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CHAPTER 0

Introduction

These notes are intended as an to introduction general topology. They should be sufficient for further
studies in geometry or algebraic topology.

Comments from readers are welcome. Thanks to Michat Jablonowski and Antonio Diaz Ramos for
pointing out misprinst and errors in earlier versions of these notes.






CHAPTER 1

Sets and maps

This chapter is concerned with set theory which is the basis of all mathematics. Maybe it even can
be said that mathematics is the science of sets. We really don’t know what a set is but neither do the
biologists know what life is and that doesn’t stop them from investigating it.

1. Sets, functions and relations

1.1. Sets. A set is a collection of mathematical objects. We write a € S if the set S contains the
object a.

1.1. . The natural numbers 1,2,3, ... can be collected to form the set Z, = {1,2,3,...}.

This naive form of set theory unfortunately leads to paradoxes. Russel’s paradoz® concerns the
formula S ¢ S. First note that it may well happen that a set is a member of itself. The set of all infinite
sets is an example. The Russel set

R={S|S¢S}
is the set of all sets that are not a member of itself. Is R € Roris R ¢ R?
How can we remove this contradiction?

1.2. DEFINITION. The universe of mathematical objects is stratified. Level O of the universe consists
of (possibly) some atomic objects. Level i > 0 consists of collections of objects from lower levels. A set is
a mathematical object that is not atomic.

No object of the universe can satisfy S € S for atoms do not have elements and a set and an element
from that set can not be in the same level. Thus R consists of everything in the universe. Since the
elements of R occupy all levels of the universe there is no level left for R to be in. Therefore R is outside
the universe, R is not a set. The contradiction has evaporated!

Axiomatic set theory is an attempt to make this precise formulating a theory based on axioms, the
ZFC-axioms, for set theory. (Z stands for Zermelo, F for Fraenkel, and C for Axiom of Choice.) It is not
possible to prove or disprove the statement ”ZFC is consistent” within ZFC — that is within mathematics
[12].

If A and B are sets then

ANB={z|z € Aand z € B} AUB={x|xz € Aor x € B}
AxB={(z,y)|re Aandye B} ALOB={(l,a)|a€ A}U{(2,b) |be B}
and
A-B={x|ze€ Aand x ¢ B}
are also sets. These operations satisfy
AN(BUC)=(ANB)U(ANCQC) AU(BNC)
A-—(BUC)=(A-B)Nn(A-0C) A-(BNnC)=(A-B)U(A-0C)
as well as several other rules.

We say that A is a subset of B, or B a superset of A, if all elements of A are elements of B. The
sets A and B are equal if A and B have the same elements. In mathematical symbols,

I
N
c
)
>
£
C
a

ACB < Vxc€A:z€B
A=B < (Vz€eA:xze€BandVzeB:z€A) —< ACBandBCA

The power set of A,
P(A)={B|BcC A}
is the set of all subsets of A.

IIf a person says ”I am lying” — is he lying?
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1.2. Functions. Functions or maps are fundamental to all of mathematics. So what is a function?

1.3. DEFINITION. A function from A to B is a subset f of A x B such that for all a in A there is
exactly one b in B such that (a,b) € f.

We write f: A — B for the function f C A x B and think of f as a rule that to any element a € A
associates a unique object f(a) € B. The set A is the domain of f, the set B is the codomain of f;
dom(f) = A, cod(f) = B.

The function f is

e injective or one-to-one if distinct elements of A have distinct images in B,

e surjective or onto if all elements in B are images of elements in A,

e bijective if both injective and surjective, if any element of B is the image of precisely one element
of A.

In other words, the map f is injective, surjective, bijective iff the equation f(a) = b has at most one
solution, at least one solution precisely one solution, for all b € B.
If f: A— B and ¢g: B — C are maps such that cod(f) = dom(g), then the composition is the map

go f: A — C defined by go f(a) = g(f(a)).
1.4. PROPOSITION. Let A and B be two sets.
(1) Let f: A — B be any map. Then
f is injective <= f has a left inverse

. ... AQ o
f is surjective <= f has a right inverse

f is bijective <= f has an inverse

(2) There exists a surjective map A — B A5 There exits an injective map B — A

Two of the statements in Proposition 1.4 require the Axiom of Choice (1.27).

Any left inverse is surjective and any right inverse is injective.

If f: A — B is bijective then the inverse f~!: B — A is the map that to b € B associates the unique
solution to the equation f(a) =b, ie

a=f"'(b) <= f(a)=b

foralla € A, b€ B.

Let map(A, B) denote the set of all maps from A to B. Then

map(X, A x B) = map(X, A) x map(X, B), map(A Il B, X) = map(A4, X) x map(B, X)

for all sets X, A, and B. Some people like to rewrite this as

map(X, A x B) = map(AX, (4, B)), map(A Il B, X) = map((4, B), AX)

Here, (A, B) is a pair of spaces and maps (f,g): (X,Y) — (4, B) between pairs of spaces are defined to
be pairs of maps f: X — A, g: Y — B. The diagonal, AX = (X, X), takes a space X to the pair (X, X).
These people say that the product is right adjoint to the diagonal and the coproduct is left adjoint to
the diagonal.

1.5. Relations. There are many types of relations. We shall here concentrate on equivalence rela-
tions and order relations.

1.6. DEFINITION. A relation R on the set A is a subset R C A x A.

1.7. . We may define a relation D on Z_ by aDb if a divides b. The relation D C Z, x Z,
has the properties that aDa for all @ and aDb and bDc = aDc for all a, b, c. We say that D is reflexive
and transitive.

1.5.1. FEquivalence relations. Equality is a typical equivalence relation. Here is the general definition.

1.9. DEFINITION. An equivalence relation on a set A is a relation ~C A x A that is

Reflexive: a ~a for alla € A
Symmetric: a ~b=b~a for alla,be A
Transitive: a ~b andb~c=a ~ ¢ for all a,b,c € A
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The equivalence class containing a € A is the subset
[al]={be A|a~b}
of all elements of A that are equivalent to a. There is a canonical map [ ]: A — A/~ onto the set
Af~={[d] [a € A} CP(4)

of equivalence classes that takes the element a € A to the equivalence class [a] € A/~ containing a.

A map f: A — B is said to respect the equivalence relation ~ if a; ~ as = f(a1) = f(az) for
all a1,a2 € A (f is constant on each equivalence class). The canonical map [ ]: A — A/~ respects the
equivalence relation and it is the universal example of such a map: Any map f: A — B that respects the
equivalence relation factors uniquely through A/~ in the sense that there is a unique map f such that
the diagram

A ! B
Af~
commutes. How would you define f?
1.10. . (1) Equality is an equivalence relation. The equivalence class [a] = {a} contains

just one element.
(2) amod b mod n is an equivalence relation on Z. The equivalence class [a] = a + nZ consists of all

integers congruent to a modn and the set of equivalence classes is Z/nZ = {[0],[1],...,[n — 1]}.

B)z~y &L |z| = |y| is an equivalence relation in the plane R?. The equivalence class [z] is a circle

centered at the origin and R?/ ~ is the collection of all circles centered at the origin. The canonical map
R? — R?/~ takes a point to the circle on which it lies.

(4) If f: A— B is any function, a1 ~ ag JLCN f(a1) = f(az) is an equivalence relation on A. The
equivalence class [a] = f~!(f(a)) C A is the fibre over f(a) € B. we write A/f for the set of equivalence
classes. The canonical map A — A/f takes a point to the fibre in which it lies. Any map f: A — B can
be factored

A B

™

Alf

as the composition of a surjection followed by an injection. The corestriction f: A/f — f(A) of f is a
bijection between the set of fibres A/f and the image f(A).

(5) [Ex 3.2] (Restriction) Let X be a set and A C X a subset. Declare any two elements of A to be
equivalent and any element outside A to be equivalent only to itself. This is an equivalence relation. The
equivalence classes are A and {z} for x € X — A. One writes X/A for the set of equivalence classes.

(6) [Ex 3.5] (Equivalence relation generated by a relation) The intersection of any family of equivalence
relations is an equivalence relation. The intersection of all equivalence relations containing a given relation
R is called the equivalence relation generated by R.

|

1.11. LEMMA. Let ~ be an equivalence relation on a set A. Then

(1) a € q]
(2) [a] =[] <= a~b
(3) If[a] N [b] # O then [a] = [b]

PROOF. (1) is reflexivity, (2) is symmetry, (3) is transitivity: If ¢ € [a] N [b], then a ~c~bso a ~ b
and [a] = [b] by (2). O

This lemma implies that the set A/~C P(A) is a partition of A, a set of nonempty, disjoint subsets
of A whose union is all of A. Conversely, given any partition of A we define an equivalence relation by
declaring a and b to be equivalent if they lie in the same subset of the partition. We conclude that an
equivalence relation is essentially the same thing as a partition.
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1.5.2. Linear Orders. The usual order relation < on Z or R is an example of a linear order. Here is
the general definition.

1.12. DEFINITION. A linear order on the set A is a relation <C A x A that is

Comparable: Ifa # b thena <b orb<a foralla,be A
Nonreflexive: a < a fornoa € A
Transitive: a < b and b < c = a < c for all a,b,c € A

What are the right maps between ordered sets?

1.13. DEFINITION. Let (A, <) and (B, <) be linearly ordered sets. An order preserving map is a map
f+ A— B such that a1 < ag = f(a1) < f(az2) for all a;,a3 € A. An order isomorphism is a bijective
order preserving map.

An order preserving map f: A — B is always injective. If there exists an order isomorphism f: A — B,
then we say that (A, <) and (B, <) have the same order type.

How can we make new ordered sets out of old ordered sets? Well, any subset of a linearly ordered set
is a linearly ordered set in the obvious way using the restriction of the order relation. Also the product
of two linearly ordered set is a linearly ordered set.

1.14. DEFINITION. Let (A, <) and (B, <) be linearly ordered sets. The dictionary order on A X B is
the linear order given by

(a1,b1) < (ag,bg) g (al < CLQ) or (a1 =as and by < b2)

The restriction of a dictionary order to a product subspace is the dictionary order of the restricted
linear orders. (Hey, what did that sentence mean?)

What about orders on AIl B, AU B, map(A4, B) or P(A)?

What are the invariant properties of ordered sets? In a linearly ordered set (A, <) it makes sense to
define intervals such as

(a,b) ={x € Ala <z <D}, (—oo,b)={r e A|z<b}

and similarly for other types of intervals, [a, b], (a,b], (—o0,d] etc.
If (a,b) = 0 then a is the immediate predecessor of b, and b the immediate successor of a.
Let (A, <) be an ordered set and B C A a subset.

o M is a largest element of B if M € B and b < M for all b € B. The element m is a smallest
element of B if m € B and m < b for all b € B. We denote the largest element (if it exists) by
max B and the smallest element (if it exists) by min B.

e M is an upper bound for B if M € A and b < M for all b € B. The element m is a lower bound
for B if m € A and m < b for all b € B. The set of upper bounds is [, z[b, o0) and the set of
lower bounds is [, z(—00, b].

e If the set of upper bounds has a smallest element, min (7, z[b,00), it is called the least upper
bound for B and denoted sup B. If the set of lower bounds has a largest element, max [, 5 (—00, b],
it is called the greatest lower bound for B and denoted inf B.

1.15. DEFINITION. An ordered set (A, <) has the least upper bound property if any nonempty subset
of A that has an upper bound has a least upper bound. If also (z,y) # 0 for all x < y, then (4,<) is a
linear continuum.

1.16. . (1) R and (0,1) have the same order type. [0,1) and (0,1) have distinct order
types for [0,1) has a smallest element and (0,1) doesn’t. {—1} U (0,1) and [0,1) have the same order
type as we all can find an explicit order isomorphism between them.

(2) R x R has a linear dictionary order. What are the intervals (1 x 2,1 x 3), [1 x 2,3 x 2] and
(1 x2,3x4]? Is R xR alinear continuum? Is [0, 1] x [0, 1]?

(3) We now consider two subsets of R x R. The dictionary order on Z, X [0, 1) has the same order type
as [1,00) so it is a linear continuum. In the dictionary order on [0,1) X Z, each element (a,n) has
(a,m+1) as its immediate successor so it is not a linear continuum. Thus Z, x [0,1) and [0,1) X Z; do
not have the same order type. (So, in general, (A, <) x (B, <) and (B, <) x (A4, <) represent different
order types. This is no surprise since the dictionary order is not symmetric in the two variables.)

(4) (R,<) is a linear continuum as we all learn in kindergarten. The sub-ordered set (Z, <) has the
least upper bound property but it is not a linear continuum as (1,2) = 0.
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(5) (—1,1) has the least upper bound property: Let B be any bounded from above subset of (—1,1)
and let M € (—1,1) be an upper bound. Then B is also bounded from above in R, of course, so there
is a least upper bound, sup B, in R. Now sup B is the smallest upper bound so that sup B < M < —1.
We conclude that sup B lies in (—1,1) and so it is also a least upper bound in (—1,1). In fact, any
convex subset of a linear continuum is a linear continuum.

(6) R — {0} does not have the least upper bound property as the subset B = {—1, f%, f%, ...} s
bounded from above (by say 100) but the set of upper bounds (0, c0) has no smallest element.

2. The integers and the real numbers

We shall assume that the real numbers R exists with all the usual properties: (R,+,-) is a field,
(R,+,-,<) is an ordered field, (R, <) is a linear continuum (1.15).
What about Z,7?

1.17. DEFINITION. A subset A C R is inductive if 1 € A anda € A= a+1 € A.
There are inductive subsets of R, for instance R itself and [1, c0).
1.18. DEFINITION. Z, is the intersection of all inductive subsets of R.

We have that 1 € Z; and Z; C [1,00) because [1,00) is inductive so 1 = minZ, is the smallest
element of Z .

1.19. THEOREM. (Induction Principle) Let J be a subset of Z such that
leJandVneZi:neJ=n+1leJ
Then J =7Z.
PRrROOF. J is inductive so J contains the smallest inductive set, Z . O
1.20. THEOREM. Any nonempty subset of Z, has a smallest element.

Before the proof, we need a lemma.
For each n € Z,, write
Sp={x€Z,|x<n}
for the set of positive integers smaller than n (the section below n). Note that S; = 0 and S, +1 = S,U{n}.

1.21. LEMMA. For any n € Z,, any nonempty subset of S, has a smallest element.

PROOF. Let J C Z, be the set of integers for which the lemma is true. It is enough (1.19) to show
that J is inductive. 1 € J for the trivial reason that there are no nonempty subsets of S; = (). Suppose
that n € J. Consider a nonempty subset A of S, 1. If A consists of n alone, then n = min A4 is the
smallest element of A. If not, A contains integers < n, and then min(A N S,,) is the smallest element of
A. Thusn+1€ J. |

PRrROOF OF THEOREM 1.20. Let A C Z, be any nonempty subset. The intersection A N S, is
nonempty for some n, so it has a smallest element (1.21). This is also the smallest element of A. (]

1.22. THEOREM (General Induction Principle). Let J be a subset of Z such that
VneZy: S, CJ=nelJ
Then J =Z.

PRrROOF. We show the contrapositive. Let J be a proper subset of Z. Consider the smallest element
n = min(Z; — J) outside J. Then n ¢ J and S,, C J (for n is the smallest element not in J meaning
that all elements smaller than n are in J). Thus J does not satisfy the hypothesis of the theorem. (]

1.23. THEOREM (Archimedean Principle). Z has no upper bound in R: For any real number there
18 a natural number which is greater.

PROOF. We assume the opposite and derive a contradiction. Suppose that Z, is bounded from
above. Let b = sup Z, be the least upper bound (R has the least upper bound property). Since b — 1 is
not an upper bound (it is smaller than the least upper bound), there is a positive integer n € Z, such
that n > b — 1. Then n + 1 is also an integer (Z, is inductive) and n + 1 > b. This contradicts that b is
an upper bound for Z, . O
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1.24. THEOREM (Principle of Recursive Definitions). For any set B and any function
p: U{map(Sn,B) [n€Z} — B
there exists a unique function h: Zy — B such that h(n) = p(h|Sy) for alln € Z.
PROOF. See [8, Ex 8.8]. O

This follows from the Induction Principle, but we shall not go into details. It is usually considered
bad taste to define h in terms of A but the Principle of Recursive Definition is a permit to do exactly
that in certain situations. Here is an example of a recursive definition from computer programing

fibo := func< n | n le 2 select 1 else Self(n-1) + Self(n-2) >;
of the Fibonacci function. Mathematicians (sometimes) prefer instead to apply the Principle of Recursive

Definitions to the map
f 1 n <2
S, Z,)=
Pl = Zy) {f(n—1)+f(n—2) n>2

Recursive functions can be computed by Turing machines.
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Ujes 4 4 e, 45 C T xUsey 4

J
FiGURE 1. The coproduct

3. Products and coproducts

1.25. DEFINITION. An indexed family of sets consists of a set A of sets, an index set J, and a
surjective function f: J — A.

We often denote the set f(j) by A; and the whole indexed family by {4,};cs. Any set A of sets can
be made into an indexed family of sets by using the identity map A — A as the indexing function.
We define the union, the intersection, the product, and the coproduct of the indexed family as

ﬂAj:{a|a€Aj for all j € J}, UAj:{a|a€Aj for at least one j € J}
Jj€j Jej
14 ={zemap(s|J4)) |Vie T:z() e A} [[A4=U{Ga) eTx|JAlac A}
jed JjeJ jeJ jeJ N
There are natural maps 14, —
S
e H A; — A; (projection) ¢j: A; — H A; (injection) Il
Jj€J JjeJ

given by m;(z) = x(j) and ¢j(a) = (j,a) for all j € J. These maps are used in establishing the identities
map(Xv H AJ) - H map(X, Aj)v map(H Aja Y) = H Inap(Ajv Y)
j€J jeJ jed jed
for any sets X and Y. This gives in particular maps
A ﬂ Aj — H A; (diagonal), V: H Aj — U A; (codiagonal)
j€J j€J jed jeJ
If the index set J = S, 41 = {1,...,n} then we also write
AyU---UA,, AiNn---NA4,, A x---xA, Al---TTA,
for Ujes, ., 4> Njes, .y Ais Hjes,,, A7 Ljes,,, Aj. respectively. If also and A; = A for all j € S,14

we write A" for the product Hjesnﬂ A. The elements of A™ are all n-tuples (ai,...,a,) of elements
from A.

If the index set J = Z then we also write

A1U~~UAnU---, Alﬂ”'ﬂAnﬁ"-, Ay x oo x Ay x--- A IO---1TA, x---

for UjeZ+ Aj, ﬂjez+ Aj, HjeZ+ Aj, Hjez+ Aj, respectively. If also A; = A for all j we write A for the
product Hj€Z+ A, the set of all functions z: Z — A, i.e. all sequences (z1,...,Tn,...) of elements from
A2

1.26. (D 51USQU~~~USn~~~:Unez+5n:Z+.

(2) If the set A = {A} consists of just one set A then (;c; A=A =,c; A, [[;c; 4 = map(J, A),
and [[;c, A=J x A.

(3) There is a bijection (which one?) between {0,1}* = map(Z4,{0,1}) and P(Z,). More generally,
there is a bijection (which one) between the product [, ;{0,1} = map(J,{0,1}) and the power set
P(J).

Even though we shall not specify our (ZF) axioms for set theory, let us mention just one axiom w
has a kind of contended status since some of its consequences are counter-intuitive. @

2w is the formal set within set theory corresponding to the naive set Z4 [12, V.1.5]
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1.27. AxioM (Axiom of Choice (AC)). For any nonempty set of nonempty disjoint sets, A, there
exists a set C' C (J 44 A such that C'N A contains exactly one element for all A € A.

If the ZF axioms of set theory are consistent, then both ZF+AC (Godel 1938) and ZF+-AC (Fraenkel
and Mostowsski, Cohen) are consistent theories [12, IV.2.8]. You may take or leave AC without penalty.
(Just like you may take or leave Euclid’s axiom on parallels depending on what kind of geometry you like
to do.) We shall here include AC and work within ZFC (ZF + AC).

Unlike the other axioms of set theory, the AC does not determine the set C' uniquely.

1.28. THEOREM. [3, Thm B.18] The following statements are equivalent:
(1) The Aziom of Choice
(2) Any surjective map has a right inverse.
(3) For any nonempty indexed family of (not necessarily disjoint) nonempty sets, {A;};cs, there
exists a function c: J — ;e Aj (a choice function) such that c(j) € A; for all j € J.
(4) Hje] A; # 0 for any nonempty indexed family of nonempty sets.

PROOF. (1) = (2): Let f: A — B be a surjective map. Define the right inverse g: B — A by {g(b)} =
CNf=1(b) where C C A =Jycp f1(b) is a set such that C'N f~*(b) contains exactly one point for each
be B.

(2) = (3): Define ¢ to be J — [[A4; ~, UA; where the first map is a right inverse to the function
HjeJAJ' — J taking A; to j for all j € J.

(3) <= (4): By definition, the product is the set of choice functions.

(3) = (1): Let A be a nonempty set of nonempty sets. Put C' = c(.A) where c: A — (J 4.4 A is a choice
function. g

Ujes 45 4 ¢/ = Ies 4

J
FIGURE 2. A choice function

Here is a special, but often used, case. Let A be any nonempty set and P’'(A4) = P(A) — {0} the set of
nonempty subsets of A. Then there exists (1.28.(3)) a choice function ¢: P'(A) — A such that ¢(B) € B
for any nonempty B C A. (The choice function selects an element in each nonempty subset of A.) If A
is the set R of real numbers, then the Axiom of Choice is a permit to work with a function that to every
nonempty subset of R associates an element of that subset. How would you write down such a function?

4. Finite and infinite sets

1.29. DEFINITION. A set A is finite if Sp11 ~ A for somen € Z,. A set is infinite if it is not finite.
We write X ~ Y if there is a bijection between the two sets X and Y.

1.30. LEMMA. Letn € Z and let B be a proper subset of Sp41-

(1) It is impossible to map B onto Spt1.
(2) Sm+1 ~ B for some m < n.

PROOF. Both statements are proved by induction.

(1) If n = 1, then Sy = {1} and B = () so the assertion is true in this case. Assume it is true for some
n € Z,. Consider a proper subset B of S;,+141. Suppose that there exists a surjection f: B — S,1141.
By permuting the elements of B and S,, 141 if necessary, we can assume that f(n + 1) = n+ 1. Then
B — f~Y(n+1) is a proper subset of S, 1 which is mapped onto S, 11 by f. But that is impossible by
induction hypothesis.

(2) If n = 1, then Sy = {1} and B = () so S; ~ B. Assume the assertion is true for some n € Z,.
Consider a proper subset B of S),4141. By permuting the elements of S,141 if necessary, we can assume
that n +1 ¢ B so that B is a subset of S, 1. If B = 5,41, then B ~ S, 11, of course. Otherwise, B is a
proper subset of S,1 and then 5,41 ~ B for some m < n < n + 1 by induction hypothesis. |
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1.31. COROLLARY. Let A be a finite set.

(1) If Spny1 ~ A~ Spy1, then m = n.
(2) Any subset of A is finite.

PROOF. (1) Suppose that m # n. We may then assume that m < n. But then S,,4; is a proper
subset of S, 11 which can be mapped onto S,, 1. That is not possible.
(2) Since this is true for the model finite set Sy,41, it is true for all finite sets. O

We have just learned that if A is finite then S,,;1 ~ A for a unique n € Z,. This n is called the
cardinality of A and it is denoted cardA or |A|. We also learned that if B C A then B is finite, |B| < |A|,
and

(1.32) IB|<|Al <= BCA
which is often called the ‘pidgeon-hole principle’.

1.33. THEOREM (Characterization of finite sets). Let A be a set. The following statements are
equivalent
(1) A is finite
(2) There exists a surjection S,y1 — A for somen € Z
(3) There exists an injection A — S, 41 for somen € Z,

PROOF. (1) = (2): There even exists a bijection S, 11 — A.
(2) <= (3): 1.4.(2)
(3) = (1): If there exists an injection A — Sy, 11, then there exists a bijection between A and a subset
of S,11. But we have just seen that all subsets finite sets are finite. O

1.34. COROLLARY (Hereditary properties of finite sets).

(1) Subsets of finite sets are finite.

(2) Images of finite sets are finite.

(3) Finite unions of finite sets are finite.

(4) Finite Cartesian products of finite sets are finite.

PROOF. (1) Proved already in 1.31.
(2) Sp41 - A — B.
(3) To see that the union of two finite sets is finite, it is enough to show S,,+1 IT S;,41 is finite (for the
union of any two finite sets is an image of this set). But it is immediate that Sy, 4n41 ~ Smp1 I Spt1.

Induction now shows that A; U---U A, is finite when A;,..., A, are finitely many finite sets.
(4) Let A and B be finite. Since A x B =[] ., B is the union of finitely many finite sets, it is finite.
Induction now shows that A; x --- x A, is finite when Ay, ..., A, are finitely many finite sets. ]

Are all sets finite? No!
1.35. COROLLARY. Z is infinite.
PROOF. There is a surjective map of the proper subset Z, — {1} onto Z, . O

1.36. THEOREM (Characterization of infinite sets). Let A be a set. The following are equivalent:
(1) A is infinite
(2) There exists an injective map Zy — A
(3) There exists a surjective map A — Z;
(4) A is in bijection with a proper subset of itself

PROOF. (1) = (2): Let ¢: P’(A) — A be a choice function. Define h: Z — A recursively by

h(1) = c(A4)
h(i) = c¢(A—{h(1),...,h(i —1)}), i>1

Then h is injective (if 4 < j then h(j) € A — {h(1),...,h(2),...,h(j — 1)} so k(i) # h(j)).

