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Introduction

Algebraic K-theory is a branch of algebra dealing with linear algebra over a
general ring A instead of over a field. It associates to any ring A a sequence
of abelian groups K;(A). The first three of these, K(A), K1(A) and Ka(A),
can be described in concrete terms ; the others are rather mysterious. For
instance, Ko(A) is the group defined by the isomorphic classes of projectives
modules over A and K;(A) is the abelianisation of the colimit of GL,,(A). In
the same way, Ko(A) can be described in terms of generators and relations.

K-theory as an independent discipline is a fairly new subject, only about
50 years old. However, special cases of K-groups occur in almost all areas of
mathematics, and particular examples of what we now call Ky were among
the earliest studied examples of abelian groups. We can still say that the
letter K has been chosen from the German word Klasse.

Algebraic K-theory plays an important role in many subjects, especially
number theory, algebraic topology and algebraic geometry. For instance,
the class group of a number field K is essentially K((Of), where Ok is the
ring of integers. Some formulas in operator theory, involving determinants,
are best understood in terms of algebraic K-theory.

In this document, I will briefly intruduce the definitions of the K-theory
groups. There is two parts : the first one is based on the book of John
Milnor, Introduction to algebraic K -theory, and will give an algebraic defini-
tion of Ky(A), K1(A), K2(A) and some properties of them ; the second one is
based on Allen Hatcher’s Algebraic Topology and will present the topological
construction of the space that will define the higher K-theory groups.



Chapter 1

Preliminaries

We assume that the notions of ring, module, homomorphism between rings,
etc. are known. In all the document, a ring will be an associative ring with
1 # 0. An homomorphism ¢ between two rings will always satisfy ¢(1) = 1.
Moreover, N will designe the set {0,1,2,...} and N* will be N\ {0}.

For all this chapter we fix a ring A. For any A-module M and for any
subset B C M, we recall that (B) is the intersection of all the A-submodules
of M having B as a subset. In fact we have

<B> = {Z)\sz | N € AL € B}
i=1
Definition 1.1 Let M be an A-module. A subset B C M is called a system
of generators of M if (B) = M. In this case we say that B generates M.

Definition 1.2 An A-module M is called finitely generated if there is a
subset B C M which generates M and is finite.

If one system of generators B has only one element, we say that M is
cyclic.

Remark Generally there is more than one system of generators for an A-
module M. In fact we can even have two sytems of generators which have
not the same number of elements.

Example A is always a cyclic A-module. It is generated by 1.

Definition 1.3 A basis B of an A-module M is a subset B C M that
generates M and is free, meaning that there are no relations between the
elements of B in M.

Definition 1.4 An A-module L is called free if there is a basis B of L.



Examples
1. The A-module A has {1} as a basis and so is a free module.

2. If A= K is a field, then a K-module is a K-vector space and so have
a basis. In fact this result is true if A is a division ring.

3. The polynom ring A[X], seen as an A-module, has {1, X, X?,...} as a
basis.

4. A™ is a free module over A with basis {e; | 1 <i < n}, where ¢; is the
element (0,...,0,1,0,...,0) € A™ with the 1 at the i-th place.

5. The Z-module Z/2Z is a finitely generated module (even cyclic), but
doesn’t have any basis.

Proposition 1.5 If L and L’ are two free A-modules, then L ® L' is a free
A-module.

Proof. If B and B’ are basis for L and L’ respectively, then it is clear
that B x B’ is a basis for L x L' 2 L@ L'.

Proposition 1.6 FEvery free and finitely generated A-module L is isomor-
phic to an A-module A™, with n € N.

Proof. Since L is free and finitely generated, there is a finite basis B for
L. So we can write B = {by, ..., b, }. We consider the map

¢: A" —L
(1o Ty r—>z z:b;
i=1

¢ is well defined and is clearly an A-homomorphism. Moreover ¢ is injec-
tive because B is free and ¢ is onto L because B generates L. So ¢ is an
A-isomorphism. Thus L = A".

Remark

1. Since the basis of a free A-module haven’t the same cardinality in
general, the n € N in the proposition 1.6 isn’t unique for all ring A.

2. We say that A has the property of the unique rank if the n € N is
uniquely determinated. Such ring satisfies

A" 2 A" —= n=m

Fields, division rings and principal rings have the property of the
unique rank.



3. For a field or a division ring K, every finitely generated K-module is
isomorphic to K™, for a n € N. Moreover, the n € N is unique, since
K is a field.

Definition 1.7 An A-module P is called projective if there exists an A-
module Q so that L := P @ Q is a free module over A.

Remark In the case of the definition 1.7, we have that () is also a projective
module over A :
QPpP=E2PHQ =1L

Examples
1. A free module L is always projective because L & 0 = L is free.

2. A projective module is always a submodule of a free module. Effec-
tively, if P is a projective module, there is one @) so that P& Q is free.
So P=ZP®0C P®(Q is a submodule of a free module.

3. The Z-module Z/2Z is not projective.

In fact a free Z-module is a direct sum of copy of Z (since proposition
1.6) and so is torsionless, i.e. there is no element x so that nx = 0 for
an integer n. But Z/27Z isn’t torsionless and so cannot be submodule
of a free Z-module.

Proposition 1.8 If P and ) are projective A-modules, then P ® Q is also
a projective module.

Proof. Since P and () are projective, there are A-modules M and N so
that P® M and QQ @& N are free. By proposition 1.5, P& M & Q & N is free.
But

PoMOQOEN2POQoMO®N

and so P & @ is projective.



Chapter 2

The group K

2.1 Milnor’s definition of K

Let A be a ring. To define Ky(A) we consider the following equivalence
relation. We say that two finitely projective A-modules P and @ are equiv-
alent if and only if they are isomorphic, i.e. if there is an isomorphism of
A-modules P — Q. This is clearly an equivalence relation.

We note P for the equivalence class of the projective A-module P and
Proj(A) for the set of all the equivalence classes.

Definition 2.1 (Milnor) The projective module group Ko(A) is the group
defined by generators and relations as follows. For each elements P of
Proj(A) we take a generator [P] and for each pair [P],[Q] of generators
we define the relation

[Pl + Q=[P

Remark Since P& Q = Q & P we have that P& Q = Qo P and so
[P]+[Q] = [P®Q] = [Q® P] = [Q]+[P], meaning that K((A) is an abelian
group.

Proposition 2.2 Every element of Ko(A) can be expressed by the formal
difference [P1] — [Ps] of two generators.

Proof. Since Ky(A) is generated by {[P] | P € Proj(A)}, then an
element [Q)] € Ko(A) can be written



where k; € N and Q; € Proj(A). Up to a permutation of the indices we get

z:l i=m+1

= Z[Qz] Z Qi
=1 i=m+1
=Pail- @ Qi
i=1 i=m+1

Defining P; := @ Q; and Py := @ Q; we conclude that [Q] = [P1]—[Pa].
i=1 i=m+1

Remark The group Ky(A) can be defined more formally as a quotient of a

free abelian group. Effectively, we form the free abelian group F' generated

by the set Proj(A) and we take the quotient by the normal subgroup R
spanned by all P+ Q — P @ Q, where P,Q € Proj(A). So we have

Ky(A)=F/R
(To see more about free groups, consult [2].)

Definition 2.3 Two A-modules M and N are called stably isomorphic if
there exists r € N so that

MpA"XN@A"

Proposition 2.4 Two generators [P] and [Q] of Ko(A) are equal if and
only if P is stably isomorphic to Q).

Proof. As we have seen in the remark above, we can write Ky(A) as
a quotient F//R where F' is a free abelian group. First note that a sum
P+ ...+ P, in F is equal to @1 + ... + Qg if and only if

P2 Py, Vi=1,..k
for some permutation o of {1,..., k}. If this is the case, then we have clearly
PPe. . oP.=2Q19..0Q

Now suppose that we have [P] = [Q] and so P = @ mod R. Then this means
that

F-G=3P+0-Faq
=1



which is equivalent to

P+Y PoQi=Q+) P+) Q
=1 i=1 i=1

for some n € N and appropriate projective modules P;, Q;. Applying the
begining of the proof we get

P@(;R@Qi)%Q@(Z;PZ@Z;Qi)

n n n
Defining X := sz'@@z‘ = ZR @ZQZ" we get that PO X = Q & X.
i=1 i=1 i=1
Since X is projective, we can choose an A-module Y so that X @Y is free.
By the proposition 1.6, X &Y = A", for some r € N. Then we obtain

PeaX=2QaX=PpXapY=QaeXaY
— PpAT=ZQapA"

Hence P is stably isomorphic to Q.

