h)| = |det Adu(h), heH, (1. 3.19)

Is a necessary and sufficient condition for the existence of a G-invariant positive measure on
G/H. This measure dg, is unique (up to a constant factor) and

[of(g)dg = Jom(Ji f(gh)dh)dgy, V feC(G), (1. 3.20)

if the left invariant measures dg, and dh, are suitably normalized.

Proof [6], [1]






Chapter I

Integrals, Functional and Special Functions on
Lie Groups and Lie Algebras

IL. 1. Spherical functions

Let P = Py, be the minimal parabolic subgroup of G, with the Langlands decomposition

P = 'MAN, (IL. 1.1)

If (5, H®), is an irreducible unitary representation of °M, and if pe(ac)*, then (n,, , H*"), can
denote the corresponding representation in principal serie. H™*, is equivalent with
Ik(c) = H®. Indeed, if H™*, is a representation of K, then exist c€G, such that ca*= a*, to a*, the
dual algebra of the algebra a — p, since always there is a maximal Abelian subalgebra in
p. Then Ix(op) = Ix(n) = H**. By the subcocient theorem to induced representations using the
Casselman theorem, is possible to construct an operator that go from Homy x(V, H), to Hom,,
k(V, H*¥), that define an unitary equivalence between the representations in H°, and H™".
Then H®, and H**, are equivalent representations as representations of the group K.

If feH®, that is to say, feL2(°M/K), then f,(nak) = a*""f(k), V neN, a€A, and keK.
If geG, and g = nak, with neN, acA, and keK, then we can write n(g) =n, a(g) = a, k(g) = k.
The theory of real reductive groups implies that as functions on G, n, a, and k, are smooth
functions. We denote as 1, to the function on K, that is identically equal to 1.
Let yo, be the class of the trivial representations of K. Then is clear that

(H"x(y0) = CI, (IL. 1.2)

If ne(ac)*, then we define 5,, for

Eu(g) = <mu(g)l, 1> (I. 1.3)

Said extended function to all the subgroup K, come given as

2,(g) = Jxa(kg)*"*dk, V geG (IL 1.4)
where 1,(g) = a(g)""", and 1,(k) = a(kg)"*"*, V geG, keK.

Proposition II. 1.1. If se W(g, a), then Es, = 5, Vue(ac)*.

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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Proof. The demonstration of this result due to Harish-Chandra can require of some previous
considerations. Let Cc(K\ G/K), the space of all differentiable K-bi-invariants functions on G,
of compact support on G. To demonstrate the proposition is enough demonstrate that if
feCc(K\G/K), then

Jof(g)E,(g) dg = Jcf(g)=s(g) dg, (1. 1.5)

Calculating

[ct(@)2,(8) dg = lo. kf(g)a(kg)* *dgdk = [cf(g)1,(g) dg,
where f, is invariant left. Let S = An, and let ds, be a election of the left invariant measure on
S, applying the measurability in real reductive groups. Then
[cf(g)1,(g) dg = [, kf(sk)a(s)**dsdk = [s(s)a(s)"""ds,
due to the K-invariance of f. Now ds, can be normalized such that ds = a*’dnda. Thus,
calculating said integral, this can to take the form
In af(na)a*Pdnda,

We call to ri(a) = a’pf nf(na)dn. Then we have demonstrated that

[cf(g)2,(g) dg = [ar(a)a"da, (IL 1.6)

Therefore to demonstrate the proposition is enough demonstrate that

Fi(expH) = Fi(exp sH), V Hea, fe C*(K\G/K), and seW(g, a), (IL.1.7)
Indeed, let ®*, be a positive roots space in @(w, a), corresponding to n. Let Ao, the
corresponding set of simple roots. Let F = {a}, be with acAo, and let (Pr, Ar), be the
corresponding parabolic pair of G. Then is factible the Langlands canonical decomposition

Pr = "MrAErNF, (IL. 1.8)

Let also pr, defined by pr(H) = (1/2)tr(ad HLr) V Hea. Let’s express to fP(am), V
feC(K\G/K), as

fP(am) = a’pF_[NFf(nam)an,
V acAr, me’MFr. In this sense, is necessary to take in count that dnr, has been elected of
invariant measure on Nr. We consider also that *Pr = P n Mg, Then *Pr, is a minimal
parabolic subgroup of Mk, with the respective Langlands decomposition to *Pk, to know,
*Pr = "MA*Nr, *Ne=N N M,

Normalizing the invariant measure, d*nr, on *NF¥, such that
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dn = dnrd*nF, (IL. 1.9)
Let’s notice that f’e C-”(Ke\ Mr/Kr). Let *Fg, be denoting the “F¢” to Mr. Then is had that

Fi=*Fs, g=1", (I1. 1.10)

Now we can consider s,H = Ad(k)H, with keKr. Therefore to demonstrate the proposition
II. 1.1, only is enough demonstrate (II. 1. 10), under the set of endomorphic actions
s«H = Ad(k)H, taking the case when Ao = {a}. Let po= p,, be to the class v, of the trivial
representation. Let B, be an automorphism of U(a), defined by

B(H)=H+p(H)1, VvV Hea,
Let yo= B o Py, be. Then yo, is called the Harish-Chandra homomorphism.

Lemma II. 1.1. The following two sentences are equivalent:

i y(U(®)) c U@W (W =W(g, a)),
. E,=Es, V seW, pe(ap)”
Proof. If TeHomk(V,, (H>")x),and if ue U(g)¥, then
(uT)"=T"Py . (W),
In particular, (H> ")k, have infinitesimal character of the form yq, ». This implies in special
that u eZ, =p(po(u))=, Vv ueU(R)¥, pe(ac)*. If ueU(a)a, then
uZ,(1) = Ad(k)u Z,(1).

Therefore from the analyticity of the functional Z,, the lemma is followed. =
Lemma IL 1.2. If Ao= {a}, then yo(U(w)¥) = {heU(a) | s;h = h}.

Proof. Consider = [g, g]. Then dim a N @i = 1. Let Xy, ..., Xp, be an orthogonal base of
pi=p N q, relative to B. Let Cy = £(Xj)% For other side K, act transitively on the unitary sphere
of p;, and is clear that S(p)¥, is the generated algebra for 1, p nz(x), and C.. Then by the
subquotient to (g, K)-modules, is known that

Ker 0= U(g)*nU ()L,

where
yo(U(m)¥) = yo(Symm(S(p'C))K), (IL. 1.11)
A simple calculing show that exist constants c1, and c2# 0, such that

yo(Go) = ci(H? + ¢2),
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The lemma is followed immediately. ®

Theorem II. 1.1. The following sucesion of algebra homomorphisms is exact:

K K 7 w
0—U(@)" NnU(®)L, —U(w) U@ 0 (IL. 1.12)

With major pointity yoo Symm : S(pc)¥— U(a)¥, is a linear bijection.

We conclude this chapter with an estimation on the functional Z,, the which is used in the
Casselman theorem.

Consider

a=(Heal a(H) >0, Yaed'}, (IL. 1.13)

Let A*=exp a*, be. We consider furthermore that

G =KCI(A"K, (IL. 1.14)
which is true by the general theory of real reductive groups. Thus if fe C(K\G/K), then f is
completely determined for their values on CI(A*). Let

(@) = {nea*| (u, @) >0, Vaed'}, (IL. 1.15)

Let W = W(g, a), be. If pea*, then there is an unique element in Wun CI((a*)*). We use the
notation |u|, to this element defined univocally. The theory of the real reductive groups
implies that the intersection

Wun Cl((a%)*) =9,

Therefore is possible to demonstrate that if B, ceCl((a*)*), and if sB= o, V seW, then o= f.
From lemma of Harish-Chandra explained in the general theory of (g, K)-modules, is

deduced that sp = B — Q, with Q = 2¢,, the sum on a.e®*, and whose coefficients c,> 0. Thus

B B)=(c,0)=B-Qo)=(B,0)—(5,Q=<(B 0)-(Q BB B),
In particular (Q, B) = 0. But then (B, B) = (B, B) + (Q, Q). Thus Q =0.

Lemma IL 1.3. Let pe(ac)*, then | Z,(a) |<a'®*=0(a), v acCl(AY).

Proof. From the integral functional expressionZ,(a) = ,[Ka(ka)‘”pdk, is deduced that
| E.(8) |< ERre,(g). Thus we can assume that pea*. The proposition II. 1. 1, implies that we can
assume that p = | p |. Let acA, be. Then

5,(a) = Jxa(ka)***dk = [xa(n)*a(k(m)a)"**dn, (IL 1.16)
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for the lemma to the invariant definition of dn [5], the measure on K. Then k(n)eNa(n)n.
Thus
5,(a) = Ina(n) *** a(na)***dn, (IL 1.17)

We note also that a(#a) = aa(a 'na). Therefore has been demonstrated that

Eu(a) = a““’INa(n)’ILler a(a™'na)***dn, (I1. 1.18)
If aeCI(A*), then considering the invariance of the measure dn, under the actions of the
subgroup A, is obtained
(a(n)'a(a'na))* <1, (I1. 1.19)
Thus

Ey(a) < a“(a"_[rxla(n)P a(a”'na)Pdn) = a"Eo(a), (1. 1.20)

For (II. 1. 18). =
Corollary II. 1.1. If pe(ac)*, and from aeCI(A*), then Z,(a) <a lul,

Proof. mo, is an unitary representation of G (see elemental theory of representations in Hilbert
space L%(G)). Thus Zo< 1. The result is followed by the lemmaIl. 1. 3. ®

IL. 2. Geometrical transforms: Integral transforms on Lie groups (Radon
transforms on generalized flag manifolds)

Let G, be a connected reductive algebraic group over C, and g, the Lie algebra of G. The
group G, acts on g, by the adjoint action Ad. Let b, be a Cartan subalgebra of g, A, the root
system in b¥, {ou| ielo}, a set of simple roots A", the set of positive roots A", the set of negative
roots b*;= Hom(H, C*) cb*, the weight lattice, and W, the Weyl group. For a.€A, we denote
by g, the corresponding root space and by a”’eb, the corresponding co-root. For iels, we
denote by sieW, the reflection corresponding to i. For weW, we set I(w) = #(wA™ nA"). Set

p =% X ca+ 0, and define a (shifted) affine action of W, on %, by

wok=wh+p)—p, (1L 2.1)

For I < Io, we set

A=A N ZiéZw, A= AINAY,  Wi=<si|iel>c W,

i=h ®(®QEAI ga)/ n= @aeA+/AI qQ, bi=0®n,

13
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where
()= {reb* | Moi) 2 0, V icl},

(0*,)0= (e Mai¥) 2 0, V iel} < (b*,)),

and also

pI = (Za€A+/AI a)/z’

We denote by wi, the longest element of Wi It is an element of Wi, characterized by
wi(Ar") = Ar". Let Li, N, and Py, be the subgroups of G, corresponding to I, ni, and p.

For Ae(b*,)y let Vi(L), be the irreducible L-module with highest weight L. We regard Vi(A),
as a P-module with the trivial action of Ni, and define the generalized Verma module with
highest weight A, by

Mi(A) = U(m) ®, 60 Vi(R), (II. 2.2)

Let L(A), be the unique irreducible quotient of Mi(X) (note that L()A), does not depend on the
choice of I, such that Ae(h*;)1). Then any irreducible Pi-module is isomorphic to Vi(A), for
some Ae(h*,), and we have dim Vi(A) = 1, if and only if Ae(b*,)’t. Moreover, any irreducible
(w, P1)- module is isomorphic to L(A), for some Ae(h*,)L

Let

Xi=G/P,,

be the generalized flag manifold associated to I.

Consider the category equivalence given in the following proposition to quasi-G-equivariant
Dz-modules:

Proposition II. 2.1. Assume that Z = G/H, where H, is a closed subgroup of G, and set
x=eH € Z.

i.  The category of G-equivariant Oz-modules is equivalent to the category of H-modules
via the correspondence M — M(x).

ii. The category of quasi-G-equivariant Dz-modules is equivalent to the category of (g, H)-
modules via the correspondence M — M(x).

The statement (i) is well-known (see [40]), and (ii) is due to Kashiwara [41].

Then the isomorphism classes of G-equivariant Oxi-modules (resp. quasi-G-equivariant Dxi-
modules) are in one-to-one correspondence with isomorphism classes of Pr-modules (resp.
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(w, Pr)-modules). For Ae(b*;);, we denote Oxi(L), the G-quivariant Ox-module corresponding
to the irreducible Pi-module Vi(L). We see easily the following.

Lemma II. 2.1. Let Ae(h*,). The quasi-G-equivariant Dxi-module corresponding to the
(8, Pr)-module Mi(}), is isomorphic to DOxi(A) = Dxi® xiOx(h).

We need the following relative version of the Borel-Weil-Bott theorem later (see Bott
[42]).

Proposition II. 2.2. Let I ¢ ]  Io, and let ©: Xi— X, be the canonical projection. For Le(b*,);,

we have the following.

i.  If there exists some a4y, satisfying (A + p — 2p1)(a.”) = 0, then we have Rr.(Oxi(A)) = 0.
ii. Assume that (A + p —2p1)(a”) # 0, for any aeA). Take weWj, satisfying
(Ww(h + p—2p1)(a) >0, for any a.eA. Then we have

Rr(Ox(h)) =Ox(w (R + p = 2p1) = (p = 2pn))[-L(Wiw) — [(wn)].

Let I, ]  Io, with I # J. The diagonal action of G, on XixX], has a finite number of orbits, and
the only closed one G(ePy, ePy), is identified with Xiy = G/(P1 nPj). We can consider the
correspondence to D-modules

X<« S-Y, (IL. 2.3)
with X=Xi, Y =Xj, and S =X, then (I 2. 3) take the form

x|<_f—xlm

—45X,, (1L 2.4)

and the Radon transform R(DOxi(L)), for Ae(h*;). Since f, and g, are morphisms of G-
manifolds then the functor

R : Db(Dx) — D(Dy),

with the correspondence rule
R(M) = g (M),
called the Radon transform on algebraic D-modules, induces a functor
R:DZ(Dy ) > Dg(Dy)), (IL. 2.5)
Note that we have

Qe=Oxi~(y1)), for y15=2 A\ A0, (II. 2.6)

15
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IL. 3. Radon transform of quasi-equivariant D-modules
Let Ae(b,").. We describe our method to analyse R(ZDOxi(L)) = g+ (DOxi())). By

(E(DOx(N))(e(P1APy)=D Oxi(L))(ePr) = Mi(L), (I. 3.1)
the quasi-equivariant Dxij-module f'(DOx())), corresponds to the (x, Pin Py)-module
Mi(h)= U(g) ® @) Vi(A), under the category equivalence given in proposition II. 2. 1. Set

I'={xeW: | x is the shortest element of Wix}, (II. 3.2)
and

I'c= {xel | 1(x) =k}, (IL. 3.3)
It is well-known that an element xeW), belongs to T, if and only if x'A"ycA". This
condition is also equivalent to
x(A+ p))(@") >0, YaeA™,y, (1. 3.4)
In particular, we have x o A& (b, )1, for xeI.
By Lepowsky [43] and Rocha-Caridi [44] we have the following resolution of the finite
dimensional li-rmodule Vi(A):
0 - Ni—> Ni-1—>...5 N1—> No— Vi(L) > 0, (IL. 3.5)

with n = dim [i/linpy, and

N = D UwID 4 ) Vi x0), (113.6)
&k

By the Poincaré-Birkhoff-Witt theorem we have the isomorphi

UW) O mpyy Vins(xe2) = UM) Oy, y Vi y(XoR), (I 3.7)

Of “U(l1)-modules, where i, acts trivially on Vi~j(x o A). For other side, the action of ni, on
U,) ®uq, ) V| ;(xe1), is trivial. Indeed, by [p1, m] cni, we have

nU(l) = U(lny,

and hence

m(U®) O,y Vina(Xxe M) UM BV, j(xoh) < U) @mV, ;(xo1) =0,

nJ nJ
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for nmcni. Thus we obtain the following resolution of the finite dimensional pr-module Vi(L)
(with trivial action of ni):

0 — N Nu-1...— N'1—> N'o—> Vi(L) - 0, (IL. 3.8)
with

Ny = g?ku(p')@'“("w) V, . (XoN),

By tensoring U(g), to (IL 3. 8) over U(p1), we obtain the following resolution of the (g, PiJ)-
module Mi(A):

0N, >N, ;—>...—>N - N, > M%) -0, (I1.3.9)
with

N, = @ M, . (XoR),
xell

Since the quasi-G-equivariant Dxi~- module corresponding to the (g, Pi~j)-module Mij(x o A)
is DOxi(x o L), we have obtained the following resolution of the quasi-G-equivariant Dxi-
module £ (DOx(L)),

0->N, >N, ;—»>..oN >N, —>fl(l)(9xI \)—>0, (IL. 3.10)
with
N -Dpo, (xon), (IL3.11)
xel' N

The following results consist in to investigate on the Dxij-module g (D Oxi(x o 1)), for xeT".
We first remark that

9,(DOy [(xoh)=Dy ®g R4(Oy (Xoh+y,,)) (II. 3.12)

Indeed, by (II. 2.6) we have

9,(DO  (xoh)=Rg,(Dy ®5 Dy ®QL,XN O, ,(xon))

«~XInJ
J Xin) 1nJ

=Rg,(Dy ®, O (Xoh)
1nJ n

«~XINn]

®O>( J OXIW\J (X ° 7\‘))

1N

- Rg*(g‘lﬂ)XJ ®g,10XJ Q,

=Dy, B RI(Q® Oy (xo1)

=Dy, ® RI(Oy  (xoh+1,))),
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Lemma II 3.1. Let Le(h*,);, and xeT.

i.  If (x(A + p))(a”) =0, for some a.eAj, then we have Rg(Oxij(x o A +71,5)) = 0.
ii. Assume that (x(A + p))(a”) # 0, for any aeAy. Take yeWj, satisfying (yx(A + p))(a”) >0,
for any a.eA’;. Then we have

RGO (Xoht7,,))=Ox ((¥X) o W)=(UW,y) ~ (W, , )], (113.13)
Proof. [45]. =

Proposition II. 3.1. Let Ae(h*,)1. Then there exists a family {M(k)"}is0, of objects of Dc®(Dxy),
satisfying the following conditions.

i M) =R(DOxL)).
it.  M(k)* =0, for k> dim U/Lpy.
iii. We have a distinguished triangle

CO" > MO > M(k+1) —, (13.14)
where
cw = D Do (v0-1009-mea) 1315

Proof. For 0 < k < dim li/linpy, define an object N(k), of Dc®(Dxiy), by

NEK =[...20>N, >N, ;>... >N —>0..], (113.16) (IL 3.16)

Where N, has degree —j (see (II. 3. 10) and (IL. 3. 11) for the notation). For k >dim [i/inp;, we
set N(k)* = 0. By MO0)"=f ' (D Oxi())), we have g-N0)"=R(DOxi(L)). Set

M(K)* = g*N(k)*. Then the statements (i) and (ii) are obvius. Let us show (iii). Applying g+, to
the distinguished triangle

N [K]l=> N (K) - N (k+1)—1,
we obtain a distinguished triangle
g, N[kl > MK)* - MKk +1)'—1,

For (IL. 3.11) and (II. 3.12) and Lemma 2. 3.1, we have

9.7 = D Do, (en-meo)

xely (&
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The statement (iii) is proved. ®
Theorem II. 3.1. Let Ae(h*,)1.

i. Wehave

2D HP(R(DO, (W)= ZMH)’“""“*)[DOXJ(yxx>om, (IL. 3.17)
p xel'(

in the Grothendieck group of the category of quasi-G-equivariant Dx-modules [23].

ii. IfT(A) =, then R(DOx(L)) = 0.
iii. If (L), consists of a single element X, then

R(DOxi(L)) = DOx((yxx) oM)[1(x) — m(x)], (IL. 3.18)

iv. IfI(x) 2 m(x), for any xeI'(L), then we have H/(R(DOxi(L))) = 0, unless p = 0.
v. If (A +p)(@”) <0, for any a.eAr\ Aj, then there exists a canonical morphism

®: DO((Wiwiy) 0 &) — H(R(DOxi(L))), (IL. 3.19)

Moreover, @, is an epimorphism if I(x) > m(x), for any xeI'(A)\{e}.

Proof. The statements (i), (ii) and (iii) are obvious from proposition 2. 3. 1. The statement (iv)
follows from proposition 2. 3. 1, and the fact that any locally free Ox-module £, we have
Hr(R(DL)) =0 for any p<0 . We assume that A, satisfies the assumption in (v). Then we have
eel'(X), and ye = wiwiJ. Hence (v) follows from proposition 2. 3. 1. =

Consider the following technical lemma, over classes of root spaces around of orbits with
elements ye = wjwi.

Lemma II. 3.2.

i.  The map WixI' > WiWi((y, x) |- yx), is bijective.

ii. For Ae(h*,), we have

fyox [ xeT()} = fweWWi | (w( + p))(@”) > 0, for any aeA’)), (I1. 3.20)

And we have

I(x) = m(x) = I(yx) + 1(x) — #(A"\ A1) = I(yxx) — #(A"1\ A), (II. 3.21)
Proof. [45]. =

For Le(h*,)1, we set

19
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E(A) = {weWjWi | (Ww(k + p))(a") >0, for any a.eA”)}, (II. 3.22)

Using the lemma 2. 3. 2, above we can reformulate the theorem 2. 3. 1, as follows:
Theorem II. 3.2. Let Ae(h*,)L
i.  Wehave

Y ) HPR@DO, )] = (-1 &™) 3 (<) [DO, (wer),  (IL3.23)

p weZ (L)
in the Grothendieck group of the category of quasi-G-equivariant Dx;-modules [23].
ii. IfZ(A) = J, then R(DOxi(A)) = 0.
iii. If Z(A), consists of a single element w, then
iv. R(DOxi(L)) = DOxi(w o M)[I(w) — #(A\ A)], (IL 3. 24)

v.  Ifl(w) = #(A"\ A1), for any weZ()), then we have H/(R(DOxi(1A))) = 0.
vi. If (A + p)(a¥) <0, for any e A'j\ Ay, then there exist a canonical morphism

@ : DOx((Wiwi)o 1)— HIR(DOx(L))), (11.3.25)

Moreover @, is a epimorphism if I(x) > #(A"1\ A1), for any weZ(A) \ {wiwi}.



Chapter llI

Orbital Integrals on Reductive Lie Groups

IIL. 1. Orbital integrals on reductive Lie groups [39]

Let G, be of inner type. Let

K” = {keK | det(I - Ad(K)}:) =0}, (IIL. 1)

If b, is of Cartan belonging to &, be H = exp(h). Let

H' = {heH | det(I - Ad(h)jsL) =0}, (1L 2)
Let

G[H']= {ghg'eH| heH’, geG}, (IIL. 3)

Then G[H’], is an open subset of G. Indeed, that be an open subset of G, it means that
G[H']c Int(G)". Indeed, Int(G) = Aut(G) cG. The relation of their closed subgroups is
transitive in G. Then for definition

Int(G) = {geG| dIg = Ad(g)}, (IIL. 4)

But this is equal to that VgeInt(G),

det(I- Ad(g)lsL) =0, (1I1. 5)
Then

Int(G)* = {geG | det(I- Ad(&)hL) =0}, (111 6)
Since ghg! = Ad(h)iLV geG, then G[H']c Int(G)"~.

Now, of the proof of lemma of the Weyl’s formula is deduced that

[eprif(g)dg = (1/w) [u/det( — Ad(h)L)|fcmf(ghg ™) dgH dh, (IIL. 7)

where dg is an invariant measure on G, we fix an invariant measure on H, and we take to
dgH, like the invariant quotient measure on G/H.

Let w = o(N(H)/H), be where N(H) = {geG | ghg'=H}. Beh=t®a and g=t @ p. Let

T = {Heb| det(ad(H)}) = 0}, (IIL 8)

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted

open science | open minds use, distribution, and reproduction in any medium, provided the original work is properly cited.
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which is equal to t, a subalgebra of Cartan of g, that consider to T, also as

T = {teT | det(Ad(t)L) =0}, (IIL. 9)
of where K" 2.

The previous integral formula applied to K, and G, implies that,

Lemma III. 1 Exist a positive constant C, such that

[apfi(g)dg = clxdet(( — Ad(k)p)cf(gkg™) dg dk, (IIL. 10)
Proof. Indeed, consider you
G[K"]={gkg'eH | keK”, geG}, (III. 11)
with
K” = {keK | det(I - ad(k)) =0}, (IIL. 12)
Since K, is compact then N(K) = G[K"]. Then gKg"'c G V geG. Therefore,
|det((I — Ad(h)pL)|< c|det((T — Ad(K)P)], (1. 13)
Then by the integral formula of fc[K"]f(g)dg, is had that:

[opfi(g)dg = xdet((T - Ad(H) L) lfof(gkg ™) dgK dk, (IIL. 14)

and since gKg'c G, if and only if G/K = G, then gK = g, of where is obtained the conclusion
of lemma.

If £ > 0, then we have
Ge, =1 gtg'l| det(Ad(t) - I)|L)[>e}, (1I1. 15)
and
K, = {keK | det(Ad(k) — Ds)j>e}, (III. 16)

and (G”)e, = G[K.].

In fact, the defined subgroups explicitly and previously are the spherical forms of the orbits
G[K”], and K”.

Fixing a norm ||,||, on G, the which we assume given like the corresponding norm operator to
a representation (=, F), of G, on the Hilbert space of finite dimension F. Also we assume that
n(g)* = n(0g), and that detn(g) =1, V geG.
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Lemma IIl. 2 Let 0 <e¢ < 1. Then

6.1 + loglgl) “=(g)dg < Cae@2fay(a) (1 +logllal) *E(a)da, (II1. 17)

where v is such that V a€A,

v(@) = IT, . senh (ou(H)). (IIL. 18)

Proof. The lemma. III. 1, affirms that under the constants of normalization, if f, is integrable
on G, then

1. [of(g)dg = [k . ankf(kiaka)y(a) dkida dke, (IIL. 19)

This implies that Ve >0,
e +10gllgl) “=(g)dg =
=Jx. [det((Ad(K) - Dls)lfka+ (1 + logllau Tkua |y %E( au 'kua )du da dk,  (IIL 20)
Since uku =k, V uek,, with ¢ > 0, then
[ det((Ad(k) — D)k a+ (1 + logllau kua ![)) %E( au kua)du da dk =
= _[K»‘det((l - Ad(k))lu)\.[m (1 +1logllaka™||) dZ( aka™) da dk, (TI1. 21)
If Xep, then n(X), is self adjunct. Indeed, if Xep, then

I- Ad(K))X =0, (IIL 22)
of where n(adX) = n(X). Thus n(X), is self adjunct. Then if ac A, then a = expH, with Hea. Thus,

laka™||= [laka "k ||=|lexpH exp(-Ad(k)H)]|, (TI1. 23)

Since el0 ~AdMHl = ¢ e AdMWH, But by Apendix A, if n(X) is self adjunct then trn(X) = 0, and
dim F > 1, then tr[(I - Ad(k))H] =0, and due to that dim F > 1, then

He“(H) e Ad(OH||> ellla— adaoymllldimr - N, (I11. 24)

reason for which we see that

log|laka !|[>{|[x(H — Ad(k))H]|l/(dim F — 1), (IIL. 25)

We define V keK, the minimal value p(k) like

u(k)=min||(Ad(k)- s, (IIL. 26)

Then we have demonstrated that
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2. 3Japositive constant C, such that

log|laka™![[= Cp(k)log|lall, (I11. 27)

Let pi, ..., p2q, be the eigenvalues of (I — Ad(k))l, with numerable multiplicity. If we assume
that keK”, then (I - Ad(k))|s 0, and since (III. 26) then || = u(k),V j =1, 2. Then is clear that
W< 2, Vi, since

Il = wk) < tr n(X) n(X)* + tr n(X)"ln(X)'l* =1+1=2, (II1. 28)
since det n(X) =1, V xep. Thus, if keK,, then

e<lu, ..., tagl<p(k)222a2, (IIL. 29)

If C=279*1 then we have demonstrated that

3. IfkekK, thenp(k)= Ce'.
This combined with (2) and the realized calculus to the begining implies that

Jien o1+ logllgly E(g)dg <Cierfidet((Ad(k) - D) ay(a)(1 +logllal)

.E(aka)da dk < CCleC42)a+ y(a)(1 + log]all) JxE(aka 1)da dk, (IIL. 30)

If feC(G), then we define the function f,as the map

£: G - N(G) (IIL. 31)

with rule of corresponding

g |- £(g) = [xf(kgk Mdk, (IIL. 32)
If feC*(G), then define the map Q, like

Qr: K - N(K) (II1. 33)

with rule of corresponding

k |>Qi(k) = Jof(gkg 1)dg, (IIL. 34)

with domain on the space of the keK, to the which the integral converge absolutely.
Lemma III. 3 If feC<*(G), then the domain of Q, it contains K”. In consequence Qe C*(K").

Proof. Let h(g) = [f°(g)|. Then

Joh(gtg dg = lalf (gt Midg, (IIL. 35)
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But |f(gtg™)|<(1 + log|lal) 4E(gtg o1 1, «(f), with o1,1,+(f) = 1, since feC*(G). But by lemma III.
2, and considering y(a) = (1 + log||al|) 9, with d > 0, we have that

fc (1 +logllall) “=(gtg )dg = jA+XK’Y(a) Z(autua')da du, (III. 36)

Then
_[G [f(gtg™)|dg = _[ anky(@)h( autu™a)da du, (II1. 37)

Thus
_[G h(gtg')dg = I anky(@)h( autua)da du, (1I1. 38)

Then the argument of the demonstration in the lemma III. 2 (2), demonstrates that

4. IfkeK,and if acA, then loglata™|[>¢2Clog||a||,which implies that if u e C-*(G) and if
supp u cBr(G), where B+(G), is the full ball with r >0,

B:(G) = {geG | log||gll<r}, (II1. 39)

Then exist ¢ >0, independient of u, such that u(autu™a!) =1, only into of the region

B:(G). Then the integral

_[ Ak y(a)h( autu™a)da du<w, (111 40)

vkeK”, that is to say; h(Ge, €) cB+(G), thus K = K”. Then the integral converge vV keK".
Now we demonstrates that Qe C*(K”’). Indeed, let Xi, ..., Xn, be a base of g. If Yet, then

Ad(g)Y = 2ZCi(g)X;, (IIL. 41)

with each G, a matrix coefficient of the representation (Ad, g), of where

dH/dtHf-of(gk exptYg ™) = (Ad(g)Y)f(gkg ) = (ECi(g)X) F(gkg ™), (IIL. 42)
Thus exist constants D >0, and u > 0, such that |Gj(g)|< Dlg||+, of where
|di/dtd:-of(gk exptYg ™)< Cligli«Z[wf(gkg ™), (IIL. 43)

where uj, is a base of U¥(ac). Newly this implies that if feC*(G), 3 r > 0, such that

|f(gkg M|< T, (II1. 44)

v geG, and keK"', since Z|uif(gkg 1)|<Z|uj||f(gkg )| = Z|uj|r. Then Qre C*(K”).

25
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We fix to @*, on ®(ac, tc). We make that p, is T-integral (which is possible due to that always
is feasible to give a covering group of G).

Let W = W(ag, tc), be then

At) =t cpt(1 — t7%) = Xscw det(s)ts”, (I11. 45)

V teT. Let T” =T n K. If feC*(G), then

5. Ff(t)= A(t)fc f(gtg )dg, V teT”.
Indeed, since Ad(G) c G, and gtg 'egTg 'V geG. Then Ad(G)t cgTg 'eN(T). Thus V geG,
Ad(g)t=t, V teT, since the space of actions on the torus T, is

Ad(G)t= {geG | Ad(gitc TV teT }, (T11. 46)
Then

lef(Ad(g)t)dg = [cf(g)dg, (IIL. 47)
since the left member of (III. 46) absolutely converge V teT”, and fe C*(G). Also that,

Jof(g)dg = n(tlc f(gtg M)dg, (111 48)

But for the lemma lemma III. 1, and since

T = {teT | det(A(t)}) =0}, (II1. 49)

we have that

[cf(g)dg = [rdet(Ad(tw)fc f(gtg )dgdt, (IIL. 50)

But in W = W(ac, tc), is satisfied that

Jr|det(Ad (b))t = Ssowdet(s)t=* = A(t), (IIL. 51)

of where

FA(t) = A(Hc f(gtg ) dg, (II.52)

Vv teT”.
Likewise, the lemma III. 1, implies that Ff'(t)eC*(T""). Consider

Te=Ge, N T={teT ||A(t)>e}, (IIL. 53)
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which is equal|det(Ad(t))| = |m(t)?, V teT. But |A(t)>>e, V teT, then det(Ad(t)js)= 0, V teT.

Then T,cT”.
Lemma. III. 4 Let d, be such that

[s+(1 +log|lal)) *=(a)¥(a)da <,

Then exist positive constants C, and u, such that if feC.*(G), then

[rJFat)] dt < Cevon, 1,0,

Proof. Leto = 61,1, 4,be and let

[6/e.11£(8)] dg<InFr(t)] dt <JnjA®)Plc f(gte ™)dg dt,
Now [A(t)|> Cel?, V teT,. Thus

[rFer(e) dt <Ce12fn Ao |f(gts Vidg dt
< Ce 2 o(B]a®Ela(1 + log|gtg 1) “E(gtg ") (gtg Mdt dg
= Ce2 o(f)e(1 + log|ig ) “=(g)dg
< Cao(f)e @+ 02]a+(1 + log|lal|) 4= (a)2da

SCdG(f)S_(d”)/z,‘.A*"Y(a)(l +log|lal|) “E(a)*da,
By the lemma III. 1, if we take u= (d + 1)/2, then is followed (III. 54), since

[F(t)|<o1,1,a(f)=(a)(1 + log]fal))™,

Now well,

[«E (aka)dk = E(a)=(a!) = E(@),

Then using the precedent inequalities we have that

fi6.0)(1 +logligl) £ (g)dg = [s+y(@)(1 + logllally “=(a)da,
If feC(G), then we define the function f, as the map

£: G > N(G),

with rule of correspondence

g |>f(g) = Jxf(kgk )dk,

(IT1. 54)

(IIL. 55)

(I1. 56)

(IIL. 57)

(II1. 58)

(IIL. 59)

(II1. 60)

(II1. 61)
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If feCe(G), then we define the map Q, as

Qr: K 5N(K), (IT1. 62)

with rule of correspondence

Qi+ k |>Qi(k) = Jef(gkg 1)dg, (IIL. 63)

With domain on the space of the keK, to the which, the integral converges absolutely.®
Lemma. IIL 5 If feC~(G), then the domain of Q, includes K”. In consequence Qre C=(K”).

Proof. Let h(g) = [f°(g)|. Then

[oh(gtg 1dg = [aif (gtg Mdg, (I11. 64)
but [f*(gtg )| < (1 + log]lal)) “E(gtg V)o1, 1,«(f), by lemma III. 2, with o1,1,«(f) = 1, since feCc(G).

If feC(G), then we write (IIL. 60) and if feCc*(G), then (IIl. 62). But by lemma. 3, and
considering y(a) = (1 + log|la|) ¢, with d >0, we have that

[a(1 +logllall) @  (gtg )dg = [a+ <k y(a)E(aututa Ydadu, (IIL. 65)

Then
[alf (gtg ™)\dg =Ja+ «xy(a)h(autua 1)daduy, (IIL. 66)

then
[ch(gtg 1) dg =Ja+ «xy(a)h(autua ")daduy, (IIL. 67)

Therefore the argument of the demonstration in the lemma III. 2 (2), demonstrates that

6. IfkeK, and if acA, then log|ata™'[>¢"*Clog||al|, which implies that if u eC*(G), and if
supp u cB1,1,1(G), where B1,1,+(G), (where B1,1,+(G) = :(G)) is the full ball with r > 0.
Then exist C >0, independent of u, such that u(autua?) =0, to keK”, actually;

h(Ge, ;) cB+(G), thus K = K”. Thus the integral converge vV keK”.

Now we demonstrate that QieC=(K”). In effect, be Xi, Xo, ..., Xn, a base of . If Yet, then
Ad(g)Y = ZCj(g)X;, with each Cj,a matrix coefficient of the representation (Ad, g), of where

d¥/dtke-of (gk exptYg?) = (Ad(g)Y) (gkg ™) = (XCi(g)X))(gkg ),
Exist constants D > 0, and u > 0, such that |Cj(g)| < D||g|[.
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Note: Ad(g) = dIg, V geG and Ad(g)Y = d/dt|t-0gK,

thus

|d¥/dtke-o f(gk esptYg )< CllgleZluif(gkg ™) (T11. 68)
where uj, is a base of U¥(ac). Newly, this implies that if feCc*(G), 3 r >0, such that

lf(gkg ™I =T,
VgeG, and VkeK”, since

Zluif(gkg ™) < Zlujllf(gkg™)| < Zfuj| ,
Thus QieC=(K"). =

We fix to @, on®d(ac, tc). We assume that p, is T-integral (which is possible due to that
always is easy to give a covering group of G).