(2) <= (3): 1.4.(2)

(2) = (4): We view Z_ as a subset of A. Then A = (A —Z,;)UZ, is in bijection with the proper

subset A — {1} = (A—Zy) U (Zy — {1}).

(4) = (1): This is 1.30. O

Here we applied the Principle of Recursive Definitions (1.24) to p(S, ER Z.)=c(A— f(Sn)).
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5. Countable and uncountable sets

1.37. DEFINITION. A set C' is countably infinite if Z, ~ C. It is countable if it is finite or countably
infinite. It is uncountable if it is not countable.

1.38. LEMMA. Any subset of Z is either finite or countably infinite (in bijection with Z ).

PROOF. Let C' C Z; be an infinite set of positive integers. We show (the stronger statement) that
C has the order type of Z, . Define a function h: Z; — C recursively (1.24) by

h(l) =minC
h(i) = min(C — {h(1),...,h(i—=1)}), i>1
using 1.20. Note that C — {h(1),...,h(i — 1)} is nonempty since C' is infinite (1.33). We claim that & is
bijective.
h is order preserving: If i < j, then
h(i) = min(C — {h(1),...,h(i = 1)}) < min(C — {h(1),...,h(i = 1),...,h(F — 1)}) = h(j)

because C' — {h(1),...,h(i = 1)} D C —{h(1),...,h(i —1),...,h(F — 1)}.
h is surjective: Let ¢ € C. We must find a positive integer m such that ¢ = h(m). Our only hope is

m =min{n € Z; | h(n) > ¢}

(Note that this has a meaning since the set {n € Zy | h(n) > ¢} is nonempty as we can not inject the
infinite set Z; into the finite set {1,...,¢ — 1} = S, (1.31). Note also that again we use 1.20.) By
definition of m,

h(m) >c¢ and h(n)>c=n>m
The last of these two properties is equivalent to n < m = h(n) < ¢, so ¢ & {h(1),...,h(m — 1)}, or
ce C—{h(l),...,h(m —1)}, and therefore

h(m) = min(C — {h(1),...,h(m —1)}) <c
by definition of h. Thus h(m) = c. O

Here we applied the Principle of Recursive Definitions (1.24) to p(S, ER C) =min(C — f(Sn)).

1.39. THEOREM (Characterization of countable sets). Let A be a set. The following statements are
equivalent

(1) A is countable
(2) There exists a surjection Z, — A
(3) There exists an injection A — Z

PrOOF. If A is finite, the theorem is true, so we assume that A is countably infinite.
(1) = (2): Clear.
(2) < (3): 1.4.(2)
(3) = (1): We may as well assume that A C Z. Since A is assumed to infinite, A is countably infinite
by Lemma 1.38. |

1.40. . Z is obviously infinitely countable. The map f: Z; x Z; — Z, given by f(m,n) =
2™3" ig injective by uniqueness of prime factorizations. The map g: Zy X Z. — Q. given by g(m,n) =
7r, is surjective. Thus Z; x Z; and Q4 are infinitely countable.

1.41. CorOLLARY (Hereditary properties of countable sets).

1) A subset of a countable set is countable

2) The image of a countable set is countable.

3) A countable union of countable sets is countable (assuming AC).?
4) A finite product of countable sets is countable.

(
(
(
(

ProOoOF. (1) B— A — Z,.

(2) Zy » A— B.

(3) Let {A;},cs be an indexed family of sets where J is countable and each set A; is countable. It is
enough to show that [[ A; is countable. We leave the case where the index set J is finite as an exercise

3In set theory without AC, R is a countable union of countable sets [12, p 228]



5. COUNTABLE AND UNCOUNTABLE SETS 17

and consider only the case where J is infinite. Then we may as well assume that J = Z,. Choose (!) for
each n € Z, an injective map f,,: A, — Z,. Then we have injective maps

HAnMHZ+:Z+XZ+EE)—)Z+

so [] A, is countable.
(4) If A and B are countable, so is A x B = [],.4 B as we have just seen. Now use induction to show
that if Aq,..., A, are countable, sois Ay X --- X A,. |

You may think that a countable product of countable sets is countable or indeed that all sets are
finite or countable — but that’s false.

1.42. THEOREM. Let A be any set.
(1) There is no injective map P(A) — A
(2) There is no surjective map A — P(A)
PROOF. (Cantor’s diagonal argument.) It is a general fact (1.4.(2)) that (1) <= (2). Thus it
suffices to show (2). Let g: A — P(A) be any function. Then
{facAladgla)} € P(A)
is not in the image of g. Because if this set were of the form g(b) for some b € A, then we’d have
begb) < bggb) ¢

1.43. COROLLARY. The set P(Z4.) = map(Z4,{0,1}) =[]z, {0,1} = {0,1}* is uncountable.

Russel’s paradox also exploits Cantor’s diagonal argument.
We have seen (1.38) that any subset of Z, is either finite or in bijection with Z,. What about
subsets of R?

1.44. (Cantor’s Continuum Hypothesis, CH). Any subset of R is either countable or
in bijection with R.

CH is independent of the ZFC axioms for set theory in that if ZFC is consistent then both ZFC+CH
(Godel 1950) and ZFC+-CH (Cohen 1963) are consistent theories [12, VII.4.26] [4]. Our axioms are not
adequate to settle the CH.

Look up the generalized continuum hypothesis (GCH) [Ex 11.8] (due to Hausdorff) somewhere [15,
16]. It is not customary to assume the GCH; if you do, the AC becomes a theorem.
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6. Well-ordered sets

We have seen that all nonempty subsets of (Z4, <) have a smallest element and we have used this
property in quite a few places so there is reason to suspect that this is an important property in general.
This is the reason for the following definition. You may think of well-ordered sets as some kind of
generalized versions of Z .

1.45. DEFINITION. A set A with a linear order < is well-ordered if any nonempty subset has a smallest
element.

Any well-ordered set has a smallest element. Any element a € A (but the largest element, if there is
one) in a well-ordered set has an immediate successor a™*, the smallest successor. (And any element (but
the smallest) has an immediate predecessor?) A well-ordered set can not contain an infinite descending
chain z1 > x2 > ---, in fact, a linearly ordered set is well-ordered if and only if it does not contain a
copy of the negative integers Z_ [Ex 10.4].

Let (A, <) be a well-ordered set and « an element of A. The subset of predecessors of «,

So(A) =84 =(—o0,a)={ac Ala<a}

is called the section of A by «.
The induction principle and the principle of recursive definitions apply not only to Z; but to any
well-ordered set.

1.46. THEOREM (Principle of Transfinite Induction). (Cf 1.22) Let (A, <) be a well-ordered set and
J C A a subset such that

VaoecA: S, CJ=—=acJ
Then J = A.

PROOF. Formally identical to the proof of 1.22. (|

1.47. THEOREM (Principle of Transfinite Recursive Definitions). Let (A4, <) be a well-ordered set. For
any set B and any function

p: U{map(S,,B) |a€ A} - B
there exists a unique function h: A — B such that h(a) = p(h|Ss) for all a € A.

1.48. PrROPOSITION (Hereditary properties of well-ordered sets).

(1) A subset of a well-ordered set is well-ordered.
(2) The coproduct of any well-ordered family of well-ordered sets is well-ordered [Ex 10.8].
(3) The product of any finite family of well-ordered sets is well-ordered.

PROOF. (1) Clear.
(2) Let J be a well-ordered set and {4;};cs a family of well-ordered sets indexed by J. For i,j € J
and x € A;, y € Aj, define
(4,2) < (4,vy) PN i<jor(i=jand x <vy)
and convince yourself that this is a well-ordering.
(3) If (A,<) and (B, <) well-ordered then A x B = [][,., B is well-ordered. Now use induction to
show that the product A; x --- x A, of finitely many well-ordered sets A1, ..., A, is well-ordered.
(Il

If C' a nonempty subset of A x B then minC' = (¢;, min72(C' N7y *(c1))) where ¢; = min, (C) is
the smallest element of C.

1.49. . (1) The positive integers (Z,, <) is a well-ordered set.
(2) Z and R are not well-ordered sets.
(3) Any section Sp4+1 ={1,2,...,n} of Z is well-ordered (1.48.(1)).
(4) The product Sy41 x Z is well-ordered (1.48.(3)). The finite products Z'} = Z, X Z, --- x Z are
well-ordered (1.48.(3)).

(5) The infinite product {0, 1}* is not well-ordered for it contains the infinite descending chain (1,0, 0,0, . ..

(0,1,0,0,...) > (0,0,1,0,...) > ---.
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(6) The set S, = [1,w] = Z; I {w} is well-ordered (1.48.(2)). It has w as its largest element. The
section S, = [1,w) = Z, is countably infinite but any other section is finite. Any finite subset A of
[1,w) has an upper bound because the set of non-upper bounds

{z€[l,w)|TJa€eA:x<a}= USa
a€A
is finite (1.34.(3)) but [1,w) is infinite. S, has the same order type as the interval [1 x 1,2 x 1] in
Z, xXZ,.
Which of these well-ordereds have the same order type [Ex 10.3]? Draw pictures of examples of
well-ordered sets.

We can classify completely all finite well-ordered sets.

1.50. THEOREM (Finite order types). [Ezx 6.4] Any finite linearly ordered set A of cardinality n has
the order type of (Sn+1,<); in particular, it is well-ordered and it has a largest element.

PROOF. Define h: Sp,41 — A recursively by h(1) = min A and
h(i) = min(A — {h(1),...,h(i — 1)}, i>1

Then h is order preserving. In particular, h is injective and hence bijective (by the pigeon hole principle
(1.32)) since the two sets have the same cardinality. O

Can you find an explicit order preserving bijection Sy,11 X Sp41 — Sman+1?

So there is just one order type of a given finite cardinality n. There are many countably infinite
well-ordered sets (1.49). Is there an uncountable well-ordered set? Our examples, R and {0,1}*, of
uncountable sets are not well-ordered (1.49.(2), 1.49.(5)).

1.51. THEOREM (Well-ordering theorem). (Zermelo 1904) Any set can be well-ordered.

We focus on the minimal criminal, the minimal uncountable well-ordered set. (It may help to look at
1.49.(6) again.)

1.52. LEMMA. There exists a well-ordered set Sq = [0,9Q] with a smallest element, 0, and a largest
element, 2, such that:
(1) The section Sq = [0,9) by Q is uncountable but any other section, S, = [0,a) for a < Q, is
countable.
(2) Any countable subset of Sq = [0,Q) has an upper bound in Sq = [0,Q)

PROOF. (Cf 1.49.(6)) Take any uncountable well-ordered set A (1.51). Append a greatest element to
A. Call the result A again. Now A has at least one uncountable section. Let © be the smallest element
of A such that the section by this element is uncountable, that is = min{a € A | S, is uncountable}.
Put Sq = [0, ] where 0 is the smallest element of A. This well-ordered set satisfies (1) and (2). Let C
be a countable subset of Sq = [0,2). We want to show that it has an upper bound. We consider the set
of elements of Sq that are not upper bounds, i.e

countable uncountable

—~
{z € Sq |  is not an upper bound for C} ={zx € Sq |Ice C: z < c} = USC - Sa
ceC

This set of not upper bounds is countable for it is a countable union of countable sets (1.41.(4)). But Sg
is uncountable, so the set of not upper bounds is a proper subset. O

See [SupplExI : 8] for an explicit construction of a well-ordered uncountable set. Z, is the well-
ordered set of all finite (nonzero) order types and Sg is the well-ordered set of all countable (nonzero)
order types. See [Ex 10.6] for further properties of Sq.

Recall that the ordered set Z, x [0,1) is a linear continuum of the same order type as [1,00) C R.
What happens if we replace Z by Sq [Ex 24.6, 24.12]7

7. Partially ordered sets, The Maximum Principle and Zorn’s lemma
If we do not insist on comparability in our order relation (Definition 1.12) we obtain a partial order:

1.53. DEFINITION. A strict partial order on a set A is a non-reflexive and transitive relation <C AX A:

(1) a < a holds for no a € A
(2) a<band b < c implies a < c.
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A partially ordered set (a poset, for short) is a set with a strict partial order. We do not require
that any two elements can be compared. For instance, power sets are strictly partially ordered by strict
inclusion C (in fact, it is good idea to read < as "is contained in”). Here is an example of a finite poset:

23 3 4
All—=A2 32 A4 52
Al A2 34 4 51

A2 A33 4

1.54. DEFINITION. Let (A, <) be a set with a strict partial order and m an element of A.

e m is maximal if it has no successors, Va € A:m <a= m=a
e m is an upper bound for B C A if all elements of B precedes or equals m, ¥b € B: b < m.

In the above example, the elements A51 and A52 are maximal because they have no successors. The
element A51, but not the element A452, is an upper bound for the set {A33, A42}

1.55. THEOREM (Hausdorff’s Maximum Principle). Any linearly ordered subset of a poset is contained
in a mazximal linearly ordered subset.

PRrROOF. We shall only consider the case where the linearly ordered subset is empty where the state-
ment is that any poset contains maximal linearly ordered subsets. As a special case, suppose that the
poset is infinitely countable. We may as well assume that the poset is Z, with some partial order <.
Define h: Z, — {0, 1} recursively by h(1) = 0 and

hi) 0 {j <ilh(j) =0} Ui} is linearly ordered wrt <
1) =
1 otherwise

for i > 0. Then H = h~!(0) is a maximal linearly ordered subset.
For the proof in the general case, let (A4, <) be a poset, well-order A (1.51), apply the Principle of
Transfinite Recursion (1.47) to the function

0 f~10) U {a} is a linearly ordered subset of A
1 otherwise

p(Sa - {0,1}) = {

and get a function h: A — {0,1}. O

1.56. THEOREM (Zorn’s lemma). Let (A, <) be a poset. Suppose that all linearly ordered subsets of
A have upper bounds. Then any linearly ordered subset is bounded from above by a maximal element. In
particular, for any element a of A there is a mazimal element m of A such that a < m.

PrOOF. Let H C A be a maximal linearly ordered subset. According to Hausdorff’s Maximum
Principle, we may assume that H is maximal. By hypothesis, H has an upper bound m, i.e. * < m for
all z € H. By maximality of H, m must be in H, and there can be no element in A greater than m.
(Suppose that m < d for some d. Then © < m < d for all elements of H so H U {d} is linearly ordered,
contradicting maximality of H.) (Il

We shall later use Zorn’s lemma to prove Tychonoff’s theorem (2.149) that a product of compact
spaces is compact. In fact, The Axiom of Choice, Zermelo’s Well-ordering theorem, Hausdorff’s maximum
principle, Zorn’s lemma, and Tychonoff’s theorem are equivalent.

Here are two typical applications. Recall that a basis for a vector space over a field is a maximal
independent subset and that a maximal ideal in a ring is a maximal proper ideal.

1.57. THEOREM. Any linearly independent subset of a vector space is contained in a basis.

PRrROOF. Apply Zorn’s lemma to the poset of independent subsets of the vector space. Any linearly
ordered set of independent subsets has an upper bound, namely its union. O

1.58. THEOREM. Any proper ideal of a ring is contained in a maximal ideal.
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PROOF. Apply Zorn’s lemma to the poset of proper ideals. Any linearly ordered set of proper ideals
has an upper bound, namely its union. O

As a corollary of (1.57) we see that R and R? are isomorphic as vector spaces over Q.
Other authors prefer to work with partial orders instead of strict partial orders.

1.59. DEFINITION. Let A be a set. A relation = on A is said to be a partial order precisely when
it is symmetric (that is a < a for all a in A), transitive (that is a < b and b =< ¢ implies a = ¢), and
anti-symmetric (that is a <b and b < a implies a = b).

> SubgroupLattice(AlternatingGroup(5));

Partially ordered set of subgroup classes

[1] Order 1 Length 1 Maximal Subgroups:

[2] Order 2 Length 15 Maximal Subgroups: 1

[3] Order 3 Length 10 Maximal Subgroups: 1
[4] Order 5 Length 6 Maximal Subgroups: 1
[6] Order 4 Length 5 Maximal Subgroups: 2
[6] Order 6 Length 10 Maximal Subgroups: 2 3
24

[7] Order 10 Length 6 Maximal Subgroups:

[8] Order 12 Length 5 Maximal Subgroups: 3 5

[9] Order 60 Length 1 Maximal Subgroups: 6 7 8
TABLE 1. The poset of subgroups of the alternating group As






CHAPTER 2

Topological spaces and continuous maps

1. Topological spaces

What does it mean that a map f: X — Y between two sets is continuous? To answer this question,
and much more, we equip sets with topologies.

2.1. DEFINITION. Let X be a set. A topology on X is a set T C P(X) of subsets of X, called open
sets, such that

(1) @ and X are open
(2) The intersection of finitely many open sets is open
(3) Any union of open sets is open
A topological space is a set X together with a topology T on X .

2.2. (Examples of topologies). (1) In the trivial topology T = {0}, X}, only two subsets
are open.

(2) In the discrete topology T = P(X), all subsets are open.

(3) In the particular point topology, the open sets are (), X and all subsets containing a particular point
x € X. For instance, the Sierpinski space is the set X = {0, 1} with the particular point topology for
the point 0. The open sets are 7 = {0, {0}, X }.

(4) In the finite complement topology (or cofinite topology), the open sets are () and X and all subsets
with a finite complement.

(5) The standard topology on the real line R is 7 = {unions of open intervals}.

(6) More generally, suppose that (X,d) is a metric space. The open r-ball centered at € X is the
set By(z,r) = {y € X | d(z,y) < r} of points within distance r» > 0 from x. The metric topology on
X is the collection 7; = {unions of open balls}. The open sets of the topological space (X, 7;) and
the open sets in the metric space (X, d) are the same. (See §.8 for more on metric topologies.)

The Sierpinski topology and the finite complement topology on an infinite set are not metric topolo-
gies.

Topologies on X are partially ordered by inclusion. For instance, the finite complement topology
(2.2.(4)) on R is contained in the standard topology (2.2.(5), and the indiscrete topology (2.2.(1)) on
{0, 1} is contained in the Sierpinski topology (2.2.(3)) is contained in the discrete topology (2.2.(2)).

2.3. DEFINITION (Comparison of topologies). Let T and T’ be two topologies on X .
T is finer than T’

def ’
<~ TDOT
T’ is coarser than T}

The finest topology is the topology with the most opens sets, the coarsest topology is the one with
fewest open sets. (Think of sandpaper!) The discrete topology is finer and the indiscrete topology coarser
than any other topology: P(X) D7 D {0, X}. Of course, two topologies may also be incomparable.

2.4. DEFINITION. A neighborhood of a point x € X is an open set containing x. A neighborhood of
a set A C X is an open set containing A.

2.5. Subbasis and basis for a topology. In a metric topology (2.2.(6)) the open sets are unions
of balls. This is a special case of a topology basis. Remember that, in a metric topology, any point is
contained in an open ball and the intersection of two open balls is a union of open balls.

2.6. DEFINITION (Basis and subbasis). A topology basis is a set B C P(X) of subsets of X, called
basis sets, such that
(1) Any point of X lies in a basis set, ie X = |JB.
(2) The intersection of any two basis sets is a union of basis sets.
A topology subbasis is a set S C P(X) of subsets of X, called subbasis sets, such that

23
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(1) Any point of X lies in a subasis set, ie X =JS
If B is a topology basis then the set of subsets of X
7T = {unions of basis sets}

is called the topology generated by B. Note that 7z is a topology, the coarsests topology in which the
basis sets are open.
If S is a topology subbasis then the set of subsets of X

Ts = {unions of finite intersections of subbasis sets}

is called the topology generated by S. Note that 7s is a topology, the coarsests topology in which the
subbasis sets are open. (Use the distributive laws [§1] for U and N.) The set

(2.7) Bs = {Finite intersections of S-sets}

is a topology basis generating the same topology as the subbasis: T, = 7s.

A topology is a topology basis is a topology subbasis.

Given a topology 7 and a topology basis B, we say that B a basis for 7 if B generates 7, ie Tg = 7.
Given a topology 7 and a topology subbasis S, we say that S a subbasis for 7 if S generates 7, ie
Ts=1T.

2.8. PROPOSITION (Finding a (sub)basis for a given topology). The topology basis B is a basis for
the topology T if and only if

(1) the basis sets are open, and,
(2) all open sets are unions of basis sets

The subbasis S is a subbasis for the topology T if and only if

(1) the subbasis sets are open, and,
(2) all open sets are unions of finite intersections of subbasis sets

2.9. . (1) The set of all open rays S = {(—o0,b) | b € R} U {(a,+0) | a € R} is a
subbasis and the set B = {(a,b) | a,b € R,a < b} of all open intervals is a basis for the standard
topology on R (2.2.(5)).
(2) The set of all open balls is a basis for the metric topology on a metric space (2.2.(6)).

How can we compare topologies given by bases? How can we tell if two bases, or a subbasis and a
basis, generate the same topology? (Two topologies, bases or subbases are said to be equivalent if they
generate the same topology.)

2.10. LEMMA (Comparison). Let B and B’ be two bases and S a subbasis.

(1)

T CIg <= B C1g <= All B-sets are open in T/
(2)

All B-sets are open in Tgs
T =1 <—

All B'-sets are open in Tp
(3)

All B-sets are open in Tg
T =Ts <— { }

All S-sets are open in Ig

PROOF. (1) is obvious since 7 is the coarsest topology containing 5. Item (2) is immediate from (1).
Ttem (3) is proved in the same way since Ig = Ts it T CTs and T D Ts if BC Tsand 73 O S. O

2.11. . [Topologies on R] We consider three topologies on R:

R: The standard topology with basis the open intervals (a, b).

Ry: The right half-open interval topology with basis the right half-open intervals [a, ).

Ry: The K-topology with basis {(a,b)} U{(a,b) — K} where K = {1,3,1,%,.. .}.
The right half-open interval topology is strictly finer than the standard topology because any open interval
is a union of half-open intervals but not conversely (2.10) ((a,b) = {J,,<pl®, ), and [0,1) is open in Ry
but not in R; an open interval containing 0 is not a subset of [0,1)). The K-topology is strictly finer
than the standard topology because its basis contains the standard basis and R — K is open in Rg but
not in R (an open interval containing 0 is not a subset of R — K). The topologies R, and Rk are not
comparable [Ex 13.6].
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2.12. . (1) In a metric space, the set B = {B(z,r) | * € X,r > 0} of open balls is (by
definition) a basis for the metric topology 7;. The collection of open balls of radius %, n€Zy,is an
equivalent topology basis for 7.

(2) The collection of rectangular regions (ay,b1) X (ag, b2) in the plane R? is a topology basis equivalent
to the standard basis of open balls B(a,r) = {x € R? | |z — a| < r}. you can always put a ball inside
a rectangle and a rectangle inside a ball.

(3) Let f: X — Y be any map. If 7 is a topology on Y with basis B or subbasis S , then the pull-back
f7Y(T) is a topology, the initial topology for f, on X with basis f~1(B) and subbasis f~1(S).

(4) More generally, let X be a set, {Y;} a collection of topological spaces, and f;: X — Y;, j € J, a set
of maps. Let 7; be the topology on Y}, B; a basis and S; a subbasis for all j € J. Then Ufj_l(’]}),

U f;l(Bj), U f;l(Sj) are equivalent subbases on X. The topology they generate is called the initial
topology for the maps f;, j € J.

2. Order topologies

We associate a topological space to any linearly ordered set and obtain a large supply of examples
of topological spaces. You may view the topological space as a means to study the ordered set, to find
invariants, or you may view this construction as a provider of interesting examples of topological spaces.

Let (X, <) be a linearly ordered set containing at least two points. The open rays in X are the
subsets

(—oo,b)={ze X |x<b}, (a,4x)={xeX]|a<z}
of X. The set S< of all open rays is clearly a subbasis (2.8) for a topology on X (just as in 2.9).

2.13. DEFINITION. The order topology T~ on the linearly ordered set X is the topology generated by
all open rays. A linearly ordered space is a linearly ordered set with the order topology.

The open intervals in X are the subsets of the form
(a,b) = (=00, b) N (a,+0)={re X |a<z<b}, abe X, a<h.

2.14. LEMMA (Basis for the order topology). Let (X, <) be a linearly ordered set.
(1) The union of all open rays and all open intervals is a basis for the order topology 7.

(2) If X has no smallest and no largest element, then the set {(a,b) | a,b € X,a < b} of all open
intervals is a basis for the order topology.

PrOOF. We noted in (2.7) that Bs_ = {Finite intersections of S.-sets} = Sc U{(a,b) | a,b € X,a <
b} is a topology basis for the topology generated by the subbasis Sc.
If X has a smallest element ag then (—o0,b) = [ag,b) is open. If X has no smallest element, then

the open ray (—o00,b) = [J,..(a,c) is a union of open intervals and we do not need this open ray in the
basis. Similar remarks apply to the greatest element when it exists. (]
2.15. . (1) The order topology on the ordered set (R, <) is the standard topology (2.9).

(2) The order topology on the ordered set R? has as basis the collection of all open intervals (a; x
az, by x bz). An equivalent basis (2.10) consists of the open intervals (a X b1,a X bz). The order
topology R2< is strictly finer than the metric topology Rfi.

(3) The order topology on Z is the discrete topology because (—oo,n) N (co,n + 1) = {n} is open.