Conversely if P is stably isomorphic to @, then there exists » € N so
that P& A" = Q @ A". So we have [P® A"] = [Q & A", since A" is clearly
projective. But

PoA]=[QaA]=[P|+[A]=[Q]+[A"]=[P]=Q]
which concludes the proof.

Corollary 2.5 Two elements [P1]| — [Pa2] and [Q1] —[Q2] of Ko(A) are equal
if and only if Py & Q2 is stably isomorphic to Py ® Q.

Proof. [P1] — [P] = [Q1] — [Q2] <= [P1] + [Q2] = [P2] + [Q1] <
[P1®Q2] = [Po®Q1] and then we can conclude by the preceeding proposition.

2.2 Grothendieck’s construction of K

Definition 2.6 A monoid is a set G with an associative law which has an
identity element, noted 14.

If the law is commutative, then we say that G is an abelian monoid. In
this case we note + the law and Og the identity element.



Examples
1. Any group is a monoid ; any abelian group is an abelian monoid.
2. (N, +) and (N, -) are abelian monoids.
3. Z with the usual multiplication is also an abelian monoid.

4. Proj(A) with the operation P + @ := P @ @ is an abelian monoid.

Definition 2.7 Let (G, x) and (H, ®) be monoids. An homomorphism of
monoids is a map of sets
¢:G— H

so that ¢p(xxy) = ¢(x) @ p(y), Va,y € G, and that ¢(1g) = 1.

Theorem 2.8 Let G be an abelian monoid. Then there exists an abelian
group G(G) and an homomorphism of monoids vg : G — G(G) so that
for all group H and for all homomorphism of monoids ¢ : G — H, there
exists one and only one homomorphism of groups ¢ : G(G) — H so that

¢ =¢ovg.

In an other way, we can say that (G(G), vg) satisfy the following uni-
versal property : _ v H

7
VG\L v /~
= 110)
g(G)
The pair (G(G),vq) is called Grothendieck’s construction of G.
Proof. On G x G, we introduce the equivalence relation

(r,y) ~ (2',y) = FzeGsothat 2’ +y+z=a+y +2

We note [z,y] the equivalence class of (z,y) and G(G) := G x G/ ~ . We
define on G(G) the following operation :

[z,y] + [u,v] :== [z + u,y + v

This operation is associative, commutative and has [z,z] as an identity
element, Vz € G :

[z, 2] + [u,v] = [z +u,x +v] = [u,]

since u + x + v = = + u + v. Moreover, if [z,y] € G(G), then we have the
inverse element —|x,y] := [y, z|. Effectively,

[,y + [y, 2l = [z +y,y+2]=0=[y+z,2 +y] = [y,2] + [z,9]



Hence G(G) is an abelian group.

Now consider the map

vg: G —G(G)

x —[r + z, x]

Since vg(z +vy) = [t +y+ax+yz+y = r+x+y+yz+y =
[‘T + JI,$] + [y + yay] = VG(‘T) + VG(y) and VG(O) = [070] =0, vg is an
homomorphism of monoids.

Let H be an abelian group and ¢ : G — H an homomorphism of
monoids. We get

[2,y] = [,y + [z +y,x+yl = [z + (z +y),y + (z +y)]
=[z+z,2]+[y,y +yl=[z+z,2] - [y + v,y
=vg(z) —va(y)

So we must define ¢ : G(G) — H by
o([z,y]) = d(x) — d(y)

which is well and uniquely defined and is an homomorphism of groups.
Furthermore

P(vg () = o([x + x,2]) = d(x + z) — ¢(x) = d(x)

Proposition 2.9 Let G be an abelian monoid. Then the Grothendieck’s
construction (G(G),vq) is unique up to isomorphism.

Proof. Let B be an abelian group and v : G — B be an homomorphism
of abelian monoids so that for every abelian group H and homomorphism
of monoids ¢ : G — H there exists a group homomorphism ¢ : B — H
uniquely determinated so that ¢ = ¢ o 1.

Putting H = G(G) and ¢ = vg we get that there exists a group homo-
morphism 7g : B — G(G) so that vg = Ug o 1. By a similar argument,
using the universal property of (G(G),vq), there exists a group homomor-
phism ¢ : G(G) — B so that ¥ = ¢ o . We obtain :

WOJOVG:VG

Yorgod =1
We can immediately deduce that

Vg o '(2; = Id[m(uc)

Y ovg = Idyy)



To end the proof we have just to show that B = Im ¢ and G(G) = Im vg.
We consider the homomorphism ¢ : B — B/Im(3)) given by the canonical
projection. The two homomorphisms

01 : B—B x (B/Im())

z — (2, q(z))
and
02 : B—B x (B/Im(v))

x —(x,0)

make the following diagram commute : (5 X0 By (B/Im(1)))

|

B

for ¢ = 1, 2. By uniqueness we must have #; = 05 and so B = Im 1. A similar
argument gives G(G) = Im vg.

Example If G = N with the addition, then G(N) is the group with all the
elements of the form n — m for n,m € N. So we obtain

Definition 2.10 If A is a ring, then Proj(A) is an abelian monoid. So we
can define
Ko(A) := G(Proj(A))

This definition is clearly the same as Milnor’s.
Proposition 2.11 If A= K is a field or a division ring, then
KyK)=7Z

Proof. As seen in chapter 1, every finitely generated K —module (and so
every finitely generated projective K —module) is isomorphic to K", for one
unique n € N. So we have an isomorphism

Proj(K) =N
Since G(N) = Z we can conclude that Ko(K) = Z.
Remark This result is true if A has the property of the unique rank. Thus

Ko(Z) =7

11



Theorem 2.12 Ky(—) is a covariant functor from the category of rings
and homomorphisms of rings to the category of abelian groups and homo-
morphisms of groups.

Proof. Let A1 and As be two rings and let ¢ : A; — Ao be a ring
homomorphism. Then ¢ induces a structure of A;-module on Ay as follows

a-b:=¢(a)b, Vae A;,Vbe Ay

Hence for every finitely projective module P over A; there exists a tensor
product As ®4, P. On this tensor product over A; we can put a structure
of As-module defining b - (b ® v) := (b'b) @ v, Vb,V € A, Vv € P. Then we
can define

Proj(¢) : Proj(A;) —Proj(As)
P — Ay XA, P

We can verify that if A3 is an other ring and if ¢ : Ay — Aj3 is a ring ho-
momorphism, we have Proj(i o ¢) = Proj(v) o Proj(¢) and Proj(Ida,) =
Idpyoj(a,)- Thus Proj(—) is a covariant functor from the category of rings
and homomorphisms of rings to the category of abelian monoids and homo-
morphisms of monoids.

Now let G; and Go be two abelian monoids and let ¥ : G — Go
be an homomorphism of monoids. From the theorem 2.8 we have two
Grothendieck’s constructions (G(G1),vq,) and (G(G2),vq,) for G1 and Ga
respectively. The monoid homomorphism vg, o ¢ : Gi — G(G2) gives rise
to an homomorphism of abelian groups

G(¥) : G(G1) — G(G2)

With this definition, G(—) is a covariant functor from the category of abelian
monoids and homomorphisms of monoids to the category of abelian groups
and homomorphisms between abelian groups.

Since Ko(—) = G o Proj(—), the theorem is proved.

12



Chapter 3

The group K

3.1 Whitehead’s lemma and definition of K

Let A be a ring and GL,(A) denote the general linear group consisting of
all n x n invertible matrices over A. For all n € N*, we define the map

in: GLy(A) —GLp11(A)
B 0
Br— < 0 1 >
Proposition 3.1 The map i, is an homomorphism of groups and is injec-
tive, Vn € N*.

Proof. Let B,C € GLy(A). From

. I, 0O
Zn(In) = < 0 1 > = In+1

and

in(BC):<BC(; ?):(B; ?)(CO ?)zin(B)in(C)

we have that i,, is an homomorphism of groups, Vn € N*. Clearly i, (B) =
I,+1 <= B =1, and so i, is injective, Vn € N*.

Remark Since the proposition 3.1 we can see GL,(A) as a subgroup of
GLy+1(A). Effectively, GLy,(A) = I'm(i,) which is a subgroup of GL,4+1(A).

