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1 Introdution and Boltzmann'shypothesisStatistial Mehanis is a mirosopi theory of Thermodynamis, i.e. Mehanis (las-sial and qm) of very large (statistial) number of partiles.1.1 Thermodynami probabilityThe state of a system is desribed by the thermodynami probability Ω i.e. the totalnumber of possible on�gurations (mirostates) the partiles in the system an have toahieve a given outer state (marostate). The more freedom (possibilities) the partileshave, the liklier the state.Equilibrium ist the most probable state i.e.
Ωequil = Ωmax (1.1)In thermodynami Systems: Ω = Ω(N,E, V )1.2 Criteria for equilibriumTake two systems A1 and A2 with states Ω1(N1, E1, V1) and Ω2(N2, E2, V2). A1 and A2interat and ahieve equilibrium. The ompound system has state Ω(0) = Ω1Ω2Energy exhange

N1, N2, V1, V2 are onstant
E(0) = E1 +E2 = constAs we have equilibrium δΩ(0) = 0. As the state only depends on the energy E1 (or E2as they are dependent), we get δΩ(0) = ∂Ω(0)

∂E1
δE1 = 0

∂Ω(0)

∂E1
|Ē1,Ē2

=

(
∂Ω1

∂E1
Ω2

)

Ē1,Ē2

+

(
∂Ω2

∂E1
Ω1

)

Ē1,Ē2

= 0where Ē1, Ē2 are the energies of A1 and A2 in equilibrium.
∂Ω1

∂E1
|Ē1

Ω2(Ē2) + Ω1(Ē1)
∂Ω2

∂E1
|Ē2

= 0
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We an replae the partial derivative for E1 as ∂
∂E1

= ∂E2
∂E1

∂
∂E2

= − ∂
∂E2

∂Ω1

∂E1
|Ē1

Ω2(Ē2) − Ω1(Ē1)
∂Ω2

∂E2
|Ē2

= 0

1

Ω1(Ē1)

∂Ω1

∂E1
|Ē1

− 1

Ω2(Ē2)

∂Ω2

∂E2
|Ē2

= 0or
β1 ≡ ∂

∂E1
ln Ω1|Ē1

=
∂

∂E2
ln Ω2|Ē2

≡ β2 (1.2)i.e. in equilibrium β1 = β2

β = ∂
∂E ln Ω is equilibrium parameter (must be related to T by 0th law)Boltzmann's hypothesisTake a look a the entropy: ∆S(0) = ∆S1 + ∆S2

∆S(0) =
∂S1

∂E1
∆E1 +

∂S2

∂E2
∆E2

=
∂S1

∂E1
(−∆E) +

∂S2

∂E2
(∆E)Assuming that heat is �owing from A1 to A2. The seond Law tells us ∆S > 0, i.e.

∆E

(

− ∂S1

∂E1
+
∂S2

∂E2

)

> 0

∂S2

∂E2
>
∂S1

∂E1Reall the Maxwell relation: ∂U
∂S = T , therefore

1

T2
>

1

T1

T1 > T2Combine ∂
∂E ln Ω = β and ∂E

∂S = T

∂

∂E
ln Ω

∂E

∂S
= βT =

∂ ln Ω

∂SAording to Boltzmann this is onstant
∂S

∂ ln Ω
=

1

βT
≡ k (1.3)with a universal onstant k (later Boltzmann's onstant). Integrating yields

S + S0 = k ln ΩThe hoie of S0 = 0 (suggested by Plank) leads to
S = k ln Ω (1.4)If all "partiles" are on�ned to one state then Ω = 1 (impossible), S = k ln 1 = 0.Impossibility of attaining T = 0 from 3rd Law.4



Exhange of Volume
E1, E2, N1, N2 are onstant. Similar alulus leads to

η ≡ ∂

∂V
ln Ω (1.5)is �xed for A1, A2 in equilibriumExhange of Partiles

E1, E2, V1, V2 are onstant
ζ ≡ ∂

∂N
lnΩ (1.6)is �xed in equilibrium1.3 Correlation to ThermodynamisThe quantities

β =
∂

∂E
|N,V ln Ω η =

∂

∂V
|E,N ln Ω ζ =

∂

∂N
|E,V ln Ωmust be related to thermodynami oordinates (i.e. same values for equilibrium). To seethis, we ompare the di�erentials for ln Ω. On the one hand we have

d ln Ω =
∂ ln Ω

∂E
dE +

∂ ln Ω

∂V
dV +

∂ ln Ω

∂N
dN

= βdE + ηdV + ζdVOn the other hand we have
d ln Ω =

1

k
dSThe �rst Law was TdS = dE + PdV − µdN , so we get

d ln Ω =
1

kT
dE +

P

kT
− µ

kT

d ln Ω = βdE + ηdV + ζdVTherefore
β = β η =

P

kT
ζ =

−µ
kT

(1.7)and in equilibrium: T1 = T2, P1 = P2, µ1 = µ2
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1.4 Example: ideal gas equationAs an appliation we an derive the ideal gas equation1. The gas onsist of non-interating, non-overlapping "partiles"2. The probability of any partile to oupy a ertain state is the same for all partilesThe possibilities for one partile are proportional to V . The possible states forN partilesare proportional to V N , i.e. Ω ∝ V N = cV N

η =
∂

∂V
ln Ω =

∂

∂V
(ln c+ lnV N ) =

N

Vas η = P
kT we get

N

V
=

P

kT

PV = NkT

6



2 Phase Spae, Ensemble and Liouville'sTheorem2.1 Phase Spae and EnsembleUsual on�guratoin spae: (x, y, z) = ~qUsual momentum spae: (px, py, pz) = ~pFor a N "partile" system the phase spae is (~qi, ~pi) with i = 1 . . . 3NEnsemble: olletion of all states of a system over all time, i.e. a mental opy of all statesTime average of all states ≡ Ensemble averageDensity funtion ρ(~qi, ~pi, t), ρ is the density of points in phase-spae. The volume-integral is a norm (not normalized)
∫

ρ(~qi, ~pi, t)d
3N~qd3N~p = norm ≥ 0The ensemble average of a physial quantity f is the 1st momentum of f with respet tothe density ρ

〈f〉 =

∫
f(~qi, ~pi)ρ(~qi, ~pi, t)dτ
∫
ρ(~qi, ~pi, t)dτwith the volume-element in phase-spae dτEquilibrium:

∂ρ

∂t
= 0 stationary ensemble (2.1)2.2 Liouville's TheoremCriterion for equilibrium: ∂ρ

∂t = 0 must be satis�edContinuity equation ∂ρ
∂t + ∇ ~J = 0. Here we have ρ(~qi, ~pi, t). The veloity (time-rate-hange) of "points" in phase-spae is ~v = (~qi, ~pi). The urrent at a point in phase-spaeis ~J = ρ~v. So we get the ontinuity equation.