(4) The order topology on Z x Z is not discrete. Any open set that contains the element 2 x 1 also
contains elements from {1} x Z. Thus the set {1 x 2} is not open.

(5) The order topology on Z x Z is discrete.

(6) Is the order topology on Sq discrete?

(7) I? = [0,1]? with the order topology is denoted I? and called the ordered square. The open sets
containing the point z x y € I2 look quite different depending on whether y € {0,1} or 0 <y < 1.

3. The product topology

Let (X;);es be an indexed family of topological spaces. Let 7y : Hje.] X; — X}, be the projection
map. An open cylinder is a subset of the product space of the form

W,;l(Uk), Ur C Xy open, k€ J.

The set 7, ' (Ug) consists of the points (z;) € [[ X, with kth coordinate in Uy. Alternatively, m; *(Uy)

consists of all choice functions c: J — |J;c; U; such that c(k) € Uy (Figure 2).
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2.16. DEFINITION. The product topology on HjeJ X is the topology with subbasis

S = U{Tf‘;l(Uj) | U; C X; open}
jeJ

consisting of all open cylinders or, equivalently, with basis (2.7)

B = {H U; | U; C Xj open and U; = X for all but finitely many j € J}
jeJ
The product topology is the coarsest topology making all the projection maps 7;: [[ X; — X,,j € J,
continuous.
This becomes particularly simple when we consider finite products.

2.17. LEMMA. Let X = X7 X Xg X --- Xy, be a finite Cartesian product. The collection
B={Uy xUs x---x Uy | Uy open in X1,Us open in Xs,..., Uy open in X}
of all products of open sets is a basis for the product topology.

2.18. COROLLARY. Suppose that B; is a basis for the topology on X;, j =1,...,k. Then By x---x By,
18 a basis for the product topology on X1 X -+- x X.

PROOF. Note that By x --- x By is indeed a basis. Compare it to the basis of 2.17 using 2.10. O

2.19. Products of linearly ordered spaces. When (X, <) and (Y, <) are linearly ordered sets, we
now have two topologies on the Cartesian product X x Y: The product topology of the order topologies,
(X,7<) x (Y,7.), and the order topology of the product dictionary order, (X x Y,7.). These two
topologies are in general not identical or even comparable. It is difficult to imagine any general relation
between them since X x Y. is essentially symmetric in X and Y whereas the dictionary order has no
such symmetry. But even when X =Y there does not seem to be a general pattern: The order topology
(Zy xZy,T.) is coarser than the product topology (Z, 7<) x (Z, 7<) (which is discrete) (2.15.(4)—(5)).
On the other hand, the order topology (R x R,7.) is finer than the product topology (R, 7<) x (R, 7<)
which is the standard topology, see 2.15.(1)—(2) and [Ex 16.9].

2.20. COROLLARY (Cf [Ex 16.9]). Let (X, <) and (Y, <) be two linearly ordered sets. Suppose that Y
does not have a largest or a smallest element. Then the order topology (X X Y)< = X4 x Yo where Xy
1s X with the discrete topology. This topology is finer than X X Y_.

PRrROOF. The equations
(—o0,a x b) = U{x} x Y U{a} x (—o0,b), (axb,+00)={a} x (b,+o0)U U{m} xY
r<a r>a

show that the order topology is coarser than the product of the discrete and the order topology. On the
other hand, the sets {z} x (¢, d) is a basis for = X4 x Y< (2.14.(2), 2.18) and {z} X (¢,d) = (x X ¢,z X d)
is open in the order topology since it is an open interval. O

The corollary shows that the order topology on X XY does not yield anything new in case the second
factor is unbounded in both directions. As an example where this is not the case we have already seen
Z, x Z, and I? (2.15.(4), 2.15.(7)).

2.21. The coproduct topology. The coproduct topology on the coproduct [[ X; (Chapter 1.3)
is the finest topology making all the inclusion maps ¢;: X; — [[ X}, j € J, continuous.
This means that

5 (U) is open for all j € J

U C HXj is open <= ¢
jeJ
Alternatively, the open sets of the coproduct [[ X; are the coproducts [[ U; of open set U; C Xj.
4. The subspace topology
Let (X, T) be a topological space and Y C X a subset. We make Y into a topological space.
2.22. DEFINITION. The subspace topology on Y is the topology Tc =Y NT ={YNnU |Ue7T}. A
subset V CY 1is { open } relative to Y if it is { open } mn Te.

closed closed

It is immediate that 7 is indeed a topology.
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2.23. LEMMA. If B is a basis for T, then YNB ={Y NU | U € B} is a basis for the subspace topology
YNT. If S is a subbasis for T, then Y NS ={Y NU | U € S} is a subbasis for the subspace topology
YnT.

PRrROOF. This is 2.12.(3) applied to the inclusion map A — X. ]
2.24. LEMMA. Assume that ACY C X. Then

.| open | . _ open .
(1) Ais {closed} inY <= A=Y nNU for some {closed} set U in X

.| open 4. | open | . .| open | .
(2) If Y is {closed} then: A is {closed} inY < Ais {closed} in X

PRrOOF. (1) This is the definition of the subspace topology.
(2) Suppose that Y is open and that A C Y. Then

AopeninY < A=Y NU for some open U C X <= A openin X
in that A = ANY. Similarly, if Y is closed. a

The lemma says that an open subset of an open subset is open and that a closed subset of a closed
subset is closed.
The next theorem says that the subspace and the product space operations commute.

2.25. THEOREM. LetY; C X;, j € J. The subspace topology that []Y; inherits from [[X; is the
product topology of the subspace topologies on Y.

PRrROOF. The subspace topology on [[Y; has subbasis

[TYinsnx, =]Tvin U{m @)} = UL Y 0w ' (Uk)}, Uk C X open,

kej keJ

and the product topology on [[Y; has subbasis

SHYj = U{Trk_l(Yk-ﬂUk)}, U C Xj open
keJ

(8, Ex 2.2]

These two subbases are identical for 7 Yy N Uy) (V) Nt (U) = ([1Y;) N M (Ur). O

2.26. Subspaces of linearly ordered spaces. When (X, <) is a linearly ordered set and Y C X

a subset we now have two topologies on Y. We can view Y as a subspace of the topological space X
with the order topology or we can view Y as a sub-ordered set of X and give Y the order topology. Note
that these two topologies are not the same when X = R and Y = [0,1) U {2} C R: In the subspace
topology {2} is open in Y but {2} is not open in the order topology because Y has the order type of
[0,1]. See 2.28 for more examples. The point is that

e Any open ray in Y is the intersection of Y with an open ray in X

e The intersection of Y with an open ray in X need not be an open ray in Y

However, if Y happens to be convex then open rays in Y are precisely Y intersected with open rays in
X.

2.27. LEMMA (Yo C Y N X.). Let (X, <) be a linearly ordered set and Y C X a subset. The order
topology on'Y is coarser than the subspace topology Y in general. If Y is convez, the two topologies on
Y are identical.

PROOF. The order topology on Y has subbasis
Sc={YN(—o00,b) | beY}U{Y N(a,00)|aecY}
and the subspace topology on Y has subbasis
Sc={YN(—o0,b)|be X}U{Y N(a,00)|ae X}
Clearly, S. C S, so the order topology on Y is coarser than the subspace topology in general.
If Y is convex and b € X — Y then b is either a lower or an upper bound for Y as we cannot have
y1 < b < yo for two points y; and yo of Y. If b is a lower bound for Y, then Y N (—o00,b) = ), and if b is

an upper bound for Y, then Y N (—o0,b) =Y. Therefore also S- C 7 so that in fact 7. = 7.
O

2.28. (1) Sox1=1xZ,U{2x1}=[1x1,2x 1] is a convex subset of Z; x Z,. The
subspace topology (2.15.(4)) is the same as the order topology.
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(2) The subset Z; x Z is not convex in Z X Z so we expect the subspace topology to be strictly finer
than the order topology. Indeed, the subspace topology that Z, x Z inherits from the discrete space
Z x Z is discrete but the order topology is not discrete (2.15.(4)—(5)).

(3) Consider X = R? and Y = [0, 1]? with order topologies. Y is not convex so we expect the subspace
topology to be strictly finer than the order topology. Indeed, the subspace topology on [0,1]?, which
is [0,1]4 x [0, 1], is strictly finer than I? (2.15.(7)): The set

0,51 % [0,1] = (10,1] x [0,1]) N (00, 5 x 2
is open in the subspace topology on Y but it is not open in the order topology on Y as any basis open
set (2.14) containing § x 1 also contains points with first coordinate > 3.

(4) Consider X = R? and Y = (0, 1)? with order topologies. Y is not convex so we expect the subspace
topology to be strictly finer than the order topology. But it isn’t! The reason is that (0,1) does not
have a greatest nor a smallest element (2.20).

(5) The subset Q of the linearly ordered set R is not convex but nevertheless the subspace topology
inherited from R is the order topology. Again, the reason seems to be that Q does not have a greatest
nor a smallest element.
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5. Closed sets and limit points
2.29. DEFINITION. A subset of a topological space is closed if its complement is open.

2.30. LEMMA. The closed subsets of a topological space X have these properties:

(1) 0 and X are closed
(2) The union of finitely many closed sets is closed
(3) Any intersection of closed sets is closed.

Conversely, any set of subsets of X with these properties, are the closed sets for a topology.

2.31. . (1) [a,b] is closed in R, [a,b) is neither closed nor open, R is both closed and
open.

(2) Let X =1[0,1]U(2,3). The subsets [0, 1] and (2, 3) of X are both closed and open (they are clopen)
as subsets of X.

(3) K={1,4,1,...} is not closed in R but it is closed in Rg (2.11).

(4) Ry is (2.11) the set of real numbers equipped with the topology generated by the basis sets [a, b)
of right half-open intervals. All sets that are (open) closed in the standard topology R are also
(open) closed in the finer topology Ry. Sets of the form (—o00,a) = U, ,[7,a) = R — [a,00),
[a,b) = (—o0,b) N [a,00), and [a,00) = J,.,la,7) = R — (=00, a) are both open and closed. Sets of
the form (—o0,b] or [a,b] are closed (since they are closed in the standard topology) and not open
since they are not unions of basis sets. Sets of the form (a,c0) are open (since they are open in
standard topology) and not closed. Sets of the form (a, b] are neither open nor closed.

(5) Let X be a well-ordered set (§6). In the order topology (§2), sets of the form (a,0) = [a™,00) =
X — (—o0,a], (—00,b] = (00,b%) = X — (b,c0) and (a,b] = (a,00) N (—o0,b] are closed and open.
(Here, b™ denotes b if b is the largest element and the immediate successor of b if b is not the largest
element.)

(6) Let R be a ring and Spec(R) the set of prime ideals of R. (We adopt the convention that R itself
is not a prime ideal. The zero ideal is a prime ideal if R is a domain.) For any subset S of R let

V(S) ={a € Spec(R) | a D S}

be the set of prime ideals containing S. Then () = V' (1), Spec(R) = V(0), V(S1) UV (S3) = V(5154),
and NV (S;) = V(U S;). The Zariski topology on Spec(R) is the topology where the closed sets are the
sets V() for S C R. Thus the closed sets are intersections of the closed sets V' (r) = {a € Spec(R) |
a>r}, r € R. The closed sets of Spec(Z) = {0} U {p | p > 0 is prime} are intersections of the closed
sets V' (0) = Spec(Z) and V(n) = {p | p|n}, 0 # n € Z, consisting of the prime divisors of n. The closed
sets of Spec(C[X]) = {(0)} U{(X — a) | a € C} are intersections of the closed sets V(0) = Spec(Z)
and V(P) = {a € C | P(a) = 0} consisting of the roots of the complex polynomial 0 # P € C[X].
The subspace topology on C C Spec(C[X]) is the finite complement topology (2.2.(4)).

2.32. Closure, interior, and boundary. We consider the largest open set contained in A and the
smallest closed set containing A.

2.33. DEFINITION. The interior of A is the union of all open sets contained in A,
Int A= U{U C A|U open} = A°,
the closure of A is the intersection of all closed sets containing A,
ClA=(|{C>A|C closed} =4,
and the boundary of A is 0A = A — A°.

2.34. PROPOSITION (Properties of interior and closure). Let A, B C X and let x € X. Then
(1) x € A° <= There exists a neighborhood U of © such that U C A
(2) X-A=(X-A)°and X —A°=X - A
(3) x € A <= UNA#D for all neighborhoods U of x
(4) x€ A <= UNA#D and UN (X — A) # 0 for all neighborhoods U of x
(5) A°Cc Ac A
(6) A° is open, il is the largest open set contained in A, and A is open iff A° = A
(7) A is closed, it is the smallest closed set containing A, and A is closed iff A = A
(8) (ANB)>=A°NB°, AUB=AUB, (AUB)° > A°UB°, ANBC AN B,

(9) AcB:>{ Int A C Int B

ClAc(ClB
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(10) X = A°UDAU (X — A) is a disjoint union.

PROOF. The first assertion is clear as A° is the union of the open sets contained in A. The second
claim follows from:

X—Z:X—H{CDA|Cclosed}:U{X—CCX—A|X—Copen}
:U{UCX—A|U0pen}:(X—A)°
or one can simply say that X — A is the largest open subset of X — A since A is the smallest closed
superset of A. The third assertion is just a reformulation of the first one,
1A < 1€X—-A < z€(X—-A)° < z has aneighborhood disjoint from A,
since X — A = (X — A)°. The remaining facts are easily proved. a

2.35. PROPOSITION (Closure with respect to subspace). Let ACY C X. Then

(1) Aids closed inY <= A=Y NC for some closed set C in X
(2) Cly(A) =Y NA.
(3) IfY is closed, then Cly (A) = A.

PROOF. (1) This is 2.24.1.
(2) The set Cly (A) is the intersection of all relatively closed sets containing A. The relatively closed sets
are the sets of the form Y N C where C is closed in X. This means that

Cly(A) = {YNC|C D A,C closed} =Y N[ {C|C D AC closed} =Y N4

by a direct computation. B o
(3) As Y is closed and A C Y, also A C Y so that Cly (A) =Y NA=A. O

FACY CX,YNInt(A) C Inty (A) for Y NInt(A) is a relatively open set contained in A. These
two sets are equal if Y is open but they are distinct in general (consider A =[0,1) C [0,1] =Y).

2.36. DEFINITION. A subset A C X is said to be dense if A = X, or, equivalently, if every open
subset of X contains a point of A.

2.37. PROPOSITION. Let A be a dense and U an open subset of X. Then ANU =U.

PROOF. The inclusion ANTU C U is general. For the other inclusion, consider a point € U. Let V
be any neighborhood of . Then VN (ANU) = (VNU)N A is not empty since VN U is a neighborhood
of z and A is dense. But this says that «x is in the closure of ANU. |

2.38. Limit points and isolated points. Let X be a topological space and A a subset of X.

2.39. DEFINITION (Limit points, isolated points). A pointx € X is a limit point of A if UN(A—{z}) #
(0 for all neighborhoods U of x. The set of limit points' of A is denoted A'. A point a € A is an isolated
point if a has a neighborhood that intersects A only in {a}.

Equivalently, € X is a limit point of A iff z € A — {z}, and a € A is an isolated point of A iff {a}
is open in A. These two concepts are almost each others opposite:

x is not a limit point of A <= =z has a neighborhood U such that U N (AU {z}) = {z}
<= 1 is an isolated point of AU {z}

2.40. PROPOSITION. Let A be a subset of X and A’ the set of limit points of A. Then AUA = A
and ANA" = {a € A|a is not an isolated point of A} so that
AD A < A is closed
AC A < A has no isolated points
ANA =0 < A is discrete
A'=( < A is closed and discrete

If BC A then B'C A'.

IThe set of limit points of A is sometimes denotes A% and called the derived set of A
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PROOF. It is clear that all limit points of A are in A, so that AU A’ C A, and that all points in the
closure of A that are not in A are limit points,

A— A= {z € X — A|all neighborhoods of x meet A} C A’ C 4,

so that A = AU (A — A) C AU A’. This shows that AU A’ = A. From the above discussion we have
that the set of limit points in A, AN A" = A — (A — A’), is the set of non-isolated points of A. If
AN A’ = then all all points of A are isolated so that the subspace A has the discrete topology. We have
A =0 < ADA, ANA' =0 < Ais closed and discrete. O

2.41. . (1) Q=R =R - Q (R—Q contains (Q—{0})v2). ClIntQ =, Int C1Q = R.
(2) Let C, C R? be the circle with center (0,7) and radius r > 0. Then

U Cyn= U Cim: U Gn=®x{ohu |J Cn
nezy n€Zy ne€Zy n€Zy
The first set of decreasing circles (known as the Hawaiian Earring [8, Exmp 1 p 436]) is closed because
it is also the intersection of a collection (which collection?) of closed sets.

(3) The set of limit points of K = {1 | n € Z;} is {0} in R and R, and () in Rg.

(4) Let X be alinearly ordered space (2.13). Closed intervals [a, b] are closed because their complements
X —a,b] = (—o0,a) U (b,00) are open. Therefore the closure of an interval of the form [a, b) is either
[a,b) or [a,b]. If b has an immediate predecessor b~ then [a,b) = [a,b~] is closed so that [a,b) = [a,b).
Otherwise, [a, b) = [a, b] because any neighborhood of b contains an interval of the form (¢, b] for some
¢ < band [a,b) N (¢, b], which equals [a, b] or (¢, b], is not empty.

2.42. Convergence, the Hausdorff property, and the Ti-axiom. Let z,, n € Z4, be a se-
quence of points in X, ie a map Z; — X.

2.43. DEFINITION. The sequence x,, converges to the point x € X if for any neighborhood U of x
there exists some N such that x, € U for allm > N.

If a sequence converges in some topology on X it also converges in any coarser topology but not
necessarily in a finer topology.

2.44. . In the Sierpinski space X = {0,1} (2.2.(3)), the sequence 0,0, -- converges to 0
and to 1. In R with the finite complement topology (2.2.(4)), the sequence 1,2,3,--- converges to any
point. In R, the sequence % does not converge; in R and Ry it converges to 0 (and to no other point).
The sequence —% converges to 0 in R and R, but does not converge in Ry. In the ordered space
1,w] = Zy IT {w} (1.49.(6)), the sequence n converges to w (and to no other point). Can you find a

sequence in the ordered space [0, 2] (1.52) that converges to Q7

2.45. DEFINITION (Separation Axioms Ty, 71, and Tb). A topological space X is a To-space (or a
Kolmogorov space) if for any two distinct points x1 # x2 in X there exists an open set U containing one
but not both points.

A topological space is Ti-space if points are closed: For any two distinct points x1 # xo in X there
exists an open set U such that x1 € U and xo € U.

A topological space X is a Te-space (or a Hausdorff space) if there are enough open sets to separate
points: For any two distinct points x1 # xo in X there exist disjoint open sets, Uy and Us, such that
x1 € Uy and x4 € Us.

All Hausdorff spaces are T7. X is T} iff all finite subsets are closed. Cofinite topologies are 77 by
construction and not 75 when the space has infinitely many points. Particular point topologies are not
T1 (on spaces with more than one point).

All linearly ordered [Ex 17.10] or metric spaces are Hausdorff; in particular, R is Hausdorff. R, and
Rk are Hausdorff because the topologies are finer than the standard Hausdorff topology R.

2.46. THEOREM. A sequence in a Hausdorff space can not converge to two distinct points.

A property of a topological space is said to be (weakly) hereditary if any (closed) subspace of a space
with the property also has the property. Hausdorffness is hereditary and also passes to product spaces.

2.47. THEOREM (Hereditary properties of Hausdorff spaces). [Ex 17.11, 17.12] Any subset of a Haus-
dorff space is Hausdorff. Any product of Hausdorff spaces is Hausdorff.

2.48. THEOREM. Suppose that X is Ty. Let A be a subset of and x a point in X. Then

x s a limit point <= All neighborhoods of x intersect A in infinitely many points
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PrOOF. «=: If all neighborhoods of = intersect A in infinitely many points, then, clearly, they also
intersect A in a point that is not x.
=: Assume that z is a limit point and let U be a neighborhood of x. Then U contains a point a; of
A different from z. Remove this point from U. Since points are closed, U — {a;} is a new neighborhood
of x. This new neighborhood of = contains a point as of A different from x and a;. In this way we
recursively find a whole sequence of distinct points in U N A. (]

6. Continuous functions
Let f: X — Y be a map between two topological spaces.

2.49. DEFINITION. The map f: X — Y is continuous if all open subsets of Y have open preimages
in X:V open in Y = f~Y(V) open in X

If Tx is the topology on X and 7y is the topology on Y then
(2.50) f is continuous <= f~H(Ty) C Tx <= f'(By)CTx < [ }(Sy)C Tx

where By is a basis and Sy a subbasis for 7y . The finer the topology in Y and the coarser the topology
in X are, the more difficult is it for f: X — Y to be continuous.

2.51. THEOREM. Let f: X — Y be a map between two topological spaces. The following are equivalent:

) f is continuous

The preimage of any open set in'Y is open in X: V open inY = f~1(V ) open in X

The preimage of any closed set in'Y is closed in X: C closed in Y = f~1(C) closed in X
JUBY) € (fHB))" for any BCY

FI(B) C £(B) for any BC Y

f(A) C f(A) for any AC X

For any point x € X and any neighborhood V.C'Y of f(x) there is a neighborhood U C X of x
such that f(U) C V.

(1
(2)
(3)
(4)
(5)
(6)
(7)

PROOF. It is easy to see that (7),(1),(2), and (3) are equivalent.

@ = g P = e ey
4

(4) = (2): Let B be any open set in Y. Then f~1(B) BB fYB°) C (f~Y(B))° C f~YB)so f~1(B)
is open since it equals its own interior.
(3) < (5): Similar to (2) < (4).

B = ©: FSI I Y e ) = @ T,

— (6) ——— fUTiB)HCcB —
(6) = (): f(f71(B)) C f(f71(B) < B O
2.52. (Examples of continuous maps). (1) If X and Y and Y have metric topologies

(2.2.(6)) then f: X — Y is continuous if and only if for all z € X and all ¢ > 0 there isa d > 0 so
that fB(z,d) C B(f(x),e).

(2) If X has the discrete topology (2.2.(2)) or Y has the trivial topology (2.2.(1)) then any map
f+ X — Y is continuous.

(3) If X and Y have the particular point topologies (2.2.(3)) then f: X — Y is continuous if and only
if f preserves the particular points.

(4) If X and Y have finite complement topologies (2.2.(4)) then f: X — Y is continuous if and only
if f has finite fibres.

(5) The function f(z) = —z is continuous R — R, but not continuous Rx — Ry (K is closed
in R but f~1(K) is not closed (2.44)) and not continuous R, — Ry ([0,00) is open in R, but
f71([0,00)) = (—00, 0] is not open (2.31.(4))).

(6) Since [a,b) is closed and open in Ry (2.31.(4)) the map 1j,4): R¢ — {0, 1}, with value 1 on [a, b)
and value 0 outside [a,b), is continuous.

(7) Any ring homomorphism R — S induces a map Spec(S) — Spec(R) taking any prime ideal z C S
to the prime ideal f~'x C R. This map is continuous because it takes Zariski closed set to Zariski
closed sets (2.31.(6)).

2.53. THEOREM. (1) The identity function is continuous.
(2) The composition of two continuous functions is continuous.
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(3) Let B be a subspace of Y, A a subspace of X, and f: X — Y a map taking values in B. Then
f: X =Y is continuous = f|A: A —Y is continuous (restriction)
f: X =Y is continuous <= B|f: X — B is continuous (corestriction)
(4) Let fj: X; =Y, j € J, be an indexed set of maps. Then
Hfj: HXj — HYJ is continuous <= f;: X; — Y} is continuous for all j € J

(5) (Glueing lemma) Let B be a covering of X. Suppose either that X is covered by the interiors of
the sets in B or that B is a locally finite closed covering. (The covering B is locally finite if any
point in X has a neighborhood that intersects only finitely many of the sets from B.) Then

fIB: B =Y is continuous for all B in B= f: X =Y is continuous
for any map f: X =Y.

PROOF. Most of these observations are easy to check. The =-part of (4) uses 2.64 below. In (5),
let us consider the case where B is a locally finite closed covering (or just a closed covering so that any
point in X has a neighborhood that is contained in a finite union of sets from B. Suppose that AN B is
open in B for all B € B. We claim that A is open. Let a be a point in A. Choose a neighborhood U of a
and finitely many sets By,...,B,, € Bsuch that a € U C B;U---U B,,,. We may assume that a € B; for
all i = 1,...,m for otherwise we just replace U by U — B;. Since A N B; is open in B; there is an open
set U; such that ANB; =U;NB; foralli=1,...,m. Now UNU;N---NU, is an open neighborhood
of a and

untuin---NU, C(BiU---UB,)NUN---NU,) C(B1NU)U---U(B,NU,) CA
This shows that A is open. |

2.54. Homeomorphisms and embeddings. One of the central problems in topology is to decide
if two given spaces are homeomorphic.

2.55. DEFINITION (Homeomorphism). A bijective continuous map f: X — Y is a homeomorphism
if its inverse is continuous.

A bijection f: X — Y induces a bijection between subsets of X and subsets of Y, and it is a home-
omorphism if and only if this bijection restricts to a bijection
U—f(U)

Y {Open (or closed) subsets of Y}

{Open (or closed) subsets of X} f

between open (or closed) subsets of X and open (or closed) subsets of Y.
We now extend the subspace topology (2.22) to a slightly more general situation.