Let W = W(ag, tc), be then

A(t) = tPTT (1 — £7%) = Zsow det(s)t", (I11. 69)
VteT. Let T” =T n K”. If feC*(G), then

1. Fi(t) = A()s f(gtg )dg, ¥ teT”.
Indeed, since Ad(G) = G and gtg 'egTg !, V geG. Then

Ad(G)t (cgTg")eN(T).

| |
We can demonstrate that:
(1) E«"(t) = v(2)F'(t),
vV feC™(G), teT’, and zeZ(g). In effect, for definition
Fi(t) = A)lcf(gtg)dg,
Vv feC™(G), teT”. If zeZ(ac), then y(z), is a homomorphism of Harish-Chandra defined as
v : Z(gc) = U(be), (1. 70)

with rule of correspondence

2 | >A(3(z))A™" = Pr, (IIL. 71)
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v heH, such that §(z) = A™'(8(2))A. Then A(t)8(z) = y(z)A(t). Thus
FaA1(t) = A(t)o zf(gtg™)dg = AM)c 5(2)f(gtg )dg, (IIL 72)
since to 6,, a character of a representation of finite dimension of G, is

z6,[n= 5(z)(cyn),

which is the same that

zf(gtg ) = 8(2)f(gtg ),
Then (III. 71), take the form

8(2)A®)]s f(gtg )dg = v(DEA(®).
VvV {eC(G), teT’, and zeZ(ac). =

Let a1,02, ,an, be elements in ®". Be T" = {teT [t“# 1,1=1, 2, ..., 1}. If &> 0, then

T = {teT||1-t%>, V i=1,2, ..., 1}, (I1L. 73)

Let

B(T') = {feC*(T") | op(f) <0, ¥ PeUltc)}, (IIL. 74)
Then is necessary show the following basic Harish-Chandra theorem:
Theorem III. 1.
1. If feC*(G), then FiTeB(T").
2. The map f |>F, of C*(G) in B(T’), extends to a continuous map of C(G), in B(T").
Proof. Let V = C(G), and W = C*(G), s(w) = Fw, A =Z(1ac), Y =v, and o = C,. Then s(f)eB(T"), V
feC*(G), and s, extends to a continuous map of C(G), in B(T").

Theorem III. 2. Let p, be a continuous semi-norm on B(T’). Then exist d > 0, and a
continuous semi-norm o, on C(G), such that

i n(Feaan(f))dk < (1 + loglgl)E(g)o(f), (ILL. 75)
to feC(G), and geG.

For the previous theorem III. 1, exist a continuous semi-norm o, of C(G), and q, d > 0, such
that if fe C(G), then

[l FrTagi())|dtdk <e 9o(f) (1 +logllgl)E(g), Ve >0, (IIL. 76)
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For the lemma. III. 5,

[l FrTagi())dtdk = [xfr AT clfxtx 'kg))| dxdtdk,
of where Vo, on C(G), and € > 0, since |A(t)> Ce'?, V teT,:

[elra(m)lclfextx"kg))| dxdtdk <o(f)e2/xfrA(T))E(1 +log|ixtx 'kg|)*E(xtx 'kg)dxdtdk,

with 6 =01,1, 4.

Note that the norm in G, satisfies V x, yeG, that

-1)-1
I

Ixyllxllty ™1™ =iy [ i1l

Thus log|xy|| + log|ly||= log|[x||.Of where

(1 +log|ixyl)(1 +logllyl}) > 1 + log]/x],
Thus the expression (III. 75), take the form

[l FrTagi(f))|dtdk <e2o(f) (1 + logligl)x . 1A Pa(1 + loglxtx 'kgl) @E(xtx kg)dxdtdk <

<eo(f)=(g)(1 + 10g||g|\)dfcaf o (1 +log|Ix)™=(x)dg,
Then & 25(f) (1 + log]lgl)r A c(1 + loglixtx ') E(xtx "kg)dxdtdk, but

E(xtx'kg) = E(xtx ") E(kg) = Z(xtx ") E(g),
then
£ 126(f) (1 + log]lgl)r At Ja(1 + loglxtx™'||) 4E(xtx'kg)dxdtdk =

= 5170 (f) (1 + 1oggl) /1AM Je(1 + loglixtx E(xtx ) E(g)lid,
Considering G N T, = Ge,,, (€ >0), and given that

dxdtdk = p(FTrag)y)dk,
V feC(G), and geG, then

&7126(f) (1 + log]gll) A Pla(1 + loglxtx ' [NZ(xtx ") Z(g)lkdx <

<e Vo(f)=(g)(1 + 10g||g\|)dfce,a (1 +log|lxtx”"[) 4E(x)dg,
Then

[ku(Frrapdk < (1 + log|lgl)'o(H=(g). =



32 Orbital Integrals on Reductive Lie Groups and Their Algebras, by Francisco Bulnes

Suppose that every subgroup of Cartan, p, is integral. Let b, be a subalgebra of Cartan of g,
and let H=exp(h). Let a(h)= a(h) , V aed(ac, hc), heb, (here X ,is the conjugate complex of

Xeanc, relative to ). Let @7, be a positive root system to ®(ac, bc), such that if ae®’, and
o #—o ,then aed”. Let

Y= {aed’| ax-a}, (I11. 77)

Let

Ay =h" TT @-h

aed"-%

[Ta-h=),

aeX

(IIL. 78)

Clearly Ay(h) =+ A(h), V heH. Indeed, for definition

A(hy=h? T @-h™),

aed”
vheH. Since (0" -X) UT = @7, then
A =h°| TT @=h,
aed”

which is equivalent to that

- H 1-h™), if aez,

H (1_h—cx) _ acd”
et +[]a-h"), if oaed -3,
aed”

Thus

Ay(y=hP( [T @-h")==h® [T 1-hP)=+A(h),

aed” aed”

Now well, if feC(G), then

F'(h)=Ay(h) | fghg™)dgH,
2. G/H

The measure on G/H, is elected like in the theorem III. 1, and the domain is the set of all the
heH, such that the integral converges absolutely.

We assume that H = Hr = TrAr, with (Pr, Af), a parabolic cuspidal canonical pair. Assume
that, like in theorem III. 1, we have
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Fi()=ay(h) [ f(amnhn™m ™k *)dkdmdn.
3. Kx® MxN

We define to heH, I'n(n) =h 'nhn™, V neNF.
Likewise, is had the following lemma:
Lemma III. 5.

1. T'n(Nr) c Nr.
2. If det((Ad(h™) —I)|«r) # 0, then I's, is a diffeomorphism of Nk, in NF.
In consequence, if f, is integrable on NF, then

Idet((Ad(h™) — Djwr) [[nef(hInhn1)dn = [xef(n)dn, (IIL. 79)

The demonstration of this result is essentially the same that the realized by corresponding to
the lemma IV. 2, that in the next chapter will be seen.

If feC(G), let £, as (III. 32)-(III. 34). We note that if heH, then
|det((Ad(h™) = D) | =[Mgez(1 —h™%)], (IIL. 80)

Then we can define the cusp forms:

Fiti(h) = Ceh®Am(h)fomt, nef(mhm~'n)dmdn = CrhPAm(h) o xof(nmhm')dmdn, (IIL 81)

Where Ay, is the “A”, for ®" N ®(mg, he). In the next chapter (III. 81) will appears again as
other version adequated to Lie algebras.






Chapter IV

Orbital Integrals on Reductive Lie Algebras

IV. 1. Orbital integrals on reductive Lie algebras
Lett” =t "T”, be where

T’ = {(XeT/|det(ad(X)l) = 0}, av.1)

We fix a system of positive roots ®*,in®(gc, tc). Let

n=Il,co.0, (IV.2)
Let
o= {o.e®d(ac, tc) | (ac)ecpe}, V. 3)
and let
Tn = Haequm.\(x, (IV 4)

If Het, then |det(ad(X)|s)| = |m(H)|%. Let T, be the subgroup of Cartan of G, corresponding to t.
Let

&(a) = {feC=(G) | ps () <O}, (IV. 5)

where

s, (f) = supxcd| X|['Z[0"/oXI(X)|< oo, (IV. 6)

where the topology of the space $(x), is the constructed by the semi-norms ps, t. Note that
the semi-norms gs 1, are continuous on the space ().

If fe$(w), and Het”, then we consider

®(H) = n(H)[cf(Ad(g)H)dg, av.7)

then ®TeC=(t").

To demonstrate this, we elect Hi, ..., Hr, a orthonormal base of t, and let ti, ..., t, be the
corresponding coordinates in the algebra t.

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
I NTE H Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted

open science | open minds use, distribution, and reproduction in any medium, provided the original work is properly cited.
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Then is necessary proving that:

Lemma IV. 1Exist a constant u, such that if I, is a rth-mult-index then exist a continuous
semi-norm pi, on &(g), such that

|6"/ox" dAH)| < [n(H)[pu(f). Iv.8)
V feS(n), Het”.

Proof. If peS(ac), let p”, be the image of isomorphism

S(ac) — Stc), (Iv.9)
with rule of correspondence
p =P, (IV. 10)
let the space
I= {p”[pesS(ac)y, (IV.11)

Then by the theorem of the isomorphism of Harish-Chandra exist p~eS(ac), such that
P~ = ple, whose linear isomorphism V pjeS(ac)S, is defined by

P i= Ressqcro(pj), (Iv.12)

withj=1, 2, ..., d. Then S(tc), is invariant under the module class I, that is to say, is a finitely
generated module as I-module. Then V pjeS(ac), then

S(tc) = Zilpj, (Iv.13)
withj=1,2, ..., d. We consider pjeS(tc),j=1, 2, ..., d, such that (IV. 13). Be

t' = {Het| n(H) = 0}. (IV. 14)

Be Het’ and be W = Ur(H), the open neighborhood of H, int'. Be U= Ad(G)W. If feS(x),
then

g(X) =of(Ad(g)X)dg, (IV. 15)
Then geC=(U).

We consider Ye Ad(G)W = U, then we define

g(AdX)Y) = [cfAd(x)(Ad(X)Y))dx = [cE(Ad(x)Y)dx = g(Y) , (IV. 16)
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since Y = Ad(x)Y, V xeG. Then g(Ad(x)Y) =g(Y), V YeU. From theorem III. 1, we have that
peS(ac)C,

pglw=mp nglw, (Iv.17)

This implies that
P ®A(H) = Dpr(H), (IV. 18)
V feS(g), and Het'. In effect, <):
yi1(H) = (D) pf(Ad(g)H)dg
- a(H))ern pRE(Ad(g)H)dg
- n(th]cp(Ad(g)H)dg
- pi=(E)]c(Ad () H)dg} = pori(H),
v Het, and feS(G). =):
p0ii(H) = p{n(H)|cf(Ad(3)H)dg)
- a(H))er pRE(Ad(g)H)dg
- n(th]cplf(Ad(g)H)dg

== n(H)I cpf(Ad(g)H)dg = Op"(H),
V Het, and fe$(G). If we consider as partial derivative of multi-index order, the product of
the canonical components of the field Het’, we have
Hib, ..., Hei = /0t = Zuip;, (IV. 19)
V ujeS(ac)C. Then V pjeS(tc),

PP (H)| < clmn(H)[pi(f), (V. 20)
with pj, a continuous semi-norm on £(g), and 15, depends only on the degree of pj. Realizing
an adequate election of pj, we can to replace 1, for r, the maximum of the rj. Thus

[P (H)| < c|ma(H)| 2 pi(f), (Iv.21)
V Het'. Thus

37
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|8"/ot' dAH)| < clrn(H)[Zp(usf). (IV. 22)

Vv Het'. Since both sides of the previous inequality are continuous on t”, then is followed
(Iv.8). =

If U, is an open of t, then we define to the space
S(U) = {feC=(U) |, » s(f) = supxv] X[ Z /0" /0t F(X) < e}, (IV.21)
Said space is a Frechet space.

Theorem IV. 1(Theorem of Harish-Chandra). If fe$(g), then ®eS(t”). Furthermore, the
map f |[>®, from S(w), to S(t"’) is continuous.

Proof. Let C, the convex component of t”, that is to say, the space

C = {Het”|m(H) = det(ad(H)})}, (IV. 22)

If Heit, then a(H)eR, Vae®, ® = ®(ac,tc). Thus, if aedy, then ia. > 0, or ia <0, on the space

C. Then we can to define the rule of correspondence

ia,if a >0,
lale= (IV. 23)
—ia,if >0,
Thus
|TCn(H)‘ = | Hue®+ﬁ¢"0~ | cs< Hae(b"’md)" | a | C(H)/ (IV 24)

Vv Heit. Let xeCI(C), and we fix xoeC. Then

|ote(x + txo) = |ate(x) + tlo|c(xo) = tla|c(xo), (IV. 25)

if t>0. Let fe$(x). The previous result implies that if F = @, and if q = |®'N®n|, then

IPF(x + txo)| < t pp(f), (V. 26)

V t>0, and peS(t). ppis a continuous semi-normon £(x). In effect,

6"/6t' (B < a0 pu(),
But
‘am/atl CDf(F)‘ < |d/dt pF(X + tX0)| < |TEn(X)|7“HP(f)r (IV 27)
v xeCl(C). Then
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IpF(x + tx0)| < |mn(x)| pu(f) < t Uapp(f), (Iv.28)
vV xeCl(C), or [pF(x + txo)| < tvapp(f), V q =[O NDn|.

Now, to the kth-derivative we have that

d*/dtk pF(x + txo) = (x0)* pF(x + txo), (IV. 29)

Vv xeCl(C), where is necessary have always all the time that:

S(t) = {pieS(ac) | p = Zilp;}, (V. 30)

where I = {p”] peS(ac)¢}. S(t), is identified with the space of differential operators of
constants coefficients on the algebra t. This means that if u(t) = pF(x + txo), then

u®(t) = (xo)*pF(x + txo) (Iv.31)
of where the value of the kth-derivative of u(t), comes bounded as
[u®(t)] < t I (£) [n(Xx0)| Y, (Iv.32)
Schollium: Let ueC=([0, 1]), be and suppose that

[u®(t)| < t max, (IV.33)
to0<t<1l,andrankk=0,1,2,.... Then

fu(t) < C(ao+ ... + am+1), (IV. 34)

to 0 <t < 1. Here C, depends only on m. Indeed, we assume that m > 1. If m > 1, then we
write to u®(t), as:

u®(t) = Jo! uk(s)ds — [ uk(s)ds =u®(1) — Jit ukd(s)ds, (IV. 35)
Having that
[u®(t)| < — [t maradt + folt ma_kadt+ ax, (IV. 36)
Then
[u®(t)] € akat ™ *1/(m — 1)+ a_kn + a, (IV. 37)

Vv 0 <t <1, where we have that

UM < 2™ (awa + ax), (IV. 38)

V 0 <t<1. Then using (*), we have

(MO < 2771 £ @K+ ... + akm), (V. 39)
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vV 0<t<1. Applying (**), to the case k =1, we find that

()] < 2mlog(1/t)(art .. +am), (V. 40)
=uM(1)= [12m 7T i@+ ..+ aem)dt,  (k=1),

to0<t<1.

If we integrate both members of the before inequality, we obtain the estimation that affirms
the lemma to u® = u. In effect, only we consider the integral

u© = Jot ud(t)dt = fot 2 log(1/t)(a1 + ... + am1)dt, (IV. 41)
and we arrive to that
[uO(t)|= [u(t)|< C(ao+ ...+ ams).
Now, the conclusion of the schollium with the identity
(**) p @' (H) = Op"(H),
V fe$(x) and Het’, will implies that if XeC, then

IPDI(X)| < E [rtn(x0)[ S ts-0 pogion (), (V. 42)

with E, a independent constant of f. Seeing that if p(X) = —B(X, X), then p(X) = [X|]> V Xet,
which implies that

DTpi(X) = [ X|*DeT(X), (IV. 43)
Then due to that the integral IGf(Ad(g)Y)dg, converges absolutely V Yet”, and feC”(w) (that
defines a smooth function, g(Y) V get”), we have that the image ®TeS(t”"). Then the map
S(m)->S(t"),

is continuous. =
Now we study the orbital integrals to other subalgebras of Cartan.

Let (Po, Ao), be a minimal p-pair to G. Let b, be a subalgebra of Cartan of g. Then by the
proposition that says that if H, is a Cartan subgroup of G, then there exists a standard
cuspidal p-pair [Nolan Wallach], which implies that exist a canonical cuspidal p-pair (Pr,
Ar), and xeG?, such that

b =Ad(x)b, (IV. 44)

Let H and Hr, be the corresponding subgroups of Cartan of G corresponding to the algebras
b, and br.
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For definition of Subalgebra of Cartan

br= tr@ar, (IV. 45)

where tr, is maximum Abelian in m N T.
Let T¥, be the subgroup of Cartan of "M, corresponding to tr. Then is easy to see that

Hr = TrAr= xHx, (IV. 46)
V xeGO. Indeed, we consider the space
OMr= {meMr| Ad(m) =1, v AdeEnd(Ms)}, (IV. 47)
and let Tr c®MF, be the corresponding subgroup of Cartan of "Mk, defined explicitly
Tr= {me®™r | Adm)}y = I}, (IV. 48)
and such that Tr, = exp(te), with tr= hr T. Then V me®™F, and xe G0,

Ad(m)px =Adh)x=hx=xh=x,

since that furthermore °MF, is Abelian. Then xh = x, V xeG?, which is similar to

xhx7! = 1y,

since that furthermore tre= brn @, and Hy, is the subgroup of Cartan of H. Then V heH and
xeGY,

xHx" = Hr,
Then by the corresponding exp(tu) = Tr, and exp(te®ar) = TeAr = Hr = exp(br), Vtr= brn T, we
have finally
Hr=TrAr = xHx ™,
vV xeGo.

On Hr, we have the invariant measure dtrdar, where dtr, is the normalized invariant
measure on Tr, and dar, is the corresponding Lebesgue measure to an ortonormal base of ar.
Easy is to see that this measure is independent of the elections done in their definition.

We fix an invariant measure of G, and we have the quotient measure dgH on G/H. Let

" ={aed(gc, bc) | Rea >0}, (IV. 49)

with 7 =114+ 0. Be ®r*=Re(®"). Let
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I = {heh| a(h)#0, Yacd}, (IV. 50)

If hely’, then we define the correspondence

g(h) = sgn(I 1ot a(h)), (IV. 51)

If fe$(x), we can to define the operator on Iy,

®H(h) = g(h) n(h)onf(Ad(g)h)d(gH), (V. 52)

with the domain of ®¢, equal to the set of all the hely, to which the integral converge
absolutely.

Note that ®#, depends on the election of @', but only in sign. If in ®(gac, (hr),), we elect like
space of positive roots to the set

{ao AdX)" | acdh, (IV. 53)
then

®H(h) = d(Ad(x)h), (IV. 54)

v xeG. Indeed, .o Ad(X)"' = a, Yae®"if only if, o = Ad(x)a, Yaed’, since Ad(x)h = h, V¥
x€G. Then

DH(h) = DAIIAJ(x)h) = D(Ad(x)h),

V xeG, since Ad(x)heHr, V xeG. We can consider the particular case when H = Hr, to these
integral formulas.

We consider on G/Ar, the corresponding quotient measure to our election of invariant
measures on Ar. Then is clear that

®iti(h) = (h) m(h)oat(Ad(g)h)d(gAr), (IV. 55)

Now well, the lemma A. 1, implies that the invariant measures on K, °Mr and Nr, can be
normalized such that

®H(h) = e(h) n(h)Jx v ~F(Ad (knm)h)dkdmdn, (V. 56)

Let heb. If neNr, then we define the map

Tw: Nr— Ad(NE)b\ b, (V. 57)

with rule of correspondence

n |>Ad(n)h - b, (V. 58)
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If neNF, then n =expX, V Xenr. If we develop the exponential series to

Ad(n) = exdX, (IV. 59)
Then Ty(n)en.
Indeed, considering that
nr = {Xen|(@@dX -)v =0, V veF and keZ+}, (IV. 60)
and
Ad(n) =exp(adX) =3 (1/k!)(adX)", (IV. 61)
k=0
Then

T,(n) =Ad(n)h-h =k§0(1/k!)(adx-1)kh = Eo(l/k!)(adXh-Ih)k =Y-0T,(n),

V neNr. But (adXh —Ih)k = (adX —I)*h = 0, then Tik(n) = 0, V keZ*. Thus Ta(n)enr. An
obvious evaluation give

(dTh)a (X) = Ad()[X, h], (V. 62)

In effect, for one side

dTn(n)X = d(Ad()h)X = (dAd(n)X - X)h = [(@dX — X)h]s,

For other side

Ad()[X, h] =[Ad(n)X, Ad(n)h] = Ad(n)(Xh — hX) = Ad(n)Xh — Ad(n)hX,
But Ad(n)X =X, V neN¥r, and Xenr. Then

Ad(n)Xh — Ad(n)hX = Ad(n)Xh — Xh = (Ad(n)X — X)h = dTn(n)(X),
Thus (IV. 62), is verified V neNg, and Xene. This implies that

1. If det(ad(h)) # 0 then T, is regular everywhere.
Note: (adX)(h) = dTn(X) # 0, then T, is regular everywhere.

Lemma IV. 2. If det(ad(h)]») # O then Th, is a diffeomorphism of N, in n, such that

det(ad(h)w)nF(Ad(m)h — h)dn = [wf(X)dX, (IV. 63)

to f, a rapidly decreasing function on n.
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If we demonstrate that Th, is a diffeomorphism of N, in ng, then the integration formula can
follows of the formula

®(h) = e(h) n(h)oni(Ad(g)h)d(gNE), (V. 64)

to the differential of Tn. Let hoear, be such that a(ho) > 0, Voe®(Pr, Ar). Let at = exp(tho), be
then Tn(ama:) = Ad(ay)Tn(n). Since Th, is in particular, regular in Inr, exist an open
neighborhood U, of 0 = 1., in n¢, such that Tn, of Uy, in Uy, is a diffeomorphism.

In effect,
Tn(atna_t) = Ad(ama_t)h
= Ad(a))Ad(n)Ad(at)
= Ad(ar))Ad(a_t)Ad(n)h
= Ad(a)Ta(n),
Then
UoAd(ar)Uo= 1, (IV. 65)

of which the equi-variance Tn(ama_t) = Ad(ar)Ta(n), implies that Th, is suprajective, since

UkoAd(at)Uo= Th(ama_t) = s,

Now only is necessary to demonstrate the injectivity of Th. To it, suppose that Ta(n1) = Ta(nz).
Let t, be such that ama_teUs, Vj=1, 2. Then

Th(amia_t) = Ad(ar) Tn(n1) = Ad(ar) Th(nz) =Th(ameza_t),

Thus amia_= amza_t. Thus n1 = n2. Then Th, is injective. Then T, is bijective. Thus Ty, is a
diffeomorphism of NF, in ne.

Now we elect @, such that if ae®”, and if al= 0, then al.e®(Pr, Ar). Let I, be the set of all
the ae®’, whose restriction to ar, is not vanishing, to know;

3 = {aed| afr# 0}, (IV. 66)
If he), then |det(adh|w)| = TTyesa(h)| = g(h) [T, so(h).

This combined with the lemma IV. 2., implies that

2. ®f(h) = Cre(h) ﬂaeza(h)JK «MxNf(Ad(k)Ad(m)(h + X)) dk dm dn,
If f is a soft function on g, then
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£(X) = [« f(Ad(K)X) dk, (IV. 67)

Since Ad("M), preserve dX, on nr, we have with the notation upward that:

3. ®#(h) = Cll o+ z(X(h)_[OM A (Ad(m)(h + X)) dm dX,
If feS(w), and Q = Pr, then to Zeng,

4. fOZ) = (Z +X) dX,
If fe®(n), and if heb, then we write h=h_+n,, V h_ear, and h:tetr, then

uw(Z) =u(f, h.-)(Z) = Q(h_tz), (IV. 68)

YV Ze%r, of where is demonstrated that

®#H(h) = CrduT(hs), (IV. 69)

Then the evaluations in (1), (2), (3), (4), and (5), imply the following theorem of Harish-
Chandra:

Theorem IV. 2.

1. The integral that defines ®¢, fe $(x), converges absolutely to hely’.

2. Leth” ={hebja(h) # 0, Vae®rn}. If feS(q), then @, is extended to be a smooth
function on b”.

The theorem IV. 1., is followed of the behalf formulas.

If Xegq, then

det(adX - tI) = X tDj(X), (IV. 70)

with dim g = n. Let D = D«(X), with dim b = r. Then from theorem of Harish-Chandra
(theorem 1V. 2), is followed:

Corollary IV. 1.|D|'?, is locally integrable on g.

Proof. Let the integral formula of Weyl on g,

Ja100ax = Zclimmplonfad@mdcrdn v.71)
In the sense of that the right side converges if the left side that does. By appendix A,
ID()=mi(h)P, ¥ heb.

Let feC*«(w), be non-negative. Then by the theorem IV. 2., ®:eS(lj), Vj=1, 2, ..., r. Thus
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ECJ 1| Di(h)|dh = ECJ n'|7tj(h)|,[ omif(Ad(g)h)dgH;dh;
= 2 vimylJonim(h)D(Ad(R)h)2f(Ad(g)h)dgH dhy
- 2¢vimyeloniDAd(g)h) 2 Ad(g)h)dgH dhy

= ,[ o DOX)[2E(X)dX.



Chapter V

Integral Transforms on Lie Groups and Lie
Algebras

V. 1. Harish-Chandra function

Harish-Chandra construct a spherical function, that have the finality of shape an estimation
criteria to the rapidly decreasing of the nr—modules V-, and the bound of the matrix
coefficients under the asymptotic behavior that they apply. Such criteria come established
under the range of definition of the function Z, of Harish-Chandra.

Let V a admissible (g, K)-modules. Let

V™= {ueV*|Ky, generates a subspace of finite dimension of V*}, (V.1.1)
V7, is also an admissible (g, K)-module. Give a characterization of vector space of the
admissible (g, K)-module V™.

Lemma V. 1.1. Let W, a (g, K)-module. Suppose that exist a complex bilinear map

b:VxW—>C, (V.1.2)
such that
1. b(X, v, w)=-b(v, X, w), b(kv, kw) =b(v, w) V veV, weW, Xeg and keK.
2. Ifb(v, w)=0, then v =0, and if b(V, W) =0, then w =0. Then W, is a (g, K)-isomorphic
module with V™.
Proof. The idea is demonstrate that exist a g, K-invariant between the subspaces W, and V~,
of the homomorphism spaces Homy, k(V, W) and Homs, x(V*, V7). We define
T: Homg, x(V, W) =>Homg, x(V*, V7), (V.1.3)
whose rule of explicit correspondence V weW, is T(w)(v) = b(v, w). Then, in principle T, is a
belonging homomorphism to the space Homs, x(W, V7). Indeed, consider to the composition
T=ToT, (V.1.4)
where T~ e Homs, x(V, W), and T" e Homg, x(V*, V7). Since T~, and T”, are homomorphism, these
satisfies that T°(V) ¢ W, and T"(V*) ¢ V™. Then

T(W)=To T"(W) c V", (V.15)
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Since b(v, w) # 0, V veV, weW, if and only if kerT = {0}, if and only if T, is injective. Let
yeK?”, and V(y), be their corresponding representation in the (g, K)-module V. We define to
v* = V7(y), such that V TeHoms, x(W, V), T(V(y)) € W(y*). But by the non-degenerate of b,

given that V # 0, and the K-invariance of b,

dim V(y) = dim (W(y*)), (V. 1.6)
then T(V(y)) = W(y*). Thus T, is suprajective.

Then TeHoms, x(W, V), is a (g, K)-isomorphism of W,a V™. =

Let P = "MAN, be the minimal parabolic subgroup of G, with G, real and reductive. Let
(m,, »H"°) = IndrS(c,), be with 6,, the representation of P, given for

o,(man) = a""’o(m), (V.1.7)

VvV me’M,, ac€A, and neN, p, pe(ac)*. Let o7, be the dual representation of c.
Lemma V. 1.2. (H" °)x~ = (H*™ ")x.
Proof. Let fe(H" )k, and ge(H°™ )k, be then we realize

<f, g>= J<tio, g(k)> dk, (V.1.8)

We can verify the properties of the bilinear form as inner product in the (g, K)-module W
(exercise).

Indeed, V Xeg, and considering to o, a linear conjugate isomorphism, to know;

c.(f)(g) =<t &>, (V.1.9)

that is to say, the isomorphism such that

(H*)x= o(Hx) = (Hx)", (V. 1.10)

we have then that,
o,(f)(g) = <Xuf, g>
= .[ k<Xuf(k), g(k)> dk
= I k<f(k), —Xpg(k)> dk
=- I k<f(k), Xpg(k)> dk

=—<f, Xug>=0.,(g)(f) = o"u(f)(g),
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For other side (V. 1.9), is non-degenerate, since o,(Hk)(g) = <Hx, g>=0, if g =0, and ¢, (f)(g)
=<f, Hk>=0, if f= 0. Thus o,, is a isomorphism between the spaces (H" °)x~, and (H*™ ™")k.

We define a functional Z,. Consider pe(ac)*, keK and geG. Then the functional Z,, that
through of the representation ,(g), is realized in the class space (H")x(y) = CI, come defined
as:

Eu(g) = <mu(g)1, 1>, (V.1.11)

where is clear that

m(g)1,) =<mn (g1, 1,>= L( a(kg)"*? dk,

V geG, where 1,(g) = a(g)""", and 1,(g) = 1, V geG, keK. We call & = Zo. Then we define the
function E, of Harish-Chandra as follows:

Def. V. 1.1. Let ge°MAN. We define to the function Z(a), like a solution to the integral
equation

J kf(nak)a(k)""? dk = f(n)f(a), (V.1.12)
V n, ac"MAN, where explicitly whose function have a range defined by

Ca (1 + logllal|9)=E(a)> a™", (V.1.13)
Theorem V. 1.1. Exists positive constants C, and d > 0, such that

a ’<E(a)<Ca”(1 +log|la||%), (V.1.14)
Vv aeCl(AY).

Proof. Let (n, H), be denoted by (mo, H%), under the functional <, >, on Hx= (Hx)". To this only
is required remember that we define the functional isomorphism
o: Hxx Hxk— (Hk)", (V.1.15)

with rule of correspondence

(v, w) I>o(v)w =<v, w>, (V.1.16)

V v, weHk. Likewise, by the lemma V. 1. 2, extending said product to all the compact
subgroup K, it goes over to that o(Hx) = (Hx”)" = (Hk). Thus Hx= (Hk)~, under the functional

o()()=<,>

Let 1o, be the identity of the class space Hx”(yo) = CL. Let loe Hx™(y0). Then
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2(g) = <n(g)1o, 10>, (V.1.17)

Let V, be a (g, K)-submodule of Hk, generated by 1o, that is to say

V = Zn(K) 1o, (V. 1.18)
Then under <, >, V" =V. Indeed,

E(g) = <n(g)lo, 1o>= | k<m(g)1o(k), To(k)> dk

= JK<10(k), n(g)lo(k)> dk

=<1o, n(g)1o>,
Thus Z(g)[V] =V = V™. Suppose that p + p, is a weight of a, on V/nV, that is to say, (V/nV),.,,

is a generalized eigenspace Yy, pe(ac)*, and such that
D, peucr(V/V),,, = V/nV, (V. 1.19)

Let 6, be a "M-type of the weight space (V/nV),,, = (H**"?) = H,", with a, acting for (u + p)I.
Then exist an element non-null in Homs, x(V, (H")x). The reciprocity theorem of Frobenius
implies that o, can be of type M. Then this implies that Z,= Zo. Then, due to that of the class
space (Hx")(yo) = CI, we can deduce directly of the isotopic class yo, that

Yo(U()¥) = U(a)¥, (V. 1.20)

with W =W(g, a), if and only if E,=Es,, V seW, and pe(ac)*. In particular, if Z,= Zo, then p =
s=0,VseW(G, A). Thus p =0, where Av=p —p =—p.

Then
E(a)<Ca™V(1 + log]la[4)< Ca™(1 + log]lal|4), (V.1.21)

Now we demonstrate the inferior inequality. By the formula

Eu(a) = a““’_[ Na(n)™*Pa(a™na)**"dn, (V.1.22)

then
H(a) = apjma(g)pa(a’lga)pdg, (V.1.23)
Realizing the variable change described by the correspondence

n|—ana’l, (V.1.24)

we have
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E(a) = a’pJ. va(ana'a(n) ')’a(n)**dn, (V. 1.25)

Knowing that in G is defined a norm ||...||, exists p, Be(ac)*, with u(Hj) >0, V j, and Ci1, C2> 0,
(constants), such that

Cia* < ||a|| <C2a®, (V. 1.26)

V aeCl(A*). Of this inequality is deduced immediately the inferior inequality. ®

Now we will demonstrate as Harish-Chandra has used the before result to prove the
convergence of two important integrals.

Theorem V. 1.2. Let deR*. If £ > 0, and if FcAo, then

a"’j nra(n)’(1 — p(loga(n))) 4 dn<oo, (V.1.27)

that is to say, said integral is convergent to a invariant measure on Nk.

Proof. Consider heCl(a*), and at = expth. Then the theorem V. 1. 1., implies that exist a
positive constant such that

(a)’E(a)) < C(1 + t)d, (V.1.28)

but by the theorem V. 1. 1., and the theorem D. 1., (Apendix D), is had that

E(a)< (a)’E(ay)= a"’J. ~a(n)Pa(amar )°dn, (V.1.29)
We elect a heCl(a*), such that

a(h)=0,YaeF, (V. 1.30)
a(h)=1,YaeA,-F,
then mr = Cg(h). Indeed, for other side
Cg(h) = {hea|]Ad(g)h=h, V geG}, (V.1.31)
Then V geG and hea,
M= {geGJAd|=1}, (V.1.32)
But M = exp(mc) then
m = {healAd(g)h =h, if and only if [h, g] =0}, (V.1.33)

Then mr= ar [g, a], of where

mr= {hea’|Ad(g)h=h, V geG}, (V. 1.34)
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Thus mr= Cg(h).

Let *ar = mr Nnr. Then nr= *mr ®nr. Due to a lemma on the normalization of all invariant
measure on the subgroup *NF, such that

J‘MFf(*ﬂF)2an= 1, (V.1.35)

By properties that are deduced of the normalization, can normalize the invariant measure
on NF, such that if feCc(N), then

Juf(g)dg= “NE,NFf(*1EnE) d*ned*ng, (V. 1.36)

of which we affirm is that

(ayP=E(ar) = INF a(n)’a(amar 1)°dn, (V.1.37)

Indeed, denoting by J(t), the right side of (V. 1. 37), we have that if at xa_t=x, V xe*NF, and
xeNa(x)k(x), is had that the transformation of (V. 1. 29), using (V. 1. 36), we give

J) = j nFNFa(IE)Pa(k(*ur)nr)Pa(k (*rir)amar 1)Pd*nrd *nr, (V. 1.38)

Indeed, we do resource of that analytic expression of the function of Harish-Chandra

E(a) = a"’j Na(n)*(a(ana)a(n))°dn, (V.1.39)

which is a simple consequence of change of variable contemplated in (V. 1. 24), and
effectuated in the function (V. 1. 23). If af*nra = *nr, V *nre*Nr, and *nreNra(*nr)k(*nr),
then

(a)°=(a) = [na@(a(@na Ha@) 1ydn
= ,[ *MFXMFa(a(a*gFQFa'l)a(*nm)'l)"a(*mm)z" d*nrdnr

= ,[ NENFa(*nene) Pa(a*nenra ) a(*neng)? d*nedne,

But k(*nr) = nF, since if *nre Nra(*nr)k(*nr), and k(*Nr) < K¢, then

nr = nra(*nr)k(*nr), (V. 1.40)

then
(a)P=(ar) = J(v),

= _[ nFNFa(*nF)Pa(k(*nr)nF)Pa(k(nr)ama_t)® d*nrdnr,
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having that a(kama_t) = a(atknk'a_t), V keKg, teR, and neNFr. In K¢, compact dknek™ = dnr,
on NF, V keKF, then
Jt) = j NF.NFa(*nF)2a(nr)Pa(amat)? d*nrdnr,
where the _[ ~ra(*nF)d*nF = 1, which will implies the integral expression of (a)’Z(ar). In
particular (V. 1.37), implies that
_[ nra(nrF)Pa(amra_t)® dnrd*nr< C(1 + )4, (V.1.41)
IfF=(¢), thentoany t >0,
a(ama_t) 2 = ||o(atna_t) 'vol|, (V.1.42)
is the polynomial in a subspace W cAq, to Xenr. Developing ||c(amea_t) 'vol?,
llo(ama_e) ol = [[vo + Spoe (o () o) <
<1+ [le(o(nr) o)l
=1+ eta(ne) <
< (1+ e la) ™),
where it has been demonstrated that

a(amra_t) > (1 +eta(ne) 2°) 12, (V. 1.43)

V t >0, and neeNFr. If r > 0, then we define (NF): = {neN¥| a(n) > r}. By a lemma on bounden
subgroups of a real reductive group, is had that (NF)r, is a bounded subgroup to any r > 0.
For which said subgroup is compact V r >0. In (V. 1. 43), we take t =-2log r, V 0 <r <1. Then
(V. 1. 41), implies that if ne(NF):, then

a(amra_t) 227172,

For which is necessary find that

C(1+t)y ZI(MF)r a(n)a(amra_t)” dn> 2’1/2_[(MF)r a(n)’dn, (V.1.44)

which implies

I apra(n)’dn< C'(1 - 2log 1)d, (V.1.45)

Now we have rp=exp(-2°), V p=0, 1, ..., with the notation of (*X), is had that

oo a(n)’dn< C'(1 + 27+1)d < C(1/2)p4, (V. 1.46)
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If ne(NF)ra— (NF)r, then rp> a(n)"> rp+1. For which, on this same inequality we have
1+2r<(1-p(log a(n)) <1 +2pr, (V.1.47)

This implies that if € > 0, then

FR—— a(n)’(1 — p(log a(n)) ¥ *dn< C'(1 + 2°) ¢*2pd< C(1/2)pd< Cm2 %, (V. 1.48)

If we add on p >0, then

.[ o - o a(n)’(1 — p(log a(n)) 4 *dn< Cm22 % <oo,

This implies that

s a1 - plog a(m) +dn<e,
with (NF);, compact. ®
Theorem V.1.3.If r >0, and if q>d +r, then

s ay=x(a)(1 + ploglme() (1 - plog a(w) sdn<cs, (V. 1.49)

Proof. To prove such affirmation, first is necessary to prove that exist a constant C > 0, such
that

1+ logme()||< C(1 + logln| plog aw)), (V. 1.50)
VneNF.
We assume:
i. gl = llo(g)ll, with (o, F), a representation of finite dimension of G, and ||o(g)||, a

Hilbertian norm of o(g), relative to <, >, of F, such that

o(g)* =o(0(g))",

ii. We elect a base {uj}c F, such that the block of the representation of M, let be a diagonal
block:

and the elements of Nr, conform the block of the superior triangular form:
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L. *
Y PO
0 .......... I ;.
then
lo(n)o(n)*|| = llo(nr(n)o(mr(n))c(mr(n))*o(ar(n))*o(nr(n))*|,
where

[o(mr(n))o(mr(n))*o(ar(n)y|</ls(n)s (@),
which implies that
llo(me(n))o(me(n))*|<(lo(ar@m))({nl? (V. 1.51)

If we apply the referent lemmas to the properties of boundess of a subgroup of a real
reductive group, the consideration of the logarithm of the last inequality must be put yet, we
have (V. 1. 50), VneNF.