∂ρ

∂t
+ ∇(ρ~v) = 0 (2.2)
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∇ =
(

∂
∂~qi
, ∂

∂~pi

), therefore
∇(ρ~v) =

N∑

i=1

[
∂

∂~qi
(ρ~̇ iq) +

∂

∂~pi
(ρ~̇ ip)

]

=
∑

i

[(

∂ρ

∂~qi
~̇ iq + ρ

∂~̇ iq

∂~qi

)

+

(

∂ρ

∂~pi
~̇ ip+ ρ

∂~̇ ip

∂~pi

)]Now Hamilton's equation of motion are
~̇ ip = −∂H

∂~qi
~̇ iq =

∂H

∂~piusing this we get
∇(ρ~v) =

∑

i

[(
∂ρ

∂~qi

∂H

∂~pi
− ∂ρ

∂~pi

∂H

∂~qi

)

+ ρ

(
∂

∂~qi

∂H

∂~pi
− ∂

∂~pi

∂H

∂~qi

)]

=
∑

i

(
∂ρ

∂~qi

∂H

∂~pi
− ∂ρ

∂~pi

∂H

∂~qi

)

= {ρ,H}P.B.with the Poisson-Brakets. Therefore the ontinuity equation gives Liouville's Theorem
∂ρ

∂t
= −{ρ,H}P.B (2.3)1. ∂ρ

∂t = 0 if ρ is independent of (~qi, ~pi) i.e. onstant energy, Miroanonial ensemble2. ∂ρ
∂t = 0 if ρ = ρ([H]),Canonial ensemble
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3 Classial Counting3.1 Stirling Approximation of N ! for large N

Ω = number of mirostates. e.g. N partiles (idential), total number of arrangements
N !. if Ni partiles have energy Ei then Ni! arrangements are idential. then Ω = N !

ΠiNi!When N >> 1 then N ! an be expressed analytially: Integral representation of n!:
n! =

∫ ∞

0
xne−xdx ≡

∫ ∞

0
f(x, n)dx

 0

 0.1

 0.2

 0  2

Figure 3.1: Plot of f(x, 2)

f(x, n) = xne−x

f ′(x, n) = nxn−1e−x − xne−x

= xne−x
(

n
x − 1

)

f ′(n, n) = 0

f ′′(n, n) = −nn−1e−n < 0

9



f is peaked around x = n, i.e. n! reeives most ontribution from small range of x around
x = n. Approximate:

n! ≈
∫ ∞

0
fapprox(x, n)dx

fapprox(x, n) = f(n, n) + (x− n)f ′(n, n) +
(x− n)2

2!
f ′′(n, n) + . . .

= nne−n + 0 +
(x− n)2

2!
(−nn−1e−n) + . . .

= nne−n

(

1 − (x− n)2

2n
+ . . .

)

≈ nne−n

(

1 − (x− n)2

2n
+

1

2!

(

−(x− n)2

2n

)2

+ . . .

)

fapprox(x, n) = nne−ne
−

“

x−n√
2n

”2Therefore
n! ≈ nne−n

∫ ∞

0
e
−

“

x−n√
2n

”2

dx

= nne−n
√

2n

∫ ∞

−n
e−y2

dy

︸ ︷︷ ︸

∝√
π

n! ≈ nne−n
√

2nπ (3.1)In the Boltzmann-Hypothesis S = k lnΩ so we need to approximate lnn!:
lnn! = lnnne−n

√
2nπ

= n lnn− n ln e+
1

2
lnn+

1

2
ln 2π

≈
(

n+
1

2

)

lnn− n

lnn! ≈ n lnn− n (3.2)Example. Hooke's Law: F = −kxModel: N links (eah of unit length), length L of the hain, N ≫ L, i.e. lot of reases.
# of bakward links =

N + L

2

# of forward links =
N − L

2
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As Ω is the number of mirostates possible to ahieve a given outward state, we have
Ω =

Total number of arrangements of Links
(# of arr. of forward l.)(# of arr. of bakward l.)

Ω =
N !

(
N+L

2

)
!
(

N−L
2

)
!So we get:

S =k ln Ω = k
[
lnN ! − ln

(
N+L

2 !
)
− ln

(
N−L

2 !
)}

=k
{
N lnN −N −

(
N+L

2

)
ln
(

N+L
2

)
+
(

N+L
2

)
−
(

N−L
2

)
ln
(

N−L
2

)
+
(

N−L
2

)}

S =k
{
N lnN −

(
N+L

2

)
ln
(

N+L
2

)
−
(

N−L
2

)
ln
(

N−L
2

)}

=k
{(

N+L
2

)
lnN +

(
N−L

2

)
lnN −

(
N+L

2

)
ln
(

N+L
2

)
−
(

N−L
2

)
ln
(

N−L
2

)}

=k
{(

N+L
2

) [
lnN − ln

(
N+L

2

)]
+
(

N−L
2

) [
lnN − ln

(
N−L

2

)]}

= − k
2

{
(N + L) ln N+L

2N + (N − L) ln N−L
2N

}De�ne κ = N+L
2N , ⇒ N−L

2N = 1 − κ

S = −kN {κ lnκ+ (1 − κ) ln(1 − κ)}In 1 dimension, Fore = Pressure. The Maxwell-relation was P = −
(

∂F
∂V

)

T
= −

(
∂F
∂L

)

Twith F = U − TS = −TS as U = const sine miroanonial ensemble
P =

∂

∂L
(kNT {κ ln κ+ (1 − κ) ln(1 − κ)})

= kNT {lnκ+ 1 + (−1) ln(1 − κ) + (−1)} 1

2N

=
kT

2
{lnκ− ln(1 − κ)}

=
kT

2
ln
N + L

N − L

P =
kT

2
ln

(

1 + L
N

1 − L
N

)As L
N ≪ 1 expand around L

N = 0: ln 1+x
1−x = 2x+ 2

3x
3 + . . .