Definition 3.2 We define the general linear group of A by

GL(A) = | J GL.(4)

neN*

13



Theorem 3.3 GL(A) is a group.

Proof. Let B,C,D € GL(A). By definition of GL(A), there exists
n € N* so that B,C,D € GL,(A). Since GL,(A) is a group, we get
(BC)D = B(CD) and the associativity of GL(A).

The identity element of GL(A) is the matrix I with 1 at every place on
the diagonal and 0 everywhere else.

Let B € GL(A). There exists n € N* so that B € GL,,(A). Since GL,,(A)
is a group, B has an inverse matrix B! € GL, (A). We obtain

B 0 B=' 0\ (BB 0 _7
0 I 0o 1) 0o 1)
and so GL(A) is a group.

Definition 3.4 Let n € N*. A matriz in GL,(A) is called elementary if
it coincides with the identity matriz except for a single off-diagonal entry.
We note E,(A) the subgroup of GL,(A) generated by all the elementary
matrices.

Remark Since i,(E,(A)) C E,4+1(A), we can embed FE,(A) in E,+1(A),
Vn € N*.

Definition 3.5 We define E(A) = U E.(A)
neN*

Remark For every n € N*, E,,(A) is a subgroup of GL,(A). Since GL,(A)
is a subgroup of GL(A), we have that F(A) is also a subgroup of GL(A).

Lemma 3.6 Let n € N* and D € GL,,(A). Then < 13 D_(l] > € Ey,.

Proof. We note e - the elementary matrix with A € A at the (i, j)-th

place, where i #£ j. If 4 75 k and j # [, then ezjekl is a matrix with 1 on the
diagonal, A\ at the (i,7)-th place, p at the (k,1)-th place and 0 everywhere
else. Generalizing this we can write, for a matrix B = (b;;) € GLy(A) :

I B n 2n b
< 01 >:H [ " e Ba(a)
" i=1j=n+1

and as the same

( ) T T1  Eania)

1=n+1j5=1

14



Thus we get

(p—? ‘13>:<18 —£>(qu IS)(IS —£>6E2n(A)

and therefore

<1?) D‘?>:<D‘? _13>(—IS IS>EE2”(A)

Lemma 3.7 (Whitehead) E(A) is equal to the commutator subgroup of
GL(A) :
E(A) = [GL(A),GL(A)]
Proof. We can see that ef‘j = [ef‘k, eij] for i # j and k #4,j. So
E(A) C[E(A), E(A)] € [GL(A),GL(A)]

Let B,C € GL(A). By definition of GL(A), there exists n € N* so that
B,C € GL,(A). We have

BCB~lc™t o0\ [ BC 0 Bl 0 ct 0

0o I, ) 0 (BC)™! 0 B 0 C

d BCB lct 0
anda so 0 In

> € E5,(A) by the lemma 3.6. Thus
[GL(A),GL(A)] C E(A)

which concludes the proof.

Definition 3.8 (Whitehead) We define K1(A) by the quotient
K1(A) == GL(A)/E(A)

It comes from lemma 3.7 that K;(A) is a group since F(A) is a normal
subgroup of GL(A), and that K (A) is abelian since E(A) is the commutator
subgroup. In other words, K1(A) is the abelianisation of GL(A).

3.2 Properties of K;

Remark If a ring A is commutative, then the determinant operation is
defined. If A* is the multiplicative group consisting of all invertible elements
of A, then we have a surjective map

det : GL(A) — A"

15



We denote by SL(A) the kernel of this homomorphism. Since A* =2 GL;(A),
we can also see A* as a subset of GL(A). Clearly

det

A* C GL(A) — A"
is the identity map. So we have the short exact sequence

1 — SL(A) — GL(A) 2% 4% — 1

that is split exact.

Lemma 3.9 Let 1 — G4 SN~ SN G9 — 1 be a short exact sequence
of groups that s split exact. Then

H=G &Gy

Proof. By definition of split exact, there is a section s : Go — H so
that ¢ o s = Idg,. Consider the following short exact sequence :

1—>G1;>G1@G2LG2—>1

where ¢ is the inclusion z — (z,1) and 7 is the projection (z,y) — y. We
define

a: GGy —H
(z,y) —o(z)s(y)

Since Im ¢ = ker 1), we get that Yoa(z,y) = (d(x)s(y)) = P(¢(x))P(s(y)) =

y and so the following diagram commutes :
1—>G1—L>G1@G2W—>G2—>l

I

1 G1 ¢ H Go 1

By the five lemma, « is an isomorphism.

Remark A short exact sequence

¢ ¥

l1—G—H—F—1

where F' is a free abelian group, always splits. In fact, the section is defined
by choosing a basis for F' and elements in H that are sent by 1 on the basis
elements. Then we extend by linearity and since there is no relation in F)
this is well defined.

16



Proposition 3.10 Let A be a ring. Then
K1(A) = A" @ (SL(A)/E(A))

Proof. Since the lemma 3.9 and the remark which precedes it, we get
that

a: A" @ SL(A) —GL(A)
(a,B) —a-B

is an isomorphism (where a, B are seen in GL(A) and a - B is given by the
matricial multiplication). We consider now the following homomorphisms :

E(A) —A*@® SL(A)  A*@ SL(A) —A* & (SL(A)/E(A))
B +—(1,B) (a, B) —(a,q(B))

where ¢ : GL(A) — GL(A)/E(A) is the canonical projection. Then we get
a short exact sequence

1 — B(A) — A* ® SL(A) — A* @ (SL(A)/E(A)) — 1

Defining 3 : A* & (SL(A)/E(A)) — Ki(4) by fla,q(B)) = qla- B), we
get a commutative diagram

1 E(A) GL(A) GL(A)/E(A) 1
| | |
1 E(A) A* @ SL(A) —> A* @ SL(A)/E(A) —=1

By the five lemma we can conclude that § is an isomorphism and so that
K1(A) = GL(A)/E(A) = A" @ (SL(A)/E(A))
Proposition 3.11 If A= K is a field or a division ring, then
K(K)= K"

Proof. Since the preceeding proposition, it is enough to prove that
SL(K) = E(K). For an elementary matrix £ € E(K) it is clear that
det(F) =1and so E € SL(K). Thus E(K) C SL(K). To show the converse
we use classical linear algebra. To make things more clear, we will note

eij ()\) for ef‘j

Let B = (bj;) € GLy(K). Since B is invertible, the first column of B
can’t consist entirely of zeroes, i.e. there exists ¢ € N, 1 < ¢ < n, so that
b;1 # 0. If ¢ = 1, this is fine. If not,

eli(l)eil (—1)611(1)B

17



put b;1 in the (1, 1)-position. So we can assume that b1y # 0. Adding —bilbl_ll
times the first row to the i—th row for ¢ # 1, i.e premultiplying B by

enl(—bnlbl_ll) et 621(—b21b1_11)

we can now Kkill all the other entries in the first column. This reduce B to

the form
bll *
0 B

with By an (n — 1) x (n — 1) matrix. Since det(B) = b1; det(B;), we have
that Bj is an invertible matrix. Repeating the same procedure by induction
we get

I
BB — 0 bhyy * ... % _.p
o 0 0 .. b,

with E € F(K) and all diagonal elements different from 0.

Now premultipling B’ by e1,(—b,,(00,) 1) « o - €n—1.n (=0, (b)),

n—1n
we kill all the entries in the last column except b,,,. Continuing by induction,

we can now obtain

by 0 0 .. 0
| 0 e 0 0|
0 0 0 .. B,

with £’ € E(K) and det(B”) = det(E’)-det(B’) = det(E’)-det(E)-det(B) =
det(B).

Finally, we have to transform the diagonal matrix B” into a diagonal
matrix with at most one diagonal entry different from 1. Using lemma 3.6,

for a € K*, we have that
a 0
(5 .7)eEw

and so that

I, 0 0

EF=| 0 a 0 |eEA4

0 0 a!

for all k£ € N. In consequence we get
0 _3 9 0 1 .. 0 -
Eb{nn b/22 Egnnb'ln 1,n—1 El?lnn ‘B” o - D
0 0 1
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and so D = E"B” for a E" € E(K).

Since det(D) = det(B”) = det(B), we have, if B € SL(K), that det(D) =
1. But det(B) = bi1bhy...b,,,, and so biib,...b,, = 1. This means that
D = I, and so that B = (E"E'E)~! € E(K). Thus we have proved that
SL(K) C E(K), and so we may conclude.

