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Summary:
The one group reactor model is introduced for simple geometries and solved analytically and
numerically for the steady state. The concept of criticality is introduced and discussed. The
transient case is discussed briefly in the context of criticality.
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Reactor Physics: The One Group Reactor Model

1 Introduction

1.1 Overview
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Figure 1 Course Map

1.2 Learning Outcomes

The goal of this chapter is for the student to understand:
e Simple reactor systems

e The notion of criticality, what it means both physically and mathematically
e How to analytically solve for the steady state flux for simple geometries
e How to numerically solve the steady state for more arbitrarily complex geometries.
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Reactor Physics: The One Group Reactor Model 3

2 The One Group Model
S;(r,t) = v, ¢(r,t) (1)
1

. %(b(r, = V:-D(@Ve(r,) —Z,(r)o(r, ) + v (r)o(r, 1) 2)

Features:
e This is the time dependent, one speed model where we ignore the delayed neutrons.
e The absorption term, >, is a local parameter that may vary in space, depending on the

material at hand (moderator, structure, coolant, fuel, etc.).
e The fuel fission cross section is part of the fuel absorption cross section,
L fuel __ fuel fuel
e 2 =2+
e Wetreat D and X as constant over time since typically they do not vary substantially

over the short time span that the flux can vary significantly in time. The details of the
problem at hand will guide you.

Example: We look at a simple one dimensional slab reactor, a case that readily yields an
analytical solution. The reactor is composed of a homogeneous mixture of fuel and moderator.

The slab thickness is a centimeters. We assume the dimensions represent the extrapolated
distances (at which the flux goes to zero).

¢ Reactor

By

-al2 0 al2  x

Figure 2 A simple slab reactor

The steady state equation for constant coefficients is:

2
D % H=Z,H vEDH) =0 ()
X

The solution is of the form:

¢ = ¢, cos(Bx) (4)
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Reactor Physics: The One Group Reactor Model 4
and for the flux to go to zero at the extrapolated boundaries, we must have

B=— 5)
a

Substituting equation 4 into 3 we find that, after dropping the common ¢ocos factor:
-DB*-X,+vX,=0 = DB’=vXY -X,
and (6)

B =(Tc/a)2:—vzf’5za - B’

m

where the subscript g refers to the geometric buckling and the subscript m refers to the material
buckling.

This is the criticality condition.

Referring back to equation 3 and using v » = B*, we find:

22
D

2
I 4800 =0

You will see this form used quite often.

In 3-D,

2 2 2
D o9 + o6 + 07
ox2 oyF o2
And the solution is of the form:
¢ = ¢, cos(B,x)cos(B,y)cos(B,z)
Which leads to the criticality condition:

2 2 2 _
B§=Bi+Bj+B§=(g) +(“) +(n) _V2Zim2, - B2

]+(_Za+vzf)¢(x):0

b c D "
where a, b and c are the slab dimensions in the 3 directions.
Note that the basic equality of geometric and material At this point you should
buckling holds even though the exact form of the equality is be able to answer
case dependent. Questions 1, 2 and 3 at the

end of this chapter.

It is important to stop for a moment and reflect on what this
means. This is a statement of the balance between neutron production by fission and neutron
loss by leakage and absorption. There is a unique slab thickness that ensures that the net
production / loss is zero for the given material properties. Any other size will result in a net loss
of gain of neutrons over time.

It is also import to realize that this critical size is the size that is predicted by the model. Reality
will be something else.
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3 Relating k to the Criticality Condition
We have -DB?-X_ +vX =0. Since there is uncertainty in the material parameters and since
v 2., is the dominant source of error, we introduce a fudge factor to ensure criticality:
DB Y, 4+ YE g (7)
fudge
Rearranging:
v Z/
VI DB Y, sk == 2 (8)
K e 2, +DB” 1+L°B
This looks like the four factor formula with a leakage term after we manipulate the above
equation a bit.
We can write
k=k, Py =,nfpPy 9)
where Pyy is the probability of non-leakage.
Now,
fuel fuel
\Y%
1 p - (10)
And
[2, pav [, ¢dv
[Z.0dV+[Veddv |2, ¢dV - [DVpdV
(11)
J‘ 2, 0dV 1

) [, 0dV + [DB*pdV 148’

So in equation 8, if we find that for a given size (ie B%) and material properties (D, Z,, vZy) that
Kfugge must be, say, 1.1 to make the model critical, this is equivalent that the multiplication factor

k = 1.1, ie the arrangement is supercritical as specified and the vZ¢ term must be reduced or

downgraded to bring the reactor model to the critical state.