P =
kT

N
L3.2 Boltzmann CountingPhase spae:

(i)
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phase ell, labeled by Ei, with Ni partiles in it. The total number of partiles is N ,
N =

∑

iNi, E =
∑

iNiEiNo. of mirostates =
No. of arrangements of N partilesNo. of indistinguishable arrangements

Ω =
N !

∏

i(Ni!)
(3.3)

S = k ln N !
Q

i(Ni!)

= k

[

lnN ! − ln(
∏

i

(Ni!)

]

= k

[

lnN ! −
∑

i

lnNi!

]But N ≫ 1 and Ni ≫ 1, therefore approximation with Sterling
S = k

[

N lnN −N −
∑

i

(Ni lnNi −Ni)

]

= k
[

N lnN −
∑

(Ni lnNi)
]It is onvenient to introdue ωi = Ni

N , i.e. ∑wi = 1

S = k
[

N lnN −
∑

(Nωi ln(Nωi)
]

= kN
[

lnN −
∑

(ωi lnN + ωi lnωi)
]

= kN
[

lnN − lnN
∑

ωi −
∑

ωi lnωi

]

S = −kN
∑

ωi lnωi (3.4)For equilibrium we have Seq = Smax, i.e. δS = 0 with respet to variation δωi

δS =
∑

i

∂S

∂ωi
δωi

δωi are arbitrary variations of the funtion ω(Ei) subjet to the onstraints:1. ∑iEiωi = const2. ∑i ωi = 1i.e. set
δS + λ1δE + λ2δN = 0i.e. vary

S = S + λ1

∑

NiEi
︸ ︷︷ ︸

S1

+λ2

∑

Ni
︸ ︷︷ ︸

S212



• ∂S
∂ωi

= −kN ∂
∂ωi

(
∑

j ωj lnωj

)

= −kN(lnωi + 1)

δS =
∑

i

∂S

∂ωi
δωi = −kN

∑

i

(lnωi + 1)δωi

• ∂S1
∂ωi

= ∂
∂ωi

N
∑

j Ejωj = NEi

δS1 = N
∑

i

Eiδωi

• ∂S2
∂ωi

= ∂
∂ωi

N
∑

j ωj = N

δS2 = N
∑

δωi

δS = −kN
∑

i

(lnωi + 1)δωi + λ1N
∑

i

Eiδωi + λ2N
∑

δωi

= N
∑

i

[−k(lnωi + 1) + λ1Ei + λ2] δωifor arbitrary δωi, therefore
−k(lnωi + 1) + λ1Ei + λ2 = 0 ∀ii.e

lnωi = −α+ βEi

ωi = e−α+βEi (3.5)We had 1 =
∑

i ωi i.e. 1 =
∑

i ωi = e−α
∑

i e
−βEi i.e.

eα =
∑

i

e−βEi ≥ 0

eα = Z(β) (3.6)
Z(β) is alled "partition funtion"3.3 Boltzmann distribution funtionThe Boltzmann distribution funtion is then given by

fB(Ei) =
e−βEi

Z
Z =

∑

i

e−βEi (3.7)or for ontinuous energy spetrum
fB(E) =

e−βE

Z
Z =

∫

e−βEdE (3.8)13



3.3.1 Correlation to known quantitiesThe entropy was S = −kN
∑

i ωi lnωi i.e.
S = −kN

∑

i

e−βEi

Z
(−βEi − lnZ)

= kN









β

Z

∑

i

Eie
−βEi +

lnZ

Z

∑

i

e−βEi

︸ ︷︷ ︸

=Z









= kN

(

β

Z

∑

i

Eie
−βEi + lnZ

)

∑

iEie
−βEi = − ∂

∂β

∑

i e
−βEi = − ∂

∂βZ i.e.
S = kN

(

− β

Z

∂Z

∂β
+ lnZ

)Total energy
E =

∑

i

NiEi = N
∑

i

Eiωi = N
∑

i

Ei
e−βEi

Z
=

=
N

Z

∑

i

Eie
−βEi =

N

Z

∑

i

− ∂

∂β
e−βEi = −N

Z

∂Z

∂β

E = −N
Z

∂Z

∂β
(3.9)together we get

S = kN

(

−β

Z

∂

∂β
+ lnZ

)

=

= k

(

−Nβ 1

Z

∂Z

∂β
+N lnZ

)

S = k (βE +N lnZ) (3.10)Relate βCorrelate the new β to known quantities: S applied to Thermodynamis:
S = kβU + kN lnZ(β)

dS(U, β) = ∂S
∂U dU + ∂S

∂β dβ. Calulate dS:
dS = kβdU +

(

kN
1

Z

∂Z

∂β
+ kU

)

dβ = kβdU + (kU − kU)dβ =

= kβdU 14



The relevant Maxwell Relation is (∂U
∂S

)

N,V
= 1

T , i.e. kβ = 1
T i.e. the "new" β is our"old" β.Average EnergyCalulate the average energy per partile, i.e. the �rst moment of Ei with respet to

fB(Ei):
〈U〉 =

∑

Ei
e−βEi

Z
= − 1

Z

∑

i

∂

∂β
e−βEi = − 1

Z

∂

∂β

∑

i

e−βEi = − 1

Z

∂Z

∂β
=

=
U

NRe�ne notation 〈U〉 = − ∂
∂β lnZNow readjust notation:

ZN = ZN
1 where Z1 is the partition funtion per "partile"

U = N 〈U〉 = −N ∂

∂β
lnZ1 = − ∂

∂β
lnZN

1 = − ∂

∂β
lnZN

U =
∑

NiUi = N
∑

i

ωiUi = N

(

− ∂

∂β
lnZ1

)

= − ∂

∂β
lnZNThermodynamis:

S = kβU + k lnZNRelate αHelmholtz: F = U − TS = U − T
(

1
T U + k lnZN

)
= − 1

β lnZN

F = − 1

β
lnZNMaxwell relations (involving the potential F )

S = −
(
∂F

∂T

)