Remark We can show that if A =7, then SL(Z) = E(Z). Hence
KI(Z) SNARS {_17 1}

Theorem 3.12 K (—) is a covariant functor from the category of rings
and homomorphisms of rings to the category of abelian groups and homo-
morphisms of groups.

Proof. Let ¢ : Ay — As be an homomorphism of rings. We define

GL(®) : GL(Ay) —GL(Ay)
(big) —(p(bij)ij)

and thus GL(—) is a covariant functor from the category of rings and ring
homomorphisms to the category of groups and group homomorphisms.

Let G be a group. We denote G® for the abelianisation of G, that is
G® = G /|G, G]. For a group homomorphism 1 : G; — G we define

(¥)® 1 (G1)™ —(Ga)™
9] —[¥(9)]

which is well defined, since

(ghg " h™h) = ¥(g)w(h)(g) ()" € [Ga, Go]

Vg, h € G1. So we have (—) a covariant functor from the category of groups
and homomorphisms of groups to the category of abelian groups and homo-
morphisms between abelian groups.

Then we can conclude, since Ki(—) = (GL(-))%.
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Chapter 4

The group K>

4.1 Definition of K,

Let A be a ring. As in the preceeding chapter, let e - € GL,(A) denote the
elementary matrix with entry A in the i-th row and j-th column, where ¢
and j can be any distinct integer between 1 and n and A\ can be any ring

element. We note that
>\ et — e)x—i-u
€ij€ij ij

Moreover we see that the commutator of two elementary matrices can be
expressed as follows :

[ef‘j,e’;l]: 1 if jA£k i#l
[ef}-,ezl] = ej}“ if j=k i#l
e eyl = et if Ak i=1

Definition 4.1 Let n € N,n > 3. The Steinberg group St,(A) is the group
defined by the quotient F, /R, where F), is the free group genmerated by the
symbols :c”, 1 <i,j <n,i+#j A€ A and R, is the smallest normal
subgroup of F,, generated by the following elements :

>\+u)—1

Jxa:(x]

15

2. [z a:“]( Y=L for i #£1

150 gl

3. [z Zj,a:kl] for j £k and i #1

Remark Let n € N;n > 3, and A € A. The element 331)} € F,, can be seen as
an element of F,,11. Since R, C R,,+1 we have an homomorphism of groups

n it Stp(A) —Stn11(A)

A A
332]' |—>£EZ]
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Moreover,

A . i A A A
since 0 < 4,7 < n. So j, is injective and we can embed St,(A) in St,+1(A).
Definition 4.2 Because of the remark above we can form the group

St(A) = | Sta(4)

Remark The formula @n(xf‘]) = ef‘j gives a well defined homomorphism
®,, : St,(A) — GL,(A)

since each of the defining relations between generators of St,,(A) maps into a
valid identity between elementary matrices. The image ®,,(5t,(A)) is equal
to the subgroup E,(A) generated by all elementary matrices of size n x n.

Effectively, for every ef‘j € E,(A), @n(wf‘]) = ef‘j and conversely, for ev-
ery xf‘] € Stp(A), d)n(x?]) = e?j € E,(A). So the generators of E,(A) are in
bijection with generators of St,,(A).

When we pass to the limit as n — oo, we obtain an homomorphism
®: St(A) — GL(A)
with image E(A) = [GL(A),GL(A)].

Definition 4.3 The group K3(A) is defined as the kernel of the canonical
homomorphism ® : St(A) — GL(A).

Proposition 4.4 The sequence
1 — Ko(A) - St(A) -2 GL(A) L Ky(4) — 1
1s exact, where v is the inclusion and q is the canonical projection.

Proof. Results immediately of the definition of K5(A) and of the fact
that Im & = E(A).

Lemma 4.5 Let n > 3 and let P, denote the subgroup of St(A) generated
by elements x  xh | ...,xZ_Ln where p ranges over A. Then each element
of P, can be written uniquely as a product

H1 12 Hn—1
xlnx2n"‘$n—1,n

Hence the canonical homomorphism ® maps P, isomorphically into the
group E(A).
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Proof. Because of 3 in the definition 4.1, P, is an abelian group. In
consequence this is clear that every element of P,, can be written as a product
xﬁ‘éxé‘ixﬁﬁ’lln The uniqueness comes from the fact that the elements 1 and

2 of the definition 4.1 don’t belong to P,.

Theorem 4.6 The group K»(A) is the center of the Steinberg group St(A).

Proof. Let B = (b;j) € GLp(A). Since

bi1 bz ... b1 bu+by ... b
B. eilfl _ ba1  boy ... boj—1 by +bap ... bay
bnl bn2 bn,l—l bnl + bnk bnn
and
b11 bio bin
bo1 boo bon,
ey - B = bk—1,1 be-12 - brim
b1 +bn bro+ by ... bpn + b

we get that B commutes with eil only if by; = 0 and by = by. In conse-
quence we obtain that B commutes with every elementary matrix if and
only if B is a diagonal matrix, with every diagonal entry equal to by;. In
particular, no element of E,,_1(A) other that I,,_; belongs to the center of
E,(A), for n > 2. Passing to the limit n — oo, it follows that E(A) has a
trivial center.

Now if ¢ is in the center of St(A), then ®(c) is in the center of E(A),
which implies ®(c) = I and so that

center of St(A) C Ky(A)

Conversely, suppose that ®(y) = I. Let n € N so that y € St,,—1(A).
Then we can write y with the generators xf‘j, 1,7 < n. Hence we get
xf‘ana:i_j)‘ CP,

where P, is defined as in the lemma 4.5. Effectively, x;\JmanZ_J)‘ is equal to
Ap

zl if j # k and to xf;ffajzn if j = k. But o, ,z;}zl! € P,.
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Since y € St,,—1(A), it follows that
yPy~t C Py

But ®(y) = I, thus ®(ypy ') = ®(p), Vp € P,. By the lemma 4.5, we get
that ypy~! = p and so that y commutes with every element of P,,. Therefore
y commutes with every generator xzn, k < n.

By an analogous argument we can show that y also commutes with every
generator zh,, | < n. Hence y commutes with the commutator

1
[ens il = Ty

for all k,1 < n, k # [. Since n can be as large as we want, y lies in the center
of St(A).

Corollary 4.7 Ky(A) is an abelian group.

Theorem 4.8 Ksy(—) is a covariant functor from the category of rings and
homomorphisms of rings to the category of abelian groups and homomor-
phisms of groups.

Proof. Let Ay and As be two rings and ¢ : A7 — As be a ring
homomorphism. We have seen in chapter 3 that ¢ induces an homomor-
phism GL(¢) : GL(A1) — GL(Az). Clearly this homomorphism satisfies
GL(¢)(E(A1)) € E(Az). We define

qb’ . St(Al) —>St(A2)
A (N

Lij Ty

and K3(¢) := ¢'|k,(a,)- Then the following diagram commutes :

0 — Ky(Ay) —> St(Ay) —> E(A) —=0

l¢>’ lGL(aS)

0 —— Ko(As) — St(As) —22> E(Ay) ——0

For y € K2(A1), we get by definition of K2(A;) that ®1(y) = 0. Therefore
(GL(¢) o ®1)(y) = 0. Thus (P20¢)(y) = 0 and so ¢(y) € ker Py = Kz(Ay).
Hence Ky(¢) : Kao(A1) — Ka(Az) is well defined, and make Ks(—) a
covariant functor.

4.2 Universal central extensions

Definition 4.9 An extension of a group G is a pair (X, ) consisting of a
group X and an homomorphism of groups ¢ from X onto G.

If ker(¢) is a subset of the center of X we say that (X, ¢) is a central
extension.
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Definition 4.10 A central extension (X, @) of a group G splits if it admits
a section, that is an homomorphism s : G — X so that ¢ o s = Idg.

Proposition 4.11 If a central extension (X, ¢) of a group G splits then
X =2 G x ker ¢.

Proof. Since (X, ¢) is a split extension of G we have a split short exact
sequence

1—>kerd>—>Xi>G—>1
By the lemma 3.9, X = G x ker ¢.

Remark The splitting is given by

G x ker ¢ — X
(9,7) —s(g)w
Definition 4.12 A central extension (U,v) of a group G is called universal
if, for every central extension (X,¢) of G, there exists one and only one

homomorphism from U to X over G. (That is, there exists one and only
one homomorphism h : U — X satisfying ¢ o h = v.)