2.56. DEFINITION (Embedding topology). Let X be a set, Y a topological space, and f: X —Y an
injective map. The embedding topology on X (for the map f) is the collection

U Ty) = {f"Y(V) |V C Y open}
of subsets of X.
The subspace topology for A C X is the embedding topology for the inclusion map A — X.

2.57. PROPOSITION (Characterization of the embedding topology). Suppose that X has the embedding
topology for the map f: X — Y. Then
(1) X =Y is continuous and,
(2) for any map A — X into X,
A — X is continuous < A — X LY is continuous
The embedding topology is the only topology on X with these two properties. The embedding topology is
the coarsest topology on X such that f: X — Y is continuous.

PROOF. This is because

AL X is continuous 2 g Ix)CTy = g (f'Ty)C Ty —

(f9) W(Ty)CTy —= AL X £, v is continuous

by definition of the embedding topology. The identity map of X is a homeomorphism whenever X is
equipped with a topology with these two properties. O



34 2. TOPOLOGICAL SPACES AND CONTINUOUS MAPS

2.58. DEFINITION (Embedding). An injective continuous map f: X — Y is an embedding if the
topology on X is the embedding topology for f, ie Tx = f Ty

Any injective map f: X — Y induces a bijection between subsets of X and subsets of f(X), and it
is an embedding if and only if this bijection restricts to a bijection

U—f(U)

2.59 Q) losed) subsets of X
(2.59) {Open (or closed) subsets of X} v

{Open (or closed) subsets of f(X)}

between open (or closed) subsets of X and open (or closed) subsets of f(X).

Alternatively, the injective map f: X — Y is an embedding if and only if the bijective corestriction
F(X)|f: X — f(X) is a homeomorphism. An embedding is a homeomorphism followed by an inclusion.
The inclusion A < X of a subspace is an embedding. Any open (closed) continuous injective map is an
embedding.

2.60. . (1) The map f(z) = 3z + 1 is a homeomorphism R — R.

(2) The identity map Ry — R is bijective and continuous but not a homeomorphism.

(3) Themap [0,1) — S': t — (cos(27t), sin(27t)) is continuous and bijective but not a homemorphism.
The image of the open set [0, %) is not open in S*.

(4) Find an example of an injective continuous map R — R? that is not an embedding.

(5) The obvious bijection [0,1) U {2} — [0,1] is continuous but not a homeomorphism (the domain
has an isolated point, the codomain has no isolated points). There does not exist any continuous
surjection in the other direction.

(6) The spaces [1 x 1,2 x 1] C Z; x Z4 and K = {% | n € Z,} C R are homeomorphic.

(7) The map R — R x R: ¢ — (¢,t) is an embedding. For any continuous map f: X — Y, the map
X = X xY:zw— (x, f(x)) is an embedding; see (3.25) for a generalization.

(8) R™ embeds into S™ via stereographic projection.

(9) R? embeds in R3. Does R? imbed in R?? (See notes on algebraic topology for the answer.)

(10) Are the spaces |JC,, and |J 'y, of 2.41.(2) homeomorphic?

(11) A knot is in embedding of S! in R? (or $%). Two knots, Kq: S — R? and K;: S! — R?, are
equivalent if there exists a homeomorphism h of R? such that h(Ky) = K. The fundamental problem
of knot theory [1] is to classify knots up to equivalence.

2.61. LEMMA. If f: X — Y is a homeomorphism (embedding) then the corestriction of the restriction
f(A)fIA: A— f(A) (B|f|A: A — B) is a homeomorphism (embedding) for any subset A of X (and any
subset B of Y containing f(A)). If the maps f;: X; — Y, are homeomorphisms (embeddings) then the
product map [ fj: [1X; — [1Y; is a homeomorphism (embedding).

PROOF. In case of homeomorphisms there is a continuous inverse in both cases. In case of embed-
dings, use that an embedding is a homeomorphism followed by an inclusion map. (Il

2.62. LEMMA (Composition of embeddings). Let X L>Y —2 57 be continuous maps. Then

f and g are embeddings = g o f is an embedding = f is an embedding

PRrOOF. To prove he second implication, note first that f is an injective continuous map. Let U C X
be open. Since go f is an embedding, U = (go f) ='W for some open W C Z. But (go f)~! = f~lg7'W
where ¢~'W is open in Y since g is continuous. This shows that f is an embedding. ([l

2.63. Maps into products. There is an easy test for when a map into a product space is contin-
uous.

2.64. THEOREM (Characterization of the product topology). Give [[Y; the product topology. Then

(1) the projections m;: [[Y; — Y, are continuous, and,
(2) for any map f: X — HjeJ Y; into the product space we have

X ER H Y; is continuous <= Vje€ J: X ER H Y; SEN Y} is continuous
jeJ jeJ

The product topology is the only topology on the product set with these two properties.
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PROOF. Let 7x be the topology on X and 7; the topology on Yj. Then Srp = U
subbasis for the product topology on [[,c ;Y (2.16). Therefore

ies T (7}) is a

f:X— HYJ is continuous 2= f- (U 7r]_1(’]3)) C Tx
JjeJ JjEeJ
= J T;)) C Tx
jeJ
<~ V] eJ: (ﬂ'j Of)_l(’]}) C Tx
<= Vj € J: 7o fis continuous
by definition of continuity (2.50).

We now show that the product topology is the unique topology with these properties. Take two
copies of the product set []; jed X;. Equip one copy with the product topology and the other copy with
some topology that has the two properties of the theorem. Then the identity map between these two
copies is a homeomorphism. |

The reason for the great similarity between 2.64 and 2.57 is that in both cases we use an initial
topology.

2.65. . Suppose that J and K are sets and that (X;);es and (Yi)kex are indexed families

of topological spaces. Given a map ¢g: J — K between index sets and an indexed family of continuous
maps (fj: Yy(;) — Xj)jes. Then there is a unique map between product spaces such that

erK Y — HjeJ X;

W.q(j)i J{ﬂj

Yy0) X;

commutes and this map of product spaces is continuous by 2.64.
2.66. THEOREM. Let (X,)jes be an indexed family of topological spaces with subspaces A; C X;.
Then [];c; Aj is a subspace of [[;c; X
(1) TT4; = TT4;.
(2) (T14 -)O C [1 A5 and equality holds if Aj = X; for all but finitely many j € J.
PRrROOF. (1) Let (z;) be a point of [ ] X;. Since Sty = U;c;m; 1(7;) is a subbasis for the product topology
on [[X; (2.16) we have:

(x;) € HAj = VkeJ:m, '(Up)N HAj # () for all neighborhoods Uy, of xy
<« Vke J: U,N A # 0 for all neighborhoods U}, of x,
— VYkeJ:az, €Ay
= (z;) e [[4;
(2) (HAj)O C [IAj because 7; is an open map (2.71) so that m; ((HAj)o) C Ajforall j e J. If
Aj = X for all but finitely many j € J then [] AS C (HAj)O because [[ A§ is open and contained in
[T4;. O

It follows that a product of closed sets is closed. (Whereas a product of open sets need not be open
in the product topology.)

2.67. Maps out of coproducts.
2.68. THEOREM. Let f: HjeJXJ' — Y be a map out of a coproduct space. Then
f: H X; — Y is continuous <= fouv;: X; =Y is continuous for all j € J
jeJ
where vj: Xj — e,
Let f;: X; — Y}, j € J, be an indexed set of maps. Then
Hfj: HXj — HYJ is continuous <= f;: X; — Y is continuous for all j € J

X is the inclusion map.
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7. The quotient topology

In this section we will look at the quotient space construction. But first we consider open and closed
maps.

2.1. Open and closed maps. [2, 1.§85] Let X and Y be topological spaces and f: X — Y a map.

2.69. DEFINITION. The map f: X — Y s {Ccl)g:;} if for oll U C X we have:
open | . open | .
v {closed} in X = f(U) {closed} ny

The restriction (2.80) of an open (or closed) map to an arbitrary subspace need not be open (closed).
However,

2.70. PROPOSITION. [8, Ex 22.5] The restriction of an open (or closed) map f: X —Y to an open
(closed) subspace A C X is an open (closed) map f(A)|f|A: A — f(A) or fJA: A=Y .

PROOF. Suppose that f: X — Y is an open map and A C X an open subset. Let U be an open
subset of A. The implications

U is open in A (A is open in X)
= U open in X (f is open)
= f(U) openin Y
= f(U) open in f(A)
show that f|A: A — f(A) is open. O
2.71. PROPOSITION (Projections are open). The projection map m;: [[X; — X, is open.
PROOF. The map 7; takes the basis By (2.16) for the product topology into the topology on X;. 0O

2.72. LEMMA (Characterization of open or closed continuous maps). Let f: X — Y be a continuous
map.
(1) f is open if and only if f~1(B°) = f~Y(B)° forall BCY.

(2) f is closed if and only if f(A) = f(A) for all AC X
PROOF. See Solution June 04 (Problem 1) and Solution Jan 05 (Problem 1). O
A bijective continuous map that is open or closed is a homeomorphism.

2.73. . (1) The projection m1: X x Y — X is continuous and open (2.71). It is closed
if Y is compact. (Use 2.143 to see this.) The projection map m1: R x R — R is not closed for
H={(z,y) e RxR | zy =1} is closed but 71 (H) = R — {0} is not closed. Thus the product of two
closed maps (the identity map of R and the constant map R — *) need not be closed.
(2) The map f: [-1,2] — [0,1] given by

IN
ININ B

fz) =

= 8 O
= O

ININ
OISV

SIS

is continuous and closed (2.141.(1)). It is not open for f([—1,—1/2)) = {0} is not open.

2.2. Quotient topologies and quotient maps. Quotient maps are continuous surjective maps
that generalize both continuous, open surjective maps and continuous, closed surjective maps.

2.74. DEFINITION (Quotient topology). Let X be a topological space, Y a set, and p: X —Y a
surjective map. The quotient topology on Y is the collection

{VcY |p YV) is open in X}
of subsets of Y.
The quotient topology is sometimes called the final topology [2, 1.§2.4] with respect to the map p.

2.75. LEMMA (Characterization of the quotient topology). Suppose that Y has the quotient topology
with respect to the map p: X — Y. Then

(1) p: X =Y is continuous, and,
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(2) for any map g: Y — Z out of Y
Y L 7 is continuous — X LY L Z is continuous

The quotient topology is the only topology on Y with these two properties. The quotient topology is the
finest topology on' Y such that p: X — Y is continuous.

PROOF. This is because

Y 4 Z is continnous <= ¢ 1(Ty) C Ty <= p g ' (Tz) C Tx
— (gp) HTz) c Tx <= X LY L Zis continuous
by definition of the quotient topology.

If we give Y some topology with these two properties then the identity map between the two topologies
is a homeomorphism. O

2.76. DEFINITION (Quotient map). A surjective continuous map p: X — Y is a quotient map if the
topology on Y is the quotient topology.

This means that the surjective map p: X — Y is a quotient map if and only if for all V C Y
p (V) is open in X <= V is open in Y’

Quotient maps and embeddings (2.58) are dual concepts.
Subsets A of X of the form A =p~1(B) = UyeBp_l(y) for some subset B of Y are called saturated

subsets of X. They are the subsets that are unions of fibres f~1(y), y € Y. The saturation of A C X is
the union f~1f(A4) = Uyerca f7(y) of all fibres that meet A. A is saturated if and only if A = f~1f(A).
2.77. PROPOSITION. For a surjective map p: X — Y the following are equivalent:
(1) p: X =Y is a quotient map

4 .| open | . | open | .
(2) For allV CY we have: p~*(V) is {closed} inX < Vis {closed} inY.

) . , open open
(3) p: X =Y is continuous and maps saturated {closed} sets to {closed} open sets

ProOF. Condition (1) and condition (2) with the word “open” are clearly equivalent. Suppose now
that: p~1(V) is open <= V is open. Then we get

p~1(C) is closed <= X —p~(C) is open <= p~ (Y — C) is open
< Y —(Cisopen <= C( is closed

for all C C Y. This shows that the two conditions of (2) are equivalent. The content of (3) is just a
reformulation of (2). O

A surjective map p: X — Y induces a bijection between subsets of Y and saturated subsets of X,
and it is a quotient map if and only if this bijection restricts to a bijection

Saturated open (closed) subsets| U—p(U) [Open (closed) subsets
-~ >
of X p V)=V of Y

between open (or closed) subsets of Y and open (or closed) saturated subsets of X.

2.78. COROLLARY. (1) Any {colgsgd} continuous surjective map 1S a quotient map.

) . ) open | . . open open
(2) A quotient map f: X —Y is {closed} if and only if all {closed} sets A C X have {closed}

saturations f~1f(A).
(3) A bijective continuous map is a quotient map if and only if it is a homeomorphism.

ProOOF. (1) Let f: X — Y be an open map. Then

f is continuous ,_q
=

f~H(V) is open f opgn ff1(V) is open <= V is open V) is open

for all V' C Y. This shows that f is quotient.



38 2. TOPOLOGICAL SPACES AND CONTINUOUS MAPS

(2) Suppose that f: X — Y is quotient. Then

(

f is open 269 f(A) is open in Y for all open sets A C X

@ f71f(A) is open in X for all open sets A C X

which is the claim.
(3) If f: X — Y is a bijective, any subset of X is saturated, and if f is also quotient, then it determines a
bijection between the open (saturated) subsets of X and open subsets of Y. So f is a homeomorphism. O

There are quotient maps that are neither open nor closed [8, Ex 22.3] [2, Ex 10 p 135] and there are
(non-identity) quotient maps that are both open and closed (2.83) [2, Ex 3 p 128].

2.79. COROLLARY (Composition of quotient maps). Let XL>Y 2~ 7 be continuous maps.
Then
f and g are quotient => g o f is quotient => g 1is quotient

PROOF. The first assertion is a tautology: Assume that f and g are quotient. Then

is quotient
=

(go f)~* (V) openin X <= ftg7'(V) open in X ! g (V) open in Y

g is quotient

= "V openin Z

for any set V. C Y. Next, suppose that X Ly % Zisa quotient map. Then the last map g is surjective
and
—1 . . f continuous —1 . . g o f quotient . .
g (V)isopeninY "= (gof) " (V)isopenin X ° "=V is open in Z
for any set V C Z. (]

2.80. . (1) The projection map m1: R x R — R is (2.73.(1)) open, continuous, and sur-

jective so it is a quotient map. The restriction 71|H U {(0,0)} is continuous and surjective, even
bijective, but it is not a quotient map (2.77) for it is not a homeomorphism: {(0,0)} is open and
saturated in H U {(0,0)} but 71 ({(0,0)}) = {0} is not open.

Thus the restriction of a quotient map need not be a quotient map in general. On the positive side
we have

2.81. PROPOSITION. The restriction-corestriction of a quotient map p: X — Y to an open (or closed)
saturated subspace A C X is a quotient map p(A)|p|A: A — p(A).

PROOF. (Similar to the proof of 2.70.) Let p: X — Y be a quotient map and B C Y an open set.
(The case where B is closed is similar.) The claim is that B|p|p~!(B): p~*(B) — B is quotient. For any
U C B the implications

p~H(U) open in p~!(B) (p~*(B) is open)
= p }(U) open in X (p is quotient)
— U isopenin Y

—> U is open in B

show that B|p|p~!(B): p~'(B) — B is quotient. O

A typical situation is when R is an equivalence relation on the space X and X — X/R is the map
that takes a point to its equivalence class. We call X/R with the quotient topology for the quotient space
of the equivalence relation R. A set of equivalence classes is an open subset of X/R if and only if the
union of equivalence classes is an open subset of X: V C X/R is open < U[x]ev[x] C X is open. We
shall often say that X/R is the space obtained by identifying equivalent points of X.

A continuous map f: X — Y respects the equivalence relation R if equivalent points have identical
images, that is if z1Rxy = f(z1) = f(x2). The quotient map X — X/R respects the equivalence
relation R and it is the universal example of such a map.

2.82. THEOREM (The universal property of quotient spaces). Let R be an equivalence relation on the
space X and let f: X — Y be a continuous map.

(1) The map p: X — X/R respects the equivalence relation R.
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(2) If the continuous map f: X — Y respects R then there exists a unique continuous map f: X/R —Y

such that
f

N A
X/R
commutes. (We say that f factors uniquely through X/R.) Conversely, if f factors through

X/R then f respects R.
(3) If f exists then: f is quotient < f is quotient

X

Y

PROOF. If f exists then clearly f respects R. Conversely, if f respects R then we can define f[z] =
f(z) and this map is continuous by 2.75 and it is the only possibility. The rest follows from 2.79:
f is quotient <= fp is quotient <= f is quotient. (]

The theorem says that there is a bijective correspondence

Continuous maps X — Y f—=F Continuous maps
that respect R gop—yg X/R—-Y

taking quotient maps to quotient maps.

2.83. (Orbit spaces for group actions). (1) Real projective n-space RP™ is the quotient
space of S™ by the equivalence relation with equivalence classes {xz}, € S™. The quotient map
p: S™ — RP"™ is both open and closed since (2.78) the saturation £U of an open (closed) set U C S™ is
open (closed) because x — —z is a homeomorphism. Elements of RP™ can be thought of as lines through
the origin of R™*1. A set of lines is open if the set of intersection points with the unit sphere is open.
(2) More generally, let G x X — X be the action of a discrete group G on a space X. Give the orbit
space G\X the quotient topology and let pg: X — G\X be the quotient map. The points in the orbit
space are orbits of points in X and the open subsets are orbits of open subsets of X. The saturation of
any subset A of X is the orbit GA = UgeG gA of A. If A is open, GA is open as a union of open sets; if
A is closed and G is finite, GA is closed. Thus the quotient map p¢ is always open (2.78), and if G is
finite, it is also closed.

(3) The n-dimensional Mobius band is the orbit space MB™ = ((—1,—1))\(S""! x R) for the action
(z,t) — (—zx,—t) of the group with two elements. (Take n = 2 to get the standard Mé&bius band.)
The (n — 1)-dimensional real projective space RP" ! is a retract of MB" as there are continuous maps

RP" ' Z—>MB" induced by the the maps S"~!=——>5""1 x R . The homeomorphism S"~! x R —

S™ —{N, S} between the cylinder over S"~! and S™ with two points removed induces a homeomorphism
between MB" and RP"™ with one point removed.

2.84. . (1) Let f: X =Y be any surjective continuous map. Consider the equivalence
relation corresponding to the partition X = Uer f~1(y) of X into fibres f~(y), y € Y. Let X/f
denote the quotient space. Thus X/f is the set of fibres equipped with the quotient topology. By
constuction, the map f respects this equivalence relation so there is a unique continuous map f such

that the diagram
X ! Y
N A
X/f

commutes. Note that f is bijective. The bijective continuous map f: X/f — Y is a homeomorphism if
and only if f is quotient (2.78.(3), 2.82). In particular, all quotient maps have (up to homeomorphism)
the form X — X/R for some equivalence relation R on X.

(2) Let f: X — Y be any surjective continuous map. The induced map f: X/f — Y is a continuous
bijection but in general not a homeomorphism. Instead, the topology on the quotient space X/ f
is finer than the topology on Y because the quotient topology is the maximal topology so that the
projection map is continuous. This can sometimes be used to show that X/f is Hausdorff if YV is
Hausdorff.

(3) Let f: X — Y be any continuous map. Then f has a canonical decomposition

xnx/iphopx sy
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where p is a quotient map, f is a continuous bijection, and ¢ is an inclusion map.

(4) Let X be a topological space and A1, Aa, ..., Ay a finite collection of closed subsets. Consider the
equivalence relation where the equivalence classes are the sets A1, As, ..., Ax together with the sets
{z} for z ¢ Ay UAyU---UAy. The quotient space X/(Ax,...,Ax) is obtained from X by identifying
each of the sets A; to the point p(A;). The quotient map p: X — X/(A4,..., Ax) is closed because
(2.78) closed sets A C X have closed saturations AUUJ 4,449 4i- A continuous map f: X — Y factors
through the quotient space X/(A41, ..., A) if and only if it sends each of the sets A; C X to apointin Y
(2.82). The restriction p|X —(A1U- - -UAg): X—(A1U---UAg) — X/(A1, ..., Ax)—{p(A41),...,p(4%)}
to the complement of Ay U---U Ay is a homeomorphism (2.81, 2.78.(3)). In case of just one closed
subspace A C X, the quotient space is denoted X/A.

(5) The standard map f: [0,1] — ST that takes ¢ € [0, 1] to (cos(2mt),sin(27t)) is quotient because it
is continuous and closed. (If you can’t see this now, we will prove it later (2.140.(1)).) The induced
map [0, 1]/{0,1} — S is a homeomorphism. More generally, the standard map D"/S"~! — S™ is a
homeomorphism where D™ C R", the unit disc, is the set of vectors of length < 1.

(6) Let R be the equivalence relation “zero or not zero” on R. The quotient space R/R is homeomor-
phic to Sierpinski space {0, 1}.

(7) There is an obvious continuous surjective map f: [[, Sl =7, xSt — |JC, (2.41.(2)) that takes
Z. x{1} to the point common to all the circles. This map is continuous because its restriction to each of
the open sets {n} x S! is continuous (2.53.(5). However, f is not a quotient map (2.77) for the image of
the closed saturated set consisting of the points n x (cos(%),sin(%)) is not closed as it does not contain
all its limit points. The induced bijective continuous map f: Zy xS /Z, x {1} — |J C,, is therefore not
a homeomorphism. There is an obvious continuous surjective map g: ]_[Z+ St=7Z,x8"—J Ci/m
(2.41.(2)) that takes Z x {1} to the point common to all the circles. This map is continuous because
its restriction to each of the open sets {n} x S! is continuous (2.53.(5)). However, g is not a quotient
map for the image of the closed saturated set Z; x {—1} is not closed as it does not contain all its
limit points. The induced bijective continuous map g: Z4 x S*/Z4 x {1} — [JC4/, is therefore not
a homeomorphism either. (Actually (2.98.(7)), the quotient space Z; x S'/Z, x {1}, known as the

countable wedge of circles \/, o5, S1 [8, Lemma 71.4], is not homeomorphic to any subspace of the
plane.)

(8) [8, p 451] Let Py, be a regular 4g-gon and with edges labeled ai,b1,a1,b1,...,a4,b4,a4,by in
counter-clockwise direction. The closed orientable surface M, of genus g > 1 is (homeomorphic
to) the quotient space P,,/R where R is the equivalence relation that makes the identifications

arbray byt agbgag_lbg_1 on the perimeter and no identifications in the interior of the polygon. See
[8, p 452] for the case g = 2. Are any of these surfaces homeomorphic to each other? [8, Thm 77.5]

(9) [8, p 452] Let P54 be a regular 2g-gon with edges labeled ay,as,...,a4,a4 in counter-clockwise
direction. The closed non-orientable surface IV, of genus g > 1 is the quotient space Ps,/R where R is
the equivalence relation that makes the identifications a? - - - ag on the perimeter and no identifications
in the interior of the polygon. For g = 1 we get the projective plane RP? and for g = 2 we get the
Klein Bottle [8, Ex 74.3].

2.85. . (The adjunction space) [8, Ex 35.8] [5, p 93] [10, Chp 1, Exercise B p 56] Consider

the set-up X<—2A i>Y consisting of a space X and a continuous map f: A — Y defined on the
closed subspace A C X. Let R be the smallest equivalence relation on X IT'Y such that aRf(a) for all
a € A; the equivalence classes of R are {a} 1l f(a) for a € A, {z} for x € X — A, and f~!(y) U {y} for
y € Y. The adjunction space is the quotient space

XU;Y =X1Y/R

for the equivalence relation R. Let f: X — X UsY be the map X — XIIY — X UyY and let
:Y > XUpY bethemap Y — XIIY — X Uy Y. These two continuous maps agree on A in the sense
that foi =10 f and the adjunction space is the universal space with this property. For any other space
Z receiving maps X — Z < Y that agree on A there exists a unique continuous map X Uy Y — Z such
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that the diagram

commutes. The map i: Y — X Us Y is closed, for closed sets B CY C X ITY have closed saturations
f7Y(B) 1L B. Since i is injective it is an embedding (2.58); its image is a closed subspace of X U; Y
homeomorphic to Y. The map f|X — A: X — A — X U; Y is open, for opensets U C X —AC XIIY
have open saturations U IT (). Since f|X — A is also injective, it is an embedding; its image is an open
subspace of X Uy Y homeomorphic to X — A.

It is useful to know that X Uy Y is normal when X and Y are normal [8, Ex 35.8].

There is an induced continuous map A\f/Y: X/A — X Uy Y/Y so that the diagram

A—" X X/A

3 | |y
Y ' XUy Y XU Y)Y

commutes. Assume that the attaching map f: A — X is closed. Then the quotient map XIIY — XU;Y
is closed as we already know that i is closed and closed subsets B C X C X I1Y have closed saturations
BUf ' f(BNA)II f(ANB) as f is closed. Then f is closed as the composition X — X 11Y — X Uy X

of two closed maps. Now X L xu §Y — XUy Y/Y is a closed quotient map and A\ f/A is a quotient
map (2.79). But A\ f/A is clearly bijective and hence a homeomorphism (2.78.(3)).

Only few topological properties are preserved by quotient maps. The reason is that surjective open
maps and surjective closed maps are quotient maps so that any property invariant under quotient maps
must also be invariant under both open and closed maps.