Now well, this last inequality, to the light of the properties of invariant integration on

subgroups of a real reductive group, implies that is sufficient to demonstrate that the
following integral is finite, V q > d + 1, that is to say;

J) = JuFa(n)pFEF(Q)(l - p(loga(n))r~ 9dn<oo, (V. 1.52)

V q > d +r. But for definition of the function =k, actually, the function Z, to °Mr, we have that
said integral take the form

Jt) = _[ Ma(n)"FjKFa(kmF(g))p dk(1 - p(loga(n)):~9dn, (V.1.53)
If keKr, and neNF, then

kn = knme(n)ar(n)kr(n) = knk 'kmr(n)k 'ar(n)kkr(n), (V. 1.54)

with neNe. Thus kme(n) = nr(knk™), and ar(kn) = ar(n). This will implies that
3() = Jxe. calknk ) ame(knk ))(1 - p(loga(n))dndk
= j Nk, kra(n) (1 — p(loga(knk ™)) "adndk <

<Jsra()"(1 - plloga(m)sdndk <,
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which is obvious by the theorem that establishes the existence of positive constant to
continuous semi-norm (appendix C), in the study of asymptotic behavior of the matrix
coefficients.®

V. 2. Twistor transform to ladder representations

Let P*, and PP*, be open orbits of SU(2, 2), on M = Gr2(C*#), and IP = CIP3 = IP(C*), respectively.
The dual projective twistor space is P* = P((C*)*). The sheaves of holomorphic functions and
of holomorphic 3-forms (that is to say, belonging to space A3(S?))), are denoted by O, and 3,
respectively.

The Penrose transform to this case result completely natural and, in particular this
isomorphism with cohomology result be SU(2, 2)-equivariant.

Is clear that twistor description of this representation is one of the most clear than the
version of Maxwell fields to effects of induction of G-modules. The action of SU(2, 2), is
automatic. Now well, is natural question how the scalar product of the Hermitian form
arises in this twistor correspondence.

Indeed, motivated by the classical construction is well acquaintance that this can be feasible
by an integral intertwining operator. The cohomology H!(|P*, ©3), (where[P ¥, represent the
closure of the open orbit P *) give an ascent directly to fields on P *, considering that the
description “potential module gauge”, of the same fields finds their interpretation on the
dual twistor space like H'(|P *7, O).

Note that [P *|, is simply connect (contractible really), and have base neighborhood of Stain
such that the original description of field and the description “potential modulo gauge”,
meet.

Thus, the integral intertwining operator, which establish the crucial ingredient in the
classical construction is interpreted in the twistor description like a integral intertwining
twistor operator, being this the twistor transform

T HY(JPY, %) — HI(P*, O), (V. 2.1)

Considering this operator is easy describe the scalar product in a path in the which is
necessary the SU(2, 2)-invariance. If TeH!(P*|, O), then CeH(|P"|, O), and to obtain the
invariance under conformal transforms of such product, is necessary the multi-linear pairing
of G-modules H'(|P*|, ©%), and H'(P 7|, O),given by

HI(P*|, @%) ® HI(JP |, ©) - C. (V.2.2)
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Such pairing can be obtained taking representatives forms o, on|P *|,of type (3, 1), and t, on
[P |,of type (0, 1), and integrating the 5-form o —t, onP’. This is equivalent in the language
of the homomorphism to

HI(P+|, ©%) ® HY(P|, ©) — H(PY, Q%) — H3(P, Q%) >C, (V. 2.3)

and by duality in twistor theory, can be deduced the scalar product wanted. Thus VF,
GeH!(|p, &%), we define

<F, G>=F.1G, (V.2.4)

As exercise, consulting [Eastwood and Ginsberg, 1981, 177-196], is possible demonstrate the
coincidence of this twistor construction with the classical construction on the massless fields.

The twistor construction has much advantage on the classical construction, being of major
relevance the possibility of to be generalized to an ambit of spaces of major dimension, or of
structures that are defined under topologies more weakly. Many important representations
of reductive Lie groups occurring naturally as a cohomology on a homogeneous space, such
is the case, for example, of some induced representations on generalized orbital spaces. In
this point, one can have the possibility of to know these representations are unitarizables. To
this goal, result useful the work with cohomology, eluding of this manage arguments of the
space-time that can hinder the study of the unitarization of the representations.

Nevertheless, we have not that lose of view that we want obtain G-modules that can be
classified like £-modules with the goal of obtain all the unitary representations of the
integral operators that acts in the general solution of the Maxwell equations.

Thus want understand and generalize so much as be possible the twistor transform
T HY(JP*|, @%) — HI(P*|, O), like integral operator in electrodynamics of type intertwining
to the obtaining of solutions in the space-time modulo the Maxwell fields into of the context
of the unitary representations.

To can use the formulation of the twistor transform like a ensemble of classical intertwining
integral operators and give their corresponding representations is necessary to check that the
Hermitian form originated of the twistor transform let be symmetric. Finally one can verify
this on the L-types. This have been did by example to the ladder representations of SU(p, q).

Consider a vector complex space T, of dimension (N + 1), with Hermitian form ®, with
signature (p, q), p + q =N + 1. Consider by simplicity that 2 < p < q (if p =1 (or pair if p =0),
the general process is valid but the conclusions are subject to certain little modifications
[Eastwood, 1983]). Be G = SU(p, q), the subgroup of SL(N + 1, ¢) the which preserve ®. The
projective space PN(C), is sliced in, P*, P~y P under the action of G. Here
P*(respectively "), is the space of lines x T, such that ®|x, is positive (respectively
negative) defined.
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The space P%,sometimes denoted by PN, consists of those lines on which ®, is null. Thus P?,
is a real hyper-surface in PN(C). Note that P*, and P, are indicating open subsets like
complex manifolds. The fact of that these spaces are the unique open G-orbits do the
construction of the appearing simpler.

Let M, be the p-dimensional Grassmanian subspaces of T. These open and min(p, q) + 1,
G-orbits in M, corresponds to the possible ways in the which ®, can be reduced like a non-
degenerated form on a space of dimension p. We are interested in the orbit M*, on whose
points @ is reduced to be positive defined. Note that this orbit M, is a Stein manifold.

As it is demonstrated originally in [Eastwood, 1983] the composition of two Penrose
transforms establishes the isomorphism given by the twistor transform to SU(p, q), to know

T Hr (P, O(- n - p)) » HI(P*, O(n - p)), (V. 2.5)

The sheaf O(-k), correspond to the kth-power of the tautological bundle of lines on PN(C).
Thus when p = n =2, O(-4) = (%, this meet with the map (V. 2. 1). The demonstration of that
(V. 2.1), and (V. 2. 5), are isomorphisms. For example, when n>1, one demonstrate that
the left side is isomorphic to fields on M, satisfying the differential equations analogous to
the massless equations of helicity #/2, on the Minkowski space. Similarly, the right side is
naturally isomorphic to potentials module gauge to the same fields on M*". But M*, is the
same like in M*, in the isomorphism. Newly one can to extend the isomorphism to the
closures of P*, and P, given the theorem:

Theorem V. 2.1. Exist a map SU(p, q)-equivariant

T Hr !(|P*,0(= n— p))— Ha(P*], O(n— q)), (V.2.6)

which is isomorphism.

Proof. [10].

V. 3. Radon-Schmid transform to D-modules like induced
representations

We consider the Penrose transformation, [4] through of the correspondence

(V.3.1)
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where F = Fi, 2(V), is the manifold of flags of dimension one and two, associated to
4-dimensional complex vector space V. Be P = Fi(V), such that Fi(V) =p%(c), (complex lines
inc*), and be M = F2(V), such thatr(V) = G2, 4(C), (Grassmannian manifold of 2-dimensional
complex subspaces), with M =r* ®,C, where
M= {zec* | z=(z1, 22, 23, z4), V Zi=Xi +]yi, V Xi, JiER}, (V.3.2)
is the 4-dimensional complex compactified Minkowski space [4]. The projections of F, are
given for:
v(Li, L2) =L, (V.3.3)

and

(L1, L2) =L, (V.34)

where Lic Loc V, are complex subspaces of dimension one and two, respectively, defined a
element (L1, L2), of F, to know

F={(L1, L2)eVxV | Lic Lc V, v(L1, L2) = L1, n(L1, L2) = L2}, (V.3.5)

If M, is a compactified Minkowski space [4] then

{set of equations of massless fields}={dF = 0, dF*=j, W5 =0, Ri=0, Ri- giR =0, ...},

[UPVM] (V. 3.6)

that is to say, is required the spectral resolution of complex sheaves [17], of seated certain class
in the projective space P, to give solution to the field equations modulus a flat conformally

connection [10]

0%(h) —...— Oip(h) 5>0"14(h) —...— 0, (V.3.7)

Let P, be the Penrose transform [29] associated to the double fibration in (1), used to represent the
holomorphic solutions of the generalized wave equation [4],with parameter of helicity h [29]:

Ord=0, (V.3.8)

on some open subsets U cM, in terms of cohomological classes of bundles of lines [4], on
U = v(r'(U)) cP(P, is the super-projective space).

Is necessary to mention that these cohomological classes are the conformal classes that are wanted
determine to solve the phenomenology of the space-time to diverse interactions studied in gauge
theory [19], and can construct a general solution of the general cohomological problem of the
space-time.
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With major precision we sign that bundle of lines on IP, are given V keZ, by the kth-tensor
power Op(k), of the tautological bundle [19], (is the bundle that serve to explain in the
context of the bundles of lines on P, the general bundle of lines of M).

Let h(k) = —(1 + k/2), be V xeP, and letx = n(v'(x)). Then a result that establish the
equivalences on the cohomological classes of the bundle of lines on U, and the family of
solutions of the equations (V. 3. 8), (equations of the massless fields family on the
Minkowski space M, with helicity h) is the given by:

Theorem V. 3. 1.(with classic Penrose transform) Be U cM, an open subset such that U nx,
is connect and simply connect V xeU. Then V k < 0, the associated morphism to the twistor
correspondence (1); the which map a 1-form on U, to the integral to along of the fibers ofr, of
their inverse image forv, induce an isomorphism of cohomological classes:

H(U, 0:(k)) = ker(U, Ona), (V.3.9)

Part of the object of our research is centred in the extension of the space of equivalences of the
type (V. 3. 8), under a more general context given through of the language of the D-modules,
that is to say, we want extend our classification of differential operators of the field equations to the
context of the homogeneous bundle of lines and obtain a complete classification of all the
differential operators on the curved analogous of the Minkowski space of M. Thus our moduli
space will be those of the equivalences of the conformal classes given in (V. 3. 8), in the language
of the algebraic objects D-modules with coefficients in a coherent sheaf.

We consider a correspondence

X ¥, (V. 3.10)

where all the manifolds are analytic and complex, v, and =, are proper and (v, nt), induces a
closed embedding S C —> XxY [22]. Be ds= dim,S, with dsy = ds— dv.

We define the transform of a sheaf F on X, (more generally, of a object of the derived
category of sheaves) like

®sF = Ruv ' F[dsn], (V.3.11)
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and we define the transform of a Dx-module M, like ®sM = n.Dv'‘M, where m., and
v", denotes the direct and inverse images of =, andv, respectively, in the sense of the
D-modules! [22], and we consider also

®sG = Rvin'G[dsx], (V.3.12)
To a sheaf G, on Y. Then is had the formula

®sR Hompx(M, Ox) = R Hompy (DsM, Oy), (V.3.13)

of the which it is deduce the formula, to G, the sheaf on Y, (coherent sheaf):
RI(X; RHomo (M®®ds &, Ox)[dx] = RT(Y; RHomo: (0sM ® G, Ov)[dy], (V. 3. 14)

This define a categoric equivalence of the transformation (V. 3. 1), in the context of the right derived
D-modules, DP(IMRq(D")), because is necessary to give a equivalence with a sub-category of
the right D-modules that have support in Y, to of that form guarantee the inverse image of
P, and with it to obtain a image of closed range of the operator P, conformed their uniquely
[21, 22, 26].

Theorem of Kashiwara V. 3.2. Let i : Y @ X, be of the correspondence (V. 3. 10), a
closed immersion. Then the direct image functor i, is an equivalence of MRq(D'), with full
sub-category of MRq(D), consisting of modules with supportinY.

Proof: [46].

This equivalence preserves coherency and holonomicity [17, 19]. Then preserve conformability
in M[19].

Let's formulate in the language of the D-Modules and its sheaves, like was given in a
resolution (V. 3. 7); the correspondence between the space of coherent D-Modules and the
massless field equations space of the Penrose transform.

1 To define the images of direct functors to D-modules is necessary use derived categories. For it, is simpler defining them for
right D-modules. Let D’[MFq(D?)], be the derived category bounded for right quasi-coherent D*-modules of the form

Rv. (V) =Rv+(V ®%v Dy_x),
where Vis the characteristic manifold and R, is the right derived functor following:
R : M%(D") = Maqe(D).

Alsor:Y — X, and Dy_x= v¥(D) = Ov®,~l0xv_'D. Then Dv_,x, is a right v™'D- module to the right multiplication in the
second functor.
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But for it, is necessary to include a result that establishes the regularity in the analytical
sense of the Riemannian manifold, which shapes the space - time, and that allows the
application of the involutive distribution theorem on integral submanifolds as solutions of
the corresponding massless field equations on Gz, 4(C).

By the Kashiwara (theorem V. 3. 1), and some results of Oshima on involutive manifolds
[46], we can characterize certain spaces to the regularity of the images of 2, in D-modules.
These spaces are the induced representations that we want exhibite, such as Schmid
demonstrate it [47].

V. 4. Penrose transform to locally compact representations

The roll of the Borel sub-algebras and the corresponding Cartan subalgebras are equivalents
in different context, the first uses in complex analytic manifolds to characterize
the points of a coherent sheaf of differential operators of the corresponding flag manifolds
of a holomorphic complex bundle (bundle of Borel subalgebras), with cohomology group
of dimension cero (theorem of Borel-Weil). The global sections in this coherent sheaf
denotated for

(X, 0(1)) = HY(X, o())), (V. 4.1)

conform an irreducible G-module of finite dimension with maximal weight A, and Flag
manifolds X, (which is a projective manifold).

For other side, the Cartan subalgebras are the unique global constant sections of the
holomorphic complex bundle modulus their nilpotent radical bundle of Borel subalgebras,
which are points of a Lie algebra of the general linear group subjacent in the reductive Lie
group G. In others words the holomorphic bundle modulus a radical bundle result be a
trivial vector fibred bundle on X, and is a subbundle of the bundle of Borel subalgebras, thus
result natural to think that using certain structure more fine of the flag manifolds like for
example, the given for open orbits of flag manifold and the continuous homomorphism
between said open orbits can obtain an extension of the classification of the irreducible
representations that exist in the space HO(X, o(X)), and that under the association of
irreducible minimal K-types is obtained a class more wide of irreducible unitary
representations classified for the theory of Langlands.

One of the important theorems to the obtaining of induced representations (with canonical
P-pairs (P, A), with Levi decomposition P = MN = MAN, P = MN, and N = 6(N), (P = 6(P)),
like (m, Kwm)-subquotients of V/nV, is the theorem of Casselman, the which can be
generalized to quotients of the form
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Vo= Vn/((Vn)(*n)), (V 42)

on Frechet spaces. Then in the structure of (g, K)-module of V, there is a structure of (g, K)-
module of V, there is a structure of subquotient (mo, K m M)-module of Vwo, where in turn, it
there is an analytic structure (C*), of Frechet space of K-finite vectors such that V, is finitely
generated and admissible like (z, K)-module. Then exist a continuous homomorphism
between V, and the Langlands subrepresentation of data (P, o, v), belonging to space

Homa k(V, Ip, o ) %0, (V. 4.3)

Using a cohomology with respect to the representations of principal series we can
characterize an isomorphism between ‘M-modules like the obtained for the Casselman
subrepresentations? and given for the cohomology group

Hi(ne, E;) = @sEWP, 19)=j Esp+ ) - pr (V.44)

Where the weights s(p + L) — p, are all distinct and dominating. Given that s, changes in all
the range of WF, then the decomposition of H*(n, F,), like Mc-module, is of free multiplicity.

If we consider a nilpotent radical Lie algebra u, of a 8-stable parabolic subalgebra g, such
that also to a subalgebra

(= {Xeg|[X, H] =0}, (V. 4.5)
it is satisfy that
9=1®uy, (V.4.6)
with
=@, cr00 oim<0n?, 1= Byerv,0) oim>08%, (V.4.7)

is possible to built to a connect subgroup an u-cohomology of Dolbeault to the complex
context of the space of the generalized D-modules on g, whose class space G/Q, induce their
structures on the open Go-orbits D, then the generalized flag manifold given for Go/Lo, where
Lo, is the centralizator of a compact torus T, (the which is reductive and connect like compact
subgroup L), is the space of Borel subalgebras, which will include all the representations of

2 For the cohomology theorem of the principal series exist a representation of finite dimension L, of M, such that

H*(g, K; I ® Ls) = H*(m, K 0 M; H ® L) ®aa*.

with a variation grade of I(s). Then the first factor of M, have concentrate cohomology in the interval [qo("M), qo("M) +
1o("M)]. Ls, is a representation of a connect reductive group.
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elliptic type® in G, (the Casimir operator act for 0 on the (L, [)-module of finite dimension
Es(, 42 -p), and extensions of the fundamental series.

This can pre-write it intrinsically through of the sheaf of holomorphic functions o. Using the
u-specialization of the Dolbeault cohomology* and considering L a connect component of
the group G, corresponding to Lie algebra |, we can define the relative complex cohomology
of Lie algebras given to the particular case Lo, like the space Hom((A"u, C*(Go) ® V)L, always
with the defined differentials for

Af(Xy Aonx,) = 2 (DA X) G AX A A X ALK+
k _ (V. 4.8)
A (D)X XA X A Xy A A X A AX AL A X))

S
r<s

where Xkeu, k=1, ..., o, and feHom((n"u, C*(Go) ® V)) ey, is the action of u, on C*(Go) ® V,
through of the right translation r ®n. Extending this cohomology on all the component L
then is necessary consider a space of infinite dimension representation, which must use the
cohomological space of representations Hi(G/L, 0(E,)), to obtain the classification on the
opened L- orbit on the flag manifold of Borel subalgebras of [ = g7, and the corresponding
location through the Zuckerman functor Ai(G, L, g; ) of the fundamental series (recovery
the classic series or of Harish-Chandra) inside of the space of induced irreducible unitary
representations. Then from it, we can to propose a theorem using the d-cohomology of
Schmid and the possibility of generalize the D-modules on an extension of continuous
homomorphism between open orbits of a complex holomorphic bundle G/L — E,, and by
this way to give an u-implicit classification with the corresponding Langlands data for the
irreducible representations. Nevertheless the following problems arise: we can give a clear
definition of the topology of the Dolbeault complex for this case and the problem of closed
range of the operator d-cohomology with the same infinitesimal character also of a
vanishing theorem to the anti-dominating case. After we could give an analogous result to
the case of infinite dimension considering representations on measurable orbits of flag
manifolds.

Newly, considering the Casselman subrepresentations and let (o, H), be a differentiable
admissible Fréchet ‘M-module with infinitesimal character y, and let vea*c. Then the
induced representation (np, 5, I, 5 v), is the representation defined by the right translations
on the defined (g, K)-module as the space

3 All the canonical representations of L, whose character have support on an elliptic space in G. This subspace is a
fundamental series representation class. The elliptic set in G, is the union of the G-conjugated of T n G’, where H x A,
is a fundamental Cartan subgroup, T=H N G, and G, a regular set.

4 Def. V. 1. A u-specialization of the Dolbeault cohomology is the relative complex Lie algebras given for the space

A*(V) = Homro ~ xo(A*t, C*(Go) ® V)

where V is a complex g-module.
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Ir, 5, v = {feC*(G, H,)|f(mang) = a”* " 'o(m)f(g), V acA, geG, neN and meM}, (V. 4.9)

where using the Casselman notation

Ip, ., = IndrS(H, ® C,p, ), (V. 4.10)

Then by the cohomology theorem of the principal series [], is clear that VAeb*c, a dominate
weight and F,, a simple Ge-module with parameter A, some of the induced representations
of some tempered representations are the given by the cohomological space of dimension
qeN,

Hi(g, K; 1® F,) =0, (V.4.11)

vV qe[qo(®M) +1(s), qo(®M) +1(s) + lo("M) + dimA]. Then using the defined isomorphism by the
cohomology of the "M-modules (like the obtained by the Casselman subrepresentations
given in (5. 4. 4)) and their corresponding u-specialization we have the u-specialization given
by the space

Hi(u, F) = @SEWP/ 16)=j Esp12) - pr (V.4.12)

where F, is a irreducible g-module of finite dimension with maximum weight A, and
prescribed like [-module under this orthogonal composition. Then a possible generalization
of the induced representations for (V. 4. 12), (in the sense of classify representations more
fine inside of a global context ((x, K)-cohomology to the classification of a major class of fine
representations)) can be obtained using the Osborne lemma and the theorem of Casselman
subrepresentation given by the identification

U(u)FU(x)HU(u) = U(ac), (V.4.13)

where if j = n = dimu, then in particular is had that

Hr(u, F) =Aru* ® F/uF, (V. 4.14)

Now, the advantage of construct an extension of the space F, to the case of infinite
dimension like in (V. 4. 13), reduce the evaluations followed topass of the Vogan-Zuckerman
scheme to the D-modules scheme inside of the orbital context on all L. Also result clear
through of this extension the followed way to prove the theorem of (g, K)-cohomology
(Vogan-Zuckerman), through of the induction of the u-cohomology to all the reductive
algebra g. Likewise, if g = b, and considering the equivalence between the categories of U(x)-
modules with infinitesimal character with the category of the D-modules on the flag
manifolds of g, is possible deduce an analogous extension on the coherent sheaves space of
the form

UMm)F,Z(m)" U(b) = U(g), (V. 4.15)
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where F;, is the irreducible G-module of finite dimension belonging to an associative sheaf
D,, with maximum weight A.

As establish Vogan in the study of the unipotent representations and cohomological
induction of these representations, we can consider an irreducible unitary representation
class of homogeneous space G/L, with Levi subgroup L, and determine through of a
functorial process on (I, L n K)-modules of finite length, the induction to (g, L N K)-modules
of the form

We= Inde L ~kG/L, (V. 4.16)

and in all this process see the preservation of the Hermitian form of the Zuckerman functors
on Ws. But this method is an orbital version of the construct of representations through of
parabolic induction (which use n-cohomology to the obtaining of unitarizable irreducible
modules) considering hypothesis on the polarization g. Nevertheless, this restriction not
establish a criteria of classification to the very infinitesimal numbering characters that
appears and their relation with the co-adjunct nilpotent orbits, thus is necessary the
application of the minimal K-types of Salamanca-Vogan. This via can be the algebraic way
to the solution of the problem of classification of all the irreducible unitary representations.
Nevertheless only can get us partial solutions, stayed several aisled representations in this
big class of representations.

Is clear that when G, is non-compact and L, is compact the representations are the identified
by the Langlands conjecture, which was proved by Schmid. To L, non-compact the analytic
situation is no clear and to it, the via that is used is consider only the cocycles C*s(K/(K N L))
(Space of the (0, s)-forms where K/K N L, are the s-dimensional complex compact submanifolds of
G/L), of the space H* s(K/(K N L), C; ,25mw), that is an u-specialization of the cohomological
space of the Borel-Weil theorem, H* 9(G/L, V), and we determine the Penrose transform on
said cocycles. But the identification of irreducible unitary representations with 2,
appropriate result very difficult, since as is told above of this exposition is not result clear
that the co-boundary operator 9, on the images of the Dolbeault complexes under the
Penrose transform belonging to space P(H 3(K/(K N L), C; ., 25m)) be of closed range.



Chapter VI

Intertwinning Operators

VI. 1.

In the following exposition will establishes some consequent properties of the behavior of
the corresponding principal series to the temperate representation theory. Thus of it, will
studies some integral identities such that

Lim, ,.a""0<n(exp(thf, g)> = |e<f(n), g(1)>dn, vneN,

that will use to establish an important criteria to the Langlands classification of the
tempered (g, K)-modules belonging to the class L?(G), on a real reductive group G.

Consider F cAo, and let (Pr, Ar), be corresponding canonical parabolic pair. We fix to

(o, Hy), like a representation of Mk, such that satisfies the weak inequality. Let Nr = 6(NEg),
Ke=K n Mr, and we define explicitly to the root system

(P, Ar) = {oe®(P, A) | ofar =0}, (VL 1)

that is equivalent to say that the root system ®(Pr, Ar), denotes the root set of ar, on nr.
Lemma VI. 1. Let pe(ar)c*, such that Re(u, o) > 0, to any ae®(Pr, Ar).
1. If fe(H™Y),, and if we(H)x, then

_[ Nr|<f(n), w>|dn<oo, (VL. 2)

with major reason the map

f |—>,[ NF|<f(n), w>|dn, (VL 3)

is continuous on (H*#),.

2. If we(H,)x, is not null then exist feIrr, ; , such that_[ Nr[<f(n), w>|dn, is not null.
Proof. Consider neNF¥, then f(n) = f(nmr(n)ar(n)ke(n)). Then

fnmr()ar()kr(n) = ar(n)* Fo(mu(n)(k(n) = £(n),
Then
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Jai<te), woldn = Jarar(m) e lo(memf(ke(n), w>ldn,

But

<o(mr(n)f(kr(n)), w><B(f(kr(n))(1 + log|ime(n)|[) Zr(mr(n)),

then

ssi<te), wldn]se Bei(ke(n))arn)**(1 + loglims(n))Ss(me(n)dn,

with B, a continuous semi-norm on the space (H,)”, where has used the weak inequality. We
define y(f) = supkxB(f(k)). Now, by a lemma of asymptotic boundess (consult [Bulnes, F,
2002]), we have

ar(n)Re**? < Cq(1 — p(logar(n)) 9, V q>0, (VL. 4)
Then
B(f(ke(n)ar(n)ar(n)***(1 + log|mr(n)|) Er(me(n)) <
< Coy(f)ar(n)Er(mr(n))(1 - plogar(n)) ¢,
V q>0. Then given that
J NF Cqy(f)ar(n)Er(me(n))(1 — plogar(n)) dn<eo,

Then with major reason IMF|<f(g), w>|dn<cew. Then stay demonstrated (1). To demonstrate that
the map defined by the correspondences

f |—>J. nr<f(n), w>|dn,

is continuous on the space (H""), is only necessary see that J.up|<f(g),

w>|dn£_[ N B(f(ke(n))ar(n)*P(1 + log||mr(n)||)*Zr(me(n))dn, where

f(n) = ar(n)" " Fo(mr(n))f(k(n)),

that is to say, the topology of f(n), is the induced for the semi-norms o(me(n)), on °Mr, in the
decomposition of Langlands "MAN.

In particular, all p-canonical pair has an infinitesimal equivalent to (o, (H*")”) induced to a
representation on (H™")... Then the induced topology is the semi-norms topology in (H*"),..
Thus the map given by (VI. 3), is continuous.
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We consider now a partition of the unity in Nr, that is to say, a family of functions
{Hi}icic Ce(NF), such that

1, if neNg
= — VI
H(n) {O, i oneN, (VL.5)

V H(n) e C<(NF). Since

f(nman) = a"*"Po(m)H(n)w = <c(m)H(n), w>, (VL 6)

VneNr, me™r, acAr, and neNr, and due to that the topology with such partition of the
unity is equivalent to the induced for the semi-norms in (H*"),, since f(nman) = <o(m)H(n),
w>, is continuous in the same sense that

f(nmr(n)ar(n)kr(n)) = ar(n)"*o(mr(n))f(k(n)),
in HPE ¥ (that is to say, f(n) = f(nmr(n)ar(n)ke(n)), YneNE), then fe(H>*),, and
JMF|<f(Q), w>|dn = <w, w>> 0,
Being I, ; , dense in (H™"),, then V feler  , IMF|<f(Q), w>|dn, is not null. =

Lemma VI. 2. Let felrr, ; ,, be then there is a subspace of finite dimension V(f), of (H,)x, such
that

[ne<i(a), wodn =0,

V we(Hg)x, orthogonal to V(f).

Proof. Let we(H)x. If keKGg, then
J nr<f(n), w>dn = J nr<o(k)f(k~'nk), w>dn = I ne<o(k)f(n), w>dn

= ,[ ne<f(n), G(k’l)W>dQ

where has been used the invariance of dn, on Nr, under conjugation for k. Let
S= {'Y}YEKA, (VL. 7)

and we consider

V(f) = Zﬁesf Selyl = KAHG(S)/ (VI 8)

since S, is finite VyeS, then
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dimH,(8)f <o, V feV(f), (VL. 9)

then dim V(f) <co. Then since

I ne<f(n), w>dn = <V(f), w>,
v fe(H>")”. Then

,[ ne<f(n), w>dn =0
If and only if (Hg)% L V(f), with (H;)’x= {w} c(Ho)x. ®

Now well, since

.[ nr<f(n), w>dn = <V(f), w>,

Then exist a map

BEE, 5, 2 IrF, 6,y = (Ho)x, (VL. 10)

whose correspondence rule is

£ 1> Brr, o, ()W = | Nr<f(n), w>dn, (VL 11)

Since V keKr, and VneNF,
BeE, o, W(f(mk))w = Brr, o (o(K)f(k'nk))w
= Brr, 6, W(c(l)f(n))w

= BrE, o, W(f)o(k )w, ¥ we(H)k,

Then Brr, 5, is an invariant homomorphism under the conjugation of Kr. Being the ("M, K)-
modules I, ; , and (H)x, Ke- modules, the homomorphism Brr, 5 ,,, is @ homomorphism of
Kr-modules.

Lemma VI. 3.Let Brr, 5 (15, Irr, ) = 0. Let ark, 5, be the corresponding linear map

OPF, 5, .0 IPF, o /NEIPE, o, — (Ho)k, (VL. 12)

whose rule of correspondence is

f > oarr, o (jw = I ni<f(n), w>dn,

then arr, 5 ,, e Homwr, k(IpF, o \/0FIPE, 5\, (Ho)k).
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Proof. Indeed, consider felrr, ; ,, and let Xenr. If we(H)x, then we can designate

yo(f) = Jnr<i(n), wdn,

Since yw, is a defined functional in Irf, ; ,, and this is a dense space in (H™"),, are the induced
by the same numerable space of semi-norms, then yw, is a continuous functional. Then V
Xeng,

yw(XE) = d/dt yw(rto, (exp(tX)f) | 1=0=0, (VL. 13)
Which is true for the right invariance of dn, on NF¥, (then Brr, 5 (0¥, Irr, 5 ) = 0). If XemE, then

for the invariance under the conjugation of elements °MF, is had that:

yw(XE) = d/dt yw(ms, (exp(tX)f)|c-0= (d/dt)f ne<f(nexp(tX)), w>dn| -0
=(d/ dt),[ ne<o(exp(tX))f(exp(—tX))nexp(tX)), w>dn -0

= (d/dt),[ Ne<o(exp(tX))f(n), w>dn,

where the last equation is followed of the invariance of the measure dn, on Nr, under
conjugation by elements of M. Since there is a subspace of finite dimension such that V
we(H)x, {w}, is orthogonal to said subspace of Ir¥, ; ,, then Brr, o (15, Irk, 5 ) = 0, and is %me-
invariant, that is to say,

BPE, o, u(XF) = XBrE o, (), V Xelmr, (V1. 14)

If hear, then is necessary consider in the Kr- homomorphism Brr, 5 ,, the following Nr-
measure

d(ana™) =a"dn, (VL 15)

and find that under conjugation of K, satisfies that
BPF/ o, p(hf) = (H - pF)(h)BPF, o, p(f) € (Hc, n- pr)Kr

Thus arr, 5, e Homwr, k(Irs, o /15IPE, 5\, (Hg)x). ®

The lemma VI. 3., jointly with the lemma on the fast decreasing of a temperate irreducible
representation of G, of integrable square (Conference Vol. 1 temperate (g, K)-modules [28])
implies that exist a homomorphism of (g, K)-modules

JPE o, i IPE 6 —> IPE o VI. 16)

whose rule of correspondence is

f > ark g W(f) =jrE o W(£)(1), (VL. 17)
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and since Ir, 5 , is a (g, “M)-module non-vanishing then jrr, ; ,, is non-vanishing by the lemma
on fast decreasing of a temperate irreducible representation belonging to the space L*G). This
last will be an important question in the after applications of the representation theory.

Theorem VI. 1. Maintaining the previous affirmations, let fe(H*"),, and gelr,; .. Let hear,
be such that a(h) >0, Vae®(Ps, Ar), then
lime,+.et® ™ Mh<n(exp(th))f, g>= _[ ne<f(n), g(1)>dn, (VL. 18)

where 7t = 7eF, 5 |,

Proof. For one side g, is K-finite and by the lemma on the finitely generated [5, 28, 40], the
generated by g(K), is of finite dimension. Since fe(H*"),, then f(g)e(H,)*, Vv geG. Consider
at=exp(th), V hear, then

<n(exp(th))f, g> = <n(exp(ay)f, g>= _[ k<f(kar), g(k)>dk, VkeK (VL. 19)
But, since the measure on G (K-invariant) can be normalized then by the theory of

integration on parabolic pairs [Wallach] is had that

J k<f(kat), g(k)>dk = _[ nrar(n)?<f(k(n)ar), g(k(n))>dn,

V k(n)aieKr, k(n)eK, and neNr. Now well, n = nmr(n)ar(n)ke(n) VneNr. Consider
kr(n) eNr(mr(n)ar(n))'n. This circumstance will imply to the measure dg that:

<n(exp(a))f, g> = |xrar(n)?ar(n) " *<c(mx(n))'f(nay), g(k(n))>dn
= I nrar(ama-)?ar(ama-) P H<o(me(n)) 'f(ama-), g(k(n))>dn
= I nra® “Har(n)P <o (mr(n)) 'f(ama-), g(k(n))>dn

=af"’ “j nrar(n)” M<o(me(n)) 'f(ama-), g(k(n))>dn,

where has been considered that

a® T HE(ar) = J‘NFaF(Q)"’“a(a@a-t)”dg (VL. 20)

where a(ama-t)” = o(me(n)) 'f(ama-t), VneNk. Then

<n(exp(th))f, g>= a® " *Jxrar(n)” *<o(me(n)) f(n), g(k(ana))>dn, (V1. 21)

If is possible to exchange the limit for the integral, the result will follows trivially. For this
goal, we consider a measurable subset E, of N, to know;
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I(E) = _[ rar(ama-)’ "<c(mr(ama-)) ' f(n), g(k(ama-))>dn, (VL. 22)

that is to say, we will elect a measurable subset E, of N, whose integral is defined under said
rule of correspondence and under the normalization of their measure.