We have then this commutative diagram : X Ve G

A
eIy /
[
U

Remark A universal central extension is always unique up to isomorphism
over G.

Definition 4.13 A group G is called perfect if it is equal to its commutator
subgroup [G, G].

Examples

1. Since [e?‘k,e}gj] = ef}- if i # j, then E(A) = [E(A), E(A)] and so E(A)
is perfect.

2. Since [xf‘k,:rk]] = :rf‘J if i # j, then St(A) = [St(A), St(A)] and so
St(A) is perfect.

Proposition 4.14 Let (Y,v) be a central extension of a group G. Then'Y

is perfect if and only if for all central extension (X, ¢) of G there exists at
most one homomorphism Y — X over G.
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Proof. First suppose that Y is a perfect group and let (X, ¢) be a
central extension of G. Let f; and fs be homomorphisms from Y to X over
G, meaning that ¢ o f1 =1 = ¢ o f. Hence we get, for all y € Y,

o(f2(y™ N f1(y) = d(faly™ N f1(y) = o(f2(y)) " d(f1(y))
=Y(y) Mp(y) =1

Then for any y, z € Y there exists ¢, d € ker ¢ so that

hy) = faly)e,  fi(z) = fa(2)d

Since ker ¢ is included in the center of X, then ¢, d are in the center of X.
Therefore

and so f; = fs, since Y is generated by commutators.

Conversely, suppose that Y isn’t perfect. So there is a non-zero homo-
morphism « : Y — H, where H is an abelian group. Let (G x H, ¢) be the
central extention of G defined by ¢(g, h) = g. Clearly this extension is split,
with section s(g) = (g,1). Setting

fi(y) = (¥(y),1), fa(y) = (¥(y),a(y))

we obtain two distinct homomorphisms from Y to G x H over G.

Lemma 4.15 If (X, ¢) is a central extension of a perfect group G, then the
commutator subgroup X' := [X, X] is perfect and maps onto G.

Proof. Let g1,92 € G. Then there exists z1, 29 € X so that ¢(x1) = g1
and ¢(x2) = g2. So we get

d(r1z0m eyt = g19297 L9yt

and then ¢ maps X’ onto G, since G is generated by commutators.

Furthermore, for all z € X there exists 2’ € X’ so that ¢(z') = ¢(x). In
consequence there exists ¢ € ker ¢ (and so c is in the center of X) so that
x = 2’c. Then for z1,x2 € X, there exists 27,25, € X' and ¢1, ¢y in the center
of X so that 1 = 2¢; and z9 = xhea. So we get

1 1 -1, /-1

—-1,_.—-1 / / -1 _/—
(21, 2] = T1202] Ty~ = TjC1THC20] XYy X

=1 =1
=TTy Ty = [z, 25

and then X’ = [X' X'].
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Proposition 4.16 A central extension (U,v) of a group G is universal if
and only if U is perfect and if every central extension of U splits.

Proof. First suppose that U is perfect and every central extension of U
splits. Let (X, ®) be a central extension of G and U X X be the subgroup
of U x X consisting of all (u,x) with v(u) = ¢(x). Then we define

m:UxgX —U

(u,z) —u

which is surjective since ¢ is onto G. Further, kerm = {(0,z) | « € ker ¢} =
{0} x ker ¢ commutes with every elements of U x ¢ X, since (X, ¢) is a central
extension. Then (U x g X, 7) is a central extension of U, and by hypothesis
has a section s : U — U xg X. Writing s(u) = (s1(u), s2(u)), we define

h:U—X

u —8o(u)

Since mo s = Idy, then s1(u) = u. So ¢(h(u)) = ¢(s2(u)) = v(s1(u)) = v(u)
by the definiton of U x ¢ X, and then h is an homomorphism from U to X
over (. The uniqueness comes from the proposition 4.14, since U is perfect.

Conversely, suppose now that (U, v) is a universal extension of G. From
the proposition 4.14 it comes that U is perfect. Let (X, ¢) be a central
extension of U. We will prove that (X,v o ¢) is a central extension of G.

Let xg € ker(rvo¢). Then ¢(xo) € ker v and therefore ¢(z() belongs to the
center of U, since (X, ¢) is central. Thus we get ¢(z) = ¢(x0)p(zy " )p(x) =
d(x0)p(x)p(xg ") and then there is an homomorphism from X to X over U
defined as follows :

f: X —X

T »—>:U0m:al

It comes from lemma 4.15 that the commutator subgroup X’ is perfect and
then from the proposition 4.14 that the homomorphism f|x/ : X' — X’
over U is the identity. Thus 2y commutes with every elements of X’. But U
is perfect and so, by lemma 4.15, there exists 2’ € X’ so that ¢(a’) = ¢(x0)
and therefore o = 2’c for a ¢ € ker ¢. Since the extension is central, it
follows that z¢ commutes with every x € X. Thus (X,v o ¢) is a central
extension of G.

Since (U,v) is universal, there exists an homomorphism s : U — X
over (G. So ¢ o s gives an homomorphism from U to U over G, hence equals
to the identity by proposition 4.14. Thus s is a section of (X, ¢).
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Lemma 4.17 Let G be a group and u,v,w € G. then

1. [u,v] = [v,u] 7t

2. [u, v][u, w] = [u, vw][v, [w, u]]

3. [u, [o, wll[v, [w, ullfw, [u, v]] = 1 mod G”

where G" :=[[G, G|, G, G]] is the second commutator subgroup.
Proof. 1. [u,v] = vouto™! = (vuv™tu1) "t = [v,u] 7L
2. [u,vw][v, [w,u]] = wwwu v v vwuw e o luwu !

= wou o luwuw ™t
= [u, v][u, w]

3. By the first parts, we get that
[0, [w, u]] = [u, vw] " [u, v][u, w]
= [vw, u]fu, v][u, w]

Hence

[, 0] =

[, [v, w]][v, [w, u]]

[w
= [uwv, w][w, ul[w, v][vw, u)[u, v][u, w][wu, v][v, w][v, u]
= [uv, w][vw, u][wu, v][w, u][w, v][u, v][u, w][v, w][v, u] mod G”
= [uv, w][wu, v][vw, u] mod G”

wowv  u w  wuvw M w T  lvwuw o mod G
= yoww v u ! mod G”

=1 mod G”

Theorem 4.18 The Steinberg group St(A) is actually the universal central
extension of E(A).

Proof. Let n € N so that n > 5. First we consider a central extension

1—>C—>Yi>Stn(A)—>1

Given 7,2’ € St,(A) we take y € ¢~ 1(x) and y' € ¢~ 1(2'). We see that the
commutator [y, y'] does not depend on the choice of y and y'. Effectively, let
z € ¢~ (z). Then we get

oy~ '2) = o(y) o(z) =zl =1

So we can choose ¢ € ker(¢) so that z = yc and, by a similar argument,
c € ker ¢ so that 2’ = y/c’. Since the extension is central we have that ¢ and
¢ are in the center of Y and so

[2,2] = [ye, v/ ] = yey'd (ye) (') =yy'y Y = [y,¥]
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Now let l‘}n,ﬂj‘yk be generators of St,(A). We suppose that i, j, k, h are
distinct. Since n > 5 we can choose an [ < n distinct of 4,7,k and h.
Choosing

yeo (), v e (x), weo (k)

we have that [y,y'] € ¢~1(z},) by 2 in definition 4.1. By the relation 3 we
get that [:L‘}Ll,azyk] =1 and so that [y, w] € C. As the same [y, w] € C. This
means that y and ¥y’ commute with w up to a central element and then that
[y,y'] commutes with w. Thus we obtain

[0 (k) 0 ()] = [y, v'],w] =1

Now choose u € ¢~ !(x},) and v € d)‘l(xf‘j). Then [u, w] = 1. Further, if
G is the subgroup of Y generated by u,v and w, then it follows from the
relation 3 in the definition 4.1 that the commutator subgroup G’ = [G, G] is
generated by elements in gb‘l(ajﬁj), gzﬁ_l(:rf‘,f) and ¢_1($2Z). Then the second
commutator subgroup G” = [G’,G’] is trivial. Therefore, by lemma 4.17,

[u7 [vaﬂ = Huvv]vwﬂ[wﬂu]?U] = [[u,v],w][l,w] = [[U7U]7w]

and so that [¢71(z)), ¢~ (a!)] = 67 (h,). 6 H(x")]. Taking A = 1, we
obtain
[0~ (wny)s 0 (@) = [0 (), 0 ()]
and so the element
shi = (07 (@), 07 ()]
does not depend on the choice of j. Now it remains us to prove that these
elements sZk satisfy the three Steinberg relations in definition 4.1. Then we

will have that the correspondence l";:k — s’}fk gives a well defined homo-
morphism from St,(A) to Y and that it is a section for

1—>C—>Yi>Stn(A)—>1

Then every central extension of St,,(A) splits and, passing to the limit when
n — oo, every central extension of St(A) splits. Thus we will be able to
conclude from the fact that St(A) is perfect and with the proposition 4.16.