As we saw in 2.84.(6) the quotient space of a Hausdorff space need not be Hausdorff, not even 73. In
general, the quotient space X/R is T} if and only if all equivalence classes are closed sets. (For instance,
if X and Y are T then also the adjunction space X Uy Y is T7.) The quotient space X/R is Hausdorff if
and only if any two distinct equivalence classes are contained in disjoint open saturated sets. We record
an easy criterion for Hausdorfness even though you may not yet know the meaning of all the terms.

2.86. PROPOSITION. If X is reqular and A C X is closed then the quotient space X/A is Hausdorff.

The product of two quotient maps need not be a quotient map [2, 1.§5.3] in general but here is an
important case where it actually is the case.

2.87. THEOREM. Let p: A — B and q: C — D be quotient maps. If B and C are locally compact
Hausdorff spaces (2.170) then p X q: A x C — B x D is a quotient map.

PRroOOF. Using Lemma 2.88 below we see that the map p x ¢ is the composition

1 1
AxCZ%Bx02%BxD
of two quotient maps and therefore itself a quotient map. O

2.88. LEMMA (Whitehead Theorem). [5, 3.3.17] Let p: X — Y be a quotient map and Z a locally
compact space. Then
px1l: X xZ—-=YxZ

18 a quotient map.

PROOF. Let A C X x Z. We must show: (p x 1)71(A) is open = A is open. This means that for
any point (z,y) € (p x 1)71(A) we must find a saturated neighborhood U of x and a neighborhood V' of
y such that U x V C (p x 1)71(A).

Since (px1)~1(A) is open in the product topology there is a neighborhood Uy of z and a neighborhood
V of y such that U; x V C (p x 1)7!(A). Since Y is locally compact Hausdorff we may assume (2.170)
that V is compact and U; x V' C (p x 1)71(A). Note that also p~*(pU;) x V is contained in (p x 1)~1(A).
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The tube lemma 2.143 says that each point of p~!(pU;) has a neighborhood such that the product of
this neighborhood with V is contained in the open set (p x 1)71(A4). Let Uy be the union of these
neighborhoods. Then p~1(pU;) C Uy and Uy x V C (p x 1)71(A). Continuing inductively we find open
sets Uy C Uy C ++- CU; CUzyq C -+ such that p~1(pU;) C U1 and Uy x V C (p x 1)71(A). The
open set U = |JU; is saturated because U C p~*(pU) = Jp ' (pU;) C UUiy1 = U. Thus also U x V is
saturated and U x V. C [JU; x V C (p x 1)71(4). O

For instance, if p: X — Z is a quotient map, then also p x 1: X x [0,1] — Z x [0,1] is a quotient
map. This is important for homotopy theory.
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8. Metric topologies

If X is a set with a metric d: X x X — [0,00) the collection {Bgy(z,¢) | x € X,e > 0} of balls
By(z,e) ={y € X | d(z,y) < e} is a basis for the metric topology T induced by d.

2.89. DEFINITION. A metric space is the topological space associated to a metric set. A topological
space is metrizable if the topology is induced by some metric on X.

Hausdorff dimension, fractals, or chaos are examples of metric, rather than topological, concepts.

2.90. THEOREM (Continuity in the metric world). Let f: X — Y be a map between metric spaces
with metrics dx and dy , respectively. The following conditions are equivalent:
(1) f is continuous
(2) Vo € XVe > 0360 > 0Vy € X: dx(z,y) <0 =dy(f(x), fly)) <e
(3) Vo € XVe > 036 > 0: f(Bx(z,9)) C By (f(z),¢)

PROOF. Essentially [8, Ex 18.1]. O

2.91. PROPOSITION (Comparison of metric topologies). Let d and d' be metrics on X and Ty, Ty the
associated metric topologies. Then

TiC Ty < Vre XVe>036>0: By(z,6) C By(z,e¢)
PROOF. 7; C Ty if and only if the identity map (X, 7y ) — (X, 7y) is continuous [8, Ex 18.3] . O

2.92. LEMMA (Standard bounded metric). Let d be a metric on X. Then d'(x,y) = min{d(z,y),1}
is a bounded metric on X (called the standard bounded metric corresponding to d) that induce the same
topology on X as d.

PROOF. Either use the above proposition or use that for any metric the collection of balls of radius
< 1 is a basis for the metric topology. These bases are the same for the two metrics. ([l

2.93. THEOREM (Hereditary properties of metrizable spaces). Any subspace of a metrizable space is
a metrizable. Any countable product of metrizable spaces is metrizable.

PROOF. See [8, Ex 21.1] for the first assertion. To prove the second assertion, let X,,, n € Z, be a
countable collection of metric spaces. We may assume that each X,, has diameter at most 1 (2.92). Put

(), (90)) = SUD{ () | 1 € 2}

for points (z,) and (y,) of [[ X, and convince yourself that d is a metric. The idea here is that

%dn (Tn,yn) < % becomes small when n becomes large. For any € > 0

d((zn), (yn)) <e < Vn < N: %dn(xnayn) <e

where N is such that Ne > 1.

The claim is that the metric toplogy coincides with the product topology on [] X,. We need to
show that the metric topology enjoys the two properties that characterizes the product topology (2.64).
First, the projection maps m,: [[X,, — X,, are continuous because d(z,y) < e = d,,(z,y) < ne (2.90).

Second, let f: X — J[ X,, be a map such that X ER [1X, = X, is continuous for all n. Given z € X
and £ > 0, there exist neighborhoods U,, of x such that d, (m,f(z), 7, f(y)) < ne for all y € U,. Then
d(f(z), f(y)) <eforally € UyN...NUy where Ne > 1 (remember that all the spaces X,, have diameter
at most 1). This shows that f: X — [[ X,, is continuous. O

2.94. The first countability axiom. Which topological spaces are metrizable? To address this
question we need to build up an arsenal of metrizable and non-metrizable spaces and to identify properties
that are common to all metrizable spaces. Here are the first such properties: All metric spaces are
Hausdorff and first countable.

2.95. DEFINITION (Neighborhood basis). A neighborhood basis at x € X is a collection of neighbor-
hoods of x such that any neighborhood of x contains a member of the collection.

2.96. DEFINITION (First countable spaces). Let X be a space and x a point in X. We say that X has
a countable basis at x if there is a countable neighborhood basis at x. X is first countable if all points of
X have a countable neighborhood basis.

All metrizable spaces are first countable since {B(x,1/n) | n € Z,} is a countable neighborhood
basis at x.
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2.97. PROPOSITION (Hereditary properties of first countable spaces). [8, Thm 30.2] Any subspace of
a first countable space is first countable. Any countable product of first countable spaces is first countable.

PROOF. The first assertion is immediate. Let [] X,, be a countable product of first countable spaces.
Let (xy,) be a point of [[X,,. Let B, be countable basis at x,, € X,. The collection of all products
11U, where U, € B,, for finitely many n and U,, = X, for all other n is then a countable (1.41) basis at
(zn)- O

2.98. . (1) R is first countable because it is a metric space.

(2) Ry is first countable. The collection of half-open intervals [a,b) where b > a is rational is a
countable basis of neighborhoods at the point a. Is Ry metrizable? (3.3) [8, Ex 30.6]

(3) Is Ry first countable? Is it metrizable?

(4) The ordered space Sq = [0,Q] (1.52) is not first countable at  but it is first countable at any
other point. Let {U,} be any countable collection of neighborhoods of 2. Choose a,, < € such that
(an, ] C U, and chose a such that a,, < a < Q for all n. This is possible because the countable set
{an} C [0,9) of left end-points has an upper bound in [0, 2) (1.52.(2)). Then (a, 2] is a neighborhood
of Q that does not contain any of the U,, because it does not even contain any of the intervals (a,, Q].
The section Sgq, however, is first countable: {1} = [1,2) is open so Sq has a finite basis at the first
element 1. For any other element, o > 1, we can use the countable collection of neighborhoods of the
form (8, a] for B < a (2.31.(5)). Is Sq metrizable? (2.164)[8, Exmp 3 p 181, Ex 30.7].

(5) R7 is not first countable at any point when J is uncountable: Let {U,}necz, be any countable
collection of neighborhoods of, say, the point (0),cs of R’. I claim that there is a neighborhood that
does not contain any of the U,. This is because there is an index jo € J such that 7, (U,) = R for
all n. Indeed, the set of js for which this is not true

(jeJ|ImeZy:mU) #Ry= |J {HeJ|nUn) #R}
neZ
is a countable union of finite sets, hence countable (1.41.(3)). Then the neighborhood 7rj_01 (R—={1})
of (0);cs does not contain any of the neighborhoods U, in the countable collection. (R’ does not
even satisfy the sequence lemma (2.100.(1)) [8, Exmp 2 p 133].)

(6) The closed (2.84.(4)) quotient map R — R/Z takes the first countable space R to a space that is
not first countable [5, 1.4.17] at the point corresponding to Z. This can be seen by a kind of diagonal
argument: Let {U, }ncz be any countable collection of open neighborhoods of Z C R. Let U be the
open neighborhood of Z such that UN(n,n+1), n € Z, equals U, N (n,n+ 1) with one point deleted.
Then U does not contain any of the U,.

(7) The quotient map p: [[,cz, S' — V,cz, S is closed (2.84.(4)). The domain [[, ., S'=Z; x
St c R x R? is first countable (2.97) but the image Viez, St (2.84.(7)) is not: Let {Uy,}nez, be
any collection of saturated neighborhoods of Z; x {1}. The saturated neighborhood U which at level
n equals U,, with one point deleted (cf Cantor’s diagonal argument (1.43)) does not contain any of
the U,. It follows (2.97) that \/,,c,, S* does not embed in R nor in any other first countable space.
For instance, the universal property of quotient spaces (2.82) gives a factorization

f
(299) Hn€Z+ Sl Hn€Z+ Sl

S T
Viez, S*

of the continuous map f such that m,,(f|{n} x S*) is the identity function when m = n and the
constant function when m # n. The induced map f is an injective continuous map. It can not be an
embedding for the countable product []S? of circles is first countable (2.97). The topology on \/ S!
is finer than the subspace topology inherited from [] S*.

These examples show that the uncountable product of first countable (even metric) spaces and the
quotient of a first countable space may fail to be first countable (2.98.(5), 2.98.(7)). Some linearly ordered
spaces are first countable, some are not (2.98.(1), 2.98.(4)).

In a first countable (eg metric) space X, the points of the closure of any A C X can be approached
by sequences from A in the sense that they are precisely the limit points of convergent sequences in A.
This is not true in general (2.98.(4)).

2.100. LEMMA. Let X be a topological space.
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(1) (The sequence lemma) Let A C X be a subspace and x a point of X. Then
x is the limit of a sequence of points from A =z € A

The converse holds if X is first countable.
(2) (Continuous map preserve convergent sequences) Let f: X — Y be a map of X into a space Y.
Then

f is continuous = f(x,) — f(x) whenever x,, — x for any sequence x,, in X
The converse holds if X is first countable.

PROOF. (1) The direction = is clear. Conversely, suppose that x € A. Let U,, be a countable basis
at z. We may assume that Uy DUy D --- D U, D Upy1 D --- as we may replace U, by Uy N...NU,.
For each n choose a point z,, € ANU,. We claim that the sequence (z,) converges to z. Let U be any
neighborhood of z. Then U,, C U for some n so that x,, € U,, C U, C U for m > n.

(2) The direction = is clear. Conversely, suppose that f(z,) — f(z) whenever z,, — z. We want to
show that f is continuous, ie (2.51.(6)) that f(A) C f(A) for any A C X. Let z € A. Since X is first
countable, there is by (1) a sequence of points a, € A converging to z. By hypothesis, the sequence
f(an) € f(A) converges to f(x). Thus f(z) € f(A) by (1) again. O

We say that X satisfies the sequence lemma' if for any A € X and for any = € A there is a sequence
of points in A converging to x.
To summarize:

X is metrizable => X is 1st countable = X satisfies the sequence lemma (is Frechét)

Examples show that neither of these arrows reverse.

The largest element {2 is a limit point of [0, ) but it is not the limit of any sequence in [0, {2) as any
such sequence has an upper bound in [0,) (1.52.(2)). Thus [0, 2] does not satisfy the sequence lemma.
Hence it is not 1st countable and not metrizable.

2.101. The uniform metric. Let Y be a metric space with a bounded metric d and let J be a set.
We shall discuss uniform convergence which is a metric, not a topological, concept.

2.102. DEFINITION. [8, pp 124, 266] The uniform metric on Y/ = [[jc; Y = map(J.Y) is the metric
given by d(f,g) = sup{j € J | d(f(4),9(4))}-

It is easy to see that this is indeed a metric.

2.103. THEOREM. On R’ we have: product topology C uniform topology C box topology

PROOF. Omitted. O

The elements of Y/ are functions f: J — Y. Note that a sequence of functions f,,: J — Y converges
in the uniform metric to the function f: J — Y if and only if

Ve >03IN >0WjeJvneZi:n>N=d(f.(j), f(§) <e

We say that the sequence of functions f,,: J — Y converges uniformly to the function f: J — Y.

2.104. THEOREM (Uniform limit theorem). (Cf [8, Thm 43.6]) Suppose that J is a topological space
and that'Y is a metric space. The uniform limit of any sequence (f,) of continuous functions fn: J —Y
18 continuous.

PROOF. Well-known. O

LAka a Frechét space
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9. Connected spaces

2.105. DEFINITION. The topological space X is connected if it is not the union X = XoU X1 of two
disjoint open non-empty subsets Xo and X;.

Two subsets A and B of a space X are separated if ANB = () = AN B. This means that the two sets
are disjoint and neither contains a limit point of the other. Two disjoint open (closed) sets are separated.
If C C Aand D C B and A and B are separated, then C and D are separated. A separation of X
consists of two separated non-empty subsets A and B with union X = AU B.

2.106. THEOREM. The following are equivalent:

1) X is connected

2) The only clopen (closed and open) subsets of X are O and X

3) X has no separations

4) Every continuous map X — {0,1} to the discrete space {0,1} is constant.

A~ N S

PRrROOF. We show that the negated statements are equivalent.
(1) = —(2): Suppose that X = U; U U, where U; and U; are disjoint, open, and non-empty. Then U,
is an open, closed, non-empty, proper subset of X.
—(2) = —(3): If C' is a closed, open, nonempty, proper subset of X then X = CU(X —C) is a separation
of X.
—(3) = —(4): Suppose that X = AU B where A and B are separated. Then A C A, for A does not
meet B, so A is closed. The map f: X — {0,1} given by f(A4) =0 and f(B) =1 is continuous since all
closed subsets of the co-domain have closed pre-images.
—=(4) = —(1): Let f: X — {0,1} be a surjective continuous map. Then X = f~1(0) U f~1(1) is the
union of two disjoint non-empty open subsets. O

2.107. THEOREM. If X is connected, then f(X) is connected for any continuous map f: X =Y.

PROOF. We use the equivalence of (1) and (4) in Theorem 2.106. Let f: X — Y be a continuous
map. If f(X) is not connected, there is a non-constant continuous map f(X) — {0,1} and hence a
non-constant continuous map X — {0,1}. So X is not connected. O

2.108. . (1) R—{0} =R_UR; is not connected for it is the union of two disjoint open
non-empty subsets.

(2) We shall later prove that R is connected (2.119) and that the connected subsets of R are precisely
the intervals, rays, R, and 0.

(3) Ry is not connected for [a,b) is a closed and open subset whenever a < b (2.31.(4)). In fact, any
subset Y of Ry containing at least two points a < b is disconnected as Y N [a,b) is closed and open
but not equal to @ or Y. (Ry is totally disconnected.)

(4) R is connected [8, Ex 27.3].

(5) Q is totally disconnected (and not discrete): Let Y be any subspace of Q containing at least two
points a < b. Choose an irrational number ¢ between a and b. Then Y N (t,00) = Y N [t,00) is an
open, closed, non-empty, proper subset of Y.

(6) Particular point topologies (2.2.(3)) are connected.

A subspace of X is said to be connected if it is connected in the subspace topology. A subspace of a
connected space need obviously not be connected. So how can we tell if a subspace is connected?

2.109. LEMMA. LetY C X be a subspace. Then
Y is connected <= Y is not the union of two separated non-empty subsets of X

PROOF. Suppose that Y = Y; UY5 is the union of two subspaces. Observe that

(2.110) Y1 and Y5 are separated in Y <= Y; and Y5 are separated in X
because Cly (Y1) NYs 2:35.(2) YiNY NY, =Y NYs. The lemma now follows immediately from 2.106, the
equivalence of (1) and (3). O

2.111. COROLLARY. Suppose that Y C X is a connected subspace. For every pair A and B of
separated subsets of X such that Y C AU B we have either Y C A orY C B.

PROOF. The subsets Y N A and Y N B are separated (since the bigger sets A and B are separated)
with union Y. By 2.109, one of them must be empty, Y N A = 0, say, so that Y C B. O
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2.112. COROLLARY. The closure of any connected subspace is connected. Indeed, if C CY C C and
C' is connected, then Y is connected.

PrOOF. Let f: Y — {0,1} be a continuous map. Then f(C) is a single point since C' is connected.
Moereover, f(y) = f(C) for all y € Y since otherwise we could separate y and C' by disjoint open sets.
Thus f is constant. 0

2.113. THEOREM. Let {Y; | j € J} be a set of connected subspaces of the space X. Suppose that there
is an index jo € J such that Y; and Y, are not separated for any j € J. Then the union UjeJYj 18
connected.

Proor. Let f: U;c;Y; — {0,1} be a continuous map. The image f(Y;) of Yj is a single point for
each j € J since Yj is connected. In fact, f(Y;) = f(Yj,) as otherwise we could separate Y; and Yj, by
disjoint open sets. Thus f is constant. O

2.114. COROLLARY. The union of a collection of connected subspaces with a point in common is
connected.

PRrOOF. Apply 2.113 with any of the subspaces as Yj,. O

2.115. COROLLARY. Suppose that for any two points in X there is a connected subspace containing
both of them. Then X is connected.

PROOF. Let z¢ be some fixed point of X. For each point x € X, let C, be a connected subspace
containing o and . Then X = JC, is connected as [ C, # 0 (2.114). O

2.116. THEOREM. Products of connected spaces are connected.

PROOF. We prove first that the product X x Y of two connected spaces X and Y is connected. In
fact, for any two points (x1,y1) and (x2,y2) the subspace X x {y1} U {z2} X Y contains the two points
and this subspace is connected since (2.114) it is the union of two connected subspaces with a point in
common. Thus X x Y is connected by Corollary 2.115.

Next, induction shows that the product of finitely many connected spaces is connected.

Finally [8, Ex 23.10], consider an arbitrary product [[ X; of connected spaces X;, j € J. Choose
(1.28) a point z; in each of the spaces X; (assuming that all the spaces of the product are non-empty).
For every finite subset F' of J let Cr C [[ X, be the product of the subspaces X, if j € F and {z;}
if j ¢ F. Since Cr is connected for each finite subset F' and these subsets have the point (z;);cs in
common, the union | Jp . Cr, where F is the collection of all finite subsets of J, is connected (2.114).

This union is not all of [] X but its closure is, so Uper Cr = [[;c; X; is connected (2.112). O

2.117. Connected subspaces of linearly ordered spaces. We determine the connected subsets
of R, or, more generally, of any linear continuum.

Recall that a subset C' of a linearly ordered set X is convex if a,b € C = [a,b] C C. Connected
subspaces are convex. But are convex subspaces connected? Not always: The convex subset [0, 1] is not
connected in Z but it is connected in R.

2.118. LEMMA. Suppose that X is a linear continuum (1.15). Then
{connected subsets of X} = {convex subsets of X}

The inclusion C holds in any linearly ordered space.

PROOF. Suppose first that X is any linearly ordered space and let C' C X a subspace that is not
convex. Then there exist points a < < b in X such that a and b are in C' and z is outside C. Since
C C (—o00,2) U (z,400) is contained in the union of two separated subsets and meet both of them, C' is
not connected (2.111).

Let now X be a linear continuum and C' a convex subset of X. We claim that C' is connected. Pick
a fixed point a € C' and note that C is a union of closed intervals with a as one of their end-points.
Therefore it suffices (2.114) to prove the claim in case C' = [a,b] is a closed interval. Suppose that
[a,b] = AU B is the union of two disjoint relative open nonempty subsets A. We may assume that b € B.
The sets A and B are closed and open in [a,b]. As the closed interval [a,b] is closed in X (2.13), A and
B are also closed in X (2.35). The nonempty bounded set A has a least upper bound, ¢ = sup A. Now,
¢ < b since b is an upper bound and ¢ € A since A is closed in X. (The least upper bound of any bounded
set always belongs to the closure of the set since otherwise it wouldn’t be the least upper bound.) So
c<b(forbg A) and A C [a,b). But A is also open in [a,b] and in the subspace [a,b) (which has the
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subspace topology which is the order topology (2.27)). This contradicts ¢ € A for no element of an open
subset A of [a,b) can be an upper bound for A: For any point d € A there exists an open interval (z,y)
around d such that [a,b) N (x,y) C A and since [d, y) # @, d is not an upper bound for A. (In short, c € A
since A is closed in X and ¢ ¢ A since A is open in [a,b).) This is a contradiction and therefore A must
be empty. a

The inclusion D does not hold for all linearly ordered spaces as for instance Z is convex but not
connected (there are gaps).

In particular, the connected subsets of R are precisely the convex subsets which are (), R, and all
intervals (bounded or unbounded, closed, open or halfopen).

We shall now identify the linearly ordered spaces that are connected.

2.119. THEOREM. [2, Ex 7 p 382, Prop 1 p 336] Let X be a linearly ordered space. Then
X is connected in the order topology <= X is a linear continuum

The connected subsets of a linear continuum X are: X, (), intervals and rays.

PROOF. =>: [8, Ex 24.4] [5, Problem 6.3.2] [2, Ex 7 p 382]. Suppose that X is a linearly ordered

set that is not a linear continuum. Then there are nonempty, proper, clopen subsets of X:

o If (z,y) = 0 for some points z < y then (—oo, z] = (00, y) is clopen and # 0, X.

e If A C X is a nonempty subset bounded from above which has no least upper bound then the

set of upper bounds B = (1, 4[a,00) = Jye (b, 00) is clopen and # 0, X.

Therefore X is not connected (2.106).
<=: Assume X is a linear continuum. From 2.118 we know that the the connected and the convex
subsets of X are the same. In particular, the linear continuum X, certainly convex in itself, is connected
in the order topology. Let C be a nonempty convex subset of X. We look at two cases:

e (' is neither bounded from above nor below. Let « be any point of X. Since x is neither a lower
nor an upper bound for C' there exist a,b € C so that a < © < b. Then z € C by convexity.
Thus C = X.
e (' is bounded from above but not from below. Let ¢ = sup C' be its least upper bound. Then
C C (—o0,c]. Let < ¢ be any point. Since z is neither a lower nor an upper bound for C
there exist a,b € C so that a < < b. Then x € C by convexity. Thus (co,c¢) C C' C (—00,(]
and C is either (—oo,¢) or (—oo, c].
The arguments are similar for the other cases. Recall that X also has the greatest lower bound property
[8, Ex 3.13]. O

The real line R, the ordered square I2 (2.15.(7)), the (ordinary) (half) line [1,w) = Z4 x [0,1)
(1.49.(6)), and the long (half) line [0,€2) x [0,1) (1.52) [8, Ex 24.6, 24.12] are examples of linear continua.

2.120. THEOREM. [Intermediate Value Theorem] Let f: X — Y be a continuous map of a connected
topological space X to a linearly ordered space Y. Then f(X) is convex. IfY is a linear continuum,
f(X) is an interval (bounded or unbounded, closed, half-open, or open)

PROOF. X connected X f(X) connected 211 f(X) convex. For subsets of a linear continuum
we know (2.119) that connected = convex = interval. O

Any linearly ordered space containing two consecutive points, two points a and b with (a,b) = 0 is
not connected as X = (—o0,b) U (a,+00) is the union of two disjoint open sets.

Any well-ordered set X containing at least two points is totally disconnected in the order topology.
For if C' C X contains a < b then a ¢ C'N(a,b] 3 b is closed and open in C since (a, b] is closed and open
in X.

2.121. Path connected spaces. Path connectedness is a stronger property than connectedness.

2.122. DEFINITION. The topological space X is path connected if for any two points xy and x1 in X
there is a continuous map (a path) f:[0,1] — X with f(0) = x¢ and f(1) = x;.

The image under a continuous map of a path connected space is path connected, cf 2.107. Any
product of path connected spaces is path connected [8, Ex 24.8], cf 2.113.

2.123. . The punctured euclidian plane R™ — {0} is path connected when n > 2 since any
two points can be joined by a path of broken lines. Thus also the (n — 1)-sphere S™~!, which is the image
of R"™ — {0} under the continuous map x — z/|z|, is path connected for (n —1) > 1.
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Since the unit interval I is connected (2.119), all paths f(I) are also connected (2.107) so all path
connected spaces are, as unions of paths emanating from one fixed point, connected (2.115). The converse
is not true, not all connected spaces are path connected.

2.124. . (1) (Topologist’s sine curve) Let S be the graph of the function sin(1/z), 0 <
x < 1, considered as a subspace of the plane R?. The (closed) topologist’s sine curve is the subspace
S =S U ({0} x [-1,1]) of the plane. It follows from 2.107 and 2.112 that S is connected. We shall
soon see that S is not path connected (2.133.(2)).