By this way, one can to demonstrate that exist an integrable function u, on N¥, such that

I(E) SIEu(Q)dg v 0, (VL. 23)

In this way, the justification of the interchange of the limit for the integral is a mere
consequence of the Vitali theorem. Likewise, the rule of transformation of f implies that

I(E) = J rar(ama-)” "ar(n)” *<c(mr(ama-)) 'mr(n)f(n), g(k(ama-))>dn
where

ar(ama-)” ar(n)”* ko (me(ama-)) 'me(n)f(n), g(k(ama-))>| <

< ar(ama)” R“Ze(me(ama-)) ' me(n)ar(n)” k(1 + log | me(n) | )d,

Thus the expression of the limit followed of the integral I«(E), result be finite and bounded
by the integral (VI. 23). Then analyzing the expression of the function Zr, evaluated
inmr(ama-))'mr(n) €°M, is applied the property to this case, following:

SF (x*ly)=JKFa(kx)pa(ky)pdk, v x, ye'™s, (I)
signing
(X y) = J kra(kx ly)dk = J ke a(k(kx)x'y)a(kx)2Pdk

= I kra(ky)a(kx)’dk, V x, ye'MF,
where kx = n(kx)a(kx)k(kx). Then
_[ kra(ky)Pa(kx)’dk = _[ ~rF a(k(n)x)’a(k(n)y)a(n)**dn,
The previous orbital integral imply to the inequality It(E) SI eu(n)dn, V t>0, that
I(E) SJ. £, NFar(ama-t)® Refa(*nmr(n))Pv(n)Par(n)” Rt dndn*,
with v(n) = (1 +log | me(n) | ). Now, considering a(me(g))ar(g) = a(g), and

*nmr(ama-t) = mr(a*ma-t),
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then

L(E) <l awanama )P ®#a(*an) () dndnt,
But due to the K-invariance of the measure dg, normalized in N, then
Ji.sva(nama y veta(nn) ey () dndn*
=i, -vra(k(*n)ama-)” Re*a(k(*n)n)” R*v(n)a(*n)**dndn*
= I £, nra(ak(*n)nk(*n)a-)* *a(k(*n)nk(*n)) )" Retv(n)a(*n)**dn*dn
= J&. ~ra(n)Pa(ana 9P *eta(n)P v 1 + log | ms(n) | yidn*dn,

= _[ ra(ama-t)" Refa(n)**ReH(1 + log I me(n) I )ddn,

Let 0 <e< 1, be, such that (Reu—¢pr, o)> 0, Vae®Pr, Ar). Then the kernel
a(ama-t)" Refa(n)**Re!, takes the form

a(ama-t)" Refa(n) Rt = a(ama-t)” *Fa(ama-) ~(ReM ~ #PRa(n)Re* ™ #PFa(n)P*PF< a(n)P ¥, [5, 28],
Considering the appendix C, is natural suppose that to any q > 0, there is Cq> 0 such that

a(n)”*P*<Cqa(n)’(1 - log | a(m) | )9, (VL. 24)

Considering to u(n) = a(n)”"***(1 + log Inl )4, is had that u, is integrable on N, and then V E
measurable subset of N, one satisfies that (VL. 23). Therefore the integral (VL. 19) exist, and
since the limit exist then the Haar measure on N, is reduced to the integral

1= IMF<f(1’1), g(1)>dn, VneNr. =



Chapter ViI

Some Examples of Orbital Integrals into
Representation Theory on Field Theory
and Integral Geometry

VII. 1.

The development of orbital integrals into of the mathematical physics, conclave to use of
integral representations that are realizations of certain unitary representations of Lie groups
such as U(n), SU(2), SU(n), SU(2, 2), SU(p, q),and U(p, q), and that helps to obtain general
solutions of partial differential equations in context of an algebra, like for example a
quaternion algebra. In the case of establish equivalences through of a moduli space that can
be descript by algebraic relations among geometrical identities, as the of quaternion
analysis, carry us to establish a structural equivalence among the spaces R*=C?, that which
conclave to the re-definition in a context of hyper-complex analysis of vector objects in R*.
Other example that we find in the integrals of the integral geometry is the given to Gz, 4(C),
through of the space P3(C), which establish a twistor geometry.

But the relations of isomorphism in vector homogeneous bundles are similar to the follows
in integral developmental operator cohomology in vector tomography. Now, the
intertwining integral operators among cohomological classes of both context (respective
cycles), result be equivalent in context of bundles of lines (with equivalent cocycles). Then
some conjectures that can be possible of prove to the light of some integral operators that
establish this isomorphism is:

Conjecture VII. 1.“The Penrose transform is a vector Radon transform on sections of
homogeneous vector bundles in M’, being M, a complex Riemannian manifold.

And considering a reconstruct of a Riemannian manifold through of cycles, we can consider
the following conjecture.

Conjecture VII. 2. “The twistor transform is the generalization of the Radon transform n
Bundles of lines and the Penrose transform is a specialization of the twistor transform in 5*”

Of fact, the twistor transform can determines by the pair of Penrose transform on the G-
orbits P*, y IP7, [32, 33]. This is analogue to determine the Fourier transform in R, like the
combination of the Radon transform with the unidimensional Fourier transform calculated
these also on Euclidean G-orbits[32, 33, 37], (hyperplanes and hyperlines).

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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In a more general sense, the vector bundles to the that it is does allusion are the seated in
homogeneous spaces G/L, with homogeneous subspaces G°/Q, where persist a complex
holomorphic manifold with Q-orbits (parabolic orbits), of G/L, which have a Haar induced
measure in every close submanifold given for the flags of the corresponding holomorphic
vector G-bundles, and whose orbital integrals are evaluated on said orbits obtaining
applicable invariants to all the homogeneous space in question, G/L. This process called of
orbitalization of the homogeneous space G%/L, is the base in major part in the inclusion of
homogeneous spaces obtained for reduction of G¢/L, through their holonomy.

Likewise, calculating the orbital integrals on the corresponding orbits to the reductive
homogeneous spaces obtained by reduction of G%/L, that is to say; on the subjacent orbits in
each one of the components of the sequence of inclusions [39]:

K-orbits (Flags)
m
F %KC/N c G/L = G/K « G/H © M Case Non-Euclidean

G-structure | (VIL 1)

A

Representations more fine

« |

We obtain a constant operator in the applications of a homogeneous space in other, given by
the complex integral operator on cohomological classes H(D, O(A)), where D, is the set of
certain positive lines in P, and whose image is the group of cohomology Hs(G/H, vx). vu
represent the corresponding homogeneous bundle on the orbit M, and s, is the complex
dimension of M. The lines in P, is identified in every case like the corresponding
trajectories in M, to know,

Quantum Orbital Integrals (on microscopic trajectories)

b

Kc/Nc G/L=G/Kc G/HcM «— ray of light

!

Chords: Orbital integrals on strings  Relativistic Orbital Integrals
(on Macroscopic Trajectories)

(VIL 2)

Of this way, a singularity in the G-structure of a differentiable manifold M, is a zero in the
Dr-structure of M. This is precisely one of the developmental aspects by Penrose in their
twistor theory through of the integral geometry to the manipulation of the infinites. D, is
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the space of lines in P, whose image under certain integral transform is the space of points
Pr*, (the dual projective space to P”), and whose dual natural pairing of homogeneous
coordinates is vanished in the context of the complex bundle of lines on L.

The spaces H¥(G/H, vx), result be fine representations, of G/L, through of the bundle of flags
corresponding to complex holomorphic G-bundle seated in G/L. The realizations of these
unitary representations are the orbital integrals on the flags that are the K-orbits of the
corresponding vector G-bundle. If we consider the corresponding Lie algebras to whose
homogeneous spaces, in the frame of homogeneous space G/P, the representation spaces can
be obtained and classified in the via of the L?-cohomologia, on parabolic orbits and through
the corresponding orbital integrals.

This is precisely used in unitary representations, that is to say; the use of representations of
G, (a complex Lie group), constructed on spaces of holomorphic sections of vector bundles
and generalizations. The problem that here arises is the validation and verify of the
Hermitian forms calculated through of the diverse integral realizations with the
corresponding representations electing the differentiable and adequate minimal globalization. To
it, we must use a general version of complex cohomology called topological cohomology of
Dolbeaultthat is a Serre generalization, of the Dolbeault cohomology. The intertwining
integrals in this case include 5zégo operators and others operators on quotients of Langlands.

A particular applied case to the context of the compact groups, and thus of the L?-cohomology
more simple (a subquotient of the L2-cohomology on G/L), is that the holomorphic vector G-
bundle of G/L =M, is isomorphic to vector bundle of G/K, with L = Zc(T), with T, a maximal
torus of G. The integral operators in this case results be Fourier transforms in the context of the
complex holomorphic bundles. The lines in this case, result be the circles S, in C".

The obtaining of an analytic function of a space to other, is realized of agree to the integral
cohomology, (n — 1 — q)-0-cohomology H"' 4(C"/D, V), where D, is a linearly concave
domain in C". Likewise for example, if we consider the space c?, the integral operator that
obtain a harmonic function in R*, through of to calculate functions of C*(C%),on lines S!in
C?, comes given for

d(w, X, y, 2) = .[ sLE((w +x) + (y +iz)G, (y —iz) + (W - x)¢, §) dG, (VIL 3)

which have their geometrical re-interpretation like a Radon transform on lines of a flag
manifold F = {L|L cR#}, [27, 31, 33]

R: CH(C3) —» C(RY), (VIL 4)

with rule of correspondence

ip, 4 O |>Je 1 p, ) de, (VIL 5)

which is an integral on a line of C?, of the bundle of lines seated in F[10, 27].
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Which is the behavior of these integrals on a complex Riemannian manifold?

Why is the special behavior of these integrals on a complex Riemannian manifold? Is
possible establish criteria to the study of certain geometrical properties (such as curvature or
torsion) of a complex Riemannian manifold M, based in integrability on a holomorphic
complex bundle in a manifold through of their differentiable projections? Such criteria raise
certain class of integrals calculated in sections of holomorphic bundle of M, in an analogous
cohomology to the given by the space H" ' 9(C"/D, V)?

Is feasible in this sense to obtain a generalization of cohomology on G-invariant orbits,
belonging to holomorphic bundles seated in reductive homogeneous spaces of such form
that are obtained integrals of generalized functional to the geometrical observables of the
space M, and their orbits? Will establish this cohomology some theory of integration on
certain complex spaces, parallel to the obtained by the integral cohomology on
homogeneous bundles evaluating integrals in a direct and global via on the vector flux that
conform them and define them?

The answer to first question save, clear this, the securing of harmonic functions ¢, (it which
no always is possible through of this path) is positive to the case of analytic functions and
have that see with the structure a lo mas Hermitiana of M, that can be establish constructing
a fibration of M .

Then the resulting integrals are calculated on orbits of sections of the bundle TJ(M), the
which is usually inherit the G-structure of J(M), the which in turn have the G-structure of M.

To the second question, is feasible to obtain such criteria by means of the use of tomography
where the construction of the generalized functional required in the determination of
geometrical invariants such as the curvature, requires the use of the Hermitian G-structure
of the corresponding closed submanifolds used to the determination of the observable of the
space in question. If we consider m = 1, and the Radon transform of the Dolbeault
cohomology on functions feD(M), (that is to say, with coefficients in a sheaf of functions in
D(M)) then we can to induce anything commutative algebraic diagram of a vector bundle
TD’(M), in a commutative algebraic diagram to a complex bundle TD’(M ®ycC). The

determination for example, of the curvature to this case is not trivial, and to it is required the
use of certain compact components of a reductive homogeneous space whose orbital classes
are holomorphic equivariant embeddings in the image of the endomorphism ], of the
Hermitian structure of M. This it bears to the nullity of the anti-symmetric part of the tensor
of curvature Wi, (tensor de Weyl®), which is included with help of the Frobenius theorem,
since we consider the real analytic distributions of the bundle TJ(M). This establish a
condition of integrability (VIL. 1), that is a subtle pronouncement on the existence of a
general integral to the equations of curvature of the Riemannian tensor to M, and that only
depends of the Hermitian structure of the manifold M. Of this form all the differential
geometry it could find their solution in an integral geometry, whose invariants could be

5 tensor of Riemann = tensor of Ricci + tensor of Weyl. The tensor of Weyl represent the anti-symmetrical part of the
tensor of curvature
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fundament in Hermitian structures of a big collection of complex holomorphic manifolds. In
this part result subtle the pronouncement of hypercomplex analysis on the fact of that
hyperholomorphicity of several complex variables permits complex analyticity and real
complex Riemannian manifolds, at least complex and to more Hermitians.

Some concrete examples we have in the identification of H, withC? which induce an
application of complex lines that can be quaternionized. Indeed, be H = {x = xo+ ix1 + jx2 +
kx| xmeR}, the algebra of the quaternions. The elements xeH, are explained of unique way
as

X =21 +iz, (VIL. 6)

considering the correspondences or equations of transformations

z1=X1+1X2, 2Z2=X3+ixs, (VIL. 7)

which permit identify to H, with C2. Also we can identify to H, with c% considering the
space E=C4, that is to say; considering the map

E-Hz, (VIL 8)
with rule of correspondence
z | (wo, wi) = (20 +jz1, z2 +jz3), (VIL. 9)
that induce the application
P3(C) ->P(H?), (VIL. 10)

that is to say, the corresponding quaternionic projective space of P3(C), is P(H?). This space
also is identified in twistor geometry like the corresponding twistor space of H. Of this
manage, the application (VIL. 10), define a bundle with fiber P(C).

Thus exist a projection n : P¥(C) — S%, (the sphere of dimension four (which is a Riemannian
manifold)), whose fibers are the real lines of P3(C), that conforms the set of parameters of
these straight lines in S Observing that P(H?), have a recovering by charts each one is
diffeomorphic to R% that is that P(H?)=S* Then considering open orbits in S% and the
homogeneous holomorphic bundle of lines O(k),on P3C), we have that the cohomological
class Hi(n™'(x), O(-2)) VxeS*, define a homogeneous bundle of lines on S*. Then the subjacent
orbital integrals in S* in the integral operator defined on this cohomology it is becomes in
integrals of line on sections of the complex holomorphic bundle of lines £, with cohomology
H'(P(H?), £), subjacent in the Penrose integral transform. The Hermitian structure in the
corresponding manifold is invariant under these transformations, Where this the
tomography? The tomography is realized on sections of the complex holomorphic bundle of
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lines of S% through of the lines of P3(C). Is a form of re-write the vector Radon transform. If
we consider the double fibration

F
ne Sy (VIL 11)
PYC) Gy iC)
AV )
S-l
The vector Radon transform that can be re-written be on the lines of S% as the integral
operator
R(u,L)= _[Lcs4u ods, (VIL 12)

finds their expression considering the flag manifold F, given by the space {(L, P) ILcp
c(C*}, with the X-ray/John integral

8P) = Jupdiot, (VIL 13)

This integral comes of the application of the X-ray transform on lines of the projective
bundle of lines in P3(C), followed of the John transform. These integrals correspond to the
orbital integrals of the Penrose transform that recovers harmonic functions of an open of S*
Then in this sense, the cohomology H(n'(x), O(-2)), not result very distinct of the
cohomology H"™" a(C"/D, V), save the fact of that the Hermitian structure deduced of the
structure at least complex of M, results a relevant characteristic to the re-interpretation of
the Radon integrals in complex holomorphic bundles of the manifold M. In this part is
suggested the response to third question.

The fourth question is a difficult problem of decode and describe, and is a problem that can
be resolve with help of the solution to the problem of the irreducible unitary representations
in Lie groups to the space G/L, since is necessary the construction of a adequate
correspondence between invariant bilinear forms and unitary representations of an analytic
cohomology to some cases of finite dimension non-covered through this analysis.

In this sense, is necessary develop a way to modify the Dolbeault cohomology to produce
minimal globalizations in major grade that the maximal globalizations calculated by Wong
to the case of finite dimension. This establishes a relation of duality between the maximal
globalizations calculated through of the Dolbeault cohomology and the minimal calculated
for certain cohomology to define. How can identify the dual topological space of a
cohomological space of Dolbeault on the non-compact complex manifold?

To respect results of great useful the holomorphic G-invariant vector bundle and their
corresponding bundles of lines associated to the (1, 0)-forms on vector topological spaces.
Then is obtained a version of the Dolbeault cohomology called topological cohomology of



Chapter VIl - Some Examples of Orbital Integrals Into Representation Theory on Field Theory ...

Dolbeault and we construct representations of real reductive Lie groups G, beginning with
the measurable complex flag manifold X = G/L, and using G-equivariant holomorphic
bundle of lines on X, (conservation of the G-structure in submanifolds of X).

The hypercomplex analysis results useful only in the description of the unitary
representations through of their realization and integral descriptions. The techniques of
quaternions used describe some fields of some Lie algebras that are relevant and suggest the
extension of those techniques to all the Lie algebras even of infinite dimension (Kac-Moody
algebras, for example). Nevertheless, How it might be solved the problem of G-invariance
on cycles and co-cycles of a complex Riemannian manifold of such lucky that it is not see
affected the G-invariance of Hermitian structure to the symmetrical and non-symmetrical
part of a complex Riemannian manifold, and be possible of be applying the methods of the
hypercomplex analysis? Is possible establish a L?-cohomology of integral operators based
exclusively in the subjacent Hermitian structure of a complex manifold or at least complex?

To this last question, we consider the realization of holomorphic sections of certain
homogeneous holomorphic bundles on M?*, through an integral operator belonging to an
integral L2-cohomology. Consider the representation on L?-holomorphic4-forms, where L2is
defined with respect to invariant inner product

<0,k = )t 0 Ak (VIL 14)

seated in M, is the Flag bundle in C*given by3. The pre-image of M*, under the natural
projection is 3%, meaning that the Hermitian form have the indicated signatures (+, ++, ++—
y ++—), when has been restricted to each part of the flag. This is one of six orbits of SU(2, 2),
on 3. Like is well knower, each orbit correspond to a different type of discrete series. This
correspondence is realized making the cohomology of the appropriate bundle of lines on the
several orbits. This process is analogous to discussed with anteriority to exhibit the
equivalences of cohomological spaces on fibered in 5% and P3(C), but now is to the spaces M,
and 3. Then to the orbit 37, we note that the discrete series are H>(3+, Q°) =I'(M*, Q%). In
this part result relevant the contribution of the generalized conform structure implicit on G,
where maximal submanifolds of G, are horo-spheres, that is to say, bi-lateral components of
maximal nilpotent subgroups. The transformation of a function to their integrals on horo-
spheres play an important role in representation theory, such as is mentioned in this
example. Their inversion is essential in the derivation of the Plancherel formula. Then, Is
possible that SU(2, 2), can be represented on al.2-cohomology based in integral operators on
each one of their orbits? The answer is positive, and is possible through the twistor
transform that is a SU(2, 2)-equivariant isomorphism, to know

T:-H (3™, Q) > H(3 -3, 0), (VIL 15)

In the best of the cases, we could find an integral transform to each one of their orbits and
for this way to find the complete discrete series. The true is that such isomorphism it is
given in the level of minimal K-types of the representations [48].
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This situation explain the importance of the G-structure of the manifold M, in the role on the
determination of properties and invariants that can be appreciated on their orbits when this
are K-invariants. But this can be studied for the via of the complex geometry of the vector G-
bundles and the orbitalization of the reductive homogeneous spaces that are obtained in the
process of reduction of G/H, which is not more than a consequence of the reduction of the
group of holonomy of M.

We consider a K-invariant connection of reductive homogeneous space G/Go, corresponding
to a Stein manifold Mb, subjacent to the complex Riemannian manifold M, (that is to say, we
consider a close and compact orbit of M). Then Go=K.

To it, we consider the cohomology of De Rham of the exterior subalgebras A(V),andA
(V¥), of the vector bundle E — M, and we construct the K-invariant connection on the vector
bundle P — M, (the vector G-bundle) that be an affine connection of M(2). For orbitalization

GD S GPS G/Gy, Go=K, (VIL 16)

we have that can to built a smooth embedding in J(M), of flag submanifolds ¥, being Go-
orbits (is to say, K-orbits) in J(M). But this always is possible for the reduction of the
holonomy group of M, and that M, be a connect and inner locally symmetric complex
Riemannian manifold, that is to say, that the tensor of Nijenhuis satisfies on the
corresponding sub-bundle J(M), of M, that RM(j) = 0. This establishes the conditions of
integrability to the symmetric part. Thus our sub-bundle have integrable structure and as
the space considered is a manifold at least complex, one can to find complex submanifolds
of J(M), to which the K-orbits are flag manifolds of the G-structure of M. From the point of
view very particular of one study of the integral curvature [16, 17], this allow us to affirm
that the contribution to the curvature on K-orbits only succeed in symmetric spaces (null
Weyl tensor and null Ricci tensor), since the unique integrable complex submanifolds that
can be realized like K-orbits in symmetric inner simply connect M, and of compact type are
the flags G-orbits. In effect, for the arguments given to the second question, we observe that
the use of the structure at least complex of the holomorphic bundle TJ(M), to the
determination of fundamental 2-forms that evaluated in certain spaces result nulls, is a
sufficient criteria to the integrability in M.

This condition establishes a criteria of integrability of the equations of curvature on the
Riemannian manifold at least complex M. The class is of integrals that determine the
functional that resolves the curvature equations belonging to integral operators L?-
cohomologyon submanifolds of M.

This geometrically is re-interpreted: the component of flat space in a Riemannian manifold
at least complex result be the component with structure at least Hermitian, and given the
local structure of Hilbert space that is subjacent in all Riemannian manifold, which can
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extend it to all the distributions, and in particular to the horizontal of the bundle TJ(M),
result by the Frobenius theorem, that the corresponding curvature tensor to the structure at
least complex I, given by TJ(M) is vanished in said component, and not only that, also the
Hermitian forms of the local structure of Hilbert space induces a symmetrical structure, and
then in all component of flat space of M, are satisfied these conditions, transmitting the G-
structure on the corresponding flag spaces (submanifolds of the corresponding complex
holomorphic bundle TJ(M)), that in a adequate physical interpretation result be
appropriates to the model and study of the phenomena to Max Planch lengths, writing and
developing an integral operator cohomology based in integral operators whose integrals of
contour are cohomological functional of energy states (cocycles).

Now well, Can these induce it the properties of the complex integral operators determined
in the frame of a Hermitian structure of an Universe given for a complex Riemannian
manifold to integral operators on a “microscopic” structure to the study of complex
submanifolds more little that the flag manifolds, for example to null surfaces and null
curves? Can be extended these operators to an integral operators cohomology isomorphic to
the given by the resolution of an integral transform defined on homogeneous holomorphic
bundles?

In this last point (on physic of particles) is induced to that the integral operators
cohomology can be induced to a cohomology on diagrams of Feynman type. Then to this
case arises the natural question of the cohomological classes to differential forms given w, in
the study on resolution of equations of vector fields ;How re-emplace the integrals of
contour

[ o, (VIL 17)

by a conformal scheme (given, for example by Mp = G/K)) that helps to calculate these
integrals of contour to these phenomena in the spaces of F, and that not requires the
evaluation of the vector field in orbital submanifolds like null curves, a—curves, minimal
surfaces or null quadric?

For other side, we consider the problem of the integrability on complex Riemannian
manifolds and their relation with the curvature tensor Rk, to the conformal component
of M.

Let G/L, be with L, a flag manifold. We consider the Radon transform on hyperplanes of
arbitrary co-dimension of the Grassmannian Gnm. Then to this particular case the integral
operators cohomology on the complex flags is isomorphic to an integral operators
cohomology on submanifolds of a complex maximal torus. Then the case of a symmetric
connection to the space-time stay completely results, and can be computed the
corresponding integrals, of this manage as study the space-time through of gauge fields on
the which we can to calculate integrals on geodesics (for example, light geodesics to the
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determination of curvature of the space-time [18]). This defines an integral operators L2-
cohomology on orbits of the complex torus T. The corresponding unitary representations

are determined representations for quotients of the L2-cohomology

@, .cHomc(H,, LA(G/L)) ® H(G/L; 0(®,)), (VIL 18)

If we consider L = Zg(T), the holonomic bundle that reduces the orbits of the homogeneous

space G/K, to the orbits of the maximal torus in g/t,the which is a subspace of the Lie algebra
of G/K, as can to see in the “orbitalization” of G/H

JR™)

g/tcg/pcg/ﬂn(2n)cg/b, (VIL 19)

then the quotiens are exhibited.

Here a flag manifold comes given like F = G/C(T), where C(T), is a centralizator of the
complex torus T. Then the center Zc(T), induce a structure in ¥, such that Zc =

{RM(j) e End(A?T*(M) ®®)| RM() = 0}, and this consist of a finite number of connect
components on each a of the G that act transitively.

Also any flag G-manifold® is realized like such orbit to some M. The requirement of the
transitive action of G on the orbits is indispensable to the hypothesis of special isotropy that
always is considered in the studies of the universe in the construction of an integral
operators cohomology to the curvature of the space-time, since the integrals of curvature are
defined on G-invariant orbits and will must be calculated by reduction of the corresponding
holonomy group on K-invariant orbits.

The condition that is established with RM(j) = 0,is the condition of integrability” of the
symmetric connection that define the field equations in this case.

For filtration it can be possible to pass of the calculation of integrals on geodesic of the
space-time to Feynman integral or integrals on strings considering the orbit of the g-
filtration corresponding to the reductive homogeneous space of M. The process of reduction
of the holonomy group of the structure of the vector G-bundle of M helps us to obtain
reductive homogeneous spaces of G/H with inherit orbits the G-structure of the big space
and therefore of M.

¢ Flag G-manifolds of M. G act transitively on such complex submanifolds.
7 Proposition (Burstall). Be jeJ(M). Then G e, is a submanifold at least complex of J(M) on the which 7, is integrable if
and only if j, fall into of the null set of the Nijenhuis tensor RM(j).
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Theorem VII. 1. (F. Bulnes). The K-invariance given by the G-structure Sc(M) of M complex
and holomorphic is induced to each closed submanifold given by the flag manifolds of the
corresponding vector holomorphic G-bundle. The integral operators cohomology given on
such complex submanifolds is also equivalent to the integral cohomology on submanifolds
of a complex maximum torus.

To demonstrate this result it is necessary to demonstrate some fundamental previous facts.
For we consider it the following theorem due to (Burstall and Rawnsley, 1989), that is;

Theorem VII. 2. Let M = G/K, be a symmetrical internal simply related connect
Riemanniana manifold and of compact type. Then

Z={RM(j)eEnd(@2T*M) ®. - ) | RM() =0}, (VIL 20)

which consists of a related finite number of components on each one of those which G acts
transitively. Any flag G-manifold is also carried out as such orbit for some M.

The requirement of the transitive action of G, on the orbits is for example, more important
for the hypothesis of isotropy space in the construction of an integral operators cohomology
for the curvature of the space-time, the integral of curvature should be determined since on
G-invariants orbits and they will be calculated by reduction of the group of corresponding
holonomy on K-invariants orbits.

Let us consider the space of classes G/C(T), which admits Kahlerian complex invariant
structures, that is to say; we can consider the G-structure K-invariant Sg(M), of M. To fix
ideas we use the G-structure exactly as complex Kahlerian of G/C(T). The complexified of
the group G, given by Gc, acts transitively on G/C(T), for bi-holomorphism with parabolic
groups as stabilizers. Reciprocally if P cGc, is then a parabolic subgroup the action of G, on
Gc/P, it has more than enough it is transitive and G P, is the centralizing of a torus in G.
For the infinitesimal situation (VII. 19) let F = G/C(T), be a flag manifold and let o the origin
in F. Considers the decomposition of the Lie algebra ac,

gc=h®m, (VIL 21)

with m=To(F), and b, the Lie algebra of the stabilizer of o, in G. Then the complex invariant
structure of F induces a decomposition adb-invariant of mc, in those (1, 0), and (0, 1), spaces

mc=mem’, (VIL 22)

with [m*, m*]lcm®, for integrability. It can demonstrate himself that m*, and m~, are
nilpotent subalgebras gc, and in fact hc®m’, is a parabolic algebra of g ¢, with radical
nilpotente m”~. If P, is then the corresponding parabolic subgroup of Gc/P, it is the
stabilizer of o, and we obtain a bi-holomorphism among the complex space of classes
Gc/P, and the flag manifold F.
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Reciprocally, be P cGc, a parabolic subgroup with Lie algebra p, and be n, the one
conjugated of the radical nilpotent of p, (with regard to the real form g). Then H= GNP, is
the centralizing of a torus and we have the orthogonal decomposition (with regard to the
Killing form, that is to say, the adH-decomposition VHeb):

p=Dc®n, g =bhc®ndn, (VIL 23)

which defines a structure complex invariante G/H, has more than enough carrying out the
bi-holomorphism with G¢/P. Considering an orbitalization of G/H, through the n-filtration
of flag manifolds in Gc/P,

0=nicmc...cmi=n, (VIL 24)

of n, defined for

m=[n, nial, (VIL. 25)

We realize orthogonalization this filtration using the form of Killing and we have that

mi=1hic1nm, (VIL 26)

to i <1, and extended to a gc, decomposition making correspond @ = bc = (a"wp)c, and
ai=qi fori>1. Then

e =2, (VIL 27)

it is an orthogonal decomposition with

p=Dicom, n= D om, (VIL 28)

The crucial property of this decomposition is that

[, wlcwi+j, (VIL 29)

which can be proven demonstrating the existence of an element h, with the property that
each iad§, has eigenvalue\/(-l)l, has more than enough gi. This element & (necessarily only
since g, is semi-simple) it was demonstrated that it exists in (Burstall and Rawnsley, 1989),

which called it canonical element of p. Since ad§ has eigenvalues in V(-1)- , Ad expné, is an
involution of g, the one which exponencing to obtain an internal involution t;, of G, and
therefore an internal symmetrical space G/K, where K = (G®)o. Clearly, K, has the Lie algebra
given for

k= gnXg, (VII. 30)

and that H contains, of where we obtain the homogeneous fibration
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G/H - G/K, (VIL 31)

of our flag manifold on our symmetrical space. This will be important to establish an
isomorphism among the cohomology of the integrals on G/H, and the corresponding
integral submanifolds that are had in the ker{¢-equations}, that like it has been said, they
only exist as integral of those g-equations in M, (M, integrable) if R M(j) = 0. The filtration is
also essentially only. The only ambiguity in the prescription is that the distinct points in the
symmetrical space can have the same stabilizer K (that is to say, antipodal points in a
sphere). Nevertheless the number of such points is finite and we can give a finite number of
such fibrations. These fibrations will call them canonical of F. Then it is necessary to
enunciate the following result (Burstall and Rawnsley, 1989):

Theorem VII. 3. Let F = G/P, be a flag manifold. Then an only internal symmetrical G-

space always exists M, associated to F, with a number of homogeneous fibrations F — M.

For the demonstration of this result, let us consider a conjugation class p, of gc, and the
election in a real way of §. Now what it is necessary to see is that each flag manifold is a
fiber on each internal symmetrical space. Reciprocally, this it is the road to demonstrate that
each space symmetrical intern is the objective of the canonical fibrations of at least a flag
manifold. This finally will give an idea of how the geometry of the complex holomorphic
bundle is J(M).

Be

pF->M,

a canonical fibration. For construction, the fibers of p are complex submanifolds of F, and
this facilitates us to define a fiber map

ip: F = J(M), (VIL 32)

as it continues: In feF, has the orthogonal decomposition of T¢F, in horizontal and vertical
subspaces, both of which are then low invariants the complex structure of F. Then dp restrict
giving an isomorphism of the horizontal part with TppM, and therefore it induces a
structure at most Hermitiana Tp»M, it has more than enough, this is; ipe(f)€JpM. Such a
construction is possible provided we have a Riemannian submersion of a Hermitian
manifold with submanifolds like fibers. For this case we consider:

Proposition VII. 1. ip: F — J(M), it is a fitting holomorphic G-equivariant.
It proves: (Burstall, 1987).

This implies that ip(F), it is at most a complex submanifold of J(M), on which I, is integrable.
For a corollary of the Burstall theorem of the proposition II. 1., we have:
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Corollary VIL. 1. ip(F) it is a G-orbit in Zc J(M). It proves in, (Burstall, 1987).

In particular this guarantees that the tensor space of Z is I don't empty. The reciprocal of this
corollary one is also true.

The following result due to Rawnsley determines which the fitting is given by the
proposition II. 1., and the theorem II. 3:

Theorem VIL. 4. If jeZ c J(M) then G e j, is canonically a flag fibreded manifold M. It has
more than enough in fact, G e j = ip(F) for some fibration p: F — M of a flag manifold F.

Their demonstration is continued of the observation that in n(j), we have the symmetrical
decomposition

g=k®q, (VIL 33)
with 9=TpM. Ifg,is the (0, 1)-space for j, then

[0, 97]®0, (VIL 34)

it is the nilpotent radical of the parabolic subalgebra p. Then it is demonstrated that G e j, is
equivariantly bi-holomorphic to the corresponding flag manifold such G¢/P, and like it is
described in the theorem. II. 4. For more details see (Burstall and Rawnsley, 1989).

Now complete the demonstration of the theorem. II. 2. We have to see that each canonical
fibration of a flag manifold will give to a G-orbit in Z, for some internal symmetrical G-space
M, and that all such orbits come from the same procedure. But fixed G, stops, it exist alone a
finite number of flag manifolds of bi-holomorphism of this type. These are in biyective
correspondence with the conjugated classes of parabolic subalgebras of ac, and each flag
manifold admits a finite number of canonical fibrations. Then Z, is made up of a finite
number of G-orbits all of which are closed and the theorem II. 2., it is continued. Then since
each one of these G-orbits exists like a K-orbit of the space of classes G/K, with tensor of
curvature of null Nijenhuis then each flag submanifold is a K-orbit of the vector and
holomorphic G-bundle of the 2n-dimensional irreducible symmetrical Riemanniana
manifold J(M), reason why the theorem II. 1., is continued.



Chapter VilI

Orbital Integrals on Cuspidal Forms

VIIL. 1. Introduction

To can to study the cuspidal forms and determine their orbital integrals on whose cuspidal
forms is necessary to do the use of the orbital classes of the group SL(2, R), and of their
corresponding Lie algebra sl(2, R). To them, we identify to a Lie group L, locally isomorphic
to SL(2, R), and whose Lie algebra corresponding it is identify isomorphically with sl(2, R).
The orbital integrals as obtained will be orbital integrals of the minimal parabolic subgroup
in G. Applying the Harish-Chandra to the obtained functions of such orbital integrals we
will obtain the orbital integrals on cuspidal forms.

We begin this section with some computes on the group SL(2, R). All the results it is will
must to Harish-Chandra.

Let L, be a locally connect Lie group isomorphic to SL(2, R). We identify the corresponding
Lie algebra of L, with the Lie algebra sl(2, R).

VIIL. 2. Exposition

Let T, be A% and N, connect subgroups of G, whose corresponding Lie algebra are the
spaces

Rh={het|h={_01 (ﬂ}, 1&H={Hea°|H=L1J _OJ 5, (VIIL 1)
and
RX = {Xem|X = 01 1 (VIIL 2)
0 ol

Let A, be a Cartan subgroup of G, corresponding to Lie algebra a = a°®t. Be VOeR, the map

t:R>T, (VIIL 3)
whose rule of correspondence is
0 |»exp(nbh), ¥ het, 0eR, (VIIL 4)
© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
I NTE H Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted

open science | open minds use, distribution, and reproduction in any medium, provided the original work is properly cited.
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whose rule explicit is

t(0) = exp(nbh), (VILL. 5)
If fe AG), then Ff'(t(0)) = F'(0). In effect, by definition

Fi(t(0)) = A(O))c£(5t(0)g 1)dg = Alexp(ndh) o figexp(roh)g g, (VIIL6)

But

0 1 0 76 0
t(0) = expn0 =exp S 0 ¢ , (VIIL. 7)
-1 0 -0 0 ™ 0

Then

e

0 76 0 70
A[ v Mcf(g{ o }gl)dg Jof(gg™)dg
- 0 —e 0

0 ¢ 1
=2sen 70 Jc f(gn , g )dg=Fx(®0),
-7 0
Note that T” =T’ = {t(0) | 0er\z}. In effect, for one side T” =T N K", with

K” = {keK| (I - Ad(K)}:) =0},

Since K”, is maximal in G”[K], of G, we have that T n K”= {teT|(I — Ad(t)|) # 0}. But since
to each K” exist kiez, such that (I —ad(H)|)*= 0, and given that g =t @ p @ a, then exist
koer\z, such that (I — ad(H)|»)*>= 0. Thus, and in particular to the classes Rh, in t,

T’ =T = {t(0)| 0cr\Z}. (VIIL 8)

A direct computing, using the formulasin 7. 4.3 and 7. 4. 4., give

2t

€
-2t 0

1.  F«0) = 2isen n6 Tsenh(Zt)f(exp(@n[ 0 })) dt,
0

Let u = |n6| cosh (2t), be. Then we have to 6 = 0,

z(0,u)
7(8,—u) 0

with z(6, u) = u + (u? - (n0)%)'2. The two values (mod 2Z), to which we have singularities of

2. Fy(6) =2i(sen n6/[n0)) | f(exp(sgn@{ })) du,
o

type “jump” are 8 = 0, or 1. The before formula show that this is not a singularity “jump” to
6 =1. We concentrate to case 0 =0. Likewise, (2) implies that:
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(3) lim Ff(e):zij flexp(2Xu))du,  and lim Ff(e):zij f(exp(—2Xu))du.
0——0" 0 0——0" 0

This implies that:

0

(4) lim F(0)- lim Ff(e):ijf(exp(Xu))du.
0——0" 0——0"

—00

If we derive the formula (2), we have

(i]n(e) _ dnbeosnd =senmh) g gy _ 5 SN0 ) fexprbi) + E(0))) (VIIL 9)
de 70%sennd o

with limg_,¢E(8) = 0. Thus it is have that

. d .
(5) lim [deij(e) = 2nif(1).

—

Now re-define (4), and (5), in terms of integrals on the subgroup of Cartan A of G. To it, you
consider the endomorphism Hi(t) = FiA(exp(tH)). Then by (II1.79) and (III. 80), we affirm to
this case that:

(6)H;(t) = e T flexptHexpXx))dx.

—00

of where thus it is conclude that
(7) lim F; ®)— lim F; (®)=1 lim Hf(t).
0——0" 0——0" t——0
But the definition of Fr, implies that Fi(a) = Fi(a™). Thus
lim (d/dtH.(t) =0, (VIIL. 10)
t——0
then

. d . d P d
(8)0 11m0+ (ﬁij(G) - . hmo* (ﬁij(G) =0= lim 0( dt]Hf(t).