N,V

=
∂

∂T
(kT lnZN ) =

= k lnZN + kT
∂

∂T
lnZN = k lnZN − 1

T

∂

∂β
lnZN =

= kβU + k lnZN nothing new
P = −

(
∂F

∂V

)

N,T

=
1

β

(
∂

∂V

)

N,T

lnZN useful
µ =

(
∂F

∂N

)

V,T

= − 1

β

(
∂

∂N

)

V,T

lnZN = − 1

β
lnZ1 = − 1

β
ln eα = −α

β

α is a hemial potential. 15



3.3.2 Calulate CV

CV =

(
∂U

∂T

)

V

= − ∂β

∂T

∂

∂β

(
∂

∂β
lnZN

)

=
1

kT 2

∂2

∂β2
lnZN = kβ2 ∂

2

∂β2
lnZN

CV = kβ2 ∂
2

∂β2
lnZN (3.11)3.3.3 Calulate average EnergyIn the Boltzmann distribution, E ranges from 0 to ∞. Consider a system at energy Eand alulate the derivation ∆E from E (at any observation). Estimate ∆E

〈E〉 . If this isvery small, the miroanonial ensemble is equivalent to the anonial ensemble.
〈E〉 =

∫

Ef(E)dE =

∫

E
e−βE

Z
dE

=
1

Z

∫

Ee−βEdE = − 1

Z

∂

∂β

∫

e−βEdE

〈E〉 = − 1

Z

∂Z

∂β
(3.12)

(∆E)2 =
〈
(E − 〈E〉)2

〉
=
〈

E2 − 2E 〈E〉 + 〈E〉2
〉

=

=

∫

E2f(E)dE − 2 〈E〉
∫

Ef(E)dE + 〈E〉2
∫

f(E)dE =

=

∫

E2f(E)dE − 2 〈E〉2 + 〈E〉2 =

=
1

Z

∫

E2e−βEdE − 〈E〉2 =

=
1

Z

∂2

∂β2

∫

e−βEdE − 〈E〉2 =

=
1

Z

∂2Z

∂β2
− 〈E〉2 =

=
1

Z

∂2Z

∂β2
−
(

1

Z

∂Z

∂β

)2

=

=
∂

∂β

(
1

Z

∂Z

∂β

)

−
(
∂

∂β

1

Z

)
∂Z

∂β
−
(

1

Z

∂Z

∂β

)2

=

=
∂2

∂β2
lnZ +

1

Z2

(
∂Z

∂β

)2

−
(

1

Z

∂Z

∂β

)2

=

=
∂2

∂β2
lnZ

16



Reall from (3.11) CV = kβ2 ∂2

∂β2 lnZ,i.e.
(∆E)2 =

CV

kβ2
(3.13)i.e.

∆E

〈E〉 =

√

kT 2CV

〈E〉3.4 Appliations3.4.1 Equation of state (gas equation)In anonial ensemble (Boltzmann distribution):
P = −

(
∂F

∂V

)

N,T

= kT

(
∂

∂V

)

N,T

lnZN1. Ideal gas ( reall Ω ∝ V N ). Energy spetrum is ontinuous, f(E) = e−βE

Z , E = |~p|2
2mi.e. V (x) = 0, no fores.

Z1 =

∫

e−βEdτ =

∫

e−βEdqdp =

=

∫

e−β p2

2m dqdp = V

∫

e−β p2

2m dp =

= V

√
2mπ

βThis yields a pressure of
P = kT

(
∂

∂V

)

N,T

lnZN = kT

(
∂

∂V

)

N,T

N lnZ1 =

= NkT
∂

∂V
ln

(

V

√
2mπ

β

)

=

= NkT
∂

∂V

(

lnV + ln

√
2mπ

β

)

=

=
NkT

V2. non-ideal Gas, e.g. VdW
Z1 =

∫

e−βEdτ

17



E = p2

2m +W (q)

Z1 =

∫

e−β p2

2m dp

∫

e−βW (q)dq

=

√
2mπ

β

∫

e−βW (q)dq

=

√
2mπ

β

(∫

dq −
∫

dq +

∫

e−βW (q)dq

)

=

√
2mπ

β

(

V +

∫

e−βW (q) − 1dq

)

=

√
2mπ

β
V

(

1 +
1

V

∫

e−βW (q) − 1dq

)

P = −
(
∂F

∂V

)

N,T

= NkT

(
∂

∂V

)

N,T

lnZ1 =

= NkT
∂

∂V

[

ln

√
2mπ

β
+ lnV + ln

(

1 +
c

V

)]

= NkT

(
1

V
+

∂

∂V
ln(1 +

c

V

)

= NkT

(
1

V
− c

V 2
+
c2

V 3
+ . . .

)3.4.2 Equipartition of energy
• For a free partile with mass m in 1 dimension we had Z1 =

√
2mπ

β V . The averageenergy is
< E > = − ∂

∂β
lnZ1

= − ∂

∂β

(

ln
√

2mπV − 1

2
lnβ

)

=
1

2β
=

1

2
kT

• For a 3 dimensional ideal gas the exat energy is E = |~p|2
2m .

Z1 =

∫

e−βEd3qd3p

=

(
2mπ

β

)3/2

V

18



Therefore the average energy is
< E > = − ∂

∂β
lnZ1 = − ∂

∂β

(

lnV +
3

2
ln 2mπ − 3

2
lnβ

)

=
3

2

1

β
=

3

2
kTEquipartition: 1

2kT per degree of freedom.
• Gas of SHO: E = p2

2m + 1
2mω

2q2

Z1 =

∫

e
−β

„

p2

2m
+ 1

2
mω2q2

«

dpdq

=

∫

e−β p2

2m dp

∫

e−
β
2

mω2q2
dq

=

√
2mπ

β

√
2π

βmω2

Z1 =
2π

ωβ

< E >= − ∂

∂β
lnZ1 = kT =

(
1

2
+

1

2

)

kTHeating bulk system by radiation ≡ system of osillators (ω being the frequeny ofthe radiation.
CV = N

(
∂

∂T

)

V

< E >=
∂

∂T
NkT = Nk = constbut this is not experimentally observed.