(2) The ordered square I2 (2.15.(7)) is connected since it is a linear continuum [8, Ex 3.15] but it is
not path connected. For suppose that f: [0,1] — I2 is a path from the smallest element (the lower
left corner) f(0) = 0 x 0 to the largest element (the upper right corner) f(1) = 1 x 1. Then f is
surjective for the image contains (2.120) the interval [0 x 0,1 x 1] = I2. But this is impossible since
the ordered square I2 contains uncountably many open disjoint subsets (eg z x (0,1) = (z x 0,2 x 1),
0 < 2 < 1) but [0,1] does not contain uncountably many open disjoint subsets (choose a rational
number in each of them).

(3) Rk (2.11) is connected but not path-connected space [8, Ex 27.3].

(4) The Stone-Cech compactification SR of R is connected but not path-connected [8, Ex 38.9].

2.125. Components and path components. The relations on X defined by
x ~ y < There is a connected subset C' C X such that x € C'and y € C
z X y < There is a path in X between x and y
are equivalence relations. Check transitivity! (You may need the Glueing lemma (2.53.(5)).)

2.126. DEFINITION. The components of X are the equivalence classes of the first equivalence relation.
The path components of X are the equivalence classes of the second equivalence relation

The component containing the point = € X is, by definition, the union of all connected subspaces
containing . The path component of the point € X consists, by definition, of all points with a path
to x.

2.127. THEOREM. (1) The components are connected closed disjoint subsets with union X. Any
connected subset of X is contained in precisely one of the components.
(2) If X = JC,, where the C, are connected subspaces such that for all o # [ there is a separation
AUB of X with C,, C A and Cg C B, then the C, are the components of X.
(8) The path components of X are path connected disjoint subsets with union X. Any path connected
subset is contained in precisely one of the path components.
(4) The path components are connected. The components are unions of path components.

PROOF. (1) The components form a partition of X since they are equivalence classes (1.11). The
components are connected by the definition of the relation ~ and 2.115. All the points of a connected
subset are equivalent so they are contained in the same equivalence class. In particular (2.115), C C C
for any component C' so C' is closed.

(2) Since each C,, is connected, it is contained in precisely one component (2.127.(1)). Could there be
two of the Cys, say C, and Cjg, inside one component, say C? No: Choose a separation X = AU B such
that Co, C Aand Cg C B. Then C C X = AUB and C meets both A and B which is impossible (2.111).
(3) The path components are path-connected by their very definition. All path-connected spaces are
connected, so each path-component is contained in precisely one component. Thus the components are
unions of path-components. O

If X has only finitely many components the components are closed and open. If X =C; U---UC,
where the finitely many subspaces C; are connected and separated then the C; are the components of X.

The path components can be closed, open, closed and open, or neither closed nor open. However, for
locally connected spaces (2.129) components and path components coincide (2.131).

2.128. Locally connected and locally path connected spaces.

2.129. DEFINITION. The space X is locally (path) connected at the point x if every neighborhood of
x contains a (path) connected neighborhood of x. The space X is locally (path) connected if it is locally
(path) connected at each of its points.

Thus a space is locally (path) connected iff it has a basis of (path) connected subsets.
Consider this table
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R |[R-{0}| S Q
Connected YES NO YES | NO
Locally connected | YES YES NO | NO

before you draw any conclusions about the relationship between connected and locally connected spaces.
Note in particular that a space can be connected (even path connected (2.133)) and not locally connected.

On the positive side, note that open subsets of locally (path) connected spaces are locally (path)
connected and that quotient spaces of locally connected spaces are locally connected (2.132).

2.130. PROPOSITION. The space X is locally (path) connected if and only if open subsets have open
(path) components (open in X or, what is the same (2.24), open in the open set). In a locally (path-)
connected space the (path-) components are clopen.

PROOF. Assume that X is locally connected and let U be an open subset. Consider a component,
C, of U. The claim is that C is open. Let = be a point in C'. Choose a connected neighborhood V of x
such that V' C U. Since V is connected and intersects C', V' C C (2.127). This shows that C is open. In
particular, the components (of the open set X) are open and, since they form a partition, also closed.

Conversely, assume that open subsets have open components. Let z be a point of X and U a neigh-
borhood of z. Let C be the component of U containing x. Then C is an open connected neighborhood
of = contained in U. |

It follows for instance that the open subsets of R are unions of at most countably many open
intervals. For any open set is the union of its components which are open, since R is locally connected,
and connected, so they are open intervals. Since each of the open intervals contains a rational number,
there are at most countably many components. Any closed subset of R is the complement to a union of
at most countably many open intervals.

2.131. THEOREM. In a locally path-connected space the path-components and the components are the
same.

PROOF. Suppose that X is locally path-connected. Each path-component P is contained (2.127) in
a unique component, C. Since C is connected and P is clopen (2.130), P = C (2.106). O

For instance, the components and the path components of a locally Euclidean space, such as a
manifold, are the same. A locally path-connected space is path-connected if and only if it is connected.

2.132. PROPOSITION. [8, Ex 25.8] [2, 1.§11.6] Locally (path) connected spaces have locally (path)
connected quotient spaces.

PRrROOF. Let X be a locally connected space and p: X — Y a quotient map. Let V be a subset
of Y and C a component of V. Then p~!(C) is a union of components of p~*(V) because continuous
maps preserve connectedness (2.107). If V is open in Y, p~(V) is open in X, and since X is locally
connected it follows (2.130) that p~*(C) is open in X. This means (2.74) that C is open in Y. Since thus
open subsets of Y have open components, Y is locally connected (2.130). (The same proof applies with
‘connected’ replaced by ‘path connected’.) O

2.133. . (1) The comb space X = ([0,1] x {0}) U ({0} U{1/n|n € Z;}) x [0,1]) C R?
is clearly path connected but it is not locally connected for (2.131) the open set U = X — [0, 1] x {0}
has a component (use (2.127.(2)) to identify the components) that is not open. (The same is true for
any (small) neighborhood of (0,1/2).) See [8, Ex 25.5] for a similar example.

(2) The closed topologist’s sine curve S is not locally connected: Let U be a small neighborhood
(well, not too big) around (0,1/2). Then U has a component that is not open. For instance, U =
S —([0,1] x {0} has a component (2.127.(2)), {0} x (0, 1] that is not open (no neighborhood of (0, +1)
is disjoint from S). It follows (2.132, 2.141.(2)) that S is not path-connected for it can not be a
quotient space of the locally connected compact space [0,1]. In fact, S has two path-components:
S = SN (R, x R), which is open and not closed for its closure is S, and {0} x [0, 1], which is closed
and not open for S is not closed. Since there are two path components and one component, S is not
locally path connected (2.131). (The Warsaw circle, the union of S with an arc from one end of S to
[0,1]) is an example of a path connected not locally connected space, so is the next example.)

(3) The space X = [JC, (2.41.(2)) is even path connected but still not locally connected for the
component Ry x {0} of the open set X — {(0,0)} (use (2.127.(2)) to identify the components) is not
open (any neighborhood of (1,0) contains points from the circles). Alternatively, X is not locally
connected since any small neighborhood of (1,0) has a separation.
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(4) Any linear continuum is locally connected since the basis for the topology consists of connected
sets (2.119). It need not be locally path connected [8, Ex 25.3].

(5) The (generalized) Jordan curve theorem says that R™ —h(S™~!) has two path-components for any
embedding h: S"~! — R" of an (n — 1)-sphere into R™, n > 1. This is usually proved using algebraic
topology.

FIGURE 1. The Warsaw circle
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10. Compact spaces

2.135. DEFINITION. A topological space X is compact if it satisfies one of the following two equivalent
conditions:

(1) Ewvery collection of open subsets whose union is X contains a finite subcollection whose union
1s X.

(2) Ewvery collection of closed subsets whose intersection is ) contains a finite subcollection whose
intersection is ().

A collection of open subsets whose union is the whole space is called an open covering. Thus a space
is compact if any open covering contains a finite open covering.

Any finite space is compact as there are only finitely many open subsets. Any compact discrete
space is finite. The real line R is not compact as the open covering {(—n,n) | n € Z;} has no finite
subcovering.

How can we recognize the compact subspaces of a given topological space?

2.136. PROPOSITION. LetY be a subspace of X. The following are equivalent:
(1) Y is compact
(2) Ewvery collection of open subsets of X whose union contains Y contains a finite subcollection
whose union contains Y
(3) Ewvery collection of closed subsets of X whose intersection is disjoint from Y contains a finite
subcollection whose intersection is disjoint from'Y

PROOF. (1) = (2): Let {U; | j € J} be a collection of open subsets of X such that Y C |JU;.
Then {Y NU; | j € J} is an open covering of Y. Since Y is compact, Y = J..;, ¥ NUj for some finite
index set J' C J. This means that Y C ;¢ . Uj.

(2) = (1): Let {V; | j € J} be an open covering of Y. Then V; = Y N U; for some open set
Uj C X and Y C (), U;. By assumption, Y C {J;c; U; for some finite index set J* C J. Therefore
Y =YNUjep Ui =Ujes Y NU;j =U,e s Vj. This shows that Y is compact.

(2) <= (3): Clear from DeMorgan’s laws. O

jeJ

2.137. THEOREM. Closed subspaces of compact spaces are compact.

PROOF. Suppose that X is a compact space and ¥ C X a closed subset. Let £}, j € J, be a
collection of closed subsets of X such that Y N (o, F; = e, Y NEF; = (). By compactness of X,
0=Njep Y NE; =Y N, Fy for some finite index set J' C J. Thus Y is compact by 2.136. O

2.138. THEOREM. If X is compact, then f(X) is compact for any continuous map f: X =Y.

PRrROOF. Let U;, j € j, be a collection of open subsets of Y that cover the image f(X). Then
X =Ujes /71(U;) is an open covering of X. Since X is compact, X = Ujer f71(U;) for some finite
index set J' C J. Then f(X) = f(UjeJ’ fHU)) = Ujesr £F71(U;) € Ujepr Uj. This shows that f(X)
is compact (2.135). O

Compact subspaces of Hausdorff spaces behave to some extent like points.

2.139. THEOREM. (1) Compact subspaces of Hausdorff spaces are closed.
(2) Any two disjoint compact subspaces of a Hausdorff space can be separated by disjoint open sets.

PROOF. Let L and K be two disjoint compact subspaces of X. Consider first the special case where
L = {xo} is a point. For each point z € K, the Hausdorff property implies that there are disjoint open
sets Uy, V, such that and = € U, and 2o € V,. Since K is compact (2.136), K C U, U...UU,, for
finitely many points 21,...,2¢ € K. Set U =U,, U...UU,, and V =V, N...NV,,. The existence of
V' alone says that K is closed.

Assume next that L is any compact subspace of X. We have just seen that for each point y € L
there are disjoint open sets U, D K and V,, > y. By compactness, L is covered by finitely many of the
Vy. Then K is contained in the intersection of the corresponding finitely many U,,. O

2.140. COROLLARY. Let X be a compact Hausdorff space.

(1) {compact subspaces of X} = {closed subspaces of X}
(2) If A and B are disjoint closed sets in X then there exist disjoint open sets U, V' such that A C U
and BCV.
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ProOOF. (1) C is 2.139 and D is 2.137.
2) Let A and B be disjoint closed subsets of X. Then A and B are compact as just shown. Now apply
2.139. O

2.141. LEMMA (Closed Map Lemma). Suppose that X is a compact space, Y is a Hausdorff space,
and f: X — Y is a continuous map.
(1) f is closed (2.69).
(2) If f is surjective, it is a closed quotient map (2.76).
(3) If f is injective, it is an embedding (2.58).
(4) If f is bijective, it is a homeomorphism (2.55).

PROOF. Let f: X — Y be a continuous map of a compact space X into a Hausdorff space Y.
(1) We have

C is closed in X 22 C is compact 2% £(C) is compact 222 £(C) is closed in Y

which shows that f is a closed map.
(2) Every closed continuous surjective map is a closed quotient map (2.78).
(3) Every closed continuous injective map is an embedding (2.59).

(4) Every closed bijective continuous map is a homeomorphism (2.78.(3)).
O

2.142. COROLLARY. If f: X — Y is continuous and X is compact and locally connected and Y is
Hausdorff, then f(X) is compact and locally connected.

PROOF. We know (2.141) that f: X — f(X) is a (closed) quotient map. The quotient image of a
locally connected space is locally connected (2.132). O

2.143. LEMMA (The Tube Lemma). Let X and Y be topological spaces where Y is compact. Let xq
be a point of X. For any neighborhood N C X xY of the slice {zo} x Y there is a neighborhood U of x
such that {zo} xY CU xY C N.

ProoOF. For each point y € Y there is a product neighborhood such that zo x y C U, x V;, C N.
Since Y is compact, there are finitely many points y1,...,yx € Y such that Y = V; U ... UV} where
Vi=Vy,. Pt U=U1n...NU. a

2.144. THEOREM. (Cf2.149) The product of finitely many compact spaces is compact.

PRrROOF. We show that the product X x Y of two compact spaces X and Y is compact. The theorem
in its general form follows by induction. Suppose that A;, j € J, is an open covering of X x Y. We
show that there is a finite subcovering. For each point x € X, the slice {z} x Y, homeomorphic to Y,
is compact and therefore {z} x Y C (J,; A; for some finite index set J, C J (2.136). Thanks to the
tube lemma (2.143) we know that the open set Ujele A; actually contains a whole tube U, x Y for some
neighborhood U, of x. By compactness, X = U,, U...UU,, can be covered by finitely many of the
neighborhoods U,.. Now

XxV=( U)xv=J W0, xv= U 4= U 4

1<i<k 1<i<k 1<i<k j€Jq, G€Ur<ich Ju;
where (J; <; <) Jz, C J is finite (1.34). O
Here are two small lemmas that are used quite often.

2.145. LEMMA (Criterion for noncompactness). If X contains an infinite closed discrete subspace,
then X is not compact.

PROOF. Any closed subspace of a compact space is compact (2.137). A discrete and compact space

is finite. 0
2.146. LEMMA (Intersection of a nested sequence of compact sets). [8, Ex 28.5] [5, 3.10.2] Let C; D
Co D---DCy D - be a descending sequence of closed nonempty subsets of a compact space. Then
NCn # 0.
Proor. If (N C,, = 0 then C,, = 0 for some n € Z, by 2.135.(2). O

2.147. THEOREM. [Cf [8, Ex 27.5]] A nonempty compact Hausdorff space without isolated points
(2.39) is uncountable.



54 2. TOPOLOGICAL SPACES AND CONTINUOUS MAPS

PROOF. Let x,, be a sequence of points in X. It suffices (1.39) to show that {z,, | n € Z,} # X.
Since X is Hausdorff and has no isolated points there is a descending sequence

VioVeD>---DV,.1 DV, D

of nonempty open sets such that x,, & V, for all n. These are constructed recursively. Put V, = X.
Suppose that V,,_; has been constructed for some n € Z, . Since x,, is not isolated, {z, } # V,,—1. Choose
a point y,, € V,,_; distinct from z,, and choose disjoint (separated) open sets U,, C X, V,, C V,,_1 such
that x, € U, and y, € V,,. Then U, NV, =0 so z, € V.

By construction, the intersection [V, contains none of the points {x,} of the sequence and by
compactness (2.146), (V,, # 0. Thus X contains a point that is not in the sequence. O

The Alexandroff compactification (2.167) wZy = K = K U{0}, where K is as in 2.11, is a countable
compact Hausdorff space with isolated points.
Is it true that a connected Hausdorff space is uncountable?

2.148. . (1) The (unreduced) suspension of the space X is the quotient space
SX =10,1] x X/({0} x X, {1} x X)

What is the suspension of the n-sphere S™? Define f: [0,1] x S — S"*! to be the (continuous)
map that takes (t,), t € [0,1], to the geodesic path from the north pole (0,1) € S"*! through the
equatorial point (z,0) € S™ C S"*1| to the south pole (0,—1) € S"*!. (Coordinates in R""2 =
R"™! x R.) By the universal property of quotient spaces there is an induced continuous and bijective
map f: SS™ — S"+1. Since SS™ is compact (as a quotient of a product of two compact spaces) and
S+l is Hausdorff (as a subspace of a Hausdorff space), f is a homeomorphism (2.141). We often
write SS™ = ST n > 0, where the equality sign stands for ‘is homeomorphic to’.

(2) Every injective continuous map S' — R? is an embedding. Can you find an injective continuous
map R! — R? that is not an embedding?

(3) Alexander’s horned sphere [7, Example 2B.2] is a wild embedding of the 2-sphere S? in R3 such
that the unbounded component of the complement R3 — S? (2.133.(5)) contains non-contractible
loops. It may be easier instead to consider Alexander’s horned disc [3, p 232]. (The horned sphere is
obtained by cutting out a disc of the standard sphere and replacing it a horned disc.)

(4) Let X be a Hausdorff space and

XoCcXiC---CXpnCXyC-rCX

an ascending sequence of closed subspaces. Assume that the topology on X is coherent with this
filtration in the sense that

A is closed <= AN X, is closed for all n

holds for all subsets A of X. Then any compact subspace C' of X is contained in a finite stage of the
filtration. To see this, choose a point ¢, € C N (X,, — X,,—1) for all n € Z for which this intersection
is nonempty. Let T = {t,} be the set of these points. We want to prove that T is finite. Certainly,
T N X, is finite, hence closed in the Hausdorff space X,, for all n > 0. Therefore T is closed. In
fact, any subset of T is closed by the same argument and thus 7" is discrete. But any closed discrete
subspace of the compact space C is finite (2.145).

2.149. THEOREM (Tychonoff theorem). The product ]
spaces is compact.

jes Xj of any collection (X;)jes of compact

Proor. Put X = [[,.; X;. Let us say that a collection of subsets of X is an FIP-collection (finite

intersection property) if any finite subcollection has nonempty intersection. We must (2.135.(2)) show

AisFIP = [ A#0

AeA

holds for any collection A of subsets of X.
So let A be a FIP-collection of subsets of X. Somehow we must find a point z in (), 4 4.
Step 1. The FIP-collection A is contained in a maximal FIP-collection.
The set (supercollection?) A of FIP-collections containing A is a strictly partially ordered by strict
inclusion. Any linearly ordered subset (subsupercollection?) B C A has an upper bound, namely the
FIP-collection | JB = | Jgp B containing A. Now Zorn’s lemma (1.56) says that A has maximal elements.
We can therefore assume that A is a mazimal FIP-collection.


http://www-history.mcs.st-andrews.ac.uk/history/Biographies/Tikhonov.html

10. COMPACT SPACES 55

Step 2. Maximality of A implies

(2.150) Ay, Are A= A1Nn---NA,e A
and for any subset Ay C X we have
(2.151) VACc A: AgNA#£D = Ayc A

To prove (2.150), note that the collection AU{A; N---N Ag} is FIP, hence equals A by maximality. To
prove (2.151), note that the collection AU{Ap} is FIP: Let Ay,..., A € A. By (2.150), A1N---NA, € A
so AjN---N AN A#D by assumption.

Step 3. {m;j(A) | Ae A} is FIP for all j € J.

(A1) N Nmj(Ar) D (A1 N---NA;) # 0 for any finite collection of sets Ay, ..., Ay € A.

Since X is compact and {7;(A) | A € A} is an FIP collection of closed subsets of X, the intersection
Naca™i(A) C X; is nonempty (2.135.(2)). Choose a point x; € ((m;(A) for each j € J and put
z=(z;) € X.

Step 3. x € peu 4.

The point is that W;l(Uj) € A for any neighborhood U; of «;. This follows from (2.151) since W;l(Uj) N
A # 0, or equivalently, U; Nm;(A) # 0, for any A € A as z; € mj(A). Since A has the FIP it follows that
7Tj_11(Uj yNn---nN ﬂj_kl(Ujk) N A # () whenever Uj, are neighborhoods of the finitely many points z;, € Xj,
and A € A. Thus x € A for all A in the collection A; in other words = € (44 A. O

2.152. Compact subspaces of linearly ordered spaces. We show first that any compact sub-
space of a linearly ordered space is contained in a closed interval.

2.153. LEMMA. Let X be a linearly ordered space and §) # C C X a nonempty compact subspace.
Then C' C [m, M] for some elements m, M € C.

PROOF. The claim is that C has a smallest and a largest element. The proof is by contradiction.
Assume that C has no largest element. Then C' C [J,c(—00,¢) as there for any a € C is a ¢ € C such
that a < ¢. By compactness

C C (—00,¢1) U+ U(—=00,ck) C (—00,c¢)

where ¢ = max{cy,...,cx} is the largest (1.50) of the finitely many elements cy,..., ¢, € C. But this is
a contradiction as ¢ € C and ¢ & (o0, ¢). O

We now show that the eg the unit interval [0, 1] is compact in R. Note that the unit interval [0, 1]
is not compact in R — {1}. (The intersection all the closed subspaces [-+ + 1,1 + 1] c [0,1], n > 2, is
empty but the intersection of finitely many of them is not empty.) The reason for this difference is that
R, but not R — {3} (1.16.(6)), has the least upper bound property (1.15).

2.154. THEOREM. Let X be a linearly ordered space with the least upper bound property. Then every
closed interval [a,b] in X is compact.

PROOF. Let [a,b] C X be a closed interval and A and open covering of [a,b] (with the subspace
topology which is the order topology (2.27)). We must show that [a, ] is covered by finitely many of the
sets from the collection A. The set

C = {x € [a,b] | [a,x] can be covered by finitely many members of A}

is nonempty (a¢ € C) and bounded from above (by b). Let ¢ = sup C be the least upper bound of C.
Then a < ¢ < b. We would like to show that ¢ = b.

Step 1 If v € C and x < b then C N (x,b] # 0.

Proof of Step 1. Suppose first that x has an immediate successor y > x. We can not have z < b < y
for then y would not be an immediate successor. So z < y < b. Clearly [a,y] = [a,z] U {y} can be
covered by finitely many members of A. Suppose next that z has no immediate successor. Choose an
open set A € A containing x. Since A is open in [a,b] and contains x < b, A contains an interval of the
form [z,d) for some d < b. Since d is not an immediate successor of x there is a point y € (z,d). Now
[a,y] C [a,z] U[z,d) C [a,z] U A can be covered by finitely sets from .A.

Step 2 ce C.

Proof of Step 2. The claim is that [a, ] can be covered by finitely many members of A. From Step 1 we
have that C' contains elements > a so the upper bound c is also > a. Choose A € A such that ¢ € A.
Since A is open in [a,b] and a < ¢, A contains an interval of the form (d,c] for some d where a < d.
Since d is not an uppe bound for C, there are points from C in (d,c]. Let y be such a point. Now
[a,c] = [a,y] U (d, ] C [a,y] U A can be covered by finitely many sets from A.
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Step 3 ¢ =b.
Proof of Step 3. By Step 2, ¢ € C. But then ¢ = b for Step 1 says that if ¢ < b, then ¢ can not be an
upper bound. O

For instance, the ordered square I2 = [0x 0,1 x 1], Z; = [1, 00|, and Sq = [1, 2] are compact linearly
ordered spaces [8, Ex 10.1]. More importantly, since the linearly ordered space R has the least upper
bound property, we get that all closed intervals in R are compact.

See [8, Ex 27.1] for the converse.

2.155. COROLLARY. Let X be a linearly ordered space and ) £ C C X a nonempty subspace. Then
C is compact and connected = C is a closed interval

The converse holds when X is a linear continuum.

PROOF. Since C is compact, C C [m, M] for some m, M € C (2.153) and [m, M] C C because C is
connected, hence convex (2.118). In a a linear continuum every closed interval is compact (2.154) and
connected (2.118). O

In particular, the compact and connected subsets of the linear continuum R are precisely the closed
intervals.

2.156. THEOREM (Heine-Borel). A subset C of the euclidean space R™ is compact if and only if it is
closed and bounded in the euclidean metric.

PROOF. Let C C R™ be compact. Since C is compact and {(—R, R)"™ | R > 0} an open covering of
R™, there is an R > 0 such that C C [—R, R|™. Thus C is bounded. Compact subspaces of Hausdorff
spaces are closed (2.139), so C is closed.

Conversely, if C is closed and bounded then C is a closed subset of [—R, R]" for some R > 0.
But [-R, R]™ is compact (2.155, 2.144) and closed subsets of compact spaces are compact (2.137); in
particular, C' is compact. |

Can you now answer question 2.60.(10)?

2.157. THEOREM (Extreme Value theorem). Let f: X — Y be a continuous map of a nonempty
topological space X into a linearly ordered space Y .

(1) If X is compact then there exist m, M € X such that f(X) C [f(m), f(M)].
(2) If X is compact and connected then there exist m, M € X such that f(X) = [f(m), f(M)].

PRrROOF. (1) Since the image f(X) is compact (2.138) we can apply (2.153).
(2) Since the image f(X) is compact (2.138) and connected (2.107) we can apply (2.155). O

2.158. Compactness in metric spaces. Since any open covering of compact space contains a
finite subcovering we see that any open covering of a compact metric space contains a subcovering of
open sets of size bounded from below. This observation is expressed in the Lebesgue lemma.

2.159. LEMMA (Lebesgue lemma). Let X be a compact metric space. For any open covering of X
there exists a positive number 6 > 0 (the Lebesgue number of the open covering) such that any subset of
X with diameter < § is contained in one of the open sets in the covering.