Since sh, € ¢~ (x4, ), we have the relation

A A
[Shj’ Sélk] = shz

for h, j, k distinct. Let u € qﬁ_l(a:}llj), v E gﬁ_l(m;‘k) and w € d)‘l(a:’;k). From
the relation 2 in lemma 4.17, we get that

sty = . ol w] = [u, vwlfo, [w, ]
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But [u7vw] = [¢_l($k‘j)’¢_l($;‘;u)] = 82;:“ and [U, [w,u]] = [U, [u’w]_l] =
[¢_1($;‘k), ¢~ (z,})] = 1. So we obtain

A B At
ShkShk = Shk

Finally, we have from the first part of the proof that [¢p~!(z} ), ¢ ? (:E/;k)] =1
and so the three Steinberg relations are proved.
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Chapter 5

Higher K-theory groups

For this chapter, we suppose known the notions of action, fundamental
group, covering space, universal covering space, fibration and cofibration
and the theorem of van Kampen.

5.1 The B-construction

Definition 5.1 Let n € N. The standard n-simplex is the convex subset of
R defined by

A" = {(to, . tn) ER™TH| Y "t = 1t; > 0}
i=0

The points e, = (0,...,0,1,0,...,0), with the 1 at the k-th position, are
called the vertices of the simplex.

The sets fi, = {(to,...,tn) € R"1 | Zti =1,t; > 0,t, = 0} are called
i=0
the faces of the simplez.

A" is oriented by the natural ordering of its vertices and any face spanned
by a subset of the vertices inherits an orientation as a subset of the vertices
of A™. Hence each face is canonically isomorphic to A", preserving the
ordering.

Examples
e For n = 0 we obtain the point 1 in R.

e The standard 1-simplex is the oriented segment from (1,0) to (0,1) in
R
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e The standard 2-simplex is the triangle in R? with vertices ey = (1,0, 0),
er = (0,1,0) and ez = (0,0,1). Its edges are the oriented segments
[eo, e1], [e1,e2] and [eg, e2].

e For n = 3, we obtain the tetrahedron seen in R* with vertices (1,0, 0, 0),
(0,1,0,0), (0,0,1,0) and (0,0,0, 1).

Definition 5.2 A A-complex structure on a topological space X is a collec-
tion of continuous maps o4 @ Al — X, with n depending on the index «,
so that :

1. The restriction Ga|mt(A3) 1s injective, and each point of X is the image
of exactly one such restriction.

2. FEach restriction of 0, to a face of the n-simplex A7 is one of the maps
og : Ag_l — X. Here we identify the faces of Al with a (n — 1)-
simplex in the canonical way, preserving the ordering of the vertices.

3. A subset A C X is open if and only if o (A) is open in A" for every
a.

Remark With the condition 3, we can think of a A-complex as a quotient
space of a collection of disjoint n-simplices, one for each «, the quotient space
obtained by identifying each face of a A’ with the Ag_l corresponding to
the restriction og of o, to the face, as in condition 2.

Definition 5.3 Let G be a group. For every (n + 1)-tuple (go, g1, ..., gn) of
elements of G we write [go, g1, ..., gn] for the n-simplex obtained by identify-
ing g; with e;, Vi € N, i < n.

Definition 5.4 Let G be a group. We note EG the A-complexr whose n-
simplices are all the ordered (n+1)-tuples [go, g1, -.-, gn] composed of elements
of G and whose faces fi are attached to the n-simplices [go, ..., Gk—1, Jk+1, ---In)-

Example If G = Z/2 = {0, 1}, then we construct EG as follows :
e First the O-simplices are [0] and [1]

e The 1-simplices are [0,0],[0,1],[1,0] and [1,1]. Then we attach the
vertices of [0, 0] to [0], the first vertex of [0, 1] to [0] and the last to [1],
etc. We obtain C 0] 1] D

~—

e There is eight 2-simplices [eg, e1, e2]. We attach the faces of [eg, €1, 2]
to the 1-simplices [eg, e1], [eo, e2] and [eq, ea].

e And so on...
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Proposition 5.5 G acts freely on EG, with action defined by

g: EG —EG
[907917 79”] '—>[gg()7ggl7 7ggn]

vn e N, Vg € G.
Proof. First we have to show that for g, h € G we have g o h = gh.

9(h([90, 915 -, 9n])) = 9([hgo, hg1, .., hgn]) = [ghgo, ghgr, .., ghgn]
= (9h)([90, 91, .-, 9n))

and so g o h = gh.

Furthermore we get that for every g € GG, g is a permutation of EG,
i.e. g is a bijection. Effectively, g has an inverse g~ ! in G. Then go g~! =
g ' =e=glg=¢g logand e=Idgg.

Now we have to prove that this action is free, meaning that there is
no n-simplex [go,g1,...,9n] € EG and no g € G other than e so that

g([907gl7‘”7gn]) = [9907,9917 79971] - [g07gla 7971] But

(990, 991+ -, 99n) = (90, 91, -, Gn] => 990 = 9o
<= 9909, = gogy =g =c¢

Definition 5.6 Let G be a group. The B-construction of G is the orbit
space BG := EG/G of the action of the proposition 5.5.

Lemma 5.7 Let G be a group and g € G. Then each y € EG has a neigh-
borhood U so that U Ng(U) =0 if g # e.

Proof. The proof is based on the fact that G is acting freely and that an
n-simplex is sent to a n-simplex by any element g € G.

Proposition 5.8 Let G be a group. The quotient map q : EG — BG
defined by q(x) = Gz is a universal covering space.

Proof. 1t is clear that ¢ is surjective. Let y € Y and let U be a neigh-
borhood of y as in lemma 5.7. Then we get that the sets g(U),g € G, are
disjoints and that

g ) =[] 9
geG
But for every ¢ € @, the definition of the quotient topology gives that
q is an homeomorphism from g(U) to ¢(U). Then q : EG — BG is a
covering space. Clearly, FG is path-connected. It remains us to prove that
m(EG) =0, i.e. EG is contractible.
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Let [go, ..., 9n] € EG and = € [go, ..., gn]. Identifying [go, ..., gn] with A"
n
we can write r = Ztiei. Then we identify A" = [eg, ..., en, €n11] With

1=0
n

(905 ---> Gn, €] and we see z in A" in the canonical way : z = Z tie;i+0e;11.
i=0
Thus we can define the homotopy

H:[0,1] x A"t A

n
(s,z) —(1—s) Z tie; + sent1
i=0

Clearly H(0,x) = x and H(1,z) = [e]. Then H is an homotopy from Idg¢g
to the projection EG — [e]. Then EG is contractible.

Proposition 5.9 Let G be a group. Then mo(BG) =0 and 71 (BG) = G.

Proof. Since proposition 5.8, ¢ is a fibration and 7o(EG) = 0 = 71 (EG).
We note F for the fiber ¢=1(G[e]). Since

9 lg) =19 g = Ie]

we have that [g] € G[e] and so that G[g] = G[e]. Thus [g] € F, Vg € G. But
it is clear that if n > 1, q([g0, 91, ..., gn]) is a set of n-simplex and each of
them cannot be equal to g[e]. Then we get

F={lgllgeGt=G
In this case, the long exact sequence of the fibration ¢ gives
0 =m(EG) — m(BG) — 7mo(F) 2 mo(G) — mo(EG) =0
Since G is a discreet space, mo(G) = G and so
m1(BG) =G

Let x,y € BG. Since q is surjective, there exists z’,3y’ € EG so that
q(z') = x and ¢(y’) = y. Since EG is path-connected, there is a path v in
EG from 2’ to y'. Then ¢(v) gives a path in BG from z to y. Then BG is
path-connected and therefore mo(BG) = 0.