• Relativisti ideal gas: (only kineti energy), E = c
√

m2c24 + |~p|2

Z1 =

∫

e−βEd3pd3q = V

∫

e−βc
√

m2c2+p2
p2dp sin θpdθpdφp =

= V 4π

∫ ∞

0
p2e−βc

√
m2c2+p2

dp

19



Now take massless partiles: m = 0

Z1 = 4πV

∫

p2e−βcpdp =

= 4πV

∫ (

− 1

βc

)

p2 d

dp
e−βcpdp =

= −4πV

βc

(

0 −
∫

2pe−βcpdp

)

=

=
8πV

βc

∫

p

(

− 1

βc

)
d

dp
e−βcpdp =

= −8πV

β2c2

(

0 −
∫

e−βcpdp

)

=

=
8πV

β3c3

〈E〉 = − ∂

∂β
lnZ1 = − ∂

∂β
(−3 ln β) =

3

β
= 3kT3.4.3 Interation of Radiation with MatterRadiation ≡ e.m. waves with frequeny ωMatter ≡ atoms, moleules, osillator model with Hooke's onstants given by ω of theradiationClassially: ω has ontinuous spetrum i.e. from SHO

Z1 =

∫

e−βEd3pd3q =

(
2π

ωβ

)

⇒ 〈E〉 =
1

2
kT +

1

2
kT

U = N 〈E〉 = NkT

CV =

(
∂U

∂T

)

V

= Nk = const not observedPlank's Hypothesis: Energy has disrete spetrum (in the ontext of radiation interat-ing with mirosopi matter). Energy is absorbed in disrete pakets ("quanta")
En = n~ωSo we get

Z1 =
∑

n

e−β~ω =

∞∑

n=0

(

e−β~ω
)n

=
1

1 − e−β~ω

20



i.e.
〈E〉 = − ∂

∂β
lnZ1 =

∂

∂β
ln(1 − e−β~ω) =

=
~ω

1 − e−β~ω
e−β~ω =

=
~ω

eβ~ω − 1

CV = N
∂ 〈E〉
∂T

= N~ω
∂β

∂T

∂

∂β

1

eβ~ω − 1
=

= −N~ω

kT 2

−1

(eβ~ω − 1)
2 ~ωeβ~ω =

= N~
2ω2kβ2 eβ~ω

(eβ~ω − 1)
2 T dependentExamine the limits for T ≫ 1 (i.e. β ≪ 1) and T ≪ 1 (i.e. β ≫ 1)

• T ≫ 1, β ≪ 1, lassial limit
〈E〉 =

~ω

eβ~ω − 1
=≈ ~ω

β~ω
=

1

β
= kTAs for the lassial SHO (equipartition)

• T ≪ 1, β ≫ 1, qm limit
〈E〉 =

~ω

eβ~ω − 1
≈ ~ω

e

−β~ω

CV = N
∂ 〈E〉
∂T

= N~ω
∂β

∂T

∂

∂β
e−β~ω =

= −N~ωkβ2(−~ω)e−β~ω =

CV = N~
2ω2kβ2e−β~ωi.e. CV

T→0−−−→ 0 as 3rd Law and agrees with experimental resultNote. Calulate with orret qm energy: E = (n+ 1
2)~ω

Z1 = e−β ~ω
2

1

1 − e−β~ω
〈E〉 = − ∂

∂β
ln e−β ~ω

2 +
∂

∂β
ln
(

1 − e−β~ω
)

=

=
~ω

2
+

~ω

eβ~ω − 1with the zero point enery ~ω
2 21



Einstein spei� heat
CV =

∂

∂T

(
~ω

eβ~ω − 1

)

=

=
θ= ~ω

k

kθ
∂

∂T

(
1

e
θ
T − 1

)

=

=
kθ2

T 2

e
θ
T

(

e
θ
T − 1

)2For system with a range of frequenies sum up all ontribution, given the density funtion
ρ = ρ(θ)Einstein: ρE(θ) = δD(θ − θE)

Ctot
V =

∫

CV (θ, T ), ρE(θ)dθ =

= CV (θE , T )Debye: ρD =

{

1 θ ≤ θD

0 θ > θD

Ctot
V = k

∫ θD

0

θ2

T 2

e
θ
T

(

e
θ
T − 1

)2dθ =

= k

∫ xD

0

x2ex

(ex − 1)2
Tdx =

= kT

∫ xD

0

x2ex

(ex − 1)2
dx

︸ ︷︷ ︸
xD→∞−−−−→π2

3

C
Debye
V = kT · const3.5 Degenerate levels (states)e.g. more than one state with energy E. Boltzmann distribution

Z1 =

∫

e−βEdµ(E)

dµ(E) = dE maybe, but not neessary. Typially dµ(E) = g(E)dE where g(E) =no. ofstates/unit energy range.Reall equipartition:
Z1 =

∫

e−βEd3pd3q = V

∫

e−β p2

2m d3p =

(
2mπ

β

)3/2

V22



But
Z1 =

∫

e−βEdEd3q = V

∫

e−βEdE =
V

β
inorretSo

Z1 =

(
2mπ

β

)3/2

V =

∫

g(E)e−βEdEdq3Invert to �nd g(E)

g(E) =
1

2πi

∫ β′+i∞

β′−i∞
eβEZ1(β)

V
dβ =

(2mπ)3/2

2πi

∫
eβE

β3/2
dβUse the result 1

2πi

∫ s′+i∞
s′−i∞

esx

sn+1ds =

{
xn

n! x > 0

0 x ≤ 0
. As E > 0

g(E) = (2mπ)3/2E
1/2

(
1
2

)
!Alternative: Count no. of states of energies up to E: M(E). The number of states isproportional to the volume of a ball in state spae.