— — t—>
Be CeZ(¥c), such that y1(C) = —(d?/d6?), and ya(C) = d¥/dt’. Here yj, is the isomorphism of
Harish- Chandra associated with the subgroup of Cartan J. C, (is save a scalar multiple and

subtraction of a scalar) the Casimir operator of the algebra %. The Casimir operator, and
their analogous to FA, combined with (7), and (8), imply that
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k k k
. d . d kil e d
© lim |—| F@®)- lim |—| FE(©)=0=1i lim | — | Hq().
o——o(do) T 0——o(do) " t——ol dt f

We assume that G = G°, where

G = {geG| Ad(g)X =0, V¥ XeXK(G)},

where X(G) = {yeHom(G, R*)|yis continuous}. We assume that G is of inner type
(Ad(G) € G). Be A c H. Then

FiHi(h) = A(h)lc f(ghg ™)dg,
If fe /(G), and if acA, then R(a)foc = ue “(°G). In consequence, Fdl(ha) = F.G(h) to
heH N°G.

This will be of utility to transfer the results of the case G =G, to a more general situation.

Theorem VIII. 2. 1. Be fe 7(G), and we assume that F¢! =0, to each subgroup of Cartan of G,
that is not fundamental. If H, is fundamental then F, extends to a smooth function on H.

ProofIn the demonstration of the theorem is necessary to use orbital integrals on the
different real reductive groups. If L, is a reductive group and if J, is a subgroup of Cartan of
L, then we define
LFd=Fy, (VIIL 11)
This notation will can to help to identify to real reductive group on which the integration
have happen.
That's right; we demonstrate the result by induction on the dimension of G.
i. If dimG =0, or 1, then G =H, is the unique subgroup of Cartan. Then, if fe “(G),
EM(h)=Ag(h) I f(h)dhH = A, (h)f(k), (VIIL 12)
H/H

But Au(h) = 2A(h), V heH. If H = G, then Au(h) = +A(h) = + 1, of where

FH(h) =f(h), V heH.

ii. Suppose that the result is valid to the cuspidal form 'F¢, with ], a subgroup of Cartan of
the real reductive group L, with 0 < dim L < dim G. Is necessary demonstrate the result
on a cuspidal form °SFd,of °G, a real reductive group whose subgroup of Cartan is J, fe ~
(G), such that

0<dim L <dim °G <dim G, (VIIL 13)
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In effect, if G #°G, then dim °G< dim G, for be °G, a connect subgroup of G (identity
component of G). Be A, a splitting component of G. If ], is a subalgebra of Cartan of °G, then
JA, is a subalgebra of Cartan of G, and each subalgebra of Cartan of G, is of this form. That’s
right, only is necessary consider the cuspidal form
FifA(ja) = "SFd(j) = Fi(j),

and to use the Harish-Chandra transform fF(ja) = ua(j), to realize a right translation of fe
(G), and of that manage to obtain a extension of F#, on L, like smooth function in L, (If fe ~
(G), and if a€ A, then R(a)fjoc=ue “(G)). Thus

FéA(ja) = Ful "96() = Fi(j), V je] NG, (VIIL 14)

Then (VIIL. 13), follows. Thus Ff, it is can extend like smooth function to H, a subgroup of
Cartan of G.

Now we assume that G = °G. Also we assume in G, that H, is a non-compact fundamental
subgroup of Cartan of G. Then we can assume that H = Hr, and P¥, is proper in G. We
consider Q =Pr, L =M, and T = T. If ], is a subgroup of Cartan of L, then JA, is a subgroup
of Cartan of G, and if fe 7 (G),

FiA(ja) = 'Flr@rQ(j), Vje], acAr.

Thus the induction hypothesis to this non-compact case also prevalence.
If T is a compact subgroup of Cartan of G, then

FA(t) =Fi(t), V teT, fe 7(G).

Let @n= {0e®"| (ac), cbc}. Let oX = X= conjX, V Xeuac, respect to a. Then o(ac), = (ac)_,. Let
0eDn, Ze(ac), and W =cZ =conjZ =Z. If Z # 0, then Z + W = 0, in p (just not pc) since
Z+7=2Xep.

Consider the map

[]: (80)e % (80)—o = [(8C)e, (8C)-0), (VIIL. 15)

whose rule of correspondence be

(Z, W) |->[Z, W], (VIIL 16)

followed of the map

o [(80), (8C)_o] >R, (VIIL 17)

whose rule of correspondence is:
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[Z, W] |>a([Z, W), (VIIL 18)

we have that o([Z, W]) = a(ZW — WZ), and give the normalization Z/||Z||>, we have

aZW-W2) _azW-awz _ @2 -ale) (2 +ald) 2l _,
i i i i i

given that ||Z||? = ||Z|>. Thus o([Z, W]) = 2. Calling H = Z + W, and h = -i[Z, W], and
X =(1/2)([Z, W] +i(Z — W)). It is can verify that H, h, and X, complies with the same relations
of commutation like the given to the elements of sl(2, R).

Let [*= RH + RX + t. Then [I%[*] =8[(2, R). Let the orbits of T, T, = {teT| t*=1}, and

T, = {teT | tP= 1, VBed*— {a}}, then the space T’,exp(RH), is open in T. That’ right, be L%
the connect subgroup of G, with Lie subalgebra [*. Then T, is the center of L* Let
ko(0) = expOnh. If t = uky(0)eT”, and if feCc(G), then

-1
i [ )= [ ] fguxk, @)x g )dxdg,
G G/ L

Considering Ay(t) = t*~ “2Mgeq - (o3 (1 - tP), then

iv A(ukey(8)) = 2iA(uk,(0))sen (78),
Let the cuspidal form on L%,
R(g,u,0) = A, (uk, (0))sen(nb) j R, (g,u,0)dgL”,
G/L

Then on the classes in G/L% we can consider it, cuspidal form

Fi(uk,(0)) = [ora R(g, u, 6)dgL?,

Let feCc™(G). Let ueT’,. We fix peU(tc),. Note that if |0] < ¢, with ¢, enough little and such
that 8] > 0, then uk,(8)eT’. Furthermore, writing for the derivation rule of the cuspidal form
Fi(uk2(0)), that

ph*F; (uk,, (6)) =

k-j j
_y[ & [id pA. (uk_(6)) i | senmo j R, (g,u,0)dgl"
i )L de o e do me ’

J G/L

Let J, be the centralizator of G, of T,exp(RH). Then using (9), save a constant, we have
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lim ph*E," (uk,(6)) - lim ph*F," (uk,(6))
00" 00"

=pz k (idjkj (A, (uk (O)NA_(u)™ lim[d]JF T (uexpH)
T e TS
t—0
Since the both sides of (iv), are continuous on “(G), it is fe “(G). This is the condition of
jump mentioned to begin of the demonstration of theorem. Then the formula (v), implies
that if Ff = 0, V the non-fundamental subgroups of Cartan H, of G, then Fs, is smooth in a
neighborhood of each teT’,, Voe®x?, is to say, to all point in the space T’ ,expRH. Now well,
suppose that ae®x*. Be

1= g N (tc+ (89)u+ (89)-a), (VIIL 19)
Let L% be the connect subgroup of G, corresponding to [*. Then L% is compact. By the

cuspidal lemma, the differences given in (v), are not jumps, are cusped in this case.

Then it is have demonstrate that: If Ff = 0, to all the subgroups of Cartan non-fundamentals
of G, then the cuspidal form F#, is smooth in a neighborhood of each teT, such that t* =1, to
at least a o.e®”. Then

T wexp(Rh) N Teexp(RH) = T ;exp(rh),
is open in T, and since pf, it is extends like a smooth map on T’,, V peU(tc), then f, it is
extends like a smooth functionon T. =

One direct application is:

Corollary VIIL 2. 1.Be fe “(G), a cuspidal form. If H, is a subgroup of Cartan of G, whose
compact module is not the centre of G, then F¢! = 0. If H, is compact module that is centre of
G, then F, it is extend to a smooth function on H.

Proof. See [1].






Chapter IX

Some Applications in the Study of
Harmonic Analysis

IX. 1. Introduction

We remember that a cuspidal form cans to be defined to be defined by means of the Harish-
Chandra transform as those function fe ¥ (G), such that (L(x)R(x)f)" = 0, with P a proper
parabolic subgroup of G, and V x, yeG.

But due to that the space of the cuspidal forms Es, can to be identified like the closure space
Cl(7(G)), of the matrix coefficients K-finites of the discrete series then by the theorem on
closure of the space 7 (G) [39], can to be assumed that

Ei = {fe “(G)| dimZc(g) <o} =0 7 (G), (IX. 1.1)
where

0/(G) = {fe “(G)|(LX)REFF =0, ¥ x, yeG and P = 'MN < G}, (IX.1.2)

Likewise, if we consider all the compact Cartan subgroups T, of G, result some interesant
applicable properties of harmonic type to cuspidal forms space ¢ 7 (G).

Considering that all the Cartan subgroups of G, were unidimensionals, we can identify to Lie
algebra g, of G, as the corresponding algebras of the subgroups SL(2, R), and SU(2). For it is
enough to consider the integrals of cuspidal forms on the orbits T',, and T, of T, Vo.e®'«.

For the case of compact Cartan subgroups of G, whose dimension to be major that 1, it is

possible to apply the Peter- Weyl theorem and the orthogonality relations of Schiir and
obtain an orbital algebra analogous to space

1“=g N (te + (8)u * (80)-o)r (IX. 1.3)
We can thus to assum that the Cartan subgroups of G, could be at least 2-dimensional.
IX. 2. Harmonic analysis of cuspidal forms

Let G, be a real reductive group such that Ad(G) < G, and G = °G. Let's visualize to
symmetric algebra S(ac), as the algebra of differential operators with constant coefficients on

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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g. Let 6eR, be such that t(6) = exp (n6h), VOheRH. If fe © (G), then Fi'(f(8))= F«(0). Let
q=dimt, and p = dim p.

Let °“(G), like was defined in (IX. 1. 2). If G, have a compact Cartan subgroup T, and if ®*,
is a positive roots system to (g, tc), then

o= [] H, €U(tc), (IX. 2.1)

aed”

Theorem IX. 2.1. If G, have non-compact Cartan subgroups then * 7 (G) = {0}. If T, is compact
Cartan subgroup of G, then there is a non-nule constant Cg, such that if f€? “(G), then
oF (1)=C.f(1), (IX. 2.2)

The result is a special case of a more general theorem of Harish-Chandra, which establish a
similar formula V fe ' (G), replacing T, for fundamental Cartan subgroups. Since, we come
to generalize on the compact Cartan subgroups of G, then we demonstrate first that
07(G) = {0}, if G, have non-compact Cartan subgroups. For it, we have that consider some
important facts on the formulas of the theorem 6.7.1, to this concrete case and two lemmas
that were demonstrated in their time.

Let Xi, ..., Xn, be a pseudo-base of g, relative to B (that is to say B(Xj, X«) = jx) such that
g =R Of fact, through the diagram

IXE— 2 >R
“"L/' r (IX. 2.3)
1

we can deduce the composition map

B=®oP:axg—a—R, (IX.2.4)
whose rule of correspondence is
B: (X, X) |[->P(X), (IX. 2.5)
Then ®= ZX ij, with Xj, Yje{Xi}, of g, relative to B. Since n 22, thenn=p +q, V p, qez*,
and given that g =R", then
Rr=RP® Ri=p D, (IX. 2.6)

Then we define to p, q > 1, the cuspidal form Fp, q=Fs=F, such if Fp,q, is integrable then there
is a not null constant Cp, q, such that
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[ B, ()@ (x)dx = C, f(0), (IX. 2.7)
g

Since that F = Fp, q, V p, q 2 1, is G-invariant then F(Ad(g)X) = F(X), V geG, and Xeu. If we
consider a system of roots ®;c®", relative to @(ac, (hj)c), we can define

m(h)= [T a(h), (IX. 2.8)
aetbj

V heb. Then |D(h)| = |mjh)]>, V heb;. Thus there are constants Cj, (j =1, 2, ..., n) and
normalized measures on g, and bj, such that

f(g)=| fX)dX =3 C; [Ip)| [ fad@hyd(gH;)dh;
a

] b; G/H;

= 2.C; [ (mfdn,,
by

But ge=R™, then

£(0) =3¢ [[pm)| | [peadem| " fad@ndeeH;dh, |,
iy G/H;

But [D(Ad(g)h)l /2= Fp,q(h)m™2 = F(h)wiv?), then
-1/2 /2]
I ‘D(Ad(g)h)‘ f(Ad(g)h)dgH = F(h)m j f(Ad(g)h)dgH,
G/H; GIH;

Of fact, IDl 712, is locally integrable on g, in the general case.

Then (I) can be written as:

£(0)=3°C; | \nj(h)\z [ f(Ad(g)h)dgHdh,
i J l]J G/HJ

Then considering the cuspidal form of @™, relative to the Cartan subgroup Hj, we have

H
® o () =Eo™ [ f(Ad@)h)deH,
G/Hj

The incise (i) take the form:

£(0) = ZCJ.J‘nj(h)‘sj(h)F(h)d)zgn/Z]f(h)dh,
T

]
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Butwj2ddii(h) = Oy[n/2] Hith), VwjeS(hj). Then by the identity in appendix in [Wallach],

£(0) = Zc H h)fe;(h)F(hyw /2™ (h)dh,

Let Dj= Dr(X),be with r = dim b, V Xeg. Let r = rangeX, (assuming that r > 2)and let n = dim
. To every t >0, we define the space

= Xea| DY) <t, r<j<n), (IX. 2.9)

we consider the transcendent number n = 3.14... Then we consider the lemma:

Lemma IX. 2.1 Suppose that G, is semisimple. If 0 < t <n—1, then exp| o, 1S a
diffeomorphism.

Proof. Since to every Xeg,, there is a neighborhood €, defined as the space

= {XeEnd(ac) Di(X) <t t>0}, (IX. 2.10)

If j <t — 1, then the map

ac — exp(g), (IX. 2.11)
is a diffeomorphism of €, in a open subset of I = [g, g], in int(x). Then given that dAde, is the
homomorphic map

dAd.: & — al(q), (IX. 2.12)

whose rule of explicit correspondence is

d(Ade(X))=ad X, V Xeg, (IX. 2.13)

the map exp, restricted to Q, result be a covering homomorphism that maps open sets in
open sets of the space g, in End(g.), where these endomorphisms are differential operators.

Therefore expl oy, is a diffeomorphism.

Let W, be an open neighborhood of O, in z(x), such that exp| w, is a diffeomorphism. Let O,
be an open set in the ideal [g, g]. Let Wi =W @Q, be. Then

1. If0<t<n-1, then exp, is a diffeomorphism of Wi, in an open neighborhood Vi, of 1, in
G.

Let ueC*(R), 0 < u(s) <1, be such that u(s) =1, to s < (m — 1)/2, and u(s) =0, to s > 2(x — 1)/3.

Let OcY < CI(Y) and CI(Y) ¢ W, with open Y, and CI(Y), compact. Let he C-*(W), be with

h(X) =1, to XeCI(Y). Then we define the function BeC”(z), such that

B: W, > C*(W), (IX. 2.14)
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with rule of correspondence

X=Z+T |->B(X), (IX. 2.15)

where explicitly

B(X) = h(@)I L o cn1u(Dy(T)), (IX. 2.16)
Outside W,_;, B =0. Then

2. BeC”w), supp P W, .
B, is Ad(G)-invariant, since

3. B(Ad(m)X) = B(X), V Xeg, and geG.
4. Ifb, is a Cartan subalgebra of g, then supp p N b, is compact.
Indeed, the partitions of the unity u and h, have supports included in W, and Q.

respectively. Given that W,_;= W ®@Q,_,, then supp B € W nQ,_,. Then hITuDje C*(g).

The Ad(G)-invariance is followed of the existence of the diffeomorphism expl w,_;, which is
a covering homomorphism of int(G). The last affirmation is followed [Chevalley]. We will
introduce a function a, on G, defined as the map

o:G— C(W,), (IX. 2.17)

with rule of correspondence

g |—>a(w), (IX. 2.18)

and such that applying the diffeomorphism expl w._;, to the image a(g), is had that:

a(expX) = B(X), V Xeg,

inside W,_;, and o =0, outside W _,.

Such map is smooth on G, since o(g)cC*(G), and a(gxg™') = a(x), V x, yeG. Then, if feC*(G),
then C*(W)f = f7, where £°(X) = B(X)f(expX), VB(X)eC*(W), and Xeg. Clearly £7(0) = B(0)£(1).
But f(0) =1, V s<n—-1, since u(s) =1, V s < (n—1)/2, and h(s) = 1 in all CI(W,_;). For other
side £7(0) = £(1).

Consider H, a Cartan subgroup of G. Then we can write to An(h)®"~(h), as (using p(h))

ey(h)

AR

B(h)F{ (exph), (IX. 2.19)

V feC&#(G), and he””.

101
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Since Au(exp h)/mn(h) # 0, V heW,_ ", then n(h)/Au(exp h), define a smooth family on
W1 N, and since the map given by f |—> F#, is extended to a continuous map of “(G) in
“(H""), we have that

5. The map f | >®H, is extended to a continuous map of “(G) in C"(h"”).
Then

£(0)=c| \n J(h )\ &, (W)@ 2y (h)dh, (IX. 2.20)
iy
implies that if fe “(G), then
1/2) g, Hj
f1)=c, j m,(h)F(h)al"?d . (h)dh,
iy

=Y j m,(hF(hyo!"?
iy

() (IX. 2.21)

— -~ B(h)F (exp h)dh,
AH, (exph) f

Likewise (IX. 2. 21) implies that if f€° “(G), and if G, include non-compact subgroups (where
G =9G) then f(1) = 0. Now if fe? “(G), then R(g)f€? “(G). Therefore, if G include non-compact
subgroups then to * 7(G), is necessary the null space {0}. This last demonstrate the first part
of the theorem. =

Now we demonstrate that: If T is a Cartan compact subgroup of G then there is a constant
cc# 0, such that V €2 A(G),

wFf(1) = cof(1),
vV FreCH(T).

We assume that Hj=T, and fe? (G), then (IX. 2. 21) takes the form

£(1)=c;[ m(h)FH)s" m(h)

o) a(h)FT (exp h)dh, (IX. 2.22)
t t

Vv FreC*(T).

We consider the following lemma that will be essential in the demonstration of the second
affirmation of the theorem IX. 2. 1.

Lemma IX. 2.2. There is a constant Mg 0, such that if gea(t), then

j m;(h)F(h)s" *lg(h)dh = M, g(0), (IX. 2.23)

t



Chapter IX - Some Applications in the Study of Harmonic Analysis
Note: Mg, will be calculated in the course of the demonstration.

Let peP(t.), be such that p = D°(X), Vv Xet. Let X, YeEnd(V), with V, a vector space. Then

are valid the following commutation identities:

i X, Y]= ki(k}(—1)ki”xi((ad><)kjy) = f[lf]((adX)iY)xk'i , (IX. 2.24)
j=0\J j=0\J

20

If we consider [@!"?, nt] = wl"?In — nwl"?], then sustituying (IX. 2. 23), we have

j F(h)n(h)w" *'g(h)dh = j F(h)o!™?r(h)g(h)dh — J.F(h)[w[”/ 2 nlg(h)dh
t t t
=I-1II,
Then if T, is a Cartan subgroup then p = dimp, and q = dimt, are pairs (q = dimT). By the
theorem 7.A 5. 8, there is a not null constantBg# 0, such that
I =Bg(w!"2 " 1" 2))(ng)(0), (IX. 2.25)

Then is necessary calculate the integral II. Note that n —7, is even then [n/2] —[r/2] =
(n—r)/2. Therefore by i):

[n/2]-1 [n / 2] . . .
[o!"?, 7] = Z[ , j(—l)[”/z]‘”l [Fhyo! (ado!™?) m)g(h)dh, (IX. 2.26)
=0\ ) t

Therefore (adw)!"? “in = 0, if j < [r/2]. Then newly we apply the theorem 7. A. 5. 8, and we
find that IT, is expressed as:

[n/2]-
IT = [F(h)[w!”?, xlg(h)dn = 22 ]([n / 2]]
t j

j=0
(-)I"PHHB (! (adw)" T m)g(0),

(IX. 2.27)
Appliying the second identity in (IX. 2. 21) in terms of the adjunct map “ad” and observing
that the coefficients of ad, are annulled to j > [r/2] (Escolium 7. A. 2. 9) is had to j > [r/2] that

o~ "(adol"? " in)g(0) = (adwl"2 ~ [2Im)g(0),
Then

[F(h)m(hye ™ lg(h)dh = B, (w"*1"*))(1g)(0) - B, (adw!" ? 1" *Im)g(0)
t

= C((adw!™ 1" Im)g)(0),

where
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21 (In/2 :
C=B,| > [[ . ]](_1)["/21-1 (IX. 2.28)
g
TIEI N

But the scolium 7. A. 2. 9, implies that

adwl2 U2l = 202~ 12)([1/2] — [r/2)] 1y co+Ha,
From the second idendity in (IX. 2. 21) and for the identity

K [k k-1

> e (J—(—l)k{j J;to, (IX. 2.29)
i=p -

if k> p >0, we have that

IF(h)“(h)w[n/Z]g(h)dh _ |:[§](_l)k.p[k—ljz[n/zl—[r/zl([n/z]_[r/2])! H Hj:|g(0)
t

=p p- 1 aed”

=M,g(0),

Also we use the estimation of I‘F(h)n(h)m["/zlg(h)dh, through of a smooth function u, that is
We-invariant defined on a W-invariant neighborhood of the 0.

Lemma IX. 2.3. Let W = W(q,, t.). Let ueC*w(UeV). Then

)y [[H Ha]u](o)l_[ H, =u(O)]]H,. (IX. 2.30)

Fed* agF aeF aeF

Proof. Let a, be a simple root in ®*. If F c®*, then we define the map :

@ :F—>F°, (IX. 2.31)
with rule of correspondence
a|—a’, (IX. 2.32)
and where
F? ={s,F, if agF (aeF¥\F) and (s.(F - {a}) U {a}, if aeF, (IX. 2.33)

Then the map g, is a bijection of p(®*). Indeed, if we consider that the dense space or kernel
is the set

N(p)={aeF| pa=a® =0}, (IX. 2.34)
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and since a, is simple root then a # 0. Then ker p# {0}. Therefore g, is injective. Also is
suprajective, since, let

p= [F(0)n(h)w" g(h)dh ,
t

Then s,p, comes given as:

s,P=p" { > [[H HaJuJ(O)H Har (IX. 2.35)

Fed* \\agF oeF

Given that sp = p¥ = —p, VpeP(t.), then (IX. 2. 34) takes the form

p¥ =— z [[ H HBJUJ(Q) H Hy =—p, (IX. 2.36)

Fed™ | \ pgF* BeF*

Where is had used strongly the property xu(0) = (sx)u(0). V xeS(t.). Then sp = det(s)p, V
seW, which implies that p = gI1, o+ H,, VgeS(t). Given that

p=u0) [[H,=q]]H, V geStc) (IX. 2.37)

acd* aed*t

then g = u(0). Therefore

> [[HHaJu](O)HHu =u(0) [] H,.

Fcd* \\agF oeF aed”

Applying IX. 2.1 (1) and the lemma IX. 2. 2, we have

—c. o) et IX. 2.38
W CJMg[al;)LH“]A(exp(th))[=1B(h)Ff (eXP(th))] o, -1 o1 ( )

Considering u(h) = n(h)/(A(exp(h)), and given that VBeC”(w), with u =1, in Ue= W, _,. Then
ueC”(W,_ )V, and u(0) = 1. Then

f(1) = sMzwu(0)B(0)F'(1),
or equivalently @Ff(1) = Ccf(1). ®
IX. 3. Integral transforms in algebraic analysis

In this section, we state some of the foundational results we develop in order to study Hecke
categories. A key idea of algebraic analysis is to replace the functions and distributions of
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harmonic analysis by the algebraic systems of differential equations that they satisfy. One
can view this as a form of categorification where the resulting D-modules play the role of
the original functions and distributions, and categories of D-modules play the role of
generalized function spaces. For example, the exponential functionf(x) = e, is characterized
by the algebraic equation (0x - A){(x) = 0,and hence is a solution of the D-module
D, 1/D,1(0x — A). Similarly, the delta distribution 04, is

characterized by the algebraic equation (x — A)f(x) = 0, and hence is a solution of the D-
moduleD, 1/D,1(x - A).Natural operations in harmonic analysis are given by integral

transforms acting on function spaces

£0x) = (K*)(y) = [ F(OK(x, y)dx, (IX. 3.1)

where K(x, y), is an integral kernel. For example, (one normalization of) the Fourier
transform on the real line is given by the integral kernel K(x, y) = ey, In continued
analogy, natural operations in algebraic analysis are given by integral transforms acting as
functors between categories of D-modules.In this context, derived versions of tensor
product and push forward replace multiplication and integration respectively. To be more
precise, given varieties X, Y, and a D-module X, on the product X x Y, one defines a functor
on derived categories of D-modules

DX) >D(Y), (IX.3.2)

with the rule of correspondence

Fnp(n" F ® X), (IX. 3.3)

by pulling back from X, to the product X x Y, tensoring with the integral kernel X, and then
pushing forward to Y, via the natural diagram

XX xY Y, (IX. 3.4)

For example, the geometric Fourier transform of Malgrange, an autoequivalence of D-
modules on A, is given by the integral kernel K= D, x1x,y1/D , x1x, y1(0x— iy), with solution
K(x, y) = em. The classical Fourier transform of a solution of a D-module , is a solution of
the geometric Fourier transform of F.

For another example, given a correspondence of varieties

Xel-z-25y, (IX. 3.5)

one defines a functor on derived categories of D-modules by the similar formula from
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DX) >D(Y):
Fef™ ), (IX. 3.6)

By the projection formula, this functor coincides with the integral transform given by the
integral kernel K= (f x g)Oz on the product X x Y. In general, integral transforms can be
interpreted as operations on systems of differential equations, transforming solutions to one
system into solutions of a new (and potentially more accessible)system. The theory of
integral transforms for D-modules has been developed and applied to a host of problems in
integral geometry and analysis, in particular to the study of the Radon, Laplace and Penrose
transforms, starting with the influential paper of Brylinski [Br] and continuing in the
beautiful work of Goncharov, Kashiwara, Schapira, D’Agnolo [22, 41] and others. The D-
module approach allows one to separate the algebraic and geometric aspects underlying a
system of differential equations from the analytic problems involving solvability in different
function spaces, allowing one to obtain powerful general results.

IX. 4. Revisited integrable square representations

Consider to G, a real reductive group of inner type and such that °G = G. Consider the space
£2(G), of equivalence classes of irreducible square integrable representations of G, that is to
say, the space

£2(G) = {oe[o] | Iny(g)l 2<w, ¥ geG, and (n,, Ho)eo), (IX. 4.1)
Where

Imo(8)I? = lelno(g)Pdg <o, ¥ geG,

If v, we(Ho)xk, then the coefficients to the classes [], comes given by the map

cvw: G 7(G), (IX. 4.2)

whose rule of correspondence is:

go<n (gv,w> V v,we(H)g (IX. 4.3)

where cv, w(g)e “(G), since (Hy)x, is rapidly increasing which is also a finite Z(g)- module
(dim Zc(g)cv, w<eo). Then cv, w, is a cuspidal form on G. Therefore cv, w(g)€? 7 (G). Then is had
the theorem:

Theorem IX. 4.1.r2(G), is non-vanishing if and only if G, have a compact subgroup.

Proof. First we will demonstrate the implication =). If ©2(G) #{, then exist a integrable
square representation (1., Hs)€o, such that
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lleww(g)|P = fel<no(g)v, woPdg <o, ¥ Cywe® 7(G),

Then ° 7 (G) # {0}. Therefore G, not include non-compact subgroups of Cartan. Then G, have
only compact subgroups of Cartan.

For other side, if G, have Cartan subgroups of G, then by the fundamental theorem of
Harish-Chandra® e2(G) #J. Then we assume that T, is one of such Cartan compact
subgroups of G. We write to T, as T = ZT°.

Let the character ¢, as the map or homomorphism

Cu: Z(m) —>cC, (IX. 4.4)
with rule of correspondence

z |>C(z) =1 oy(z), (IX. 4.5)

where y(t), is the Harish-Chandra isomorphism associated with T. Likewise, if we consider
ul10, and given that p l10= d(u)A(u), and g, = d(p)p, then

Cu(2) = Aw) 0 7(2) = Apt o Flus(y), (IX. 4.6)
If £ 7 (G), then Fre C*(T). Endeed, given that Ffl(t), is the continuous map:
FT: 0 /(G) - CH(T), (IX. 4.7)

with rule of correspondence

£ |FA() = Ar(t)rf(gtg )dt, (IX. 4.8)

with T’, an orbit of T, and since FTz(t) = y(t) o Ff'(t), then Ff'(t)eC*(T). Then the Peter-Weyl
theorem implies that VpeT",

i Fr=X,r(F) ()G,
If in particular we consider a he C*(T), T-central then

R'(w) = Jrh(bconj(C, (1)dt,
Then the second part of the theorem IX. 2. 1, implies that exist Cc# 0, (constant) such that

oF(1) = Cof(1),

or equivalently

8 Theorem. If G, contains a compact Cartan subgroup then G, has irreducible square integrable representations
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L f()=Cs(wF ) 1)=Cq D ( 1T (A(m,a)](Fﬁ)(u),

aed”

Then, if ze Z(g.), then we have that

peT”

ii.  Fu=7y(2)F;
on T’, and therefore on T, or their corresponding dual:

(F2)"() = A()(y(2))(F" (1)) = A(u)(F=r" (W),

Which is correct, since A(n), is a character T° = {teT |Acl(t)FfT = Fd, V Fi'eC*(T)}. Therefore
finally and considering the map

Yot Z(8c) =C, (IX. 4.9)

that extends as infinitesimal character of 6, Voekr2(G), to §,, from T’, to T, then

Z(ao)f=f, Vv fe7(G), (IX. 4.10)

of where

2f = 14(2)f, (IX. 4.11)

Thus has been demonstrated that:

Theorem IX. 4.2.Let ceE2(G), be, then there is ueT”, such that (A(u), a) # 0, Yae®(a., to),
and such that the infinitesimal character of G, is X, (-

From the before theorem is deduced the following corollary:
Corollary IX. 4.1.Let yeK", be then number of classes cer2(G), such that (Hy)x(y) # 0, is finite.

Proof. Consider the Casimir operator corresponding to B. Let Ck=C |, to K, corresponding to
B. Let Xi, ..., Xu, be an orthogonal base of p, realative to B. Let

Co= (X2, (IX. 4.12)

Then C = Cx + G,. Fixing yeK", and considering p,, an eigenvalue of Ck, on any representant
of the class y, we note that

a. If (n, H), is an unitary representation of G, with C, acting for cl, and if Hx(y) # 0, then c
<py-

Endeed, if veHk, such that ||v|| = 1, then

c=c<v, v>=<Cv, v>=<Ckv, v > = <Gy, v> = i, — Z<Xjv, Xjv><p,
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If ce2(G), then A, is the character of (T°)", such that A, — p, = %(C).

Let p=1% X, +0a, be, then

%s(C) = [Aqll= llpll, (IX. 4.13)
For
c=p,— I<Xjv, Xjv>, V veHxk(y), (IX. 4.14)
such that ||v]| = 1. Thus
IAGIP<lIpIP + (IX. 4.15)

Then the unique number of possibilities to obtain an infinitesimal character of integrable
square whose y-isotopic component Hk(y) # 0, is ¢ <u,, that is to say, whose infinitesimal
character y,(C), let be such that A, — p, = 35(C).

Since there is an equivalence between the finite number of irreducible (g, K)-module with
infinitesimal character y,, in the class o, then the number of cek2(G), such that Hx(y) # 0, is
finite. =

SEMINARIO

TEORIA DE REPRESENTACIONES DE
GRUPOS DE LIE REDUCTIVO REALES

Analisis Armoénico sobre el
espacio de formas cuspidales

Francisco José Bulnes Aguirre, F. Ciencias, UNAM
Cubiculo 111, IMUNAM
Jueves 17 | 11:00 horas

Instituto de Mateméticas Universidad Nacional Auténoma de México



Chapter X

Cohomological Induction and Securing
of Generalized G-Modules by G(w)-Orbits
to Infinite Dimensional Representations
of Lie Groups

(Talk given in Ivano-Frankivsk, Ukraine, 2009 [15])

X. 1. Vogan program

In the study by Vogan, is to establish the following problem of the representation theory
(PTR). Given an irreducible representation (r, V), it is possible to give a structure of Hilbert
space on V, to have to 7, like an unitary representation.

Strictly speaking this bears the questions:

i.  We can make that V, takes a bilinear hermitian G- invariant form <, >.?

ii. If whose form exist, ¢Is the form <, >, positive define?

The goal of the Vogan program is to analyze some difficulties that arise when one tries to
study this program accurately this program. The difficulties have their origin exactly in the
flexibility of the definition of a representation (x, V), of G, a topological group.

Typically wants to want realize a representation of G, on a space of functions. If G, acts on
the set X,then G, it acts on functions on X, for

[m(@)f |(x)=f(g"'x), VxeXandgeG, (X.1.1)

The difficulties arise when we try to decide exactly which space of functions on X, it is
necessary to consider. Since if G, is the Lie group acting smoothly on a manifold X, then one

can consider C(X), C,(X), C.”*(X) or C"?(X).

Harish - Chandra establish that: Each class of infinitesimal equivalence of admissible
irreducible representations contains at most a class of equivalence of irreducible unitary
representations of G, this is:

O
n
F}x

(X.1.2)

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
I NTE H Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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with G, a class of infinitesimal equivalence of classes of admissible representations of G.
This result in some way establishes a solution or general answer to the problem (PTR) of the
Vogan program.

However, requires to specific the type in a positive defined way that will guarantee the
Hermitian structure of the representation algebra of Vx, that induces to <, >, x, like a
Hermitian G-invariant form and thus endows to Vx, like unitary representation in this class
of infinitesimal equivalence, that is to say, the existence will have been guaranteed of at least
an irreducible unitary representation in the class of unitary equivalence that is
representation of G.

X. 2. Dificulties

The existence in a G-invariant continuous Hermitian form <, >, on V, implies the existence
of <, >, x, on Vk, but the reciprocal is not true. Since Vk is dense in V, exists a continuous
extension at most of <, >k, to V, but the extension cannot exist.

An important observation that one deduces from some concrete examples is that the
Hermitian form can be defined only on "representations appropriately thin or small", at least
it is what Vogan puts in evidence inside its program for each class of infinitesimal
equivalence.

In the different spaces to consider C(X), C,(X), C,”*(X) 6 C“(X), the space C,*(X), offers

as a suitable candidate and appropriately small and it can be endowed with a invariant
Hermitian form. The space is generally more "fat" like space to admit a invariant Hermitian
form.

We define the space V¥, of continuous linear functionals on V, endowed of the strong
topology, that is

VE={£eC(V)|g: V - C,1(8): W,(B)}

=3(V,0), X.2.1)

1(€), is the defined strong topology on neighborhood base in the origin consisting of groups
W, (B), defined by the spaces

W, (B)={{cE* ‘supeeB

§e)|<el < EX,
with B< VY’ bounded.

Theorem X. 2.1. (Casselman, Wallach y Schmid) [46-48].
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Suppose that (r, V), is an irreducible admissible representation of Lie groups G, on a Banach
space V. We Define

(n®,V®) = analitic.vectors.in.V,

(n”, V™) = differentiable.vectors.in.V,
(™, V™) =distribution.vector.in.V
=dual.de.(V')”

(n~®, V™) = vectors.of .hyperfunctions.in.V
=dual.of (V").

Each one of these four representations is a soft representation of G, in the class of
infinitesimal equivalence of n, and each one only depends on that equivalence class.

The inclusions

VeV cVeV* eV, (X.2.2)

are continuous, with dense image. Anyone Hermitian form <, >k, on Vk, expands uniquely
to G-invariants continuous Hermitian forms <, >,, and <, >,, on V®, and V*.

The four representations V®,V*, V™ and V™, are called minimal, smooth, distribution and

maximal globalizations respectively.

Except for m, be v, a representation of finite dimension (such that all the spaces in the
theorem X. 1, they are the same one). The Hermitian form cannot extend continually to the
maximal distribution or globalization V™, and V™. For what could be necessary the use of
representations of G, built on spaces of holomorphic sections of vector bundles and
generalizations. Is in this part where later on inside this work it will be to induce and to
generalize the G-modules of Harish-Chandra [5, 21] and [37], to be able to be related with
the globalizations of Wong.

Now then, since through this way are obtained unitary representations, is necessary to
specify a similar way or analogous to the followed to the obtaining of minimal and

differentiable globalizations with the certainty of that the Hermitian forms can be defined on
the representations.

X. 3. Minimal and maximal globalizations
We consider a result of maximal globalizations of Harish-Chandra:

Theorem X. 3.1. (Wong) [36]. We assume that the admissible representation V, is the
maximal globalization of the (9, LnK)-module underlying. Be the G-invariant holomorphic
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vector bundle on X = G/L, corresponding of (V — X). Then the operator 9, for the

Dolbeault cohomology has closed range and such that each one of the spaces HP9(X,v)

takes a soft representation of G. Each one of these admissible representations is the maximal
globalization of their underlying module of Harish-Chandra.

Proof: [17].

Def. IIL.1.Suppose G, is real and reductive. g,is a parabolic subalgebra of the complexified
Lie algebra gc, and L, is the Levi factor ofg. A (g, L)-representation (t, V) is to say be
admissible if the representation t,in L, is admissible. In this case the method of Harish-
Chandra of V, is the (5, LnK)-module VL, of vectors LnK-finites in V.