PROOF. Cover X by finitely many open balls, X = B(x1,01) U B(22,02) U---U B(x, dk ), such that
each double radius ball B(z;,26;) is contained in one of the open sets of the covering. Let d be any
positive number smaller than all the ¢;. Then any subset of diameter < ¢ is contained in one of the
balls B(z;,26;) and therefore in one of the open sets from the covering. (Let A C X be a subset with
diam(A) < 4. Choose any point a in A. Then a is in one of the open balls B(xz;,d;). For any point
b € A, the distance d(b,x;) < d(b,a) + d(a,z;) < 6 + d; < 26; which means that the point b is contained
in B(Z‘Z,Qél)) (Il

The open covering of R consisting of the open intervals (—1,1) and (x —1/|z|,z+1/|z|) for allz € R
with |z| > 1 does not have a Lebesgue number.

2.160. DEFINITION. A map f: X — Y between metric spaces is uniformly continuous if for alle > 0
there is a § > 0 such that dy (f(z1), f(x2)) < € whenever dx (x1,z2) < :

Ve > 030 > 0Vzy, 22 € X: dx(21,22) < d = dy (f(z1), f(x2)) <e

2.161. THEOREM (Uniform continuity theorem). Let f: X — Y be a continuous map between metric
spaces. If X is compact, then f is uniformly continuous.
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PROOF. Given € > 0. Let & be the Lebesgue number of the open covering {f~'B(y, 2¢e) | y € Y}
Then we have for all z1,29 € X

dx(x1,x2) < § = diam{x1,z2} < 9

1
= JyeY: {r,1}C f By, 55)

— 3y €Y {J(01), f(2)} C Bly, 5°)
— dy (f(z1), f(z2)) <¢

2.159. Limit point compactness and sequential compactness.

2.162. DEFINITION. A space X 1is
(1) limit point compact if any infinite subset of X has a limit point
(2) sequentially compact if any sequence in X has a convergent subsequence.

In other words, a space is limit point compact if it contains no infinite closed discrete subspaces
(2.40).

We shall not say much about these other forms of compactness (see [5, §3.10] for a more thorough
discussion).

2.163. THEOREM. (Cf [8, Ex 28.4, Ex 35.3]) For any topological space X we have

X is compact => X 1is limit point compact fot couplable + T x4 sequentially compact

All three forms of compactness are equivalent for a metrizable space.

PROOF. X is compact = X is limit point compact: A subset with no limit points is closed and
discrete (2.40), hence finite (2.145).
X is limit point compact, 1st countable and T3 = X is sequentially compact: Let (z,) be a sequence
in X. Consider the set A = {z,, | n € Z,} of points in the sequenec. If A is finite there is a constant
subsequence (1.34.(3)). If A is infinite, A has a limit point & by hypothesis. If X is 1st countable, there
is a countable nested countable basis, Uy D Us D -+, at z just as in the proof of (2.100). Since z is a
limit point, there is a sequence element z,,, € U;. Suppose that we have found n; < --- < ny such that
Zp, € U;. Since z is a limit point and X is T4, there are infinitely many points from A in Ugyq (2.48). In
particular, there is nyi1 < ny such that xzy,, is in Uxy1. The subsequence z,, converges to .
X is sequentially compact and metrizable = X compact: This is more complicated (but should also be
well-known from your experience with metric spaces) so we skip the proof. (Il

2.164. . (1) The well-ordered space Sq of all countable ordinals is limit point compact
and sequentially compact but it is not compact. Sg is not compact (2.153) for it is a linearly ordered
space with no greatest element [8, Ex 10.6]. On the other hand, any countably infinite subset of Sq
is contained in a compact subset (1.52.(2), 2.154). Therefore (2.163) any countably infinite subset,
indeed any infinite subset (2.40), has a limit point and any sequence has a convergent subsequence.
(Alternatively, use that Sq is first countable (2.98.(4)).) It follows (2.163) that Sq is not metrizable.
(2) The Stone-Cech compactification (3.37) BZ, of the positive integers is compact but it is not limit
point compact as the sequence (n),cz, has no convergent subsequence. Indeed, no point of the
remainder SZ, — Z is the limit of a sequence in Z, [8, Ex 38.9]. (It follows that 8Z is not first
countable and not metrizable).
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11. Locally compact spaces and the Alexandroff compactification

2.165. DEFINITION. A space X is locally compact at the point © € X if x lies in the interior of some
compact subset of X. A space is locally compact if it is locally compact at each of its points.

This means that X is locally compact at the point z if x € U C C where U is an open and C a
compact subset of X.

Compact spaces are locally compact (U = X = C). The real line R (more generally, R™) is locally
compact but not compact. All linearly ordered spaces (2.13) with the least upper bound property are
locally compact. The space Q C R of rational numbers is not locally compact [8, Ex 29.1].

2.166. DEFINITION. A compactification of the space X is an embedding c¢: X — cX of X into a
compact Hausdorff space ¢X such that ¢(X) is dense in c¢X.

The only compactification of a compact space X is X itself as X is closed and dense in c¢X.
Let X be a locally compact Hausdorff space. Let wX = X U {w} denote the union of X with a set
consisting of a single point w. The collection

T={U|UCcCX open}U{wX —C|C C X compact}

is a topology on wX: It is easy to see that finite intersections and arbitrary unions of open sets of the
first (second) kind are again open of the first (second) kind. It follows that 7 is closed under arbitrary
unions. It is also closed under finite intersections since U N (wX —C) = U — C is open in X (2.139). And
wX = wX — () and @ are open.

If X is compact, then wX is X with an added isolated point. The next theorem describes wX in the
more interesting case when X is not compact.

2.167. THEOREM (Alexandroff). Let X be a locally compact but not compact Hausdorff space.

(1) The map X — wX is a compactification missing one point.
(2) If c: X — ¢X is another compactification of X then there is a unique closed quotient map
c:cX —wwX =cX/(cX — X) such that the diagram

X
X ———wX

commutes.

PROOF. We must verify the following points:

The subspace topology on X is the topology on X: The subspace topology X N7 is clearly the original
topology on X.

X is dense in wX: The intersection of X and some neighborhood of w has the form X — C where C is
compact. Since X is assumed non-compact, X — C' is not empty.

wX is Hausdorff Let x1 and zo be two distinct points in wX. If both points are in X then there are
disjoint open sets Uy, Us C X C wX containing z; and zs, respectively. If 1 € X and x5 = w, choose an
open set U and a compact set C' in X such that x € U C C. Then U > z and wX — C > w are disjoint
open sets in wX.

wX is compact: Let {U;};jes be any open covering of wX. At least one of these open sets contains w. If
w € Uy, k € J, then U, = (X — C) U {w} for some compact set C C X. There is a finite set K C J such
that {U;};jcx covers C. Then {U;} ;ckuqx) is a finite open covering of wX = X U {w}.

Let now ¢: X — ¢X be another compactification X. Define ¢: ¢X — wX by ¢(z) =z for all z € X
and ¢(cX — X) = w. We check that ¢ is continuous. For any open set U C X C wX, ¢ *(U) is
open in X and hence (2.24.(2)) in ¢X since X is open in ¢X (2.168). For any compact set C C X,
¢ H(wX — C) = ¢X — C is open in cX since the compact set C is closed in the Hausdorff space cX
(2.140.(1)). This shows that ¢ is continuous. By construction, ¢ is surjective and hence (2.141) a closed
quotient map by the Closed Map Lemma (2.141). |

The theorem says that wX = ¢X/(cX — X) where ¢X is any compactification of X. In particular, if
cX consists of X and one extra point then the map c is a bijective quotient map, ie a homeomorphism
(3). The space wX is called the Alexandroff compactification or the one-point compactification of X.

2.168. LEMMA. Any locally compact and dense subspace of a Hausdorff space is open.
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PROOF. Suppose that Y is Hausdorff and that the subspace X C Y is locally compact and dense.
Let z € X. Since X is locally compact Hausdorff the point « has a neighborhood X N U, where U is
open in Y, such that its relative closure

2.35

Cx(X N2 XxnXn0 2 XxnT

is compact and hence closed in the Hausdorfl space Y’ (2.139). But no part of U can stick outside X N U
for since U — (X NU) is open

X dense

U—(XNU)#0"="(XNU)-(XNU)#0 4
which is absurd. Thus we must have U C X N U, in particular, U C X. This shows that X is open. [0

2.169. . (1) The n-sphere S™ = wR" is the Alexandroff compactification of the locally
compact Hausdorff space R™ for there is (2.60.(8)) a homeomorphism of R™ onto the complement of
a point in S™.

(2) The real projective plane is the Alexandroff compactification of the Mobius band. More generally,
real projective n-space RP™ = wMB" is the Alexandroff compactification of the n-dimensional Mobius
band MB™ (2.83) which is a locally compact Hausdorff space (indeed a manifold (3.40)).

(3) Let X be a linearly ordered space with the least upper bound property and let [a,b) be a half-
open interval in the locally compact space X. Then wla,b) = [a,b]. For instance the Alexandroff
compactifications of the half-open intervals [0,1) C R, Z4 = [1,w) C Z4 x Z, and Sq = [1,Q) C Sq
are [0,1], [1,w], [1,9Q] = Sq, respectively.

(4) The Alexandroff compactification of a countable union of disjoint copies of the real line

w( J] R) =w(Zs xR) wZy AS' = ] Ciym

neZy neZy

2.172.(4)

is the Hawaiian Earring (2.41.(2)) (which is compact by the Heine-Borel theorem (2.156)).
(5) The Warsaw circle W (which compact by the Heine-Borel theorem (2.156)) (2.133.(2)) is a com-
pactification of R and the quotient space W/(W — R) = wR = S*.

2.170. COROLLARY (Characterization of locally compact Hausdorff spaces). For a Hausdorff space
X the following conditions are equivalent:

(1) X is locally compact

(2) X is homeomorphic to an open subset of a compact space

(3) For any point x € X and any neighborhood U of x there is an open set V' such that x € V C
V cU andV is compact.

PROOF. (1) = (2): The locally compact Hausdorff space X is homeomorphic to the open subspace
wX — {w} of the compact Hausdorff space wX (2.167).
(2) = (3): Suppose that Y is a compact Hausdorff space and that X C Y is an open subset. X is
Hausdorff since subspaces of Hausdorff spaces are Hausdorff (2.47). Let x be a point of X and U C X
a neighborhood of z in X. Then U is open also in Y (2.24) so that the complement Y — U is closed
and compact (2.137) in the compact space Y. In the Hausdorff space Y we can separate (2.140.(2)) the
disjoint closed subspaces {z} and Y — U by disjoint open sets, Vo zand W DY -Uor Y —W C U. As
V is disjoint from W it is contained in the closed subset ¥ — W and then also V C Y — W C U. Here,
V is compact as a closed subspace of the compact space Y (2.137). Note (2.35) that the closure of V in
X equals the closure of V in Y because V, the closure of V in Y, is contained in U and X.
(3) = (1): Let x be a point of X. By property (3) with U = X there is an open set V such that
z€V CV X and V is compact. Thus X is locally compact at z. O

2.171. COROLLARY. (1) Closed subsets of locally compact spaces are locally compact.
(2) Open or closed subsets of locally compact Hausdorff spaces are locally compact Hausdorff.

PRrOOF. (1) Let X be a locally compact space and A C X a closed subspace. We use the definition
(2.165) directly to show that A is locally compact. Let a € A. There are subsets a € U C C C X such
that U is open and C is compact. Then ANU C AN C where ANU is a neighborhood in A and C N A
is compact as a closed subset of the compact set C' (2.137).

(2) If X is locally compact Hausdorff and A C X open, it is immediate from 2.170.(2) that A is locally
compact Hausdorff. |
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An arbitrary subspace of a locally compact Hausdorff space need not be locally compact (2.172.(1)).
The product of finitely many locally compact spaces is locally compact but an arbitrary product of locally
compact spaces need not be locally compact [8, Ex 29.2]; for instance Z% is not locally compact. The
image of a locally compact space under an open continuous [8, 29.3] or a perfect map [8, Ex 31.7] [5,
3.7.21] is locally compact but the image under a general continuous map of a locally compact space need
not be locally compact; indeed, the quotient of a locally compact space need not be locally compact
(2.172.(2)) [5, 3.3.16].

2.172. - (1) Upez, Cn C R? (2.41.(2)) is not locally compact at the origin: Any neigh-
borhood of 0 x 0 contains a countably infinite closed discrete subspace so it can not be contained in
any compact subspace (2.145).

(2) The quotient space R/Z (2.98.(6)) is not locally compact at the point corresponding to Z: Any
neighborhood of this point contains an infinite closed discrete subspace so it can not be contained in
any compact subspace (2.145).

(3) In diagram (2.99), the space [ S* is locally compact but not compact, []S* is compact, and \/ S*
is not locally compact (at the one point common to all the circles).

(4) (Wedge sums and smash products) A pointed space is a topological space together with one of its
points, called the base point. The wedge sum of two pointed disjoint spaces (X, zo) and (Y, yo) is the
quotient space

XVY =(X1Y)/{xo} U {yo})

obtained from the disjoint union of X and Y (2.21) by identifying the two base points. Let f: X UY — X x Y
be the continuous map given by f(z) = (z,y0), ¢ € X, and f(y) = (zo,y), y € Y. The image
F(XUY) =X x{yo}U{zo} xY =5 ({yo}) Um; ({x0}) is closed when X and Y are T} spaces.
In fact, f is a closed map for if C' C X is closed then f(C) = {(z,50) | z € C} = 771 (C) N7y ({wo})

is also closed. Thus f is a quotient map onto its image and its factorization f as in the commutative
diagram (2.82.(2))

XUY XxY

S

is an embedding. We can therefore identify X VY and X x {yo} U {zo} x Y. The smash product of
the pointed spaces (X, zg) and (Y, yo) is defined to be

XANY =(XXxY)/(XVY)=XxY/(X x{yo} U{ao} xXY)

the quotient of the product space X x Y by the closed subspace X VY (x —V = A).
If AC X and B C Y are closed subspaces, the universal property of quotient maps (2.82.(2))
produces a continuous bijection g such that the diagram

gx Xgy 9xX/AxY/B

Xxy —2"%, X/AxY/B X/ANY/B

T

(X xY)/(XxBUAXY)

commutes. However, g may not be a homeomorphism since the product gx x gy of the two closed
quotient maps gx: X — X/A and gy: Y — Y/B may not be a quotient map. But if X and Y are
locally compact Hausdorff spaces then gx x gy is quotient (2.87) so that g is a homeomorphism (2.79,
2.82.(3), 2.78.(3)) and

(2.173) (X xY)/(X x BUAXY)=X/ANY/B

in this case.

(5) The torus S* x S is a compactification of R x R with remainder S v S*.

(6) (The Alexandroff compactification of a product space) If X and Y are locally compact Hausdorff
spaces the map X XY — wX X wY — wX AwY is an embedding. This follows from (2.81, 2.78.(3))
when we note that the first map embeds X x Y into an open saturated subset of wX x wY (2.61).
The universal property of the Alexandroff compactification (2.167) implies that

(2.174) WX xXY)=wX AwY
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for any two locally compact Hausdorff spaces X and Y. In particular,

Sm A Sn — wR'rrL A an (2‘1:74) w(Rm x Rn) — me-‘rn — S7n+n

when we view the spheres as Alexandroff compactifications of euclidean spaces.
(7) The n—sphere S™ is (homeomorphic to) the quotient space I/9I. Hence

S"=S'AN. ANSY=T/0IN...NT/OI =1"/OI"

by (2.173) and the formula (Exam June 2003) for the boundary of the product of two sets.

(8) (The p-adic integers.) Let p be a prime number. The product ring [~ | Z/p"Z of all the residue
(discrete topological) rings Z/p"Z, 0 < n < oo, is compact according to the Tychonoff theorem
(2.149). The subring, called the p-adic integers,

Z, = {(ay,) | Vn: ap = ap41 mod p™} C H Z/p"Z
n=1
is closed and therefore also compact (2.137). Indeed, the sets {(a,)5; | a; = a; mod p’} are closed
(and open) whenever 0 < i < j because the projection maps are continuous (2.64). The diagonal ring
homomorphism

o0
AN Z, C H Z/p"Z, A(a) = (a mod p™)22

n=1
embeds the ring of integers into Z,. By the definition of the product topology (2.16), AZ is dense
in Z, in that any neighborhood of a point in Z, contains a point from Z. Thus Z, = AZ is a
compact topological ring containing the integers as a dense subring and the map A: Z — Z, is a
compactification (2.166) of the discrete space Z. As a ring, Z,, is quite different from Z. For instance,
the integer 1—p is invertible in Z, with inverse (1—p)~! = (1, 14p, 1+p+p?,...) = > o, p". Actually,
any ¢ = (z1,22,...) € Z, with nonzero reduction mod p is invertible because any z,, € Z/p"Z with
nonzero reduction mod p is invertible [9, Prop 2, p 12].

Some mathematicians prefer to include Hausdorffness in the definition of (local) compactness. What
we call a (locally) compact Hausdorff space they simply call a (locally) compact space; what we call a
(locally) compact space they call a (locally) quasicompact space.
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CHAPTER 3

Regular and normal spaces

1. Countability Axioms

Let us recall the basic question: Which topological spaces are metrizable? In order to further analyze
this question we shall look at a few more properties of topological spaces.

We have already encountered the first countability axiom (2.94). There are three more axioms using
the term ’countable’. Here are the four countability axioms.

3.1. DEFINITION. A topological space

e that has a countable neighborhood basis at each of its points is called a first countable space
e that has a countable basis is called a second countable space

o that contains a countable dense subset is said to contain a countable dense subset:

e in which every open covering has a countable subcovering is called a Lindeldf space

A subset A C X is dense if A = X, that is if every nonempty open subset contains a point from A.

Any second countable space is first countable. Any subspace of a (first) second countable space is
(first) second countable. A countable product of (first) second countable spaces is (first) second countable
(2.97). Quotient spaces of first coountable spaces need not be first countable (2.98.(7)).

The real line R is second countable for the open intervals (a,b) with rational end-points form a
countable basis for the topology. Ry is first but not second countable (3.8).

Metric spaces are first countable but not necessarily second countable [8, Example 2 p 190].

Any compact space is Lindelof. Any closed subset of a Lindeldf space is Lindelof [8, Ex 30.9] (with
a proof that is similar to that of 2.137). A product of two Lindeldf spaces need not be Lindelof (3.9).

The next result implies that R, in fact any subset of the 2nd countable space R, is Lindelof.

3.2. THEOREM. Let X be a topological space. Then

X has a countable dense subset <= X is 2nd countable =—=> X is Lindelof

ﬂ

X is 1st countable

If X is metrizable, the three conditions of the top line equivalent.

PROOF. Suppose first that X is second countable and let B be a countable basis for the topology.
X has a countable dense subset: Pick a point bp € B in each basis set B € B. Then {bp | B € B} is
countable (1.41.(2)) and dense.
X is Lindel6f: Let U be an open covering of X. For each basis set B € B which is contained in some open
set from the collection U, pick any Ug € U such that B C Ug. Then the at most countable collection
{Ug} of these open sets from U is an open covering: Let = be any point in X. Since z is contained in a
member U of U and every open set is a union of basis sets, we have x € B C U for some basis set B € B.
But then z € B C Ug.
Any metric space with a countable dense subset is 2nd countable: Let X be a metric space with a count-
able dense subset A C X. Then the collection {B(a,r) | a € A,r € Q4} of balls centered at
points in A and with a rational radius is a countable (1.41.(4)) basis for the topology: It suffices
to show that for any open ball B(x,e) in X and any y € B(x,e) there are a € A and r € Q4
such that y € B(a,r) C B(z,e). Let r be a positive rational number such that 2r + d(z,y) < ¢
and let @ € AN B(y,r). Then y € B(a,r), of course, and B(a,r) C B(x,¢e) for if d(a,z) < r then
dz,z) < d(z,y) +d(y,z) < d(x,y) + d(y,a) + d(a, z) < d(z,y) +2r <e.
Any metric Lindelof space is 2nd countable: Let X be a metric Lindelof space. For each positive rational
number 7, let A, be a countable subset of X such that X = J,c4, Bla,r). Then A = J,cq, Ar s a

10r to be separable
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dense countable (1.41.(3)) subset: For any open ball B(z,¢) and any positive rational r < € there is an
a € A, such that = € B(a,r). Then a € B(z,r) C B(z,¢). O

3.3. . The ordered square 1?2 is compact (2.154) and therefore Lindelsf but it is not second
countable since it contains uncountably many disjoint open sets (z x 0,z x 1), € I. Thus I? is not
metrizable [8, Ex 30.6].

2. Separation Axioms
In Definition 2.45 we introduced the separation axioms Ty, T7 and T5. We now define T3 and Tjy.

3.4. DEFINITION (Separation Axioms T3 and Ty). A space X is called a

e Ts-space or a regular space if points are closed and for any point x € X and any closed set
B C X not containing x there exist disjoint open sets U,V C X such that x € U and B CV

e Ty-space or a normal space if points are closed and for every par of disjoint closed sets A, B C X
there exist disjoint open sets U,V C X such that AC U and BCV.

We have the following sequence of implications
X is normal = X is regular = X is Hausdorff = X is T}
where none of the arrows reverse (3.9, 3.10, [8, Ex 22.6]).

3.5. LEMMA. Let X be a Ty-space. Then

(1) X is reqular <= For every point x € X and every neighborhood U of x there exists an open
set V such thatx €V CV CU.

(2) X is normal < For every closed set A and every neighborhood U of A there is an open set
V such that ACV CcV CU.

PROOF. Let B=X —U. O

3.6. THEOREM. (Cf 2.47) Any subspace of a reqular space is reqular. Any product of regular spaces
18 reqular.

PROOF. Let X be a regular space and Y C X a subset. Then Y is Hausdorff (2.47)). Consider a
point y € Y and a and a closed set B C X such that y ¢ YN B. Then y ¢ B and since Y is regular there
exist disjoint open sets U and V such that y € U and B C V. The relatively open sets UNY and VNY
are disjoint and they contain y and B NY, respectively.

Let X = [] X be the Cartesian product of regular space X, j € J. Then X is Hausdorff (2.47)). We
use 3.5.(1) to show that X is regular. Let z = (x;) be a point in X and U = [[ U, a basis neighborhood
of . Put V; = X; whenever U; = X;. Otherwise, choose V; such that z; € V; C V; C U;. Then
V =] V; is a neighborhood of  in the product topology and (2.66) V =[]V; C [[U; = U. Thus X is
regular. O

3.7. THEOREM. [8, Ex 32.1] A closed subspace of a normal space is normal.

PROOF. Quite similar to the proof (3.6) that a subspace of a regular space is regular. O

An arbitraty subspace of a normal space need not be normal (3.32) and the product of two normal
spaces need not be normal ((3.9),[8, Example 2 p 203], [5, 2.3.36]).

3.8. (Sorgenfrey’s half-open interval topology). The half-open intervals [a,b) form a basis
for the space Ry (2.11, 2.31.(4), 2.98.(2), 2.108.(3)).

R, is 1st countable: At the point = the collection of open sets of the form [z,b) where b > x is
rational, is a countable local basis at x.

R, is not 2nd countable: Let B be any basis for the topology. For each point x choose a member
B, of B such that € B, C [z,2 +1). The map R — B: z — B, is injective for if B, = B,
then x = inf B, = inf By = y.

R, has a countable dense subset: Q is dense since any (basis) open set in Ry contains rational
points.

Ry is Lindelo6f: It suffices (!) to show that any open covering by basis open sets contains a
countable subcovering, ie that if R = | e slaj, b;) is covered by a collection of right half-open
intervals [a;,b;) then R is actually already covered by countably many of these intervals. (Note
that this is true had the intervals been open as R is Lindelof.) Write

R = | J(a;,b;) U (R* U(aj,bj))

jeJ jeJ
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as the (disjoint) union of the corresponding open intervals and the complement of this union.
The first set can be covered by countably many of the intervals (a;, b;) for any subset of R (with
the standard topology) is 2nd countable and hence Lindeldf (3.2). Also the second set can be
covered by countably many of the intervals (a;,b;) simply because it is countable: The second
set

R — [ J(a;,0)) = Jlas,0)) = (J(a5,0)) = {an | Vi € T: a & (a;,b;)}
jeJ jeJ jeJ
consists of some of the left end-points of the intervals. The open intervals (ag, by,) are disjoint for
aj in this set. But there is only room for countably many open disjoint intervals in R (choose
a rational point in each of them) so there are at most countaly many left end-dpoints ay in the
second set.

R/ is normal: Let A, B C Ry be disjoint closed sets. For each point a € A C R — B there
is an z, € R such that [a,2,) C R — B. Let Ua = J,cala,24). Define Up = (Jycplb, z1)
similarly. Then U4 and Up are open sets containing A and B, respectively. If Us NUg # 0
then [a,z,) N [b,xp) # O for some a € A, b € B. Say a < b; then b € [a,z,) C R — B which is a
contradiction 4 So Ua and Ug are disjoint. (Ry is even completely normal [8, Ex 32.6] by this
argument. )

Since Ry has a dense countable subset and is not second countable (3.8) it is not metrizable (3.2).

3.9. (Sorgenfrey’s half-open square topology). The half-open rectangles [a, b) x [c, d) form
a basis (2.18) for the product topology Ry, x R,. The anti-diagonal L = {(z,—z) | x € R} is a closed
(clear!) discrete (L N [x,00) X [—x,00) = {(z, —x)}) subspace of the same cardinality as R. Q x Q is a
countable dense subspace.

R, x Ry is not Lindel6f: A Lindelof space can not contain an uncountable closed discrete sub-
space (cf 2.145, [8, Ex 30.9]).