M(E) ∝ 4π

3
p3with p =

√
2mE1/2 we get

M(E) ∝ 4π

3
(2m)3/2E3/2The number of states per unit energy range is

dM

dE
∝ E1/2same resultExample. 1. Arti�ial example: En = n~ω (QM SHO) with degeneray g(En) = n

Z1 =
∑

n

ne−βn~ω =

=
∑

− 1

~ω

∂

∂β
e−βn~ω =

= − 1

~ω

∂

∂β

∑(

e−β~ω
)n

=

= − 1

~ω

∂

∂β

1

1 − e−β~ω
=

=
e−β~ω

(1 − e−β~ω)
223



〈E〉 = − ∂

∂β
lnZ1 = − ∂

∂β
(−β~ω) + 2

∂

∂β
ln
(

e−β~ω − 1
)

=

= ~ω +
2

e−β~ω − 1
(−~ω)e−β~ω =

= ~ω

(

1 − 2e−β~ω

e−β~ω − 1

)

=

= ~ω

(

1 − 2

1 − eβ~ω

)

=

= 2~ω

(
1

2
+

1

eβ~ω − 1

)In the limit for T ≫ 1, β ≪ 1

〈E〉 ≈ 2~ω

(
1

2
+

1

β~ω

)

= ~ω +
2

beta

CV = N
∂ 〈E〉
∂T

=
∂

∂T
2NkT = 2Nk = const lassial limit
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2. SHO with degeneray g(n) = n2

Z1 =
∑

n

g(n)e−βn~ω =
∑

n

n2e−βn~ω =

=
∑

n

1

~2ω2

∂2

∂β2
e−βn~ω =

=
1

~2ω2

∂2

∂β2

∑

n

(

e−β~ω
)n

=

=
1

~2ω2

∂2

∂β2

1

1 − e−β~ω
=

= − 1

~ω

∂

∂β

e−β~ω

(1 − e−β~ω)
2 =

= − 1

~ω

(

−~ωe−β~ω

(1 − e−β~ω)
2 − 2

e−β~ω

(1 − e−β~ω)
3 (−1)(−~ω)e−β~ω

)

=

=
e−β~ω

(1 − e−β~ω)
2 + 2

e−β~ωe−β~ω

(1 − e−β~ω)
3 =

=
e−β~ω

(
1 − e−β~ω

)
+ 2e−β~ωe−β~ω

(1 − e−β~ω)
3 =

=
e−β~ω − e−β~ωe−β~ω + 2e−β~ωe−β~ω

(1 − e−β~ω)
3 =

=
e−β~ω + e−β~ω

(1 − e−β~ω)
3 =

= e−β~ω 1 + e−β~ω

(1 − e−β~ω)
3

〈E〉 = − ∂

∂β
lnZ1 = − ∂

∂β

[

−β~ω + ln
(

1 + e−β~ω
)

− 3 ln
(

1 − e−β~ω
)]

=

= ~ω − 1

1 + e−β~ω
e−β~ω(−~ω) + 3

1

1 − e−β~ω
(−1)e−β~ω(−~ω) =

= ~ω

(

1 +
e−β~ω

1 + e−β~ω
+ 3

e−β~ω

1 − e−β~ω

)

=

= ~ω

(

1 +
1

eβ~ω
+

3

eβ~ω − 1

)
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Classial Limit: T ≫ 1, β ≪ 1

〈E〉 T≫1−−−→ ~ω

(

1 +
1

2 + β~ω
+

3

β~ω

)

=

≈ ~ω

(

1 +
1

2
+

3

~ω
kT

)

=

= 3~ω

(
1

2
+
kT

~ω

)

CV = N
∂ 〈E〉
∂T

= 3k = const3. QM rotator: El = 〈H〉 = l(l+1)~2

2I , (H = |~L|2
2I ). There are 2l+1 values of m for eah

l i.e. eah El is (2l + 1) fold degenerate
Z1 =

∑

i

g(l)e−βEl =
∑

l

(2l + 1)e−βl(l+1) ~
2

2I =

=
∑

l

(2l + 1)e−θl(+1)βa) T ≪ 1, β ≫ 1 extreme QM limit, i.e. we an trunate to l = 0, 1, 2

Z1 = 1 + 3e−2θβ + 5e−6θβ

〈E〉 = − ∂

∂β
lnZ1 = 6θ

e−2θβ + 5e−6θβ

1 + 3e−2θβ + 5e−6θβi.e. 〈E〉 is T dependent and CV
T→0−−−→ 0 agrees with 3rd lawb) T ≫ 1, β ≪ 1 so we must inlude high l (no trunation); we an treat l as aontinouous variable and replae the sum by an integration.

Z1 =

∫ ∞

0
(2l + 1)e−l(l+1)θβdl =

∫ ∞

0

1

−θβ
∂

∂l
e−l(l+1)θβdl =

= − 1

θβ

[

e−l(l+1)βθ
]∞

0
=

=
1

θβ
=
kT

θ

〈E〉 = − ∂

∂β
ln

1

θβ
=

∂

∂β
ln(θβ) =

1

θβ
θ =

=
1

β
= kT

CV = k = const26



4 Quantum mehanial ounting4.1 Pauli exlusion prinipleNo two Fermions an oupy the same state.If partiles are idential then the state funtion ψ(x1, x2) also desribes the system with
x1 and x2 interhanged. i.e.

|ψ(x1, x2, . . . , xN )|2 = |ψ(x2, x1, . . . , xN )|2or
ψ(x1, x2, . . . , xN ) = ±ψ(x2, x1, . . . , xN )i.e. there are two types of (idential ) partiles in QM

• ψ is symmetri under interhange, BOSONS, integer spin, e.g. γ, g, π
• ψ is antisymmetri under interhange, FERMIONS, half-integer spin, e.g. e−, p, nThen if we put two (idential) Fermions in the same state

ψ(x1, x2, . . . , xN ) = −ψ(x1, x1, . . . , xN )1

ψ(x1, x1, . . . , xN ) = 0i.e. no two Fermions an oupy the same state.Now ounting ditated by QM.1. No two Fermions in a state, i.e. 0 or 1 partile per state (annot use Stirlingapproximation)2. Fermions & Bosons annot be labeled (indeterministi)In phase spae, a phase ell ontains Ni ≫ 1 partiles of energy Ei. Divide eah ell into
G > N elementary ells, ni = Ni

G an be small. For the Boltzmann hypothesis, we needthe thermodynami probability Ω. De�ne:
Ωα = thermodynamial probability of eah elementary phase-ell
Ω̃i = thermodynamial probability of i-th phase ell
Ωα =

G

√

Ω̃isine eah one of the G elementary phase ells is equaly likely to be oupied by a partile0. Reover Boltzmann distribution (Classial ounting, deterministi)1. Fermi-Dira distribution (antisymmetri under interhange)2. Bose-Einstein distribution (symmetri under interhange)27



4.2 Boltzmann distribution
Ω̃i =

GNi

Ni!, as Ni ≫ 1 approximate with Stirling.
lnNi! = Ni lnNi −Ni

Ni! = eNi lnNi−Ni

= NNi

i e−NiUse Ni = Gni

Ω̃i =
GGnieGni

(Gni)Gni
=

(
Ge

Gni

)Gni

=

(
e

ni

)Gni

⇒ Ωi =
G

√

Ω̃i = n−ni

i eni

⇒ Ω =
∏

i

Ωi =
∏

i

n−ni

i eniAnd so the entropy is
S = k lnΩ = k ln

∏

i

Ωi = k
∑

i

ln Ωi = k
∑

i

(−ni lnni + ni) = −k
∑

i

(ni lnni − 1)Previous version S = −k∑i ωi lnωi with ωi = Ni

N4.3 Fermi-Dira distribution
Ω̃i =

G!