The theorem of Wong [36], establish that the Dolbeault cohomology let to the maximal
globalizations in great generality. This means that there is not possibility to find Hermitian
invariant forms on these representations of Dolbeault cohomology except in the case of
finite dimension. That is to say, spaces are obtained too "fat" to be able to identify and to
classify the infinitesimal equivalence classes of representations of Lie groups and to identify
the unique classes of unitary representations corresponding to each one of the mentioned
infinitesimal equivalence classes.

For it is necessary to develop a way to modify the Dolbeault cohomology to produce
minimal globalizations in more grade that the maximal. Essentially we can follow the ideas
of Serre, which are based on the realization of representations of minimal globalization
obtained about generalized flag manifolds achieved first by Bratten. Of the duality used to
define the maximal globalization the question it does arise, How can you identify the dual
topological space of a cohomological space of Dolbeault on a complex compact
neighborhood?

The question is interesting in the simplest case: Suppose an X c C, is open set and H(X), is

the space of holomorphic functions X, in a topological vector space X, using the topology of
uniform convergence of all the derivatives on compact sets.

For what would H(X), be natural alone to be questioned, what is the dual space?

This last question has a simple answer. Be ~ C, (X, densidades), the space of supported

distributions compactly on X. We can think in this like the space of complex supported
2-forms compactly (or (1, 1)-forms) on X, with coefficients of generalized functions. For
what, with more generality we write:

A P97 (X)=(p,q)~ Supported forms compactly on X, with coefficients of generalized

functions,
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The differential operator of Dolbeault 8, map (p, q)-forms to (p, q + 1)-forms and it

preserves the support,
0:A MO (X) > A M (X) = €, (X, densities) (X.3.1)
Then
HX) = A (X) 1 0A M (X), (X.3.2)

Here the line

on 0A (X), it denotes closing of the space dA "*(X).

To open X, in C, the image of 9, is automatically closed, for that the line is not
necessary. However this formulation has an immediate extension for any complex

manifolds X (replacing 1, and 0, for the dimensions n, and n-1).
Let us enunciate the generalization of Serre [13]:
Theorem X. 3.2. (Serre). Suppose that X, a complex manifold of dimension n, va vector

holomorphic bundle on X, and €, is the canonical bundle of lines (of (n, 0)-forms have more
than enough X). We Define

AP (X, v) = Space of the Soft v—valuates (0, p)-forms on X, (X.3.3)
and
AP (X,v) = Space of v-valuates compactly supported
(0, p)- forms with coefficients of generalized functions (X.3.4)
Proof. [14].

We define the topological cohomology of Dolbeault de X, with values in v, as

HYP (X, v) = [kerd (A" (X, v) / AP0 (X, v), (X. 3.5)

top

Indeed, a quotient of the usual Dolbeault cohomology and carry a locally convex topology
also usual. Similarly we define

HYP(X,v) = [kerdJ (AP (X,v) / 6A P07 (X, v), (X. 3.6)

top

the topological cohomology of Dolbeault with compact supports. Then a natural
identification exists
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HYP (X, 3)* = HEYL P (X, Q © 3¥), (X.3.7)

Here 3%, is the vector holomorphic bundle dual of 3.

We consider the following case. When X, is compact then the sub index ¢, is not added more,

and the operators 9, automatically have closed range.

The central idea in this part of the program of Vogan is the desire to build representations of
real reductive groups G, beginning with a measurable complex flag manifold X = G/L, and
using G-equivariants holomorphic bundles of lines X. Indeed, if we have X =K/T, withr=0,

in H Co‘r(X,v), then H Co’r(X,v), in the irreducible G-module on the corresponding coherent
sheaf of O(1), global sections of the complex holomorphic bundle v, and the relationship

among 0 - cohomology and the sheaf is simple and it is given by the space

F(X’ OO")) = HO(X= O()\.)),

For the infinite case, is necessary to use a finer structure of the flag manifolds like for
example, the given by open orbits of flag manifolds and the continuous homomorphisms
among whose open orbits to induce a classification of the irreducible representations that

reside in the space HO(X,O(X)), and that under the association of irreducible minimum

K-types suggested by Vogan [38], the widest class in classifiable irreducible unitary
representations will be obtained by the theory of Langlands.

However we will establish a special formalization of the @ - cohomology to be able to use G-
invariant holomorphic bundle of lines on X.

For compact G, the theorem of Borel-Weil says that all the irreducible representations of G,
arise in this way as spaces of holomorphic sections of holomorphic bundles of lines.

Def. III. 2. Suppose that X, is a complex manifold of dimension n, and v, is a holomorphic

vector bundle on X. The cohomology of (p, q)-Dolbeault compactly supported of X, with
coefficients in v, is for definition

HYP (X, v)* = (ker(O) (AP (v) / (Im(BAP 47 (v)), (X.3.8)

If v, is of finite dimension then the cohomology H'4(X,v),is a cohomology of Cech with

compact supports of X, with coefficients in rhe sheaf ng @, Of holomorphic p-forms with

values inv.

Exactly a topology natural quotient exists on this cohomology, and we can define:
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HP3 (X, v) = Hausdorff maximal Quotient of

c,top
HPY(X,v) =Ker(d) / Im(0), (X.3.9)

Then Hf’(;g (X,v), it takes soft representations of G (for translation of forms).

Then clear consequence of the theorems of Serre, theorem X. 3. 2, and the theorem of Wong,
theorem. X. 3. 1, using the definitions previous is have the corollary:

Corollary X. 3.1. (Bratten) [37]. Suppose that X, is a complex manifold G/L, and assume that
admissible representation V is the minimal globalization of the (3, LnK)-module. Be

AP4(X,v), the Dolbeault complex to v, with coefficients of generalized functions of compact
support. Then the operator 9, have a closed range such that each one of the corresponding

cohomological spaces HP(X,v), takes soft representation of G (on the dual of a nuclear

Fréchet space). Everyone of this representations of G, is admissible and is a minimal
globalization of their underlying module de Harish-Chandra.

Proof. (Vogan, 2000, Bratten, 2002).

The fundamental relation of duality of minimal and maximal globalizations is given by the
corollary. X. 3.1, that makes allusion to the conjecture of Serre.

The theorem demonstrated by Bratten (Bratten, 2002), is different:

He defines a sheaf of germs of global sections A(X,v), and it demonstrates a parallel result
for the cohomology of sheaves with compact support on X, with coefficients in A(X,v).

When V, is of finite dimension, the two results are exactly the same one, being this easy to
verify for that Dolbeault cohomology (with coefficients of generalized functions of compact
support) and it calculates the cohomology of sheaves in that case.

The case of infinite dimension of V, comparing the corollary one enunciated previously with
results of Bratten is more difficult of establish. The development of Vogan (Complex
Analysis and Unitary Representations, Springer, 2003) in all the exhibitions only speech of
the Dolbeault cohomology and not of the cohomology of sheaves, foreseeing that the
relationship between sheaves and the Dolbeault cohomology for bundles of infinite
dimension is complicated and it bears bigger difficulties that those foreseen by the own
theory of representations.

For the theory of characters, they are been able to determine the infinitesimal characters of
the Dolbeault cohomology of representations and it is applicable the theorem of Vogan for
representations of infinite dimension [37], [38].
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The same way to the Dolbeault cohomology with compact support. The weightii— p(u) that
appears in the following corollary is therefore the infinitesimal character of the

representation HS"(X, v), with v, having defined by v - X = G/L.

Corollary X. 3.2. (Vogan). Be Z=K/LNK a complex compact s-dimensional submanifold
of the complex n-dimensional manifold X = G/L. Be r = n—s, the codimension of Z, in X.
Assume that V is a (5, L)-module of infinitesimal character ALeb*, and that V, is the minimal
globalization of the (3, LnK)-module. Assume that AL — p(ut), is weakly anti-dominant to u,
this is that —AL + p(u), is weakly dominant. Then:

i. H(C)’Cl (X,v)=0, underg=r.

ii. Si L=L_, andV, is airreducible representation of L, then HS’F(X,V), is irreducible or

cero.
iii. If the module of Harish-Chandra of V, admits a Hermitian and invariant form, then

the module of Harish-Chandra of Hg’r(X,v), admits a Hermitian form.
iv. If the module of Harish-Chandra of V, is unitary then the module of Harish-Chandra of
Hg’r(X, V), is unitary.
Proof. (Complex Analysis and Unitary Representations, Springer, 2003) and of the corollary
X.3. 1.

X. 4. u — Cohomology

Be g, a reductive Lie algebra on c. Be b, a cartan subalgebra of g, and be I, the system of
positive roots to ®(g, h). Be b =b(P) =h ®®,.rq,. Be g, the subalgebra of b, enclosed b.

Be ®i={a.e® | (5, +8_,) < 9} and correspondingX = P —®, with

[=h OB, 0y, (X. 4.1)

and

U=, sq,, (X.4.2)

Then g =l ®u and [[,u] cu. Be u=h ®®,.s8,, and g=[ @u". Then g =u & [ @u". By the theorem
PBW (Poicaré-Bott-Weil),

U(g) = U(I) ®(uU(g) © U(g)u’), (X.4.3)

to U(x), enveloping algebra of Lie algebra a.

Be V, a a-module with actionn. Then
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Ci(u, V) = Hom(AlL, V), (X. 4.4)

is a [-module under the action (Xp)(Y) = X(u(Y — p(adX(Y))), vV Xel, and Yeu. Also d(Xu) = Xdp.

The module given for (17) are the complexes of the u-cohomology.

X. 5. Generalized G-modules and ond theorem to representations of
infinite dimension

G-modules of Fréchet are induced and irreducible G-modules of infinite dimension are built
whose differentiable cohomology is a cohomology of representations of applicable infinite
dimension to the Langlands classification and some geometric theorems as the theorem of
Borel-Weil.

Def. X. 5.1. For a topological G-module or simply a G-module (n, V) will understand a
topological vector space on which G acts via a continuous representation. Ag-module is the
corresponding pre-image of a G-module of the corresponding exponential homomorphism
[37, 38, 46-48].

An extension of a G-module is a open G-orbit of a holomorphic bundle of flags on Fréchet
spaces [46-48].

One generalization of the extension of a G-module H?(G(w),0 B #0, Vq=s,is the case

when 1, is of infinite dimension. For this case is necessary to build a version of extension of
G-module whose cohomology is the corresponding to a cohomology of representations of
infinite dimension. s is the complex dimension of a compact maximal submanifold Z(w), of
G(w), such that

Z(w)=K /KL, (X.5.1)

and E,— G(w), the homogeneous complex holomorphic vector bundle corresponding to the

open G-orbit G(w) Vn L, and maximum weigh A.

If L =T, the extension of the G-module is reduce to set of global sections of the sheaf Oa()),
of the complex holomorphic bundle of flag manifolds with maximum weigh A. This is an
irreducible G-module of finite dimension with maximum weigh A (Theorem of Borel-Bott-
Weil).

A version of extension of G-module whose cohomology is that of representations of infinite
dimension can be built starting from the induction of G-modules on a differentiable
cohomology defined as follows:
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Def. X. 5.2. A generalized open G-orbit is the extension of G-module (open L-module on a
differentiable cohomology) induced in the differentiable category given by the space

I”(G(w)) = IndY G(w) [11], (X.5.2)

Def. IV.3. (Bulnes, F.) [37, 38, 46-48]. A generalized G-module is the induced G-module by a
differentiable cohomology of representations of infinite dimension (E,n), defined on
generalized orbits of the complex homogeneous bundle

E — G/L[8] (X.5.3)
where E, is a Fréchet space.

Using u-cohomology, continuous cohomology and the generalization of the topology on
complexes of fibered holomorphic bundles of Frechet is having that:

Proposition X. 5.1. (Bulnes, F.) [37, 38].

H'a(u, () = H*a(G/L, Ox(E,)), (X. 5. 4)
Proof. [38].

Of these generalities in hand, we get immediately a description of the topological dual of
Dolbeault cohomology.

Using the conjecture of Vogan on the possible extension of representations of L to modules of
Harish-Chandra to G taking care that the co-border operators of the Dolbeault cohomology
have all closed range, we apply this conjecture on the extension of the induced G-modules
proposed to modules of Harish-Chandra of infinite dimension, obtaining the conjecture:

Conjecture X. 5.1. (Bulnes, F.) [38]. Suppose that Hi«(g, LNK; AL®E,*) is a (I, LmK)-module
of finite longitude, E,, their corresponding representation of L, andv, the make holomorphic
associated bundle to G/L.Then the co-border operators of the Dolbeault cohomology are all
of closed range and to the case of infinite dimension the range of the co-border operators of
the Dolbeault cohomologyare closed provided certain intertwining operators [39], applied to
the corresponding induced G-modules are modules of Harish-Chandra (which must satisfy
the theorem of Vogan-Zuckerman on irreducible unitary representations of infinite
dimension under character of Vogan).

Using certain technical lemmas [10], to a decomposition of the algebra W in their parts
extensive y classified of the radical nilpotent part of the complex holomorphic vector bundle
module a radical nilpotent bundle of Borel subalgebras [8, 12], and with pertinent
generalizations of the G-modules, is have a theorem of classification of representations of
infinite dimension [8]:
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Theorem X. 5.1. (Bulnes, F.)[21, 37, 38, 41, 46, 47], and [48]. Be 1, denotes for Hi«(L(w),
Os«(Ey)), a representation of infinite dimension of (3, L) and be E, — G(w), the associated

homogeneous vector bundle. Then the operator 9, to the complex de Dolbeault A(G(w),
E. ®(ndu)*)Lis of closed range. Then the cohomologies Hi(G(w), O«(E,)) = 0, V q # s are
admissible G-modules de Frechet composition of series (These form admissible
representations of finite longitude). Their modules of Harish-Chandra underlying are
functors of Zuckerman [21, 48] AsYG, M ,b, y,) = A(G, L, g, n). E,, have Infinitesimal
Character m, ;, and trivial action u (to it the generalized G-modules admit the infinitesimal
G-charactery,G, + pw)-

Proof. To thatd,be close is necessary that be regular in whole their domain (Wong's

globalizations). Then 0,on HuG(w), Oq(Ey)), is a representative K-finite cohomology of
strong harmonic L2-form. By the intertwining operator [38, 39], it is map fundamental series
in harmonic forms of I(w), of HY(G/L,L,,), with L,,, the bundle of lines and v,, is the unitary
character of L = G. Then 9, is regular in A4(G, L, g, n). Then by differentiable cohomology,
rS(Fo). Then by differentiable cohomology

pS(dy) # 0, (X. 5.5)

Vv Fo c Q(F) with K-type (o, Fo) in C*(LNG, rdu ®C,,), and S(Fo), represent the class of
cohomology non vanishing on K n L. Using results of u — cohomology (lemmas of Vogan
and Kostant of u — cohomology) to g-modules. This class of cohomology is the of the (g, K) -
modules isomorphic to space Hi(G(w), E,~), when E,~= C,,. But C,,=C,w+, and due to that
the induced representations on generalized G-modules like the defined in the Def. X. 5. 1,
and Def. X. 5. 2, can be identified under the Szego intertwining operator

S: Ind,(Eq eprat) = Ey—>HY(G/L, E,), (X. 5.6)

where

HY(G/L, E,) <> IndiS(E,~ ® (At0)*)), (X.5.7)

and IndiS(E,~ ® (A9*u)*)) = E,,where

E,— Hy(G(w), Ou(Ey)), (X.5.8)

Not there is to lose of see that it is wants to carry on the classical representations
Ind,Y(E; opLet), with discrete series o, built up by the Vogan’s algorithm of minimal K-types
of A4X) to the canonical temperate representations IndiS(E,, ®(Adu)*)), where the

restriction fiber of E,, have Dolbeault operator5 In particular and using the

L(w) *

generalization of the Borel-Bott-Weil theorem (to L, locally compact),

HOa(K/(KN L), Cow+3) = HOA(K/(KN L), Casw+7) = FP0 7, (X.5.9)
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We can to use these representations like complexes of Dolbeault to a globalization of Wong
of type C“(L(w), E,, ® (A*Lirw)*).If we inducing certain representations K(w) = K/(Kn L), of
G(w), to L(w) = G/L, of G(w). But this is possible due to the construction of the generalized

G-modules. Then 6, on whose complexes is close.

Then using likeu = dim(K m L)(x), with u = t + s, with t, and s, complex dimensions of
(K nM)(x), and (K nL)(w), and the fact of that

He(M(x), 0~(E,,..)) = 0, (X.5.10)

Vp#t and

Hi(L(x), 0:(Ey)) =0, (X.5.11)

V p #u, we have the spectral succession of Leray of L(x) = L(w), collapse to Ez. Then the
vanishing of the group of cohomology Hi(L(x), 0s(E,y)) =0, VA + p(u), establish that

Ho(L(x), 0u(E,)) = HA(L(x), 0a(H(M(x), 0~(E,1.)), (X.5.12)

and due to the development of the relative lemmas of Frechet spaces it is follows that (X. 5.
12) have structure of Fréchet space to the which the action of G, is a continuous
representation (generalized G-module).[]

Cohomologically should be induced with finer decompositions of an nilpotent algebra of u,
obtaining spaces more classified "thin"; the corresponding admissible G-modules of Frechet.
The obtained theorem can classify a great part of representations of infinite dimension
although not their entirety due to the difficulty of obtaining a substantial algebra whose
Dolbeault cohomology has an operator of closed range on the admissible G-modules that
appear in the problem of representation of those (I, LmK)-modules for an algebra g.

However, choosing an appropriate infinitesimal G-character, we could establish functors of
Zuckerman corresponding to a algebra APu, with u = g/t, and canonical globalizations X,
with g =, g=0, g=-, or g=—o; having the property of closed range.

The election of an appropriate infinitesimal G-character causes redundancies in the
admissible G - modules that turn out to be unitary representations, for what is important to
choose a decomposition of u in the group of Levi.



Appendix A

APPENDIX A: Integral Formulas on Canonical
p-Pairs

Be G, a real reductive group. We fix 6, a involution of Cartan G = NAK, and F, the subset of
Ao, with Ao = (A — Fo)|s, where Fo= {a.eA | ola=0}, and A is the system of positive simple roots
of ®(g, a). Be (Pr, Ar), the canonical p-pair. If pe(ar)*, and if Hear, then a"= expp(H), if a =
exp H. We define to pre(ar)*, by

pr(H) = (1/2)tr(ad Hir). (A. 1)

Lemma. A. 1. Let dn, da, dm, be invariant measures on NFr, Ar, “"Mr. Let dk, be a normalized
invariant measure on K. Then we can to elect an invariant measure dg, on G, such that

Ic f(g) dg = INF «AF , Omr , kr f(namk)a 2°F dn da dm dk, (A.2)

to feC(G). Also if ue C(K), then
Jxu(k) dk = [« ru(kek(kg))a(kg)?F dkr dk, (A.3)
where if geG, and if g =nak, neN, acA, and keK, then a(g) = a, and k(g) =k.

Proof. Let dp, be a left invariant measure on Pr. Then we can elect an invariant measure, dg,
on G, such that

[6f(g) dg = [er . x f(pk) dpdk, (A. 4)

By the lemma. I. 2.2. For which can be demonstrated that save a scalar multiple dp = aF
dndadm. The lemma on suprajective diffeomorphisms’® implies that dp = h(n, a, m)dndadm,
with h, a smooth function on Nr x Ar x M. By left invariance h, is independient of n.

By definition of °Mr, the modular function, 5, of Pr, is 1, on “Mr. Thus dp, is right invariant
under Mr. Of where h, is a function of only one of the components.

The Jacobian of the action n |— ana'is det(Ad(a)) = a2}, to ac Ar. Thus a?’"dndadm, is left
Ar_invariant.

°Lemma. (1). The map Mrx Nr — Pr, given by m, n |- mn, is a suprajective diffeomorphism.
(2). The map “Mrx Ar x Nr — P, given for m, a, n - man, is a suprajective diffeomorphism.

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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Now we demostrate the second afirmation of the lemma. Remembering the lemma. I. 2.1.,
exist a continuous function compactly supported £, on G, such that

[oe £(pk) dp = ke u(kek) dke, ¥V keK (A.5)
Thus have
Jef(x) dx = Jxu() dk, (A. 6)
Now,
[af(x) dx = o f(xg) dx = [er, xf(pkg) dp dk, (A.7)

Writing kg = na(kg)k(kg), like above, dp is transformed for §, under right multiplication by
elements of Pr. Since

d(na(kg)) = a(kg) >,

we have

[xu(k) dk = [er x a(kg) ¥ f(pk(kg)) dp dk = [xe . x u(kek(kg))dkr dk,
that is the wanted result. ®
To the following formula of integration we asume that G, is of inner type. Let R, be a system
of positive roots to @(m, a), corresponding to the election of n. Be a*, equal to the
corresponding Weyl camera to R°.

Be A*=exp(a*). If acA, a=exp H, we do corresponding

y(a) = IT, crsinh(ou(H)). (A.8)

Lemma. A. 2. dg, can be normalized such that

Jaf(g) dg = [k . a+  x y(a)f(kiake) dkida dke. (A.9)

10Be peP. Be Xeg", such that <X, X>= 1. Then [X, 6X] = -H,. Here H, €a, is defined by B(H, H,) = p(H) V Hea. Thus if
x = (2/uHY)X, y =-0X, h = (2/u(H,)H,, then x, y, h generate a TDS (three Dimensional Simple) Lie algebra on IR. Thus
exist a homomorphism de Lie, o, of SL(2, IR), in Go, such that 6(g*) = (65(g))"'. Be k, the image of [0 1 | -10], under o.
Then, if s, is defined by s, H=H - B(h, H)H, to Hea, then Ad(k)H =s,H. Be N(a) = {uek® ‘ Ad(u)a=aj}.

Be W(g, a) = {Ad(u)l: | ueN(a)}. Then s,€W(g, a), to all ueP. This it is follows of the realized observations with before
into of this foot of page.

Be @, the set of all the Hea, such that p(H), is not null to all pe®. A connect component of &', is called a Weyl camera of a.
If C, is a Weyl camera then the set of all the pe®, such that , is positive on C, denoted by the space Pc, is called a
positive roots systems. If peP, and if y1, can not be write like a sum of two elements of P, then y, is called simple in P.
One interesting proposition to respect is:

Proposition. (1) W(g, a) is generate by the s, to p, simple in P.

(2) W(g, a) act simple and transitive on the Weyl camera of a.
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Proof. Let

B:arxK/M'—p, (A.10)

defined by B(H, kM?) = Ad(k)H. Be p’, the rank of p. Since Ad(K)a =p, Ad(K)a*= Ad(K)a’, and
Ad(K)(a —a’), is a finite union of submanifolds of low dimension, ¥’, is open, dense and have
a complement of measure 0, in p. Is easy demonstrate that P, is a diffeomorphism in p’(see
proposition (1), foot of page 2).

Let Pj, be a system of positive roots for ®(ac, (hj)c). Set m(H) = I1,ra(H), for Heb;. Let D, is a
non-zero polynomial function on g. Then D(H)| = |m(H)P? Since G, and each Hj, are
unimodular, each coset space G/Hj, has a G-invariant measure dx;.

Proposition. A. 1. There exist positive constants ¢, j = 1, ..., r, and normalizations of
Lebesgue measure on g, and the bj, such that

[fdx =3¢, [[DMH)|| [ f(AdxH)dx; dH, (A.11)
iy bj G/Hj

for feCe(m).
Proof. For the moment, fix j, and let hj=b, etc. Let p: G/H x ) — g, be defined by n(gH, h) = Ad(g)h
(here ¥ = @ N bh). We may identity the complex tangent space at 1H, to G/H, with n* + n".

Translating by the elements of G, allows us to identity the tangent space at gH, with this
space. A direct calculation yields

dpgr,n(X, Z) = Ad(g)(ad Xh + Z), (A.12)
for Xe n*+n", Zebh. This implies
i.  The Jacobian of y, at gH, h, is D(h), up to sign.
This implies that p, is everywhere regular. The remarks preceding the statement we are

proving now imply that y, is a [W]-fold covering of their range. Lemma'! implies that g’, is
the disjoint union of the open subsets Ad(G)(bj)c. The result now follows from (i).

The above result is sometimes called the Weyl integral formula for g.

Now we derive the Weyl integral formula for G. We define real analytic functions dj, on G

by

det(tl - (Ad(g) - 1)) = £t di(g),

' Lemma. (1) If Xeg’, then X, is semi-simple and Cs(X) = {Yegq |[X, Y] =0}, is a Cartan subalgebra of g.
(2) If X, is a semi-simple element of g, then Cy(X), is a reductive subalgebra of g, that contains a Cartan subalgebra.
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Here n = dimG. Set d = dj, for j = rank(ac). We set G’ = {geG | d(g) # 0}. Then G/, is open,
dense with complement of measure 0, in G.

Proposition A. 2. There exist positive constants mj, so that if dg and dh;, are respectively
invariant measure on G, and Hj, then

[f@dg=>"m; [ld)|| [ fgh,g™d(gH)) dh;, v feC,(G), (A. 13)
G H, GIH,
Proof. We fix j, and for the moment drop the index j. Let 6:G/H x H" — G, be defined by
o(gH, h) = ghg!(here H' = H " G’). We have

dogi n(X, Z) = (Ad(g)((Ad(h™) — X + Z))o(et by, (A. 14)

for Xen* @ n”, Zeh. The rest of the proof is now almost identical to that of proposition A. 1,
and the details can be done like a exercise.

A result that helps us to derive some integration formulas that are related to the Gelfand-
Naimark decomposition is the following result.

We set Vr = ONF. Fix invariant measures dn, dm, da, dv, respectively on Nk, "Mr, Ar, and VE.

Lemma A. 2. The invariant measure dg, can be normalized so that
[f(g)dg = | a?*f(nmav)dndmdadv, (A.15)
G Ngx" MexApx Ve

for feCo(G). If ueC(K), then

j u(k)dk = j a?*f(nmav)dndmdadyv, (A.16

K KexV

Proof. [4-6]. =
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APPENDIX B: Regularity on a Lie Algebra

One of the fundamental theorems that gives place to born of the ordinary D-modules is the
theorem or regularity of Harish-Chandra. In this is established a discussion on involutive
distributions require in a decomposition of Cartan of an open G-invariant of a reductive
algebra g, that which permit to obtain germs of a sheaf of differential operators in a Fréchet
space. This give place to construct a regularity theory of the (g, K)-modules through of
differential operators (the classical D-modules) and their extensions on G-invariant folds of
a differential manifold with subjacent reductive group G.

Let G, be a real reductive group, m, their real Lie algebra and g = m ®g C, their
complexification, G?, the topological component of the unit of G, defined as the space

G = {geGJAd(g) =], V AdeEnd(G)}, (B. 1)

Given that G is reductive then Int(g), is the space of automorphisms

Int(g) = {ge Aut(G)|exp(adX) =g, V Xeua}, (B.2)
where Int(g) can indentifies like the space Ad(G?) ®; C.
If Xeg, and geG, then Ad(g)X = gX. If Q, is an open G-invariant of g, and if feC*(Q), then
1(g)f(X) = f(g'X), V yeG, and Xeu. Let be the open space or open of operator invariants
D'(Q)C = {TeD'(Q)| Tr(g) =T, ¥ geG}, (B.3)

Let D = Dx(X), be with r = dim §, with § c g, and such that Xeq’, where

o’ = {Xeg| D(X) =0}, (B.4)

We consider @' =Q n o’. Be by, ..., bs, a complete set of Cartan subalgebras non-conjugates of
a. Be Qf = G(Q' N bj), (Is the corresponding open orbit of the group G corresponding to the

subalgebra of Cartan hj). Then " = UQ). Indeed, be Helj(j < s), then for the G-invariance of
Q

Ad(g)H=gH, (8.5)
where gHeG(QY' N bj) = G[(Q N a’) N bj] = . Then

Yi<sAd(G)Hj=ZisHj=1/, V geG, Heb, (B. 6)

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
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which is translated in Uj<s G(Q N hj) = Ujs O = Q. If geG and if HeQ)' N b;, then we define
the map

yi: Gx (Y ) > Q, (B.7)
with rule of correspondence

(g, H)I->gH, (B. 8)

This map is a submersion of G x (" N b)) in €. That’s right, by appendix A, if HeQ' n by,
with geV, and Yeb, then

dyi(X, Y) = Ad(g)([X, H] +Y), (B.9)

where dy;, is suprajective V geG, HeQ'nb;. Of where vyj, is submersion.

We fix the Lebesgue measures dX, and dH, on g, and each b, respectively. We visual to S(x),
as the algebra

S(g) = {DxeDO(w)| Dx= EPi(X)d), V Xea}™2, (B. 10)

and consider the differential ideal I(z) = S(x)S, this due to that in S(w)¢, we can establish a
formula of differential ideals with the semi-simple structure of g.

We fix Cartan subalgebra b of g. Be ® = ®(ac, bic). If ae®, and if a(h) < IR (respectively a(h)
iIR), then we say that a, is real or imaginary respectively.

Let @, and @y, be the systems of real and imaginary roots respectively. Let I'g= ®p, and I't=
i®, beand I' =Tz + T

Let

b’ = {Hebjo(H) %0, V ael'}, (B.11)
Clearly b’ o V. In effect, if Hel’, such that

W = {Heg|oa(H) %0, V ael}, (B.12)
then Heb”.

12 Sea Xi, ..., Xn, a base of g, and be xi, ..., xn, the corresponding coordinates of g. If DeDO(g), then

D =Xpid,
where has been used the notation of multi-indices ordinary. If I = (i, ..., in), with i», a non-negative integer then [I| = Xij,
and dl/xih, ..., xi". If Xeq, then Dx= Zpi(X)d". Then Dy, is a constant coefficient differential operator on g. Clearly, TI ®
S(1c)) (to all homeomorphism of Lie algebras belonging to space Homg k(I, DO(g)), where |, is the subalgebra of g
corresponding to Lie group L = G x g, is the algebra of all the constant coefficient differential operators on g. We can
thus identify a S(ac), with the algebra of constant coefficient differential operators on g.
Note: T, is extended to a homomorphism of algebras of U(lc), in DO(g).
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Lemma. B. 1. Let C, be a connect component of §”’. Then exist vy, ..., yq€I, such that:

1. 71, ..., vq are linearly independents,
2. C={HebyH)>0,j=1,2, ..., q}
As consequence C N Iy, is connecting.

Proof. If o.eT’, then a(z(x)) = 0, since

z(w) = {Xegla(X) =0}, (B.13)
Thus we can assume unloosed of generality that g, is semi-simple. Let
b = {Hebca(H)eIR, V aed'}, (B. 14)
Then b = b @ ibg= (hr N b) @ (ibr N b). If ael'g, (or aell, respectively) then a(hr N b) (or
oibr M ) =0).

Consider the components spaces

(Y)Y ={HeBrNb) jo(H) 20, V aelg}, (B.15)

and

(ihr bY = {He(ibg b) ja(H) 0, V aelt}, (B. 16)

Then a connect component of §”, is the space of Weyl cameras Ci1x Cz, with Cin(hg b)’, and
Con(ibg N b)’, connect. Given that, I'g, and I', are both systems of roots and b, a Cartan
subalgebra of g, then I' = I'g U Ty, is a system of roots corresponding to the Weyl cameras of
C . Thenyy, ..., yq result linearly independents. Thus if we consider

T=@— (Trn ), (B.17)

and if o€, then Rea, and Ima, are linearly independents. Therefore the root spaces of b,
relative to o, is

()= {Hebjlo(X) =0}, (B.18)

is such that codim(hj),, = 2 in hj. Thus in C N (h)’, (hj),, have codimension

codim(y)o=dim C — dim Uy cs(hi)o (B. 19)

Of which the space C N (b))’ = C — Uges(hj)e, is connect.
Consider to Ad(G), such that

Ad(G)Z(g) = Z(), (B. 20)
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(Act trivially on the center of the Lie algebra of Lie g).

Let ¢1, ..., ¢4, be homogeneous Ad(G)-invariants polynomials on [g, g], (that is to say, ¢j=X;
Yi-YiXj)(G=1, ..., d),such that

[Ad(g)X;, Ad(g)Yi] = [X; Yi], (B.21)
Then V r>0,

Q¢ ..., ¢, 1) = {Xe[g, ] [$i(X)[<1,j=1, ..., d}, (B.22)

Let U, be an open and connect subset of Z(g) = Z. Let

Q={X+Y|XeU, and YeQ(dy, ..., ¢4, 1)}, (B. 23)

Lemma. B. 2. Q is connect. More yet, if b, is a Cartan subalgebra of g, and if C is a connect
component of i, then C N Q, is connect.

Proof. If XeU, and YeQ(¢1, ..., ¢4, 1), then X + tYeQ, to 0 < t < 1. Then implies by
connectivity that Q, is connect. To demonstrate the second affirmation is sufficient consider
to g = [g, g], due to the definition of the space Q(¢1, ..., ¢4, r). Indeed, considering to B a
connect neighborhood of the 0, such that Be ¢ C n Q, and C, a connect component of b”,
where

Iy’ = {Heb| a(H) 0, ¥ o},

where I'g= @, and I''= @y, and I' = 'z U I'. By the lemma I. 1, C N b, is connect. Since " >
b, then C like component of b, satisfies that

Cnly=C\V, (B. 24)

Since V te[0, 1], and X, YeC, tX - (1 —-t)YeCn K’ =C \ i’ < C, of where tX — 1-tYeC, Vv
te[0, 1]. Then B n C is connect. Then, if XeQ N C, then exist t > 0 such that tXeB n C. Thus
CnQ, isconnect (alsoBcCn b). =

Theorem. B. 1. Be Q= {X + Y| XeU, YeQ(d1, ..., ¢4, 1)}. Let TeD’(QY), be such that dim I(a.)T
<, on . Then exist an analytic function Fr=F, on ', such that

1. T=TronQ,

2. Ifb, is a subalgebra of Cartan of g, then exist an analytic function B, on ", which is an
exponential polynomial on each connect component of h”, such that F|g ~v=|D|2f,
more yet, if we extend F, to all Q, doing correspond F =0, on Q — 0, then F, is locally
integrable on Q.

Proof. Assume b = b, then V Xeb, and peS(x)©¢=1(g)
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vi(pT) = [DI2pID[ 2y (T), (B.25)
Thus dim L(@)([D|"2y%(T)) < co. But S(hc), is finitely generated like a I(x)-module. Then the
lemma®® implies that exist a function Bj, on Q' N b, whose restriction to each connect

component is an exponential polynomial and is such that
wi(T) = DT, (B. 26)

Given that

Flo ~v(X) = [DI"2B(X) = Floj ~ vi(gH) = [DI*Bi(gH), (B.27)
Vv XeQYj, with X = gH, Hel’j, then B(X) = Bj(gH). But S(hc), is finitely generated like a I(x)-

module, thus

I(m)B(X) = L)ID["2Bi(gH), (B. 28)
V Pel(q). Thus Bi(H) = B(X), in & A V’j. Then if Flo v = [D[2B, then

Wi(T) = [D[ Ty = wi*(Tr) = D12},

Given that Thus Bi(H) = B(X), in Q" n b, then T = Tqy = Ty = Tk, of where T = Ty,
on Q.

Note that if we extend B, to Q, by 0, then B, is locally bounded. Indeed, is sufficient only
consider f =0, on Q — Y, of where

ID2g|D[**fi(H) = 0,

which is equivalent to have that

ID["2g|D[*2=Bi(H),
Since dim L(a)(|D[2Bj(T)) < oo, V j, then exist o, such that (o = a(0)):

o[D[g[D[*2> Bi(H),

with a(0) = [B(X)], V Xe'V j. Thus B, is locally bounded. Then by the corollary'4, |D|'?, is
locally integrable.

We define the open set

BY = {XeQY|[[B(X)| = a(0) > 0}, (B.29)

3 Lemma: Let U, be a connect open subset of IR". Let TeD’(U), be such that S(IR")T, is of finite dimension. Then exist p,
.o, lpe(R)c*, and FeClxq, ..., xn, e, ..., '] such that T = Tr, on U. We have used a Lebesgue measure to ogn.
4 Corollary: [D|™'?, is locally integrable on g.
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that is to say, let be a neighborhood of the 0, such that B® = Q nby'. Since F|y, is locally
integrable then F[s0, is locally integrable V j. Then realizing an extension of Bj, by 0 in B?, on
Q, and considering that F = |D|28, then F, is locally integrable in Q. ®

The results that now we will give are extensions of the fundamental theorem of Harish-
Chandra.

Let Xy, ..., Xn, be a base of g, and we define X, for
B(Xi, Xi) = &y,
Let O = XXiX. Then Oel(x), (T is a G-invariant differential operator). By definition

I(x) = {DeS(x)°| D = TXiX;, V {X;}, a base of }’5, (B. 30)

since 5(x)¢= S(x) N T(w), where T(g), is a tensor algebra in g. Then [ = Dite T(g)°, with T(g)’c
T(g). Thus Cel().

Theorem. B. 2. Let Q, be (B. 23). Let TeD’(Q)S, be such that

dim C[O]T < oo,
on Q. Let F = Fr, be like the given by theorem B. 1. Then T = T=.

The demonstration of this result will take the reminder of the exposition. Before we have
that to give some details of the demonstration, first we will develop some results on
distributions on Q, that will be required in U @ .