5.2 Singular homology

In this section, we will briefly introduce the notion of singular homology,
since we will need it in the next part to define the K-theory groups. Most
of the properties won’t be proved here.
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Definition 5.10 Let n € N. A singular n-simplex in a space X is a contin-
wous map o : A" — X.

Definition 5.11 Let X be a topological space and n € N. We denote by
Cn(X) the free abelian group with basis the set of singular n-simplices in X.
We call an element of Cy,(X) a singular n-chain.

k
Remark A singular n-chain is a finite formal sum anﬂi where n; € Z

i=1
and o; : A" — K.

Definition 5.12 Let X be a topological space and n € N*. We define the
boundary map Oy, : Cp(X) — Ch_1(X) by the homomorphism given by

formula
n

an(a) = Z(_l)l(f‘ [60,...,6i,1,6i+1,...,en}

1=0

In this formula, there is an identification of [eg, ..., €;—1, €11, ..., €] With
A"~ ! preserving the ordering of vertices, so that 0|[607,
garded as a singular (n — 1)-simplex A" ! — X.

€5 1,€i 4 15eeenEn] 1S TE-

Remark To define dy, we have to define C_1(X) as the free abelian group
with basis the empty set. So C_1 is the trivial group and then 0y is the
trivial homomorphism.

Lemma 5.13 The composition Oy, © Opy1 : Cpy1(X) — Cr_1(X) is zero,
Vn € N.

Proof. For n = 0, the lemma is trivial. We will prove the lemma in the
case n = 1.
O (82(0)) =0 (U|[e1,62] - U|[60,62} + U’[So,eﬂ)
= 0llea] = Olier) = Olfea) + O lfeo] + fea] = o) = O

Definition 5.14 Let X be a topological space and n € N. We define the
n-th singular homology group by

H,(X) :=ker(0,)/Im(0n+1)
This is well defined since the preceeding lemma.

Remark Let X, Y be topological spaces and f : X — Y a continuous map.
Then f induces an homomorphism from C,,(X) to C,,(Y), Vn € N, in the
following way. For every singular n-simplex o in X we define f;(o) := foo,
which is an n-simplex in Y. Then we can extend f; to an homomorphism
Chn(X) — Cp(Y) by linearity.
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Theorem 5.15 A continuous map f : X — Y between topological spaces
induces an homomorphism f, @ Hp(X) — Hp(Y), Vn € N. Moreover,
if Z is a topological space and g : Y — Z is a continuous map, then

(gof)e=g«o fu

Proof. For the proof, consult [1], chap. 2, p. 111. This come from the
fact that fy has the property 9, o fy = f4 0 Oy.

Proposition 5.16 Let X be a nonempty and path-connected space. Then
Hy(X)=7Z

Hence, for any space X, Ho(X) is a direct sum of copies of Z, one for each
path-component of X.

Remark The proof of the proposition 5.16 can be seen in [1], chap. 2, p.
109. From this proposition we see that if X is a point, Hy(X) = Z. To avoid
this fact, we make the following definition.

Definition 5.17 Let X be a topological space. We consider the projection
X — x, where x is a topological space made of one point. By the theorem
5.15, this induces an homomorphism

for every n € N. We define the reduced singular homology group ﬁn as the
kernel of this homomorphism.

Remark In fact, ﬁn(X ) is the group which makes the sequence
0 — Hp(X) — Hp(X) — Hp(x) — 0
short exact. Since Hy(x) = Z and H,(x) = 0 for n > 1 we get that
H,(X) 2 Hy(X), n>1

and B
Hy(X)=0

if X is path connected.

Remark With the same hypothesis as in the theorem 5.15, f induces an
homomorphism f, : H,(X) — H,(Y) with the same properties as in the
theorem.

Proposition 5.18 Let X,Y be topological spaces and f, g be two maps from
X toY. If f ~ g, then the two induced homomorphisms f. and g, are equal.
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Proof. The proof is not trivial. It can be read in [1], chap. 2, p. 112.
Corollary 5.19 Let X,Y be topological spaces. If X ~Y, then
Ho(X) = H,(Y)
Vn € N. In particular, if X is contractible, then fIn(X) =0,Vn eN.

Proof. By hypothesis, there exists f : X — Y and g : Y — X such
that go f ~ Idx and fog ~ Idy. By the preceeding proposition we get that

(go [« = Idﬁn(x) and (fog) = Idﬁn(Y)

But since (g o f)« = g« o fx and (f o g)x = f« © g, we get that g, = (fo) !
and so fy : Hy(X) — H,(Y) is an isomorphism.

Proposition 5.20 Let X be a topological space and A C X be a nonempty
closed subspace that is a deformation retract of some neighborhood in X.
Then we have a long exact sequence of reduced homology groups

s Ho(A) 2 Ho(X) 25 H(XA) — Hao1(A) 225 ..
.. — Hy(X/A) — 0
where iy, j« are the homomorphisms induced by the inclusion i : A — X and

the quotient map j: X — X/A.

Remark The proof of the preceeding proposition can be seen in [1], chap.
2, p- 114. We arrive now to the principal result of this section, that will be
usefull to the next section : the Hurewicz theorem. This result is proved in
[1], chap. 4, p. 366.

Theorem 5.21 (Hurewicz) Let X be a (n—1)-connected space, n > 2. Then
Hi(X) =0 fori<n and m,(X) = H,(X).

5.3 The plus-construction

Definition 5.22 A CW-complex is a topological space X so that X =

U X,, where :
neN

1. X is a discreet space ;
2. ¥Yn > 0, there exists a set of indices I,, and a collection of maps
{fa : SZ_I — Ap—1 | o€ In}

so that X, is the quotient space (X, —1 11 H DY)/ ~, where we define
aeln

fa(z) ~ 2, Vo € 0D = S" L Va e I, ;
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3. A subset A C X is open if and only if ANX,, is open in X,, for every
n € N.

Example A A-complex is in particular a CW-complex.

Definition 5.23 A continuous map f : X — Y between two CW -complex
is called cellular if f(X,) C Yy, Vn e N.

Definition 5.24 Let X, A be topological spaces and f : A — X be a con-
tinuous map. We define the cone of A by

C(A) == ([0,1] x A)/ ~
where (0,a) ~ (0,a’), Va,a’ € A, and the mapping cone of f by
C(f) = (CAIX)/ ~
where (1,a) ~ f(a), Va € A.
Examples
1. If f : A — X is simply the inclusion of a subspace, then C'(f) ~ X/A.

2. If f: 8" ! — D" is the inclusion, then C(f) = S™. Effectively, the
cone C(S™1) is clearly homeomorphic to D™. Furthermore

(D} 11 D}) (2D} ~ 9D}) = S”

3. If X is a CW-complex and f : S ! — X is a cellular map, then C(f)
is the CW-complex (D"I1 X)/ ~, where f(x) ~ x, Vo € 0D™ = S"~ 1,

4. Extending the preceeding example, if the space X is a CW-complex
and if f, : S"' — X, a € I, are cellular maps, then

C(f) = (XH]_[D3>/N

a€el

where fo(7) ~x, Vo € 0D = S 1 Va € I.

Proposition 5.25 Let X, A be topological spaces and f : A — X be a
continuous map. Then the sequence

AL x — o

is a cofibration sequence. Moreover, the long exact sequence of this cofibra-
tion gives rise to a long exact sequence

o Ho(A) L5 B(X) — Ho(O(f) — Hooy(A) L5
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Proof. For this result, consult [1], chap. 4, p. 460-462.

Lemma 5.26 Let I be a set of indices and X, € I, be topological spaces.

Then B N
H,(\/ Xa) = P Ha(Xa)
ael aecl

for every n € N.

Proof. The proof can be seen in [1], chap. 2, p. 126. In fact, this is
the wedge axiom of a reduced homology theory and the reduced singular
homology is one such theory.

Lemma 5.27 Leti € N and I be a set of indices. Then

H(\/ S2)=0ifi#n

ael

H,(\/ Si) =Pz

acl ael

and

Proof. As seen in example 2 above, we have a cofibration
St Dm— 5"
By the proposition 5.25, we get a short exact sequence
.. — Hy(D") — H;(S") — H;_1(S"™') — H;_1(D") — ...
.. — Hy(S™) — 0

Since D™ is contractible, I;TZ(D”) =0, Vi € N. Then we get an isomorphism
H;(S™) = H; 1(S"™)

Vi € N*. Thus we just need to prove the lemma in the case n = 0.