R/, x Ry is not normal: A normal space with a countable dense subset can not contain a closed
discrete subspace of the same cardinality as R [5, 2.1.10]. (Let X be a space with a countable
dense subset. Since any continuous map of X into a Hausdorfl space is determined by its
values on a dense subspace [8, Ex 18.13], the set of continuous maps X — R has at most the
cardinality of R% = [IzR. Let X be any normal space and L a closed discrete subspace. The
Tietze extension theorem (3.15) says that any map L — R extends to continuous map X — R.
Thus the set of continuous maps X — R has at least the cardinality of R”. If L and R have the
same cardinality, R* = R® =[] R which is greater (1.42) than the cardinality of [[, R.) See
[8, Ex 31.9] for a concrete example of two disjoint closed subspaces that can not be separated
by open sets.

R, x Ry is (completely) regular: since it is the product (3.30) of two (compeletely) regular
(3.28) (even normal (3.8)) spaces.

Example 3.8 shows that the arrows of Theorem 3.2 do not reverse. Example 3.9 shows that the
product of two normal spaces need not be normal, that the product of two Lindel6f spaces need not be
Lindelof, and provides an example of a (completely) regular space that is not normal.

3.10. (A Hausdorff space that is not regular). The open intervals plus the sets (a,b) — K
where K = {1 | n € Z} form a basis for the topology R (2.11, 2.124.(3)). This is a Hausdorff topology
on R since it is finer than the standard topology. But R is not regular. The set K is closed and 0 &€ K.
Suppose that U 5 0 and V D K are disjoint open sets. We may choose U to be a basis open set. Then U
must be of the form U = (a,b) — K for the other basis sets containing 0 intersect K. Let k be a point in
(a,b) N K (which is nonempty). Since k is in the open set V', there is a basis open set containing k& and
contained in V; it must be of the form (¢,d). But UNV D ((a,b) — K)N (¢, d) and ((a,b) — K)N(c,d) # 0
for cardinality reasons. This is a contradiction 4
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3. Normal spaces
Normal spaces can be characterized in two ways.

3.11. COROLLARY. Let X be a Ty-space. Then the following conditions are equivalent:

(1) X is normal: For any pair of disjoint closed sets A;B C X there exist disjoint open sets
UV CX suchthat ACU and BC V.

(2) (Urysohn’s characterization of normality) For any pair of disjoint closed sets A, B C X there
exists a continuous function f: X — [0,1] such that f(A) =0 and f(B) = 1.

(3) (Tietze’s characterization of normality) For any closed subset A of X and any continuous func-
tion f: A — [0,1] there exists a continuous function F: X — [0,1] such that F|A = f.

The proof relies on Urysohn’s lemma (3.12) and Tietze’s extension theorem (3.15).

3.12. THEOREM (Urysohn lemma). Let X be a normal space and let A and B be disjoint closed subsets
of X. Then there exists a continuous function (a Urysohn function) f: X — [0,1] such that f(a) =0 for
a€ A and f(b)=1 forb e B.

PROOF. We shall recursively define open sets U, C X for all » € QNJ[0, 1] such that (make a drawing!)
(3.13) r<s=AcUycU,cU,cU,cU;,CcU;CX~-B

To begin, let Uy be any open set such that A C Uy C X — B, for instance U; = X — B. By normality
(3.5.(2)) there is an open set Uy such that A C Uy C Uy C U;. To proceed, arrange the elements of
QN [0, 1] into a sequence

Qﬂ [0, 1] = {7’0 = 0,7’1 = 1,7‘2,7’3,7”47...}
such that the first two elements are 7o = 0 and 7y = 1. Assume that the open sets U,, satisfying condition
(3.13) have been defined for ¢ < n, where n > 1. We shall now define U, Suppose that if we put the
numbers 79,71, ..., 'y, Tn+1 in order

n+1°

O=ro< - < <rpp <rm<---<r;=1

the immediate predecessor of r, 41 is ry and r,, is the immediate successor. Then UW c U,, by (3.13).
By normality (3.5.(2)) there is an open set U, ., such that U,, C U, ., C U C Uy, . The sets U,,,
i < n+1, still satisfy (3.13).

We are now ready to define the function. Consider the function f: X — [0, 1] given by

fa) = inf{re Qn0,1] |z€U,} =zl
77 reEX -0

n+1 n+1 Tn+1

Then f(B) =1 by definition and f(A) = 0 since A C Up. But why is f continuous? It suffices (2.50) to
show that the subbasis intervals (2.13) [0,a), a > 0, and (b, 1], b < 1, have open preimages. Since

flz)<a <= TIr<arzel, < z¢c UUT

r<a
f@)>b <= I >b:xgU. < Ir>b:xglU, & x¢€ U(X—ﬁr)
r>b
the sets
F0a) = JU and £ = JX -T0)
r<a b
are open. 0
3.14. . Let X =R and let A = (—o0,—1] and B = [2,00). If we let U, = (—o0,r) for

r € QNI0,1] then

0 <0

fle)=qz 0<z<1
1 1<z

is the Urysohn function with f(A4) =0 and f(B) = 1.

3.15. THEOREM (Tietze extension theorem). Ewvery continuous map from a closed subspace A of a
normal space X into (0,1), [0,1) or [0,1] can be extended to X.


http://www-history.mcs.st-andrews.ac.uk/history/Biographies/Urysohn.html
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3.16. LEMMA. Let X be a normal space and A C X a closed subspace. Forr > 0 and any continuous
map fo: A — [—r,r] there exists a continuous map g: X — R such that

1 2
(3.17) Ve e X:|g(z)| < 3" and Ya € A:|fo(a) —g(a)] < 3"

PrOOF. Since the sets fy ([~ —1r]) C Aand fo_l([%r, r]) C A are closed and disjoint in A they are

also closed and disjoint in X. Choose (3.12) a Urysohn function g: X — [—3r, 2r] such that g(z) = —4r

on f(;l([—r, —%7‘]) and g(z) = %r on fgl([%r, r]). From

- _ 1 _ 1 1 1.1
fo (=) = fo (= =D U fa (=5 g U fa (5]
3 373 3
g=—3r lgl<gr g=37
we see that the second inequality of (3.17) is satisfied. O

PROOF OF 3.15. We shall first prove the theorem for functions from A to [0,1] or rather to the
homeomorphic interval [—1, 1] which is more convenient for reasons of notation.

Given a continuous function f: A — [—1,1]. We have just seen (3.16) that there exists a continuous
real function g;: X — R such that

Ve e X:|gi(z)| < and Vae€ A:|f(a) —g1(a)] <

Wl =
[SCA )

Now Lemma 3.16 applied to the function f — g; on A says that there exists a continuous real function
g2: X — R such that

2
Vo X ()] < 35 and Vo 4: (@) - (o) + (o)) < (3)

3
Proceeding this way we recursively (1.24) define a sequence g1, ga, - -+ of continuous real functions on X
such that
(3.18) e x: @< (2 dVeA|f()i()|<2n
. x on(@)| < = | = an a 2| f(a) — ()] <=
g 3\3 2.9 3

By the first inequality in (3.18), the series > -, g, (z) converges uniformly and the sum function F =
> o 1 gn is continuous by the uniform limit theorem (2.104). By the first inequality in (3.18),

1S 2\ 1
|F(z)] < 3;1(3) =33=1
and by the second inequality in (3.18), F(a) = f(a) for all a € A.

Assume now that f: A — (—1,1) maps A into the open interval between —1 and 1. We know that
we can extend f to a continuous function Fy: X — [—1,1] into the closed interval between —1 and 1. We
want to modify F; so that it does not take the values —1 and 1 and stays the same on A. The closed sets
F1({£1}) and A are disjoint. There exists (3.12) a Urysohn function U: X — [0,1] such that U = 0 on
F7'({£1}) and U =1 on A. Then F = U - F} is an extension of f that maps X into (—1,1).

A similar procedure applies to functions f: A — [—1,1) into the half-open interval. |

PROOF OF COROLLARY 3.11. The Urysohn lemma (3.12) says that (1) = (2) and the converse
is clear. The Tietze extension theorem (3.15) says that (1) = (3). Only eg (3) = (2) remains.
Assume that X is a Tj-space with property (3). Let A, B be two disjoint closed subsets. The function
f: AUB —[0,1] given by f(A) = 0 and f(B) = 1 is continuous (2.53.(5)). Let f: X — [0,1] be a
continuous extension of f. Then f is a Urysohn function for A and B. O

Many familiar classes of topological spaces are normal.

3.19. THEOREM. Compact Hausdorff spaces are normal.

PROOF. See 2.140.(2). O
In fact, every regular Lindeldf space is normal [8, Ex 32.4] [5, 3.8.2].

3.20. THEOREM. Metrizable spaces are normal.
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PROOF. Let X be a metric space with metric d and let A, B be disjoint closed sets. The continuous
function f: X — [0, 1] given by

B d(x, A)
1@ = 9D 1 dw By
is a Urysohn function with f(A) = {0} and f(B) = {1}. This shows that X is normal (3.11). O

3.21. THEOREM. [5, Problem 1.7.4]. Linearly ordered spaces are normal.

PRrROOF. We shall only prove the special case that every well-ordered space is normal. The half-open
intervals (a,b], a < b, are (closed and) open (2.31.(5)). Let A and B be two disjoint closed subsets and
let ag denote the smallest element of X. Suppose that neither A nor B contain ag. For any point a € A
there exists a point z, < a such that (x,,a] is disjoint from B. Similarly, for any point b € B there
exists a point xp < b such that (zp,b] is disjoint from A. The proof now proceeds as the proof (3.8) for
normality of R,. Suppose next that ag € AU B, say ag € A. The one-point set {ag} = [ag,ag) is open
and closed (as X is Hausdorff). By the above, we can find disjoint open sets U, V such that A—{ag} C U
and B C V. Then A C UU{ap} and B C V — {ag} where the open sets U U {ag} and V — {ap} are
disjoint. O

In particular, the well-ordered spaces Sq and S are normal (the latter space is even compact
Hausdorff).

4. Second countable regular spaces and the Urysohn metrization theorem

We investigate closer the class of regular spaces. We start with an embedding theorem that is used
in other contexts as well.

3.22. An embedding theorem. We discuss embeddings into product spaces.

3.23. DEFINITION. A set {f;j: X =Y, | j € J} of continuous functions is said to separate points and
closed sets if for any point x € X and any closed subset C' C X we have

r¢C=3jcJ: fj(x) & f;(C)

3.24. LEMMA. Let f: X — Y be a map that separates points and closed sets. Assume also that f is
injective (eg that X is Ty). Then f is an embedding.

Proor. If X is T}, points are closed so that f separates points, ie f is injective. For any point x € X
and any closed set C' C X we have that

f(z) € F(O) T *2E 4 e ¢ — f(x) € f(C)

so we get that f(X) N f(C) = f(C). But this equality says that f(C) is closed in f(X). Hence the
bijective continuous map f: X — f(X) is closed, so it is a homeomorphism. ([l

3.25. THEOREM (Diagonal embedding theorem). Let {f;: X — Y, | j € J} be a family of continuous
functions that separates points and closed sets. Assume that X is Ty or that at least one of the functions
[ is injective. Then the diagonal map f = (f;): X — [];c;Y; is an embedding.

PRrROOF. Also the map f separates points and closed sets because

o) T < 101 TTHE) 25 01 [[701
= VjeJ: fi(x) e m (f3) sepgrates |~

for all points € X and all closed subsets C' C X. The theorem now follows from 3.24. O

In particular, if one of the functions f; is injective and separates points and closed sets then f = (f;)
is an embedding. For instance, the graph X — X xY: z — (z,g(x)) is an embedding for any continuous
map g: X — Y.
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3.26. A universal second countable regular space. We say that a space X is universal for
some property if X has this property and any space that has this property embeds into X.

3.27. THEOREM (Urysohn metrization theorem). The following conditions are equivalent for a second
countable space X :

(1) X is regular

(2) X is normal

(3) X is homeomorphic to a subspace of [0,1]*
(4) X is metrizable

The Hilbert cube [0,1]“ is a universal second countable metrizable (or normal or regular) space.

PROOF. (1) = (2): Let X be a regular space with a countable basis B. We claim that X is normal.
Let A and B be disjoint closed sets in X. By regularity (3.5.(1)), each point a € A C X — B has a basis
neighborhood U, € B such that a € U, C U, C X — B. Let Uy, Us,... be the elements in the image of
the map A — B: a — U,. Then

AC U U, and U,NB=0 forn=1,2...
n=1
Similarly, there is a sequence Vi, Vs, ... of basis open sets such that

BcC UV” and V,NA=0 forn=12...

n=1

The open sets |-, U, and | J,-; V;, may not be disjoint. Consider instead the open sets

U{:Ul—Vl V{:Vl—Ul
Uy=U;— (V1 UVy) Vo =Vo— (U, UU,)
U =U,—(Viu---uUV,) VIi=V,— (U U---UUp,)

Even though we have removed part of U, we have removed no points from A from U,, and we have
removed no points from B from V,,. Therefore the open sets U/, still cover A and the open sets V! still
cover B:

ACDU; and BCGVA
n=1 n=1

and in fact these sets are disjoint:

UUgmglv,;—( U U,'nmv,g)u( U U;nmv,;):a)

n=1 m<n m>n

because U], C Uy, does not intersect V;, C X —U,, if m <n and U], C X —V,, does not intersect V,, C V,
if m > n. (Make a drawing of Uy, Uy and Vi, V5.)

(2) = (3): Let X be a normal space with a countable basis 5. We show that there is a countable set
{fuv} of continuous functions X — [0, 1] that separate points and closed sets. Namely, for each pair
U,V of basis open sets U,V € B such that U C V, choose a Urysohn function frv: X — [0,1] (3.12)
such that fyv(U) = 0 and fyy (X — V) = 1. Then {fyv} separates points and closed sets: For any
closed subset C' and any point ¢ C, or x € X — C, there are (3.5) basis open sets U, V such that
xeUCUCV CX~—C (choose V first). Then fyy(z) =0 and fyv(C) = 1 so that fyv(z) € fuv(C).
According to the Diagonal embedding theorem (3.25) there is an embedding X — [0, 1] with the fyv
as coordinate functions.

(3) = (4): [0,1]“ is metrizable and any subspace of a metrizable space is metrizable. (2.93).

(4) = (1): Any metrizable space is regular, even normal (3.20). O

The point is that in a second countable regular hence normal space there is a countable set of
(Urysohn) functions that separate points and closed sets. Therefore such a space embeds in the Hilbert
cube.
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We have (3.27, 3.2) the following identities
{Qnd countable} _ {2nd countable} _ {2nd countable}

regular normal metrizable

_ | Countable dense subset | [ Lindel6f | [ Subspace of
N metrizable | metrizable | | Hilbert cube

between classes of topological spaces.
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5. Completely regular spaces and the Stone—Cech compactification

There is no version of the Tietze extension theorem (3.15) for regular spaces, ie it is in general not
true that continuous functions separate closed sets and points in regular spaces. Instead we have a new
class of spaces where this is true.

3.28. DEFINITION. A space X is completely regular if points are closed in X and for any closed
subset C of X and any point x € C there exists a continuous function f: X — [0,1] such that f(z) =0

and f(C) =1
Clearly
normal = completely regular = regular = Hausdorff = T3

and none of these arrows reverse (3.9, [8, Ex 33.11]).

In a completely regular space there are enough continuous functions X — [0, 1] to separate points
and closed sets.

It is easy to see that any subspace of a completely regular space is completely regular [8, 33.2].

3.29. THEOREM. The following conditions are equivalent for a topological space X :

(1) X is completely reqular
(2) X is homeomorphic to a subspace of [0,1]7 for some set J
(3) X is homeomorphic to a subspace of a compact Hausdorff space

PROOF. (1) = (2): If X is completely regular then the set C(X) of continuous maps X — [0, 1]
separates points and closed sets. The evaluation map

A: X = TLeeol0,1], m(A@) = j(), jeCX), z€X,

JEC(X

is therefore an embedding (3.25).

(2) = (3): [0,1)7 is compact Hausdorff by the Tychonoff theorem (2.149).

(3) = (1): A compact Hausdorff space is normal (3.19), hence completely regular and subspaces of
completely regular spaces are completely regular. O

Closed subspaces of compact Hausdorff spaces are compact Hausdorff (2.140), open subspaces are
locally compact Hausdorff (2.170), and arbitrary subspaces are completely regular (3.29).

3.30. COROLLARY. (Cf2.47, 3.6) Any subspace of a completely regular space is completely regular.
Any product of completely reqular spaces is completely regular.

PRrOOF. The first part is easily proved [8, 33.2] (and we already used it above). The second part
follows from (3.29) because (2.61) the product of embeddings is an embedding,. O

3.31. COROLLARY. Any locally compact Hausdorff space is completely regqular.

PROOF. Locally compact Hausdorff spaces are open subspaces of compact spaces (2.170). Completely
regular spaces are subspaces of compact spaces (3.29). O

3.32. (A normal space with a non-normal subspace). Take any completely regular but not
normal space (for instance (3.9) Ry x Ry) and embed it into [0, 1]7 for some set J (3.29). Then you have
an example of a normal (even compact Hausdorff) space with a non-normal subspace.

3.33. The Stone—Cech construction. For any topological space X let C(X) denote the set of
continuous maps j: X — I of X to the unit interval I = [0, 1] and let

A X — HjEC(X)I = map(C(X),I)

be the continuous evaluation map given by A(z)(j) = j(x) or m;A = j for all j € C(X). (The space
map(C(X),I) is a kind of double-dual of X). This construction is natural: For any continuous map
f: X =Y of X into a space Y, there is an induced map C(X) < C(Y): f* of sets and yet an induced
continuous map (2.65)

(3.34) map(C H 14 H I =map(C(Y),I)
jec(x) kec(y)
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such that the diagram

(3.35) X f v
] g
HJ’EC(X) I = erC(Y) I
I

commutes: The lower triangle commutes by the definition of the map f** (2.65) and then the upper
square commutes because m; f**Ax = 1 Ax = kf = mpAy f. Put X = A(X) and define A: X — X
to be the corestriction of A: X — Hjec(x) I to fX. Then BX is a compact Hausdorff space (it is a
closed subspace of the compact (2.149) Hausdorff space [JI) and A is, by design, a continuous map with
a dense image AX in SX. This construction is natural: For any continuous map f: X — Y, the induced
map f** (3.34) takes X into BY for

F*(BX) = [ (BxX) € F7AxX "2V Ay F(X) € AyY = Y

and thus we obtain from (3.35) a new commutative diagram of continuous maps

(3.36) X Y

] |av

X — (Y
g TR
where 8f: BX — BY is the corestriction to 8Y of the restriction of f** to SX. (This makes § into a
functor with a natural transformation from the identity functor from the category of topological spaces
to the category of compact Hausdorff spaces.)

The next result says that the map X — (X is the universal map from X to a compact Hausdorff
space.

3.37. THEOREM (StonefCech compactification). Let X be a topological space.
(1) The map X — X is a continuous map of X into a compact Hausdorff space.
(2) For any continuous map f: X =Y of X into a compact Hausdorff space Y there exists a unique
continuous map f: BX — Y such that the diagram

(3.38) QR —
N

commutes. (We say that f: X —'Y factors uniquely through 5X.)
(3) Suppose X — aX is a map of X to a compact Hausdorff space aX such that any map of X to
a compact Hausdorff space factors uniquely through aX. Then there exists a homeomorphism

aX — [BX such that

aX ——=f

commutes.
(4) If X is completely reqular then X — (X is an embedding. If X is compact Hausdorff then
X — BX is a homeomorphism.

PROOF. (4): Since the corestriction of an embedding is an embedding (2.61) and X — [[I is an
embedding when X is completely regular (3.29), also X — (X is an embedding. If X is compact
Hausdorff, X is normal (3.19), hence completely regular, so we have just seen that A: X — X is an
embedding. The image of this embedding is closed (2.141.(1)) and dense. Thus the embedding is bijective
so it is a homeomorphism.
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(1) and (2): If Y is compact Hausdorff then by item (4) Ay is a homeomorphism in diagram (3.36) and
hence f = A}' o Bf is a possibility in (3.38). It is the only possibility [8, Ex 18.13], for the image of X
is dense in 5X.

(3) Let X — aX be a map to a compact Hausdorff space satisfying the above universal property. Then

there exist continuous maps X ——>X that, by uniqueness, are inverse to each other. (All universal
constructions are essentially unique.) (I
If X is completely regular then X — X is a compactification (3.37.(4)) and it is called the Stone—-

Cech compactification of X. Conversely, if X has a compactification then X is homeomorphic to a
subspace of a compact space and therefore (3.29) completely regular. We state these observations in

3.39. LEMMA. X has a compactification (2.166) if and only if X is completely regular.

The Stone-Cech compactification 5X of a completely regular space X is the mazimal compactification
in the sense that for any other compactification X — cX there is a closed quotient map X — cX map

such that
X

X ————— X

commutes. The map SX — ¢X is closed by 2.141 and surjective because its image is closed and dense.
The Alexandroff compactification wX of a noncompact locally compact Hausdorff space X is the

minimal compactification in the sense that wX = ¢X/(c¢X — X) for any other compactification X — ¢X.
Indeed we saw in 2.167 that there is a closed quotient map cX — wX, taking ¢X — X to w, such that

cX/ X \wX

commutes. (What is the minimal compactification of a compact Hausdorff space?)
For instance, there are quotient maps

[0,1]
7 \
OR wR =St

.

C

of compactifications of R. Here
1
C = {0} x [-1,1] U{(x,sin;) |l0<z<n'}UL

is the Warsaw circle, a compactification of R with remainder C — R = [—1, 1], which is obtained by
closing up the closed topologist’s sine curve S by (a piece-wise linear) arc from (0,0) to (7~1,0). In
particular, C/[—1,1] = S'. More generally, there are quotient maps BR™ — [0,1]" — wR™ = S™ of
compactifications of euclidean n-space R™.

Investigations of the Stone-Cech compactification of the integers SZ raise several issues of a very
fundamental nature [13, 14, 11] whose answers depend on your chosen model of set theory.

6. Manifolds
3.40. DEFINITION. A manifold is a locally euclidean second countable Hausdorff space.

Manifolds are locally compact and locally path connected since they are locally euclidean. All locally
compact Hausdorff spaces are (completely) regular. Thus manifolds are second countable regular spaces
and hence they are normal, metrizable, Lindel6fand they have countable dense subsets.

The line with two zeroes is an example of a locally euclidean space that is not Hausdorff. The long
line [8, Ex 24.12] is a locally euclidean space that is not 2nd countable.

The n—sphere S™ and the real projective n—space RP™ (2.83) are examples of manifolds. S™ lies
embedded in R"*! from birth but what about RP™? Does RP" embed in some euclidean space?

3.41. THEOREM (Embeddings of compact manifolds). Any compact manifold embeds in RN for some
N.
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PROOF. We may assume that M is connected. Let n be the dimension of M (we assume that this
is well-defined). Let B = {& € R™ | |z| < 1} be the unit ball in R™. Cover M by finitely many closed
sets By, ..., By such that each B; is homeomorphic to B and such that the interiors of the B; cover M.
Let f;: M — S™ be the continuous map obtained by collapsing the complement to the interior of B; to
a point. The map f = (f1,...,fx): M — S™ x --- x S™ is injective: If x lies in the interior of B; then
fi(x) # fi(y) for all y # x. Since M is compact and (S™)* Hausdorff, f is an embedding. Finally, each
sphere S™ embeds into R"*! so that (S™)* embeds into (R"*1)¥. O

In particular RP? (2.83) embeds into some euclidean space. Which one?

There is up to homeomorphism just one compact manifold of dimension 1, the circle. Compact
manifolds of dimension 2 are described by a number, the genus, and orientability. In particular, any simply
connected 2-dimensional compact manifold is homeomorphic to S2. We do not know (December 2003)
if there are any simply connected compact 3-dimensional manifolds besides S* (Poincaré conjecture).
Classification of 4-dimensional compact manifolds is logically impossible.

Any manifold admits a partition of unity. We shall prove the existence in case of compact manifolds.

3.42. THEOREM (Partition of unity). Let X = Uy U---U Uy be a finite open covering of the normal
space X. Then there exist continuous functions ¢;: X — [0,1], 1 <i <k, such that

(1) {¢; >0} C U;
(2) Z?Zl di(x) =1 forallx € X.

PROOF. We show first that there is an open covering {V;} of X such that V; C U; (we shrink the
sets of the covering). Since the closed set X — (Uy U -- U Uy) is contained in the open set U there is an
open set Vi such that

X—(UQU-~-UUk)CV1 Cvl cl
by normality (3.5). Now V3 UUz U---U Uy, is an open covering of X. Apply this procedure once again to
find an open set V5 such that Vo C Uy and V; U Vo UUs U --- U Uy, is still an open covering of X. After
finitely many steps we have an open covering {V;} such that V; C U; for all i.

Do this one more time to obtain an open covering {W;} such that W; ¢ W, Cc V; C V; C U; for
all i. Now choose a Urysohn function (3.12) 1;: X — [0, 1] such that ¢;(W;) = 1 and ¢;(X — V;) = 0.
Then {z | ¥;i(x) >0} € V; C U; and ¥(x) = > ¢;(x) > 1 for any z € X since z € W, for some i.
Hence ¢; = % is a well-defined continuous function on M taking values in the unit interval such that

k k i(x k T
21 $il®) =205, 15)((:10)) = ﬁ D iz Yil@) = 38 =1 U
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