(G−Ni)!Ni!As G≫ 1, Ni ≫ 1 approximate with Sterling
Ω̃i =

e−GGG

eNi−G(G−Ni)G−Nie−NiNNi

i

=
GG

(G−Ni)G−NiNNi

i

=

=
GG

(G−Gni)(G−Gni)(Gni)Gni
=

GG

GG−Gni(1 − ni)G−GniGGninGni

i

=

=
GG

GG(1 − ni)G−GninGni

i

=
1

(1 − ni)G−GninGni

i

=

=
[
n−ni

i (1 − ni)
ni−1

]G

⇒ Ωi =
G

√

Ω̃i = n−ni

i (1 − ni)
ni−1
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So the entropy is
S = k ln

∏

i

Ωi = k
∑

i

ln Ωi = k
∑

i

[−ni lnni + (ni − 1) ln(1 − ni)] =

= −k
∑

i

[ni lnni + (1 − ni) ln(1 − ni)]4.4 Bose-Einstein distributionIn Bose statistis any number of partiles (A) in given state B. States B and partiles
A are not individually labeled. Assign eah partile A to the state on their left

BAABAAABABAABB...How many possibilities are there? We have G + Ni "partiles" to distribute, the left-most partile has to be a B, so G possibilities for this, the rest an hoose freely, i.e.
(G + Ni − 1)! possible arrangements. As the partiles are indistinguishable Ni! are thesame, as the states are indistinguishable, G! are the same. So we get

Ω̃i =
G(G+Ni − 1)

G!Ni!
=

(G+Ni − 1)!

(G− 1)!Ni!

≈ (G+Ni)!

G!Ni!
=
e−G−Ni(G+Ni)

G+Ni

e−GGGe−NiNNi

i

=

=
(G+Gni)

G+Gni

GG(Gni)Gni
=
GGGGni(1 + ni)

G+Gni

GGGGninGni

i

=

=
(1 + ni)

G+Gni

nGni

i

=

=
[
(1 + ni)

1+nin−ni

i

]G

⇒ Ωi = (1 + ni)
1+nin−ni

ii.e. the entropy is
S = k ln

∏

i

Ωi = k
∑

i

ln
[
(1 + ni)

1+nin−ni

i

]
=

= k
∑

i

[(1 + ni) ln(1 + ni) − ni lnni] =

= −k
∑

i

[ni lnni − (1 + ni) ln(1 + ni)]4.5 Summarize FD and BEDe�ne Ω
(FD)
i = Ω

(+)
i ,Ω

(BE)
i = Ω

(−)
i . Ω

(±)
i = n−ni

i (1 ∓ ni)
ni∓1

S(± = k ln
∏

i

Ω
(±)
i = k

∑

i

[−ni lnni + (ni ∓ 1) ln(1 ∓ ni)]29



Use alulus of variation:
δS =

∑ ∂S

∂ni
δnisubjet to the onstraints of �xed energy and �xed number of partiles.

δS + λ1δE + λ2δ

(
∑

i

Ni

)

= 0

δE =
∑

iEiδni, δN =
∑

i δni

∂S

∂ni
= k

∂

∂ni

{
∑

i

[−ni lnni + (ni ∓ 1) ln(1 ∓ ni)]

}

=

= k

[

− lnni − 1 + ln(1 ∓ ni) ∓
(ni ∓ 1)

1 ∓ ni

]

=

= k

[

ln
1 ∓ ni

ni
− 1 ∓ ∓(1 ∓ ni)

1 ∓ ni

]

=

= k ln
1 ∓ ni

ni
=

δS = −k
∑

i

ln
ni

1 ∓ nii.e.
∑

i

δni

[

−k ln
ni

1 ∓ ni
+ λ1Ei + λ2

]

= 0

δni being arbitrary (subjet to the onstraints imposed)
−k ln

ni

1 ∓ ni
+ λ1Ei + λ2 = 0 ∀ii.e.

ln
ni

1 ∓ ni
= −(α+ βEi)

ni = (1 ∓ ni)e
−(α+βEi)

ni(1 ± e−(α+βEi)) = e−(α+βEi)

ni =
e−(α+βEi)

1 ± e−(α+βEi)

ni =
1

eα+βEi ± 1or with ontinuous spetrum
f(E) =

1

eα+βE ± 130



Evaluate S:
S = k

∑

i

[−ni lnni + (ni ∓ 1) ln(1 ∓ ni)] =

= −k
∑

i

[ni (lnni − ln(1 ∓ ni)) ± ln(1 ∓ ni)] =

= −k
∑

i

[

ni ln
ni

1 ∓ ni
± ln(1 ∓ ni)

]

=

= −k
∑

i

[−(α+ βEi)ni ± ln(1 ∓ ni)] =

= k

[

α
∑

i

ni + β
∑

Eini ∓
∑

i

ln(1 ∓ ni)

]

=

= k

[

αN + βE ∓
∑

i

ln(1 ∓ ni)

]If we now proeeded like before to employ the Maxwell Realtion (∂U
∂S

)

N,V
= T ⇒

(
∂S
∂U

)

N,V
= 1

T , we meet an obstale. The term ∑

i ln(1 ∓ ni) is not independent of
E, so β annot be identi�ed as before. %beginalign* Here, we proeed with the alterna-tive path of subjeting the Helmholz free energy F = U−TS to the variational priniple.Note that now T appears expliitly so we do not need the Lagrange multiplier to �x theenergy. Using only the onstraint �xing the number of partiles, we arrive at exatlythe same result, without having to identify β. To identify the orresponding Lagrangemultiplier α, reall the Maxwell Relation ( ∂F