For i € N and writing S = {a,b}, we get directly from the definition
that C;(S?) is the free abelian group with basis composed of o, : A’ — a
and o : A* — b. Hence

OZ(SO) = Z{(I, b}
i
Then the boundary maps are given by 0;(0,) = Z(—l)ka and 0;(op) =
k=0
i
Z(—l)k b. In consequence, if i is odd, 0; is the trivial homomorphism and

k=0
if 7 is even and ¢ > 2, 0; is the identity. Therefore

H;(8%) = Hy(S°) = C;(8°)/Ci(S°) = 0 if i is odd
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and

H;(S%) = H;(S°) =0/0 =0 if i is even and i > 2
For i = 0 we get Ho(S%) = Cy(SY)/0 = Cy(S°) = Z{a,b}. To find the
reduced homology group we write the short exact sequence

0 —> Ho(S%) — Ho(S°) = Z{a,b} —> Ho(x) 2 Z — 0

But the homomorphism Z{a,b} — Z is given by a — 1 and b — 1 and
so we get that the kernel of this homomorphism is Z{a — b} = Z.

Remark Now we arrive to the main theorem of this chapter, which will
allow us to construct a topological space that will give the K-theory groups.
In this theorem, we suppose that ﬁl(X ) = 0, which means in fact that
m1(X) is a perfect group. Then in the corollary we will consider a perfect
subgroup of 1 (X).

Theorem 5.28 Let X be a connected CW -complex so that Hy(X) = 0.
Then there exists a simply-connected CW -complex X+ and a continuous
map fT: X — X 7T inducing isomorphisms on all reduced homology groups.

Proof. First we take for each generator of 71(X) a map ¢, : S' — X.
Then we form X’ as the quotient space

X = (XHHDi)/N
ael

where @, (z) ~ x, Vo € 0D? = S} Va € I. By the cellular approximation
theorem (see [1], chap. 4, p. 349), we can assume that every ¢, is cellular,
that is X’ is a CW-complex. Since X is a CW-complex and is a subcomplex
of X', the hypothesis of the proposition 5.20 are satisfied (see [1], appendix,
p. 523). Then we get the long exact sequence

. — Hig (X' /X)) — Hy(X) — H;j(X') — H;(X'/X) —> ...
.. — H3(X')X) — Hy(X) — Hy(X') — Ho(X'/X) — Hy(X) — ...

By hypothesis, H;(X) = 0. Furthermore, since we have attached D2 to X
to obtain X', we get that X'/X = \/Sﬁ and so lemma 5.26 gives

acl
H(X'/X) = H,(\/ S3) = EDH(S2)
acl acl

Hence we get H;(X'/X) = 0if i # 2 and Hy(X'/X) @Z by lemma 5.27.
ael
In consequence we have from the long exact sequence that

Hy(X') = Hy(X) if i #2
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Since @Z is a free abelian group, we have that the short exact sequence

aci
0 — Hy(X) — Hy(X') — Hy(X'/X) — 0
splits and thus from lemma 3.9
Hy(X') = Hy(X) @ @Z
acl

From the construction of X’ we have that 71 (X”’) = 0. Then by the Hurewicz
theorem N _
m(X') 2 Hy(X') = Hy(X) & Pz
ael

Then taking generators for H, (X'/X) they correspond by the isomorphism
to elements [1),] € mo(X'), a € I. We note Xt the quotient space

Xt = (X’HHDS;)/N

ael

where 14 (2) ~ 2, Vo € D3 = 52, Va € I. By the cellular approximation
theorem, we can again assume that every v, is cellular, that is X is a
CW-complex.

By the definition of X and the example 3 above, we get that

\/ 52 ey x+
ael

is a cofibration sequence. Then by proposition 5.25 we get the long exact
sequence

— Hi(\/ 82) — Hy(X') — Hy(X") — Hi_y(\/ $2) — ...

ael aecl
. — Hy(\/ S2) — Hs(X') — H3(X*) — Ha(\/ S2) —
a€el acl

— Ho(X') — Ho(XT) — ... — Hy(X™T)

Since lemma 5.27 we get ﬁz(\/ 52) = 0if i # 2 and Ho( \/ 52) =~ @Z. In
acl acl acl
consequence we have from the long exact sequence that

Hy(XV) = Hy(X') = Hi(X) if i #2,3
and that

0 — Hs(X') — H3(X") — Pz (Va). Ha(X') — Hy(XT) — 0
ael
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is split exact. Given an element [f] € 7r2(\/ S2), we get an element in
acl
m2(X’) by composing
g2 L \/ 52 Ly
acl
Since 7a( \/ 52 =~ f[g(\/ S2) = @Z by the Hurewicz theorem, the gen-
ael ael ael

erators of my( \/ 52) are the equivalence classes of the maps
ael

Idqo
§?—=s52c\/s2
acl

for @ € I. Thus the image of those generators in mo(X’) are in fact the 1,
a € I. Then the composition

~ (Vtba), N ~
Hy(P, Z) —= Hy(X') — Ha(X) @ Ha(V,, Sa)

%T ET

(Vo S2) — m2(X)

send ﬁg(@Z) onto the corresponding factor ﬁg(\/ S2) in Hy(X') via

acl acl
(Vtba), - Finally, the long exact sequence of the cofibration

0 — Ha(X') — (™) — (D7) L8
acl

Yo By (X" 2y(X) @ Fa(\/ 82) — Ha(X*) — 0

a€el

gives Hy(X ) = Hy(X') = Hs(X) and Hy(X ) = Hy(X). By construction,
m (X ™) =m(X’) =0 and so the theorem is proved.

Corollary 5.29 Let X be a connected CW -complex. Then for every per-
fect subgroup H of m1(X) there is a connected CW -complexr X so that
m(XT) 2 m(X)/H and H,(X1) 2 H,(X), Vn € N.

We call X the plus-construction of X with respect to the perfect sub-
group H.

Proof. By the classification theorem of covering spaces, there is a cov-
ering space p : X — X so that m(X) = H. By theorem 5.28, there is
a simply-connected CW-complex X+ and a map fT : X — X7 so that
Hy(X*) = Hy(X) via f}. We define

M, := (X x [0,1] 11 X)/ ~
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where (z,1) ~ p(x), Vx € X , the mapping cylinder of p. Then we define
Xt = (M,IIX")/ ~

where (Z,0) ~ f* (&), VZ € X. By the van Kampen theorem, we get that

m1(Mp)/m (X) = m(XT)
But since M, ~ X we get m1(M,) = m1(X) and so

m(XT) = m(X)/m (X) = m(X)/H
Clearly, X*/M, = X*/X. Then for n € N,
Ho(XT/M,) = Hy(Xt/X) =0

since H,(X+) 2= H,(X) by the theorem 5.28. By the proposition 5.20, we
get the long exact sequence

0— ﬁn(Mp) - ﬁn(X+) - ﬁn(X+/Mp) =0

for every n € N. Then

Hy(X7) = Hy(M,) = Hy(X)
since M, ~ X.

Definition 5.30 (Quillen) Let A be a ring. We define the K -theory groups
by
Ki(A) := m;(BGL(A)™)

for i € N* where the plus-construction is given with respect to the perfect
subgroup E(A) C GL(A) (2 m1(BGL(A)) by proposition 5.9).

Proposition 5.31 Milnor’s K1(A) defined in chapter 3 is isomorphic to
Quillen’s K1(A).

Proof. We denote Milnor’s K1(A) by K (A) and Quillen’s by KIQ(A)
We have from the proposition 5.9 that m (BGL(A)) = GL(A). Furthermore,
the definition of K ?(A) and the corollary 5.29 give

K2(A) = m(BGL(A)") = m(BGL(A))/E(A) = GL(A)/E(4) = K} (4)

Remark We have that the definition 5.30 for K9(A) coincides also with the
K5(A) that we have defined in the preceeding chapter.

Moreover, K;(—) is a covariant functor from the category of rings and
homomorphisms of rings to the category of abelian groups and homomor-
phisms of groups.
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Conclusion

As a conclusion, I will say that algebraic K-theory is a huge and interesting
subjet. Given an ideal I of a ring A, we can also define relatives K-theory
groups K;(A, ). In the same way, we can define such groups for a category.

In addition, there is also a topological K-theory, that is in fact born
before algebraic K-theory and has inspired it. There is obviously a link
between them.
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