Note that if is a G-invariant polynomial on g, then f(X) = £(X;), V Xeg. Thus

QNZzON)=UON, (B.31)

Indeed, by a side we know that

Z(x) = {XeglAd(g)X =X, V geG}, (B.32)

then z® N = {XeglAd(g)X + ad*X, V kez}. SinceUc QN z(g), thenQNn(z® N)cUS
N. For other side,

U®N={X+YXeUand YeN}, (B. 33)

15 This is a differential ideal and it is can extend or generalize to distributions on holomorphic vector bundles
extending much of the results of classical differential ideals.

By u-cohomology and extending the concept of distribution on a complex holomorphic manifold subjacent in G/L,
with L, a Levi subgroup in G, it is obtain a generalized ¢-module.

10 N'= {Xeqg| I'(g) = 0}.



Appendix B — Regularity on a Lie Algebra

Then [X, Y] =0, V YeN. But Ad(g)X =X, and Y = ad*X, V Xeg, and kez. Since furthermore
[X, Y] =0, V Xeu. For other side Q, is a convex space thus V terR*, X+ tYeQ. Thus X+ YeQ N
(z@&@N).ThusU @ Nc Qn (z® N). Then the equality among the sets Q N (z® '), and
U @ N, is followed.

We consider that g = [g, a]. Let N'=01U O20 ... U Oy, be with Oj= GXj, and Os, open in N,
O2, open in N — Oy, etc. Let

No=U,p Oy, (B. 34)
Then Np, is closed in @. Let H, X, and Y, be a canonical base to a TDS algebra'’u, in g, ([H, X]
=2X, [H, Y] =-2Y and [X, Y] = H). Like u-module under ad, g, is the direct sum
g=@Dnvm, (B. 35)
such that dim V"= um+ 1, V umez*. Then the eigenvalues X, of the endomorphic equation
(adh = Alvm) =0, ¥V heVm™, (B. 36)
are such that ReA = pum— 2k, with 0 <k < pm. The proper um—space is g N V™, and
XVm=3g¥Vm (B. 37)
and XVin XVi=¢j, Vi=#j. Then

a=0'®[X a], (B. 38)

We consider V = g¥. If geG, and if Z€V, then we define ®(g, Z) = g(X + Z), that is to say, the
map defined by

D:GxV-oAdQ)cQ, (B. 39)
with rule of correspondence
(g Z) |- Ad(g)(X +Y), (B. 40)
Then the differential
ddgo(g, V) =g(V+[X a]) =a. (B. 41)

Considering that V = g¥, and considering the submersion

w:Gx(Ve[X a]) - (B. 42)

with rule of correspondence

17 Three-Dimensional-Split algebra.
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(g V+Y) |> Ad(g)X, (B. 43)

we have in particular in a neighborhood of the 0V,

v =ddg o(g, V), (B. 44)
thus Ad(g)X + Ad(g)adX ey(G x (V @ [X, a])). Then there is a subspace

V™= (XX +V~ cQ} (B. 45)

with Q, the defined space explicitly as

Q= {X+Y|XeU (open), and YeQ(¢1, ..., $1, 1)},
In particular the images Ad(g)X + Ad(g)adX eX + V™ < Q. Therefore

Dl v~=y(G x (V@ [X, a])).
Then @l , v~ = ddg o(g, V) = g(V + [X, 1]). Note ®(G x V) n N, is open in N,. Indeed, ®, is
suprajective in G x V™. Then ®(G x V"), is open in Q. Thus V j, ®(G x V") n 2V, is open in /.

Let W1, be a G-invariant subset of g, such that W n N = Oj. For definition of V~,
neighborhood of the 0, in V, we can re-define it on g, as

V™ = {XeV|d/dt exp(tX)|i-0=X(0)},

But X(0)edysg o(g, V) =g. Also, ®|c,v~=ddg o(g, V), and given that (g, V")eW, then Vj, is an
open neighborhood of the 0, in V™. Then G x Vj, is open on G x V™. But ®, is a submersion in
G x V7, therefore exist an open set W such that

DG x V) =W,
(< Vj, ®j, is a submersion in G x Vj), thus V j, ®(G x Vj) N Nj= O;. If X =0, then we consider
Vj= Q. Then

3. Be OjcQ, and XjeO;. Be

Vj={X=Xjd(g, Xj))eW, V geG},

Then exist a neighborhood Uj, of 0, in Vj, such that if we consider ®j(g, Z) = g(X + Z), V geG,
and XeV;j, then

i.  ®j, is a submersion in an open neighborhood O, of X in Q,
ii. QG NN=0
ii. (X+Uj)nOj= X}

1BW = {XeglgX = X, V geG}
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Anyone neighborhood of the 0, in Vj satisfies (i), and (ii). For which we demonstrate in Vj,
that is satisfied (iii). If Xj= 0, we have Vj= Uj. Then we assume that X = Xj= 0. Let {X, Y, H},
be a base to a subalgebra TDS u, to X. Let

Wm = @A <pmadVm— Alvm,

and let W = 2 .~Wm. Then adX, is a linear isomorphism of W in [X, g]. Indeed, since

Q= (-Dm Vm,

then

X, @] = P s <um [X, V2] = [X, @ V2] = [X, V] = [X, HW=]

=[X, g n W] =[X, W]mcN, o <, m,
But this equality is satisfied if g =, W™, under the G-invariance on Wm, (that is to say, Ad(G),
acting by 0 in W™m). Indeed, if we consider Ad(G)Wm=Wm, then the map
¢: G x Wm — Uj(open), (B. 46)

with rule of correspondence

(8 X) |->gX, (B. 47)

is a linear isomorphism of g, in W™, since exist Wo, neighborhood of the 0, in W and a
neighborhood U’, of the 0, in Uj, such that

@O Wox U > W, (B. 48)

with W™ < W, an open neighborhood of Xeg, and with rule of correspondence

(x, Z) |- i(expx, Z), (B. 49)

Let W1, be a neighborhood of the 0, in Wy, such that exp(adW1)X, is a neighborhood of X in
N;. If we contract to the neighborhood Wo, in U’, we assume that

Dj(expWo, U') N Njc exp(adWr)X, (B. 50)

Suppose that ZeU’ and X + Z€O;. Then X + ZeOjn ®j(expWo, U’). Thus X + Z = exp(adv)X, V
veWi. Of where ®j(1, Z) = ®j(expv, 0), then expv = 1. This implies that v = Z = 0. Then (Xj+ Uj)
A Oj=(X;}. »

Assume that g = z @ [g, g]. Let Uj, be like before. Consider also that ®j(g, Uj) = g(X + Uj).
Indeed, we can to apply the before argument to the neighborhood by 0, in g, Uj, of U, and
demonstrate that V ZeUj, then Z = 0. But this is fulfilled trivially since g¥ = z(g). If geG, and
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ZeU = z(x), then V XeUj, g(X +Y)eU @ Uj, where U & Uj, is a neighborhood by 0, of z(z) ®
[a, g]. Since Dj(g, Uj)ed(G x U), is a diffeomorphism in 0, of z(g) x U’, in a neighborhood of
X, in g, then ®j(expz(x), U’), is an isomorphism. Let E, be a vector field on g, defined by
Ef(x +y) = (d/dt)(f(x + ty))|e=1, (B. 51)
V xez(x), and ye[g, a]. If x1, ..., xn, are linear coordinates on g, such that {Xi}i<q, are linear
coordinates on [g, ] and {Xi}i>q, are coordinates on z(g), then
E = 3i . ¢xi0/0xi, (B. 52)
If xie {xi}, then V I, xi= ai + tf1, V aie Z(w), and Bic[g, g]. Considering a restriction of z @ [g,
g], in BY, (a neighborhood of the 0) then V t=0,
expt[z(x) @ [g, g]][B0 = exp(tm)|t=0, (B. 53)

Then a canonical base of Ecg, in t =0, is 6/0x1, ..., 6/0xn, and
E = Xi>gxi+ Zi < qXi 0/0xi, (B. 54)
But by (B. 53), V Eeg,

E =i q(xi + tyi)|t=0 0/Oxi= Ei+ tEi (B. 55)

Then Zi>qxi= 0, of where E = Zi . qxi 6/0xi.

Lemma B. 3. Let F, be a space of all the distributions with compact support (z ® N) N Q. If
TeF, then dimC[E]T < «, and the characteristic values of E, and F, are all real and strictly
more little or lows that —q/2.

We fix a j, and let Ojc Q. Let Xez @ Oj, be and let ®;, Uj, V, and Qj, be such that ®j(g, Z) =
g(X+Z), vV geG, and XeU;. Let

Vi={ZeV'| d(g, Z)eW, V geG},

Let V = z(g). Assume that Oj# {0}. Letyy, ..., yn, be linear coordinates on V N [g, @], such that
y(V V™) =0,if m #k. If ZeV, then Z = ZnZm, with ZmeV N V™. If we consider

adHZm+ MmZm = O,
vV H=X+Z, then

Z=3n(12um+1)Zm, (1/2H=X,
Indeed, only is necessary consider that V H=X+ Z, adHZm= —(um+ pim)Zm, of where

adHZm+ (Mm + Mm)Zm = O,
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of where (1/2)Z = 2m(1/2um+ 1)Zm. Then considering the map
Dj:Gx(VNV™) > Ad(g)Qc Q, (B. 56)
with rule of correspondence

(8 2) |>gX+2), (B. 57)

whose differential is suprajective in G x (V. n V™), and V j, we have that

(dD)s 2(1/2)H, Zm(1/21m+ 1)Znm) = g(X + Z) = Di(g, Z), (B. 58)

VvV geG, and ZeU;. Since ®j, is a submersion in Uj @ N, we can to define distributions
TeD'(N'), and EeD’(U), such that

v(T) =E, (B.59)
where E, is related with T. But (d®j)g, z(G x (V N V™)), implies that V Zeg,
®YET) = dg ® E = ZOY(T) = (Em(1/2pm + 1)ymd/Oym) ©(T),  (B. 60)

The election of the system of neighborhoods of the 0, in g, given by the open sets in €, (sets
foreseen in page 115) implies that if

supp (T) c(z® N) N Q,
Then

supp ®%(T) < U x {0},
Indeed, by definition

supp(T) = {TeF| T=X+Z, V¥ X+ Ze(Ui® N) N Q}, (B. 61)

and given that ®j is a submersion of G x (V n V™), in Ad(g)Q, in particular @Y, is a
submersion such that

®fu . 0,(T) = DP(ET) = ZOY(T) = ZE,

where

supp®%(T) = {E€F|E = Zi.qxi 0/0xi, V xi€ Z(w)}, (B. 62)
Then supp®%(T) = U x {0}.

Let

Fj={E"eFlsupp E"c (z @ Nj) n Q}, (B. 63)
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We prove by descendent induction that is TeF;, then

dimC[E]T < oo,

and the eigenvalues pm, of E, on Fj, are such that pm < —q/2. Indeed, by the lemma, E, acts
semi-simply (diagonalizable) on Fr, with strictly eigenvalues more little than —q < -g/2. We
assume to j + 1, that this last affirmation is valid and we demonstrate this to F;.

Let TeF;. Then ®%(T), have support in U x {0}. Since

DY(ET) = (Em(1/2um+ 1)Zm)®%T),  (B. 64)
with Zm = ym0/0ym, then ®YET) = Em(ai + 1)Ej, V aier* I =1, 2, ..., s) then ®Y%ET), acts
semisimply on the space of tempered distributions D’(U) = F'jc F;, that is to say;
OYII(E — ai)T) = 0,
We call Zm(um + 1) = q. Such Zum= q — d. Thus —ai> Y2(d + q). Thus of the implication
If supp(T) = (z @ Nj) N Q, then suppd%(T) c U x {0},
we have that if suppE™= suppET c Fj, then
supp(II(E — ai))T < Fju,
Thus the property is established V j. Then V j,
dimc[E]T < oo,

and all the eigenvalues um, of E, on F, are real and more strictly little that —q/2.

Let o(X + Z) =B(X, X), be V Ze z, and Xe[g, a]. Let Xi, be a base of g, such that xie z(g) Vi>q,
and B(xi, xj) = &6y, with ei=+ 1.

Let 01 = i ¢ qei0%/0x?, and Oo= O — Oi. We see to o, like a differential operator under
multiplication. Be h = E + (q/2)I, x = -1/2®, and y = [h. Then a direct calculus gives

[hr X] = ZX/ [hr Y] = _ZYr [X, y] = h/

Lemma. B. 4. If TeF, and if p, is not a null polynomial in a variable then p(:)T = 0, implies
that T=0.

Proof. Indeeed, consider the commutative ring

1 Lemma. Let aj, be real numbers non-negative toj=1, ..., n. Let D = £(aj+ 1)E;. Then D act semi-simply on the spaces
D’ui(U), with real eigenvalues —A, such that A > n + Zaj.
D’U1(U), is the space of distributions on U supported on U1 x 0.
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c[H] = {peP(x)© | p(D) = pZi< oxi0/Oxi, V xi€ Z(%)}, (B. 65)
and consider the torsion element TeF, where T, is a u-module that satisfy the hypothesis of
the corollary? then c[H]T =0, V TeF. In particular to someone [1e DO(QY")= I(x),

p(@ONT =0,
then T = 0, to someone p(O1)ec[H], which is equivalent to that
Tor(F;, Fin) = 0. (B. 66)
]

Now we demonstrate the following lemma that is useful in the final of the demonstration of
the regularity theorem.

Lemma B. 5. If SeF, and if p, is a polynomial not null in a real variable such that p(0)S = 0,
then S=0.

Proof. First we demonstrate that if SeF, (ec, if (O - )S =0, then S = 0. Let S = XS,, be with
(h —w)dS,=0, to someone dez*. Then

0=(0-¢S=X(0o-¢)S, + =S,

Let A, be the minimal p, such that S, # 0, that is to say; the minimal eigenvalue of 5, # 0. Since

(h—(u-2)¥0S,=0, (B. 67)
VvV heDO(Y), and (i - 2), the corresponding value of S,, V d’ez*, with d’ <d, then

DlS;\ = 0,

By the corollary of the foot page 10, implies that S, = 0. But this contradicts the fact of that
S,# 0, to someone p, minimal. To demonstrate the lemma B. 5, apply the hypothesis of
induction to the grade of p.

If grp =0, then the result is trivial. Suppose that the result to p #0, such thatgrp=d
— 120, and we demonstrate the validity of the affirmation of the lemma to grp =d, V dez".
Indeed, if grp = d, then p(t) = (t - {)q(t), V LeC, and q(t), a polynomial of grade d — 1. But if
q(0)S =0, then S =0, for hypothesis of induction. Then

0=p@)S=(0-)(q@)S).
But this affirm that q(00)S=0, then S=0. ®

2 Corollary. Let M, be u-module such that if meM, then dim c[H]m < o, and such that the eigenvalues of H, on M are
real and strictly minors than 0. Then the action of C[Y], is a free torsion on M.
Note: T is a element of torsion since (H — q)T =0, for someone H — qlec[H], (H-q) #0.

139






Appendix C

APPENDIX C: Some Elements of the Asymptotic
Behavior of the Matrix Coefficients

In this appendix we treat of highlight the analytic part of the real reductive group in the
endomorphism algebra whose coefficients are the maximum weight of the discrete principal
series and that are the coefficients of the cohomology of the exact succession of the (g, K)-
modules that are finitely generated like U(n)-modules, which induces the Hilbert
representation of G, of finite dimension useful to the representation of a Lie group of infinite
dimension.

Let G, be a real reductive group, and we will do the identification G°= %(G?), along of this
appendix, where G, is the identity component of G, (remember that °G = {geGly2 =1, V
1eX(G)}. °G = °ANK, G?, is the identity component of G, and X(G), is the space of continuous
homomorphism of G, in the multiplicative group R* = (R, e)/{}), then %(G), is the identity
component of °G. Then if

G= {geGJAd(g) =1, V AdeEnd(G)}, (C.1)

In particular

%G ={geGlx(g) =1, V xeX(G)}, (€2

Let Ao, be the set of semi-simple roots of ®(P, A). Let F, be a subset of Ao, and be (P¥, Ar), the
corresponding canonical parabolic pair, that is to say; explicitly

D(Pr, Ar) = {(p, a)eMr| Mr = Arx "MF, and Pr= MrNF}, (C.3)

Lemma. C. 1. Be Ve H. Then the module V/n¢V, is an admissible module finitely generated
like a (mr, Prn K)-module.

Proof. See [28], and [35].
Lemma. C. 2. Let Vi"c V2" c ..., be an increasing chain of sub-modules of V.

Proof. Let Vj= {veV| Vj°(v) =0}. Then V1> V2> ..., is a decreasing chain of submodules of V.
Indeed, the exact succession in F,

0->Vi->V->V/Vi-50, Vij>k, (C.4)

I NT E c H © 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted

open science | open minds use, distribution, and reproduction in any medium, provided the original work is properly cited.
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induces an exact succession in V, given for

0 Vi« V «V/Vi«0, Vj>k (C.5)

which V jez’, kerTj > wV". By the theory of Jacquet modules, V is a U(n)- module, finitely
generated like a g-module whose finite length is the of (g, K)-module. Then exist kez,
minimal such that Vj= Vi, V j > k. But for the third application of the Jacquet modules,
having a V7, like a Jacquet module of V, V, is admissible and the Jacquet module of V, is

j(V) = {neVin(Vvj) =0}, (C. 6)

thus Vi"=Vi~, V j > k. Then V7, is finitely generated like a U(n)-module, then by a theorem
that affirm that a (g, K)-module that is finitely generated like U(n)-module is admissible, V",

is admissible (V™= @V(y)*). Then V7, is a (8, K)-module finitely generated admissible, thus
VeHn

Let (m, H), be a Hilbert representation of G. Let (H”)" = L(H”. ). If geG (respectively Xeg),
and pe(H”), then we define the map

G x(H") — H”, (C.7)

whose rule of correspondence is

(CATNE 1% (C.8)

where ¥V ve(H”); gu(v) = W(n(g™")v), (respectively Xu(v) = -w(n(X)v, ¥ Xeag), then for the
elemental theory of representations, is had that

gXp = (Ad(2)X)gu, (C.9)
vV pne(H*), Xeg, and geG. Indeed, consider the map

7 : Ui(g) ® (H?Y — H”, (C. 10)
whose rule of correspondence is
g v |- n(g)v, (C.11)
VvV ve(H”). Then
gXv =n(g)n(X)v, (C.12)

but for be (H”)', a subspace finitely generated like a (g, K)-module of H”, then

(g)rX)v = m(Ad(g)X)n(g)v, (C.13)

thus, if ve(H”)’, Xeg, and if H, is the generated for n(K)v, then
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T(Ad(g)X)n(g)v = n(Ad(g)X)gV,
vV pe(H”), Xeg, and geG.

Let (H”)x= {pe(H")’| K, generate a subspace of finite dimension}, then the before identity
imply that (H*)'k, is a (g, K)-module. Indeed, V keK, pe(H”), Xeg

kXp = (Ad(k)X)kp,

Then the elements n(K)v = Kv, generate a subspace of finite dimension of (H”), whose
actions Ky, are continuous. In particular, Kv, are continuous and generate a all subspace of
the module (H”)'x. If Yet, and ve(H”), then

(d/dt)exp(tY)v]e-0=Yv,
thus (H”)'x, is a (g, K)-module. Let be the map
c:H->H, (C.14)
whose rule of correspondence is

v [>o(v), (C.15)

Then V weH, o(v)(w) = <v, w>. Then ¢, is a linear continuous and conjugate isomorphism
of H, in H'. H’, is the space of the linear functional on H, that is to say; H = L(H, <), is
endowed like Banach space of an inner product that is continuous in all point of H. Then the
map

HxH —H, (C. 16)

whose rule of correspondence

(v, w) | > <v, w>, (C.17)

is a linear bijection such that co(v) = <v, w> = <v, w> = o(w). Thus the map o, is a conjugate
continuous linear isomorphism of H in H'.

Lemma. C. 3. If (r, H), is admissible then (H")'x = o(v)x. Furthermore, (H”)'x = (Hx)".

Proof. If (m, H), is admissible then V yeK", dim H(y) < «, then

> H(yo=(H")'y, (C.18)
yeK”
If weH, then
> H(yw=H®H, =o(Hy), (C.19)

yek”
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since to all V weH, and veHk, o(v)ec(Hk). Then for (B. 18), and (B. 19), it is have that

(H*Yx= o(Hx),

Then o(Hk) = (Hx)". Given that
o(Hx) = Z,.x" H(y)v = ®,x" H*(y) = H*,
Since H*, is a K-module, and for definition
(Hx)™= {veH*| Kv, generates a subspace of finite dimension},

Using the map

KxH*—>H",
whose rule of correspondence is

(k, v) [> kv,
Vv veH?*, then o(Hk) = (Hk)". Then (H”)'x= (Hk)". »

(C. 20)

(C.21)

(C.22)

(C.23)

(C. 24)

But this is posible given that (mr, Pr)-modules of V/nsV, are admissible like U(*nr)-modules

and V V' eH, with

V= {ueV*| TKyj= w, with weW, and W < V*},
we have that V™= (Hx)™ = (H*)'x y (H")'x = o(H)x, with

ceA(H, H) =isom(H, H’),

(C. 25)

and (H”)'x, is a M-module. Then considering the inequalities, using images in o(H”)'x, to

know,

[(w(m(a))v)| < a‘c’“(v) VvV veH”, and aeCL(AY),

and
[(n(n(a))v)| < a°~ “W(v) V veH” and acCL(AY),
we can estimate the terms of the integral:
t
F(t, a’; V) = exp(—tB)F(tO, a’; V)—exp(-tB)J 0 exp(sB) G(s, a’; V)dS,
that of the inequalities, we obtain

IE(t, a’; v)|| < (2")°B(v), ¥ a’eCL(A"),

(C. 26)

(C.27)
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with B, a continuous seminorm on H”. Then we obtain

[F(t, a’; v)|| < exp|(S(H) — 1)t| @')°B'(v), V a’eCL(A"), (C. 28)

with B, a continuous seminorm on H”. But

llexp(sB)[| < C(1 + [of)peske ¥ seR, p<d,

which is immediate of (B — zI)’ =0, to B = [bnk]. Such calculation implies that

k t
| IF(t, a’; V)| I< C(l + t)p e tRez (a’)tJ ﬁ(v)(l +J o SRez+d(X)- 1)ds), (C. 29)

to some continuous seminorm f, on H*, y C > 0. Observe that (1 + s)P e™*, is bounded by
C>0,toe>0,and s > 0. Thus also

IE(t, a5 v)l| < C(L+ tpeT®ez (@")°B(v) + C(1 + tpestes 20 (@")°B(v), (C. 30)

Vv t>0, B, acontinuous seminorm on H” and C > 0.
The cases exist:
Case L. If §(X) — 2/3 < A(X), then exist a continuous seminorm 3, on H”, such that

[F(t, ’; v)[| < C(1 + tpet* ™ (2')B(v) ¥ t>0,

Case II. If 5(X) — 2/3 > A(X), then in (I), we replace §, by & — (1/2)a, and we iterate the steps to
the inequality (III). Of this way, we reduce the case II to case I.

How can refines this technique to demonstrate the asymptotic behavior of the developments
of the matrix coefficients (u(rn(a))v), of the finite generated Hilbert representation and
admissible required to induce representations?

Let F < Ao, be with Ay, a roots space in the system of roots ®(Ps, Ar) corresponding to
canonical parabolic pair (Pr, Ar).

Then the asymptotic behavior of the matrix coefficients of the induced representations to
operators of infinite dimension is established while that o(n(exp(tX)v), be asymptotic, to
know

2,80 exp(tp(X)) Zacct exp(—tQ(X))P,, o(TX, o; v),
when t — +o.
finally, given that M, is a connect group on all element of G, the coefficients of the

representations of the operators of infinite dimension in M, have that satisfy also this
bounding condition since G is a covering of M
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APPENDIX D: Coexeter Diagrams to some
Integral Transforms in Representation Theory

We realize a little digression of the irreducible roots systems.

Def. D. 1. @, is irreducible if cannot be partitioned in the union of proper subsets such that
each one of their roots in each set be orthogonal to each root of the other.

Examples: The systems of roots Bz, and Ge:

Ga: n- Sorings
2B +3a
-
B+ B+l
B: 2
oxsem B £3a
B+o
B B +2 -0 o 3
— it 2 -3 -
-5—:‘-11 - -2 | =
—$—o 4
Zxld, Z3n4 =230
L6, L5716
a) b)

Figure 1. Root systems to two and three strings @ (= B,, G»).

One that is not irreducible is A1 x Aa.

Let A, a base of ®. ®, will be irreducible if only yes A, cannot be partitioned as it has been
mentioned earlier. We demonstrate the implication:

=). If A, cannot be partitioned then @, is irreducible.

Proof. We demonstrate the contraposition: If ~Q = ~P. We suppose that @, admits a partition
in subsets or classes

11U D2=D, (D. 1)

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted
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With (@1, @2) = 0 (is to say, orthogonal between they), to be not that A, can entirely to be
included in @1, or in @2, which induce a similar partition of A, but A < @1, then (A, 1) =0, or
(A, @2) = 0, since A, develop or generate to E. This demonstrates that A, is partitioned
(A=A UA). =

=). If @, is irreducible then A, is not partitioned.

Proof. Let @, be irreducible, but A = A1 U Az, with (A1, A2) = 0. But by the theorem on the action
of the Weyl group on @, is had that, if ae®, ceW, then o(a)eA, that is to say, each root is
conjugated to a simple root such that ® = ®1 U @2, with @, the set of roots, having each ith-
component a conjugated in A1 Remembering that (o, ) = 0, V oe®,and BeA, then
G4Op = G0, (since 6,=030,05 ). Thus the Weyl group W, is generated by the reflections
04 (a.€A). But the formula to the reflections affirms clearly that each root in ®j, is given of
one in A for addition or subtraction of elements of Ai Thus, said element fall in the
subspace Ej, of E, generated by Ai, and we see that (D1, ®2) = 0. This implies that ®1= ), or ®2
=, of where A1= &, or A2= . Thus A # A1 U A2, with Ai= &, withi=1, 2. Thus A, it does not
admit to be partitioned. ®

Lemma D. 1. Let @, be irreducible. Relative to partial order <, exist a unique maximal root
(that be maximal means that is the root of maximal height in A), B, (in particular o # 3, then
hto < htB, and (B, @) >0, V aeA). If B=2XK,a, V aeA, then all the K, > 0.

Proof. Let B =2K,0, V €A, maximal with the relation of order >, evidently B > 0.If A1 =
{oeA | K> 0}, and Az = {aeA | K, > 0}, then A=A1 U A, is partition. Suppose that Az, is not
vanish, that is to say A2 # . Then (a, B) <0, V a€A, (by lemma of simple roots) of where ®,
is irreducible then at least a.€A2, can be orthogonal to Ai, of where to some o, arbitrary of
A1, (o, ') <0, of where (a, ) < 0. This implies by the lemma that give criteria through of the
functional (a., B), on the character of the roots o — 3, and a + B, is a root, but clearly o + p > B,
which contradict the maximalist of B. Thus A2, cannot have elements, that is to say, A2 # &, of
where all K, > 0. This demonstrate also that (a, ) > 0, V aecA (with (a, B) > 0, to some «,
where A, generates to E).

Now we demonstrate that in the system (@, <), exist a unique maximal root . Consider
other root with the mentioned property in the system of irreducible roots with partial order
(@, <). Let such root p’. The precedent argument (of the before demonstration) we apply it
to B, of the form that wrap at least a root a.€A, (with positive coefficients) to which (a., ) > 0.
It follows that (', B) > 0, and B — ', is a root by the lemma on the criteria of the functional
(o, B), to elemental combinations and operations of roots. Thus B # ’. But if B -, is a root
then or B < B/, or B > PB’, which result be a contradiction, since f’, is maximal. Then f = f’,
of where B, is unique. ®
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Lemma D. 2. Let @, be irreducible. Then W, act irreducible on E. In particular, the W orbit?!
of aroot a, generates E.

Proof. The development of a W-orbit of a root is a W-invariant subspace of E (non-vanishing)
such that the W-orbit of a root generates to E. Let E* — E, and W-invariant. Then there is a
subspace E* (E* @ E’ = E) W-invariant. Likewise, if ae®, such that aeE” and E’ < 3, then
o4(E’") = E’, therefore a¢E’, then a.cE¥, such that every root is found inside of a subspace or
of the other. This divides to @, in orthogonal subsets, forcing them to that one or other let be
vanishing. Of the affirmation of that ®, generates to E, is concluded then that E" = E. Thus
o(E')cE, VoeW, and W acts irreducible on E. =

Notes: In other words the subspace of the reflexions of the subspace E’, is an irreducible root
system and therefore all automorphism ceW, acts irreducible??

Lemma D. 3. Let @, be irreducible. Then at least two roots of different length happen in ®,
and all the roots of length given are conjugated under W.

Proof. Let a, B, be roots of different length, then not all o(a), Vv ceW, can be such that (c(a),
B) = 0, where (o), generates to space E (Lemma D. 2). If (o, B) # 0, (where by the lemma on
root spaces theory, that says: If A, is a base of @, then (o, ) <0, V o # B, in A, and o — B, is not a
root, we know that the possible radius of the square of the root length of o, and B, are 1, 2, 3,
Y, 1/3%).

Now, if a, and B, have equal length to replace a of these for their W-conjugated we can
assume that the roots o, a = yo(a)y™, ¥V yeC(A), and o(a) = ‘aeW(E, A), are different and
non-orthogonal. By the same lemma mentioned in this demonstration is deduced that

<a, B><B, o>==1. (D.1)

Lemma D. 4. Let @, be irreducible, with two different roots. Then the maximal root 8, of the
Lemma D. 1, is the major length.

2t Remember that the orbit as topological concept of a class space is a lateral class, where every element of W, is the
class of an element in N(T), such that ow t=c t ™.

22 This is equivalent to say also that W, acts canonically on GL(n, E)

% Only remember that from (o, B) = ||| [|B]|cos®, had been deduced:

<B, o> =2(B, a)/(at, &) = 2{[|Bll/ljorf[}cos,

then (a, a)<B, o >/2 = (B, &), where

{lledl 11Blllled] cos6}/2 = (B, o).
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Proof. Indeed, let ae®, be arbitrary. Is enough demonstrate that the criteria of comparison
that takes the computing of the functional (o, B) # 0, V o, Be®, that (B, B) > (a, o), that is to
say, |IBll > llall, V Pe®. Then we substitute o, for a W-conjugated root that is inside the

closure of the fundamental Weyl camera (relative to A).

For other side, we know by the lemma D. 2, that B — o > 0. Thus to any y-regular, that is to
say, yeC(A), > (v, B — a) 2 0. This fact applied to the cases y = B, and y = @, is had that

y-a)=0,.B) = v-B)=(a, a) (D.2)
Therefore (B, B) > (B, o) 2 (o, o), ¥V (B, @) 20, and o, Bc®. =

We pass now to Classification study of the root systems. Said classification will serve after as
a essential base in the Lie groups classification of arbitrary dimension.

Let @, a root system of range I, W, their Weyl group and A, a base of ®.

Def. D. 2. (Cartan matrix of ®@). Fixing a arrangement (au, ..., ai) of simple roots. The matix
(<ou, 0j>), is called a Cartan matrix of @. Their enters are called Cartan integers.

To systems of 2-range, we have the following matrices:

2 0
Alez—[O 2}, (D.3)
(2 D.4
R o) (D-4)
2 2
B, = [_1 ; } (D. 5)
2 -1
G, = (_3 ) ] (D. 6)

Mapping @, in @’, and satisfying that <¢(a), §(B)>=<a, B>V a, Be®, the Cartan matrix of ®,
determines to ®, by the isomorphism ¢.

2 Remember that the Weyl cameras in a sense more restricted, is all relative camera to A. If further more is delimited
for two hyper-planes then this is a closure of the Weyl camera in the more general sense. This is called a fundamental
domain or fundamental Weyl camera. All fundamental Weyl camera can extending to a open connect region of the
space E. Every point of ¢(A), is W-conjugated to a point in E, to know

vV yec(A), and ce Wy 'oyec(A),

that is to say, v 'Wyec(A).
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The shape of the matrix will depend of the elected arrangement, although this is not
relevant. Important is that the Cartan matrix is independent of the election of A; this for the
part b), of the theorem on the permutation of Weyl cameras or bases of @, then if A", is other
base of @, then 6(A") = A, V 6eW (such that W, act transitively on bases).

Proposition D. 1. Let ®’c E’, be other root system with base A" = {a', ..., a/i}. If <as, a'p> =
<ai, 0>, to 1 <, j < L. then the bijection ail— a1, is extended univocally to the isomorphism
¢ E—E.

Proof. Using the extension of the Coxeter graphs and the properties of correspondence
between bases and Weyl cameras is demonstrated the result. ®

If a, Be®, a # B, then is acquaintance that <o, B><B, o> =0, 1, 2 Or 3, according to the identity
<a, B ><B, o> =4cos?0.

Root systems System Graph Coxeter Graph

<a, p><B, a>=0, 0 =1/2

- N o o
A1x A2 *»* P
Uf\ /'
<o, p><B,a>=1, 0 =7/3 o N
o
e A B o

<a, p><B,a>=1e2=2,0=
/4 X p o

N

<o, B><B, 0> =163=3,0 = ﬁ\'\‘/
e

/6

S

Table 1. Strings and their root spaces
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Def. D. 3. A Coxeter graph of @, is the graph of I, vertices which the ith-vertex is joined to
the jth-vertex with i # j, for <ai, o> = <aj, o>, edges. For example, to the root systems of
range [ =2:

The Coxeter graph determine the numbers <ai, o>, in the case of that all roots have the same
length. Then <o, o> = <aj, ai>. In a more general case, where there is more of one different
length (case of the root systems of range two; Gz, Bz2), the graph fails to the concrete case in
which is had a vertices pair that correspond to a simple short root, which cans be a long root
or of big length.

A relevant fact on the Coxeter graph is that these determine completely to Weyl group,
essentially because these determine the orders of the direct products of generators of W.

Proposition D. 2. From the Table 1, of inner products and length of roots that change in the
interval 0 < <B, o><a,, > < 4c0s?0, is had that the order of 6,04 in W, is respectively 2, 3, 4, 6,
when 6 = /2, /3 (or 21/3), n/4 (or 3n/4), ©/6 (or 57/6). [Note that 6,0y, is the rotation through 26].

To the case when we have roots of short length, is ordinary to add an arrow to designate it
in the Coxeter graph. This additional information help us to recover the integers of Cartan,
called to resulting graph; Dynkin diagram of ® (as before, this depend on the number of
simple roots). Example;

B>: O#D
G: om0

Somehow someone exist such component irreducibles like the system of roots shaped by a
pair of roots. Let's study the component irreducible systems. Let's remember that a system
®, is irreducible if and only if, ®(or equivalently A) do not admit a division into two
orthogonal proper subsets. Then by the correspondence between Coxeter graphs and root
systems, is clear that ®, is irreducible if and only if their graph of Coxeter is connect (in the
usual sense)?.

In general is possible to give a number of connect components of the Coxeter graph,
likewise, let

A=AUA, UA,U...UA,, (D.7)

the corresponding partition of A, in mutually orthogonal subsets. If E;, is the generated by A,
is clear that

% If this is non-connect it would be equivalent to that f, admits a partition into two orthogonal proper subsets.
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E-Ei®E®..0F, (D. 8)

For other side, the linear Z-combinations of Ai, which are roots (the root system ®:i)
obviously shape a root system in Ei, whose Weyl group is the restriction to E;, of all 5, V
aeA, that is to say, the W-orbit of the root a.eA, if and only if 6, acts trivially in Ei.

Proposition D. 3. Let E’  E. If the reflection o, leave E’ invariant then V a€E’, E’ c p,, with

po=1{BeE| (B, o) =0).

Note: Demonstrating this proposition is deduced immediately that every root fall in some of
the spaces Ei, where

P=0, VD, UD,U...UD, (D.9)
with1<i<l[.

Proof. Let E" — E. Then to any BeFE’, then BeE, and c,(B) =p<FE’, that is to say, c,(E") = E’, but
as B’ c E, then 64(E) =E, and 64(E’) < o4(E). But

ou(E) = (B<E[ (B, 0) = 0} =y,
and since 64(E’) = E/, then
0u(E") =E" < 64(E) =Py,
where E' cp,. =

Then to every aicEi, 1<i</, and V aie®, is had that (D. 9).

Proposition D. 4. ®, is decomposed (univocally) as the union of irreducible root systems ®r
(in subspaces E;, of E) such that

E=Ei®E:®...®E

Proof. One simple consequence of the before proposition, since if every Eic p, (that is to say,
ai€Ei) with 1 <i </, then to

Zyi o, <0 B>1 =0(A = 4), (D. 10)
is had that <o, p>=0, thusE=E1 ® ... ® E.. =
The before discussion establish a criteria of enougness to classify irreducible root systems or

equively the Dynkin diagrams, this last, by the proposition that extends bijections between
Euclidean root spaces to an isomorphism between corresponding root systems to said
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Euclidean spaces, which are isomorphic in nature form. The isomorphism will be linearly

represented by the Cartan matrix in every case.

Theorem D. 1. If @, is a irreducible root system of range I, their Dynkin diagram is one of

the following cases to [-vertices:

Group Dynkin Diagram
o O ... o 0
Ar(l=21) 1 2 3 -2 1-1 I
o— R ) e S—
Bi(122) 1 2 1-2 -1 !
— e ——————— =
Loz 1 2 22 1-1 I
ef-1
Di(I>4) o o
1 2 {-3 [-2
of
2
Es
o s
1 3 4 5 6
2
187
o 0
1 3 4 3 6 3
2
Es
> To)
1 3 4 5 6 7 8
b 1 2 ; 3 4
G CIE%

Note: The signed restrictions to the integer /, that is to say, [ > 1, V nez, are considered only to not

duplier before cases.