∂N

)

T,V
= µ,

F = U − TS = U − Tk

[

αN + βU ∓
∑

i

ln(1 ∓ ni)

]

=

= −kTαN ± kT
∑

i

ln(1 ∓ ni)i.e.
µ =

(
∂F

∂N

)

T,V

= −kTα

α = −βµi.e. the FD/BE distribution is:
f±(E) =

1

eβ(E−µ) ± 1
(4.1)

f±(E) =
1

eβ(E−E0) ± 1
(4.2)
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E0 = µ = µ(T ).
F = NE0 ±

∑

i

ln

(

1 ∓ 1

eβ(E−E0) ± 1

)

= NE0 ±
∑

i

ln

(

eβ(E−E0)

eβ(E−E0) ± 1

)

=

= NE0 ∓
∑

i

ln
(

1 ± eβ(E0−E)
)Note. If you don't take the Gth root you get a better result for S and do not have toheat on E and N . For more realisti onsiderations you an even take Gi being thenumber of states for eah energy level. The result is the same4.6 Sign of µ1. Bose-Einstein: fBE = 1

eβ(E−µ)−1
. Suppose we alulate the number of partiles, ithas to be > 0

N =

∫
g(E)

eβ(E−µ) − 1
> 0i.e. eβ(E − µ) > 1 for arbitrary E i.e. e−βµ > 1

µ < 0 ∀T (4.3)See Figure 4.1 for plot.2. Fermi-Dira fFD = 1
eβ(E−µ)+1

N =

∫
g(E)

eβ(E−µ) + 1
dE =

= eβµ

∫
g(E)

eβE + eβµ
dEIf µ < 0 (µ = −a2)

N = e−βa2

∫
g(E)

eβE + e−βa2 dEConsider now T → 0, i.e. β → ∞. Then ∫ g(E)

eβE+e−βa2 dE →
∫ g(E)

eβE dE = I < ∞whih is onvergent, i.e.
N = e−βa2

I
T→0−−−→ 0whih is absurd, i.e.

µ(T = 0) > 0 (4.4)See Figure 4.2 for plot.For T = 0 the distribution funtion is the Heaviside step-funtion (Figure 4.3)
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Figure 4.1: Bose-Einstein distribution
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Figure 4.2: Fermi-Dira distribution for T > 0
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4.7 Radiation LawsPhoton gas (E = ~ω (QM)) obeys Bose-Einstein statistis f(E) = 1
eβ(E−E0)−1

. Photonsare superrelativisti, i.e. their number is not �xed, i.e. the Lagrangian multiplier α �xing
N is zero. α = 0 ⇒ E0 = µ = 0. The total energy is

U =

∫

Ef(E)dτ

dτ is the volume-element in phase spae, i.e. dτ = d3x4πp2dp. Beause of the unertaintyrelation we annot make both dx and dp in�nitesimaly small, so we have to divide by ~
3

U =
4πV

~3

∫

Ef(E)p2dpAs for radiation holds p = E
c = ~ω

c we hange variables to get
U =

4πV

~3

~
3

c3

∫

~ωf(~ω)ω2dωIn order to aount for the two possible polarisations we have to multiply by 2. Theenergy/unit volume is
U

V
=

8π~

c3

∫
ω3

eβ~ω − 1
dω1. Rayleigh -Jeans: energy/unit volum/frequeny for long wavelength

ǫ =
8π~

c3
ω3

eβω~ − 1
≈ 8π~

c3
ω3

β~ω
=

8π

βc3
ω22. Wien's law: energy/unit volume/frequeny for small wavelength

ǫ =
8π~

c3
ω3

eβω~ − 1
≈ 8π~

c3
ω3

eβ~ω
=

8π~

c3
ω3e−β~ω3. Stefan's Law: energy dependene on T

U

V
=

8π~

c3

∫
ω3

eβ~ω − 1
dω =

=
8π~

c3
1

(β~)4

∫
x3

ex − 1
dx =

=
8πk4

c3~3
T 4

∫
x3

ex − 1
dx =

U

V
=

8πk4

c3~3

π4

15
T 4 = σS−BT

4
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Example. Consider a superrelativisti radiation gas of Bosons/Fermions and give
g(E) =

{

1 0 ≤ E ≤ ED

0 E > EDCalulate CV and disuss the limits.
U =

∫ ED

0

E

eβE ± 1
dE =

• QM Limit, β ≫ 1

U =

∫ ED

0

E

eβE ± 1
dE ≈

∫ ED

0

E

eβE
dE =

=

∫ ED

0
Ee−βEdE =

=

[

−E
β
e−βE

]ED

0

+
1

β

∫ ED

0
e−βEdE =

= −EDe
βED

β
+

1

β2

[

1 − e−βED

]

=

U = − 1

β2

[

(EDβ + 1)e−βED − 1
]

≈ k2T 2i.e.
CV ∝ T

T→0−−−→ 0as expeted of QM CV

• Classial Limit, β ≪ 11. BE:
U =

∫ ED

0

E

eβE − 1
dE ≈

∫ ED

0

E

βE
dE =

ED

β
= EDkTi.e.

CV = EDk = const2. FD:
U =

∫ ED

0

E

eβE + 1
dE ≈

∫ ED

0

E

2 + βE
dE =

1

β

∫ βED

0

x

2 + x
dx =

=
1

β

∫ βED

0
1 − 2

2 + x
dx =

1

β2
[x− 2 ln(2 + x)]βED

0 =

=
1

β2
[βED − 2 ln(2 + βED) + 2 ln(2)] =

=
1

β2

[

βED − 2 ln
2 + βED

2

]

=

U = EDkT − 2k2T 2 ln

(

1 +
ED

2kT

)
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CV =
∂U

∂T
= EDk − 2k2T

{

2 ln

(

1 +
ED

2kT

)

+
T

1 + ED

2kT

(

− ED

2kT 2

)}

=

= EDk − 2k2T

{

2 ln

(

1 +
ED

2kT

)

− ED

2kT + ED

}i.e. CV is T dependent whih is absurd.
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