Table 2. Coxeter Groups and their Dynkin graphs.



Appendix E

APPENDIX E: Definition of a Real Reductive
Group

Let G, be a semisimple Lie group. A real reductive group is a complex algebraic group
defined on the real numbers, which is covering of an open subgroup of a group of real
points (such real points are Cartan subalgebras of the Lie real reductive algebra).

Let G, is a symmetric subgroup of GL(1, C), with real points and let the real connected
component Gy, of Gc N GL(n, C); a real reductive group G, is the finite covering of an open
subgroup Go, of Gg. Of this way, if p is the covering homomorphism defined for the map

p: G- Goc Gy, (E. 1)

whose rule of correspondence is

g > pg), (E.2)

then explicitely a real reductive group is the space

G =1{g=p(g)'eG|p(g)eGic Gp =GN GL(1, C)}. (E.3)

© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
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Exercises

Exercises

1. Consider the cohomology of R;. Demonstrate that Ryon a Koszul complex of dimension
n is a n-dimensional John integral.

2. Demonstrate that the K-orbits in a flag manifold X = G/B, where B is the vector bundle
of Borel subalgebras of g = Lie(G), are naturally parameterized by the right classes
Wx/Wa of the Weyl group of G.

. Demonstrate that if s, is defined by s, H =H — B(h, H)H, to Hea, then Ad(k)H =s,H.

4. Be IP(s*) = CIP7. We define the orbit

pt= {[z]ecP7| €(z, z) =ir, V r>0}.
This is a complex orbital submanifold of P. A compact maximal submanifold in P, is a copy

of CIP3, having complex dimension three. Demonstrate that the Penrose transform 7, on the
cohomological classes H3(P*, £), give the isomorphism of right fields:

0 0 -

k-3 -k-1 0 0 -k-2 0 1
B!, +—< Hzker(+——< - +—< 1
k-l k-2

0

where £, is a homogeneous bundle of lines in P, where k > 3.

5. Demonstrate that traditional contours (or classic) given by Hyp+a(IT—- Y, R), we can be
visualized like cohomological functionals of co-cycles of A, in H/+ A - %), with X, a flag
manifold.

6. Consider the cohomological group Hs(IT - Y, (C) =C, and demonstrate that the image
of the generator of this under group of the map of Mayer-Vietoris is a physical contour
usual to the inner product.

7. Consider the theory of the mother gravity (Ramirez, F. M., Ramirez, F. L., Appliedmath
II/IPN, 2006) given by the glues of cells in a topological space X. Determine a state

deH2(P1x P2x P3x Py, O(-2, -2, -2. -2)), that determine the domain of the coordinate
of gravity on the others coordinates of state. How we give a cohomological re-

interpretation of the integral formula of type Cauchy V Z*Zf 4(Z)Q, to the
“gravitational charges” in the mother gravity?

_ b2 s
Use the diagram:
b1 %3
© 2013 Bulnes, licensee InTech. This is an open access chapter distributed under the terms of the Creative
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8. Demonstrate that the aseveration of the exercise 6, is equivalent to the asseveration of
that exist a only cohomological contour to the inner product and suggest a method to
demonstrate that those contours are in effect, cohomological.

9. Determine the Penrose transform on:

a. The quadric M, of dimension six and projective space IP, of the 3- dimensional
o—planes in M[, with their corresponding Bernstein-Gelfand-Gelfand resolution to the
canonical bundles on IP.

b.  On the flat semi-conformal complex spinorial 4-manifold M.

c.  Onacomplex line of the projective space P3(C), and of the bundle of lines O(-2).

d. On the co-cycles of the u-specialization of the space H* 4(G/L, V).

e.  Whose integral cohomology of vector fields is H(B~ ", O(-4, 3)).

Here B~ "7, is the open orbit or minimal K-to the action of the group SU(1, 2), on B. This
conform the space

B " ={Licl | ®|u1, is defined positive and @[z, have type (+-)}.

wth @, a Hermitian form on C3, of type (+ — -).

10. Which is the Penrose transform of the holomorphic succession of De Rham on P, given

by 0 » ¢ — Q°, that include all the spaces of fields that are of interest in electromagnetic
theory: potentials module gauge and fields for both parts of positive and negative
frequency?

11. Demonstrate that the integrals of twistor electrical field

H' (U”, 0/C) » H2(U”, C)=C,

and

H! (U”, O(-4)) - H! (U”, C) =,

cans be re-write using resolutions of @ "~ 2T*, and ® 2T, like

H' (U”, O(n —2)) - H! (U”, @ 2T%) = O 2T*,

and

H! (U”, O(n - 2)) - H*(U”, ®2T) = @ 2T.

12. Demonstrate through of classical functionals that in a contour cohomology, the
singularities of a complex space are poles of Cauchy.

13. Demonstrate using Radon transform of dimensions, that an osculating space of order p,
of a submanifold of dimension m, have dimension



14.

15.

Exercises

m+Cm+1,2)+...+Cm+p-1,p).

Demonstrate that the integral | d(z)f(z)dz, with ¢(z)ec\F, and f(z)eC*(F), is a
hypercomplex generalization of the integral of Cauchy.

Using arguments of MHD, in the universe and considering that the orientation of the
spiral arms of the galaxies are oriented by intersidereal magnetic fields, demonstrate
that all the universe is a conductor fluid.

[Suggestion: Use topological arguments of connectivity and integration in chains to satisfy
the Helmholtz theorem and other necessary results in the process of materialization of the
universe like a fluid. Demonstrate that the universe have many degrees of circulation

representing by cohomologies of vector fields isomorphic to contour cohomologies]

16.

17.

18.

19.

20.

Let M, be a complex Riemannian manifold of order of range p, and compact then the
integral i/ (2TC)IM Op, pHIAQp, p+1, 1S a integer.

In L2-cohomology: Be H; ,, the (b, °M)-module with a, acting by (u + p)I, and n, acting by
0.Be V, a (g, K)-module. If TeHoms x(V, H**"), then T"(v) = (v)(1), V v€V, is to say,

T eHom,, om(V/nV, H;; ). You enunciate a orbital integral belonging to a class of V/nV.
Is the operator T", a intertwinning operator?

Enunciate three extensions of (g, K)-modules in the class of the L>-modules. Which is
the image of the functor Ext of the group of cohomology H*(,(m/t), V ® t)?

Determine a hyperbolic minitwistor space of SL(4, €). Give their physical interpretation
to solutions of the electromagnetic wave equation.

If M, is a inferiorly bounded orientable compact being also a pseudo-Riemannian
manifold with the characteristic metric g, with indices Ind(g), then d and ¢ are adjuncts.

Suggestion: Consider the differential forms ac(X(M) and pe£*(M) and demontrate that

21.

22.
23.

24.

25.

26.

<dap>=[ doc . B=[ o n, OB= <a,dB>

Demonstrate that in the solution space of the differential equations corresponding to the
cohomology H'(|p*|, 0) (dual twistor space of H!(jp"|, (%)) the twistor transform
preserve L2,

Compute all the unitary representations of SU(2, 2).

Give a example of unitary representations used in the representation of the tensor of
curvature R, in function of spinor matrices.

Why is important the concept of real or complex analytic null curve in twistor geometry
to the description of strings or minimal surfaces in M, or M?

Which are the real and complex hyperbolic orbits on the which we can compute
integrals that conform a L?-cohomology?

You obtain the solutions through of the hyperfunctions of the wave equation

D24 =0,

in the space RN*1,
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27. Using complex lines in the space P1(C), determine the isomorphic space to Py(C)
whose realization in JP5(R)), is a null quadric. Whose null quadric represents a twistor

hypersurface of the action of the Lie group Oo(5, 1), on P3(C).

28. Demonstrate that a L2-curvature is a generalized curvature in a symmetrical
homogeneous space with positive defined Hermitian form.

29. Compute the Penrose transform on:

i.  The cycles of the flag manifold of complex dimensional (2, 3).

ii.  On holomorphic pencils of a surface of 2-dimensional Lobachevski.

iii. On a a-curve of a analytic hypersurface of a complex Riemannian manifold of
dimension 4.

iv. On the sheaf O(®T?M), of germs that are quadric forms in M.

v. Strings of a 10-dimensional p-brane.

30. Generalize the integral of the monopole

g(z) = (1/2)] £(z2)/(z - z0) dz,

to the case 2, considering circles S', like orbits in C2.

31. Give an example of a integral curvature on symmetrical spaces that conforms a L2
cohomology on a real Riemannian manifold and whose tensor of curvature be the direct
sum of regular images of co-cycles of the real Riemannian manifold in question.

32. Let Qu=dvb+nV2Que Iln(E, 6), be with b, Euclidean in M3, (is to say in R3) and with

materials of _IIn, that satisfies dp/ot + div(pv) = 0. Demonstrate that the equation of the
vorticy currents take the form of the equation of the “frozen fields”,

d/dt(H/p) = (H/p e grad)v,

Use the orbits of the classes space given by G/C(T), with T, a complex torus.

33. Calculate the integral on cycles of the hyperbolic 2-dimensional disc D?, that are
generalized orbits of D2
34. Let G, be a Lie group; H, and N, closed subgroups such that
HcNcG.

Assume that G/H, and G/N, have G-invariant positive measures dgu, and dg, respectively.
Demonstrate that N/H, have a N-invariant positive measure dnh, the which (normalized
adequately) satisfies

_‘.G/Hf(gH)dgH= ,[G/Nd v f(gnH)dnm)dgn,
V feC(G/H).

35. Which are the orbital integrals to the formal integral of Feynman type given in a
evaluating given by



Exercises
C=, [ oM)= [ o=[ee+[pe=0,
) r=r,ur, I, r,

where Tj, are the jth-paths in the evaluation of the integral on Jacobi graphs space Cr'(y). v,
is the model of the graph used to describe the path or trajectory used by the electron e, with
energy state ¢(e).

36. Using complex vector bundles of lines classify the differential operators used in the
elliptic differential equations until second order.

37. Give a Intersection cohomology to the integral operators evaluated in singular spaces.
For example, knot, whole, cuspidal space, etc.

38. Demonstrate that the velocity field of the bubble produces the deformation of the
bubble in movement within .||. In fact it will be the cause of all the phenomena
associated in the bubble in movement. Use a topological scheme.

39. Demonstrate that the Cauchy tensions as well as the tension stresses over the bubble
elastic surface are produced by the fluid viscosity tensions. Use a topological scheme.

40. Demonstrate the identity of dimension theory

dim #=] ¢ dim Bém*®codim BO pA(g),
where A(g), is a measure of Borel positive define
dimG = dim [B|NXo",
where No,is the first infinite cardinal in set theory. B’=B/1. , where
B={Bi|l 0<uB)<1},
41. Consider Ve'V. Then
1.V=0V,, dim V <o, V pe(ac)*

2. there are Ay, ..., Aqe(ac)*, such that Vj, is not vanishing and if V,, is not vanishing
then p=Aj— Qj, to some j < q, and QelL*.

Note: V,={veV | (H - pH))kv =0. t. s. keZ*, and Hea}, and the space IL*, is the set of points:
IL* = {Set of the all integer combinations of non-negative elements of ®(a, &)},
Also the space YV, is the category

V= {Category of finitely generated (g, °M)-modules V}.

42. Consider the representation (n, H), of integrable square such that V geG, weHk, and
veH?", is satisfied

,‘.G |<7t(g)v, w 2dg < oo,
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Demonstrate that V acA,

_[A(l + log| lall )4 rda < oo,
with n(g)eL?(G), if and only if r — .

43. Construct an intertwining integral operator to the representations Indman®(1 ® e’ ® 1),
and ind A(P, P, 1, pc), where pL = /2, (a, is a restrict root in L) with A, such that A + 28(u
N p)=0. Also

PcP,

with P = MAN, and P = MAN, with N = 6N, where 6, is an involution. pc = ¢, is the set of
restrict roots of G.

44. Demonstrate that the operator of Szego type

S:induaS(c ® e ® 1) > indiS(V®) < J indiS(CH ® (nm)),

should be given by on integral formula of the form

SE(x) = Jursant (D[ TED)]dI = [ L (O TExD)],
With T : V0 — V¥ < C, ® (A*u)*, an LAM, map.

45. From the before problem (problem 44), What happens when M is compact?
46. Use the definition of the Harish-Chandra function =, to demonstrate that the finite
integral

1) = fsr a(nP* Ze@)(1 - pllog(n)y-sdn,
¥ q>d +r, take the form

I(t) = Jxr a(m)*xr u(kme(n))°dk(1 — p(loga(n)):-adn.

47. Use the Harish-Chandra function to demonstrate that if (r, H), is of square integral then
(m, H), satisfies the strong inequality.

48. Let ok, be a representation of P/°M = AN, in V/nkV/'m. Let Ix: V/nkV — V/nkV, be and we
consider Ix(V/n*V) = I"k= Tk. Demonstrate that kerTx, contains to nkV.

49. Which are the D-modules that agree with the representations given by images under
Penrose transform?

50. How could be related the Radon transform on Dcr-equivariant modules with the
Penrose-Ward transform?

51. Let G, be a (separable, metrizable) locally compact group and H, a closed subgroup of
G. Suppose that G, and H, are unimodular, and let mg, and mn, denote Haar measures
on G, and H, respectively.
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Let p, be a measure of positive type on H. If i, is identified with their image under the
canonical injection of H, in G. Show that p, is of positive type as a measure on G. (For each
function fe H(G), show that

[0 f5) dmg )0 =[[f, | BEsy ™) sy ™) dme (s)dmy, ()dn(x),

where he H(G), is such that

jH h(su)dm, (u) =1,

52. Let Hu r, denote the space of automorphic forms f, on P, which are holomorphic on P,
and such that for each yel', we have

f(z) =J(2) (v » 2),

(a b
Y= ¢ d 7
Since y e z = (—y)e z, we cannot have f = 0, unless n = 2k, is even; in which case f, is said to be
an automorphic form of weight k, relative to I'. Let f, be any holomorphic function on P, and

F = f=0. Show that for each compact subset A, of G, there exists a compact neighborhood B, of
A, in G, such that

where J,(z) = (cz + d) 7, if

sup‘F(s)‘ < MIB‘F(S)‘ dmg (s),
seA

Where M, is a constant independent of f. (Apply Cauchy’s formula to £, and the projection of
A, on G/K = P). Deduce that if FeH'(a), the family (supscalf(ys)]),er, is summable (use the
last that BB™' N T, is finite). Consequently the family {f(ys)},r, is absolutely summable for
each seG, and the function

E.(s)= X F(1s),

yell

is of the form 0, where fr, is an automorphic form of weight k, on P, which is holomorphic
in P.

53. Let G, be a (separable, metrizable) locally compact commutative group. For each
continuous unitary representation U, of G, on a separable Hilbert space E, show that

there exists a unique representation L, of the involutory Banach algebra .~ ~(G") (with

thse usual product) on E, such that L(<s, «>) = U(s), for all seG.
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54. Let (G, K), be a Gelfand pair and let g, be a function belonging to “(K\G), such that for
each fe 7 (K\G/K), there exists a complex number A, such that f - g = Ag. If g(s0) # 0, for
some soeG, show that the function

o(s) = g(s,)" [ alstsydmy (1),

is a spherical function.

55. Let G, be an amenable group, let K, be a compact subset of G, and M, a real number

major that 0. Show that for each € > 0, there exists a function f > 0, belonging to L-(G),

such that Ni(f) = 1, and such that, for each function ge!(G), which is zero on K, and

satisfies N1(g) <M, we have

Ni((g * f) - (Jg(x)dxal) <&,

where o, is Haar measure on G.

56. Demonstrate that HY %py/ (P!, O(n)), is not a Verma module to n > 2.

57. Let (G, K), be a Riemmanian symmetric pair of the non-compact type and assume that
G, has finite center. Let

E,(a)=eP¢? jN f(an)dn,

V feL#(G), such that

j ¢, (Of(x)dx = j VI2IE (a)da,
G G

Verify the following assertations:

i. Fr.g=Fi+F; V £, gel¥G),

ii. Fe=(Fp* V feL¥(G),

iii. The mapping f I Ft (feL*G)) is one-to-one.
Note: LY(G) = {feLY(G) | f are bi-invariant under K}.

58. Let G, be a Lie group, H and N closed subgroup such that H = N c G. Assume that
G/H, and G/N, have positive G-invariant measures dgu, and dgn. Show that N/H, has
an N-invariant positive measure dns, which (Suitable normalized) satisfies

[ fgH)dg,, = j [ f f(gnH)dnH]dgN/

G/H G/N\N/H

V feCo(G/H).
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59. Let G, be a semisimple connected compact Lie group and let T, be a maximal torus in G.
Let w denote the order of the Weyl group of G, and let

D)= ] ZSen(;a(iH)],

aeA”

if t = expHeT. Let dt, and dg, respectively denote the invariant measures on T, and G,
normalized by

[dt=[dg=1,
T G

Derive Weyl’s formula

[ fie)dg =— [|Deo]t [ flete™ e,
G w T G
v £eC(G).

60. LetV, be a n-dimensional vector space over a non-archimedean local field F, for instant
the field of p-adic numbers. Let y: V — V, be a linear endomorphism with distinct
eigenvalues in an algebraic closure of F. The centralizer I, of v, is of the form

X X
x...xE,

where E1%, ..., Er", are finite separable extensions of F. This is a commutative locally compact
topological group. Let O, denote the ring of integers in F. We consider the set of lattices of
V, that are sub-Or-modules V< V, of finite type with maximal rank. We are interested in the
subset M,, of lattices V, of V such that y(V) = V. The group L, acts the set M,. This set is
infinite in general but the set of orbits under the action of I, is finite. We fix a Haar measure
dt, on the locally compact group I,. We consider a set of representatives of orbits of I, on
M,, and for each x in this set, let denote I, the compact open subgroup of I,, of elements
stabilizing x. Demostrate that the finite sum

1
xeﬂ%/l,’ VOl(Iy’ o dt)'

is a typical orbital integral.
61. How is constructed the orbit of the holomorphic vector bundle seated in homogeneous

space G/L, with L, compact locally?
62. Suppose that f * © = Ao, V fe. 2 (K\ G/K), since o(e) = 1, with G, unimodular. Then

ke =(Fxo)(e) = [f9)o(s)dmg(s) =< f, 0>,
G
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63. The product of two functions of positive type on G, is a continuous function of positive

type.

64. Let G, an unimodular locally compact group (separable and metrizable) and K, a
compact subgroup of G. Let mx, be the Haar measure on K, with total mass equal to 1. If
we put

*(s) = ﬂK _ flistydmy (0dm, (©),

For all function fe.# (G), the mapping f |- f*, is a projector on the vector space v (G),
onto the vector space 7 (K\G/K). Let prove V fe “(K\G/K), and ge “(G), that

(fg)'=fg".
65. Let K < R, be a symmetric compact convex set having 0, as an interior point. Let V,
denote the Lebesgue measure of 2K = K + K. Show that if 0, is the only point of 7,
which belongs to 2K, then

1 . . 2

2 -val ¥ [ eromia
2 V mezn

m#0

(Show that Poisson’s formula (with G = R", and H = Z") may be applied to the function f = ¢k

* pk). Hence give another proof of Minkowski theorem.

66. Considering the Cartan matrix

2 -1 0 0
-1 2 2 0
0 -1 2 -1f
0 0 -1 2

of the root system ® = F4, let obtain the graph if ||B|| <||al|.

67. Let define the equivalences given by the Penrose-Ward transform of the twistor
correspondence

C*x P!
4 N
P C*,

68. What about topological B-model and twistor strings?
69. What is a quadric in 2 23x P 232 Which are their orbits?
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70. Leta>0,b >0, and let {, be the continuous real-valued function defined on R, which is

equal to b, when x =0, is zero for |x| > a, and is linear in each of the intervals [-a, 0], and
[0, a]. We have

b sin’nat

F = 7
(F D0="77

Deduce that if

N
gx)= Y fix+n),
n=-N
Then

b sin’mat sin(2N + 1)t

ntat’

(F 9=

sin 7t

71. Let give the Dynkin diagram for a complex simple Lie algebras:
a. so(7,C),

b. si4 C),
72. Which are the Dynkin diagrams to flag manifolds of lines planes in (C%, given by JFu,
* ok ok %k * ok % %
0 =* =*x 3k 0 * %
and JFizs, from the corresponding matrix , and .
0 * o 0 0 = =
0 0 = = 0 00 =

Note: Fiz3, is the full flag manifold of lines inside 3-dimensional subspace in C*.

73. Consider the case G =SU(2, 2), acting on the open orbit IM[*. The holomorphic discrete
series are those which are realizable as holomorphic sections of certain homogeneous
vector bundles over IM[*. Let obtain the representation on L-holomorphic 4-forms

space, where 12, is defined with respect to the manifolds invariant inner product

<m,m>= I OAT.
M*

74. Let demonstrate that the space 77 is the projective space of pure spinor for SO(7,
(@)

75. Let demonstrate from the exercises 72, and 74, that

% o=———0 < CS’
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Is the quadric in CIP%, defined by

Q(x) = xo?+ x12+ ... +x62= 0,

where Q(x), is a five dimensional complex projective manifold which is a complexification of
the five dimensional sphere.

76. From the two isomorphisms generates by the Penrose transform

k-2 b-k+1 c
[

-k b c
H'(p", * . *)=ker{m",

and

+q+n+2 -q-n-3

n _ P
)= ker{m*", *

P

L -]

H'(p*, .

gTn=l  -p-g-n-4 prg-l

* s

wherek-4>b + ¢, and n >0, let deduce an isomorphism for the left-hand sides:

T:H@pr, * *)=Hi(P*, * ,~

-k b c b ¢ k-b-c-4

where M*, is the component of the space-time to left-handed fields (potentials modulo
gauge). M*, is canonically isomorphic to M*".

“The torsion of the space-time begins in the classes of the homogeneous space G/C(T), under
the twistor transform T, which are orbits of the sided handed-fields in M.”

77. Let demonstrate that unique connect graph I', of an admissible set U, which can include
a triplet edges is the Coxeter graph G2, ———=

78. Let demonstrate that group G, lies in the subgroup SU(2)  SO(4), which acts trivially
on V7, and nontrivially on V¥, at the fixed point.

79. Let Z, be the twistor space of the conformally anti-self-dual manifold (X, g), and Z, is
the twistor space of the orbifold (X, g). The following vanishing theorem is the key to
the structure of these two complex spaces. Let prove H'(Z, O(-1)) =0.

80. For any Aeb,, with image [A]€b,/W, we have the following;:

a. The A-twisted and A-monodromic Hecke categories Hg, 5, and Hg, ~, are self-dual, fully
dualizable Calabi-Yau algebras in St..
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Note: The space Stc, is a co-category of stable presentable C-linear co-categories with

morphisms given by continuous (colimit-preserving) functors.

b.

The Hochschild homology and cohomology categories of both Hg, ;, and Hg, ;~, are
equivalent to character sheaves Chg, 1, with central character [A]. The central action
and trace map are given by the horocycle correspondence.

Prove them!

81.

82.

83.

i
ii.

84.

85.

Let X, be a regular projective variety. Let C, be a hereditary Abelian category. Then for
any XeD?(C), there exists a (noncanonical) isomorphism X = @, Hi(X)[].

Let demonstrate that every irreducible root system is isomorphic to their dual exept B,
and Ci, which are duals to every one of the other.

From the Classification theorem given in the Appendix D, table 2, let demonstrate that:
The number of vertex pairs in I', connect for at least one edge is strictly minor that .

I" not have cycles.

From the before problem, let prove that I', not involves subgraphs of the form

[ O =—==== - e}
[ O == mmmmm=- ———
Y

a). Let A€ b*. Let Q, be a K-orbit in X (flag variety of g), and 7, an irreducible K-
homogeneous connection on Q, compatible with A + p. Then the direct image of 1, with
respect to the inclusion Q — X, is the standard Harish-Chandra sheaf J(Q, t). Since 1, is
holonomic, J(Q, 1), is also a holonomic D,-module and therefore of finite length. This

implies that their cohomologies HP(X, J(Q, 1)), p € "/, are Harish-Chandra modules of

finite length [12]. Let calculate these cohomology modules in terms of “classical”
Zuckerman functors.

b). Fix x€Q. Denote by bx, the Borel subalgebra of g, corresponding to x, and by Sx, the
stabilizer of x, in K. Then the geometric fiber Tx(t), of 1, at x, is an irreducible finite-
dimensional representation , of Sx. We can view it as an Sx-equivariant connection
over the Sx-orbit {x}. Therefore, we can consider the standard Harish-Chandra sheaf
J(®) = I({x}, o). It is an Sx-equivariant D,-module. Then let demonstrate that
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I, (DU (@) = DI(Q,)[-dimQ].

86. Let Aeb*, Q, aK-orbit in X (flag variety of g), and 1, an irreducible K-homogeneous
connection compatible with A + p. Let x€Q, and let Sx, be the stabilizer of x, in K. Let o,
be the representation of Sy, in the geometric fiber Tx(t). Then we have

Hr(X, J(Q, 1)) = RP¥mQlk s(M(w)), V peZ.

87. Let find a relation between torsion (like field observable) and the twistor transform
images on SU(2, 2)-orbits.

88. Which is the orbitalization process in non-concurrets integrals? Let investigate the non-
concurrent integral concept inside the orbitalization theory.

89. What are the horo-spheres? What are the horocycles? Let explain.

90. Let (X, w,]), be a compact Kéhler manifold, and let H be a complex hypersurface in X
representing twice the anticanonical class. Then the complement of H carries a
nonvanishing section ®, of Kx®2, with poles along H. Let H, For a suitable choice of H, X
\ H carries a special Lagrangian foliation whose lift to the Calabi-Yau double cover Y
can be perturbed to a Z/2-invariant special Lagrangian torus fibration. Let construct an
isomorphism between the foliations mentioned above and spaces in field theory inside
of 50®4, C).

91. For Penrose’s quasi-local mass construction [Penrose 1982] the quasi-killing vectors are
constructed out of four linearly independent solutions of the twistor equation w,* =
(a0, ..., @3*). They are given by KAA'= K = K is a matrix of constants and 7a',, are
the n-parts of the w,#, defined by d(x)A|J, = —inadxA4|. The value of the Hamiltonian that
generates deformations of H, with boundery value KA%’, on j, is obtained by inserting
this decomposition K4#', into the Witten-Nester integral

H(KM) =~ K Pl dmy Adx

]

AA'

This expression depends on K44, and their decomposition into spinors. Let demonstrate
that using d(—inadx*) = d’w” = Re*wP®, we have the original definition of Penrose integral of
line given in field theory.

92. Having that V K c G, the compact component of G,
F,(2)= jKa(Kg)“+Pdk,Vg G,
Demonstrate that F,(g), is holomorphic in p.
93. Let H ,, be the (p, "M)-module H,, with a, acting for (u + p)I, and n, acting for 0. Let V,

be the (1, K)-module. Let TeHoms x(V, H**), such that T*(v) = T(v)(1), V veV. Prove
that T"e Homs, 0M(V/nV, H ).
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94. From the before exercise 93, demonstrate that the map T — T, defines a bijection
between Homs x(V, H*"), and Hom,, 0m(V/nV, Hg, ).

95. What is a measurable orbit?

96. The various tempered series exhaust enough of G, for a decomposition of L2(G),
essentially as

ZHEChar(G)Z\u@cV ETJ..HT[W.V,G ® Hnw_v‘ﬂm(H 'y :v:o)do,
A

Prove it! Here m(H: y: v: 6)do, is the Plancherel measure on G™.

97. Say what orbit type is, of the following orbits and explain which is the nature and
application:
C
a. D=G/H, with D, in a generalized flag variety for G( .

b. M, of the Minkowski space M = Gz((c4), that is to say, consisting of the space of 2-

planes x, in (C4 such that @, has signature (1, 1).

c. Y =G(w), such that W, is a complex flag manifold where Y — G/P.
. Mnc M, with N, the nilpotent radical of an opposite parabolic subgroup.
e. The orbit defined by

g(x, y)=(gx, o(8)y), V x, yeXxX,

where o, is the involution and geG.

98. Prove that Im(S), is nonzero in HY(G/H, £,), where §, is the Szégo operator and H¥G/H,
L,), is an irreducible admissible representation which is a maximal globalization.

99. We assume that G, is connect. Let V, a irreducible (g, K)-module. Then there are ce'M",
and pe(ao)* such that V, is equivalent to a submodule of a quotient module (H™")x.

100. Say what orbit type is, of the following orbits and explain which is the nature and
application:
i.  The orbit resulted from D_ (Q) N £, = &, and 1, satisfies the SLz-parity condition with
respect to every Q-real root in .
ii. The orbit of the D,-module J(Q, t), which is irreducible.
i.  The corresponding orbits to d, n’, whose dimensions are d(¢), d(n), where n’, is an
irreducible representation of a real form and ¢, is the Langlands parameter?®

(9eP("GY)).

% Def. A Langlands parameter is a group homomorphism
0w =G,
compatible with the maps into I', and such that ¢(c*), is formed of semi-simple elements:

we-Ctx {i,j}, jzil=2z P=-1.
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.. . . R .
ii. The even orbit O@",, and a "K n "G-orbit O" ", in O",in (Y8 N 1), such that

ORN[OR +("uns)]= OR, i+ (Yun's).

101. Whih is the orbit in the integral transform of dimensions?

dimF = [ dim B™®codim B'uA(g).
B

Here B, is a hypersurface of the C?, y(g), their index of representation induced from the
yp g P

corresponding vector bundle of lines and pA(g), is a special measure through of the fractal
measure followed from the vector bundle measure on lines.

102. The hypercohomology of £°, of £'(.D), computes the cohomology of the local system
H, on M, in other words

HPM, H ) = HPM, £'(logD)) = HP(M, £°(..D)) HP(M, £°).

Prove it!

103. Let s4,b(G), be the space of all feC*(G), such that pa,b, x y.«(f) < oo, for all X, y, r, endowed
with the topology given by the above semi-norms. If yeK", and if feC*(G), then we set

E,f(g) = d(y) [ x, (k" g)dk,
K
Demonstrate sa,b(G), is a Fréchet space.
Note: If feC*(G), then we set for r > 0, x, yeU(g)

pabx v, 1(f) = supscca(g) ()™ ILORY)(g).
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Technical Notation

& — Harish-Chandra Function

G - Lie Group of finite dimension or infinite dimension

NAK - Iwasawa decomposition of the real reductive Lie group G.
Int(G) — Inner group.

Ad(G) —Adjunct group of group G.

ad(x) —Adjunct algebra of Lie algebra g.

T — Torus of finite dimension of a Lie subgroup of a Lie group G.
ad — Adjunct operator on Lie algebras .

[, ]-Lie braket.

a” - Proper root space of g, of the associated adjunct maps to the functional .
< — Order relation “from minor to major order”.

> — Order relation “from major to minor order”.

g — Lie algebra of the Lie group G.

b — Cartan subalgebra if h =t @ a. A Lie subalgebra of g.

Homy, x(V, W) — Space of (g, K)-invariant homomorphisms that go from module V to the
module W.

m — Corresponding algebra of the Lie subgroup M of the Lie Group G.

m = {hear| Ad(g)h = h if and only if [h, a] = 0}.

n — Nilpotent algebra.

H — Cartan subgroup of the Lie group.
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[ — Levi algebra. Algebra used in the Levi decomposition of Lie algebra g, corresponding to
the Lie group G.

G? — Space which arise of the identification G® = %(G), that is to say the space of points
{geG|Ad(g) =1, V AdeEnd(G)}.

Gr— Component of real points of the real reductive Lie group G (open subgroup of G).

Gc¢— Analytic Lie group.

F — Simple roots subspace of Ao.

C(A) ~-Weyl camera of simple roots space of ®.

L - Levi group.

X(G) - Space of continuous homomorphism of G in the multiplicative group R* = (R, )/{0}.

M?° — Identity component of Lie Group M.
Space of the points: {meM | Ad(m) =1, V AdeEnd(M)}

® - Tensor product of modules belonging to a associative ring endowed of the tensor
product to their elements.

M - Connected component of a Lie group G.
o, — Reflection.
Ic — Invariant integration on the group G.

N - Nilpotent component of the Lie group G. Also is the normal subgroup of G, when N is
the normalizator of G.

N - Nilpotent component of the Lie group G, restricted to the simple roots subspace F < Ao.

Nr — Compact nilpotent component of the Lie group G, restricted to the simple roots
subspace F c Ao.

N - Compact nilpotent component of the Lie group G. Also is the normal subgroup of G,
when N is the normalizator of G.

P — Parabolic subgroup of Lie group G.

Pr—Parabolic subgroup restricted to the subspace F, of the simple roots of Ao
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Cl(e) — Closure.
9(GY) — Identity component of the Lie group G°.

A- Abelian Subgroup of Lie group G. Also Abelian component of the Iwasawa
decomposition of the real reductive group G.

Ar— Abelian subgroup of the Lie group G, restricted to subspace F, of the simple roots of Ao.

mr— Lie algebra of the subgroup M of the Lie group G, restricted to subspace of the simple
roots of Av. mr = fhear | Ad(g)h=h V geG}.

Er - Spherical function of Harish-Chandra restricted to subspace F.
ne— Compact nilpotent algebra restricted to the simple root subspace F < Ao.
T(g) —Tensor algebra of the Lie algebra g.

‘MAN - Langlands decomposition endowed of homomorphism n, and space modulo the
Hilbert space H.

W(g, a) - Weyl group of the homomorphisms on g, modulus a.

L*(G) — Space of integrable square representations of the group G.

dg — invariant measure on the group G (invariant under proper movements of G).
GL(n, E) — General linear group on the Euclidean space of dimension #.

A*P(k) — Kernel of the integral equation whose solution is a function of spherical type.
*ar — Nilpotent algebra to the minimal parabolic subgroup of Mr.

V*[n] — g-modules belonging to the category F.

Av - Discriminant functional of the Lie algebra *a, of the category of modules in .

E(Pr, V) - Homomorphism space of the Osborne lemma applied to the decomposition of the
algebra U(*a).

®(Pr, Ar) - Space of weights of ar, on Mr, of a roots system ®(P, A).

P(a)X — Polynomic Lie Algebra of all the K-invariant polynomies on the algebra g.
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t — Lie algebra corresponding to maximum torus in G.
®" — System of semisimple positive roots.
[x, o] — Bilateral ideal of antisymmetric elements.
A — Base of simple roots of a semisimple root space.
dim - Dimension.

(ac)* - Abelian dual algebra of Abelian algebra a.

@® - Direct sum of modules or topological vector spaces.
Z(w) — Centre of Lie algebra g.
IndrS(o) — Induced representation o, of the group P, to the group G.

"M - Connected component of the Lie subgroup M, of the parabolic subgroup P, of the real
reductive group G.

J(V) — Jacquet module of the module V.

p — Minimal compact subalgebra of the decomposition g=t @ p.

ac — Complexivity of the real reductive Lie algebra g.

codim — Codimension.

Zc(m) — The center of the algebra m, explicitly defined {ceG | Ad(o)x =x, V xem}.
W - Weyl group.

Ad - Endomorphism of the Lie group G. Adjunct Map on the group G.
ad - Endomorphism of the Lie algebra g. Adjunct map on the algebra g.
K — Compact subgroup of the Lie group G.

N(T) - Normalizator group of the torus T.

H - Category of U*(n)-modules.

G - Identity component of G. Explicitly °G = °ANK, or through continuous homomorphisms
1€X(G), to know, G ={geG|y2(g) =1, V xeX(G)}.



Conclusion

Conclusion

The systematical securing of spherical functions in representations theory, the obtaining of
geometrical and physical properties of the space through their cycles and co-cycles, the
construction of generalized functionals in complex cohomology with coefficients in a Lie
algebra for the solution of the partial and ordinary differential equations in field theory, the
development of intertwining integrals for the obtaining of principal representations and
interrelation of induced representations (Barchini, 1992),the evaluation of integrals on
groups and algebras of Lie, the calculation of topological dimensions and determination of
characters of a unitary representation are only some examples of some applications that can
be solved by a suitable theory of orbital integrals in the context of the theory of topological
groups and their operators. Some of the said problems have given place to the development
of a global harmonic analysis with the perspective to generalize the formula of Plancherel
(Wallach, 1982).In the way of the study of the invariance of this formula, it was possible to
have obtained a specialization of the above mentioned analysis for determination of
representations located by cuspidals using the evaluation of orbital integrals on groups of
Lie and their algebras. In particular the harmonic analysis that has been realized in complete
form, using these methods is on the groups SL(2, C), SL(2, R), SU(2, 2), and their compact
orbits of these groups. Across a parallel study continued by the group of Harvard (Schmid,
1992) a development of induced representations has been obtained using co-adjunct orbits
of a sheaf of complex holomorphic bundles, which initially was chasing to determine a
method of integral transforms that were establishing classes of solutions for differential
equations in field theory, using the invariance and conformability of cycles of the space-
time. Nevertheless, and under a study on homogeneous spaces one manages to establish
that the orbital classes are representations induced for the co-adjunct orbits determined in
relative cohomology (Bulnes, 2004).Many of these induced representations could be had
obtained by them through the images of integral transforms which co-cycles are G/L
representations, with G, not compact and L, compact, considering certain co-adjunct orbits
on au-specialization (Bulnes, 2004) that are minimal K-Types (Salamanca-Riba, 2004),
(Vogan, 1992).A suitable theory of integral intertwining operators on G/L, can help to the
calculation of these minimal K-Types up to certain level.
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