[Note that in the above equation we used the relationship DV2¢ +DB2¢(x) =0.]
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4 Analytical Solution for the Transient case

We had the general one speed neutron balance equation:
1 0
- ad)(r, )= V-D)Ve(r,t) —Z,()(r, t) +v2e (r)o(r, t) (12)
For the homogeneous case in one dimension:
1 0 0% (x,t
L Zomn= DZED 5 g, 0+ vE o, (13)
v ot O0x

We’ll try to solve this using Separation of Variables. We define:

o(x, 1) = y(x)T(t) (14)
and substitute in to get:
1 oT %y
—y—=TD— -X Ty +v2 T 15
VS o2 eV £ Ty (15)
10T v| . 0y
S—=—= —|D—+(vX,-X = —) = constant 16
T 61: \l/ |: aXZ ( f a )\lj:| ( )
The LHS (a function of T only) has the solution:
T(t) = T(0)e ™ (17)
while the RHS (a function of y only) can be rewritten as follows:
2
Da \'2/+(VZf —Za)\p:—%\u=0when critical (18)
ie:
O’y (& Y
D +H —=+v2, X =0=>—+By=0 19
o (V P2 jw o B (19)
Thus
&+v2f—2a:DBZ:X:V(Ea+DB2—VZf) (20)
A%

) a ) )
Now the flux goes to zero at the boundaries of the slab, x = iE’ and we try a cosine solution:

2

v, (x)=cos(B,x), B :(Ej (21)

a

This is an eigenvalue problem and we see that the eigenvalue,
=%, =v(Z,+DB] -vY,) (22)

The solution is then
bt =3 A e cos[@j (23)
n odd a

where A, is the amplitude function of the n"™ term. We use the initial flux and the orthogonal
nature of the cosine function to determine A,. The initial condition is
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0,0 =S A, cos[nﬂj

n odd a

We multiply both sides by cos ( mnx] and integrate over the slab:

a
j? (I)(X,O)cos[mnxjd = z j? A, cos(ﬂ)cos(mnx)dx
2 a nodd” 2 a a
=2A,
2

~A = EJ.? d(x,0)cos (nﬂ]dx
a5 a
For long times,

} X ,
O(x,t) ~ A,e ™" cos (?j =Ae”" cos B,x

(24)

(25)

(26)

(27)

since the higher order modes (larger n) decay faster than the lower order modes (low n), ic

A <A, <Ay<-e
because
B/ <Bl<B]<--

(28)

(29)

[Note that we ignore the even terms in the summation because they give non-zero terms at the

. a
boundaries, x = iE N
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5 Criticality

We had found that A=A = V(Za +DB; —v Zf) for the transient case. We also found that the

slowest decaying mode was that associated with the fundamental eigenvalue, A,. It follows that
in the steady state,

% =0=v(X,+DB} -vY,) (30)

ie, only the fundamental cosine mode remains. All the other higher order modes have died away.
Thus

V2, —2
Bj= B === (31)
—
geometric buckling ~ “~———"
material buckling
To summarize:
B;, >B; =, <0 supercritical
B = B; = A, =0 critical (32)

B < Bg = A, >0 subcritical

=~ ——
fission source leakage
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Reactor Physics: The One Group Reactor Model 9

6 Criticality for General Bare Geometries

1 0
- 5¢(r, )= V-D(@)Ve(r,) —Z,(r)e(r, t) + v (r)o(r, 1) (33)
In the steady state with homogeneous properties, we have:
v%wno+[izﬁfgj¢ux>=o
or (34)
V24(r,t) + (%1} o(r,t) =0, where L* = D and k, = Vi
L 2, 2,
H’_/
=R?
The boundary condition is zero flux at the extrapolated boundary (surface):
o(r,) =0 (35)

Consider, for example a reactor made in the shape of a right cylinder as shown in figure 3.

Reactor H

~

Figure 3 Cylindrical reactor.

The one speed neutron balance equation is:

10( 8 8% . .o
;a(rg] +$+B $=0 (36)
B.C.:
o =0 G7)
o(r,£H/2)=0
Let:
o(r,2) = R(r)Z(z) (38)

Substituting into equation 36:
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Reactor Physics: The One Group Reactor Model 10
i(r@j +a’R=0

dr\ dr
7 (39)
— +AZ=0
dr
The solution to the radial equation is:
R = AJ,(ar)+ £, (ar) (40)
C must be 0 because Y,(r) - ast— 0. Since the flux must go to zero at the extrapolated
boundary, a = % , the first root of J.
The solution to the axial equation is:
Z=cos(kz) (41)

where A° = (n/ H)2 since the flux goes to zero at the extrapolated boundaries.
Thus the full solution is:

¢=AJ0(2'40%)COS(TC%TI) (42)

2405 (oY vE, -3,
I, +| — —__t —a
R H D

2
B B,

The criticality condition is:

EATEACH\EP4D3\text\6-reactor\reactor-rl.doc 2005-07-13



Reactor Physics: The One Group Reactor Model 11

7 Reflected Reactor Geometries

Now let’s look at a slab reactor with a reflector on each side. As before:

1 0
- ad)(r, = V-D(@Ve(r,) —Z,(r)e(r, ) + v (r)o(r, 1) (43)
Assuming steady state, homogeneous properties within each region and one dimension:
% (x
D M (-5t v 000 =0 (44)

This will apply to both the core region and the reflector region, see figure 4.
4

(I) Reactor

Core

Reflector Reflector

-al2 0 al2 X
Figure 4 Reflected slab reactor
Governing equations:
2,C
Core: D¢ w +H-Zg +vEX)° (x) =0
dx (45)

2, R
Reflector: DR % — EE(I)R (x)=0
X

o (%+b =0
¢ (%) =" (%) (46)
AVARNYA

symmetry
We will just solve for x>0 since, by symmetry, the solution is the same for x<0. We try:

B.C.:
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c_vycC
¢ =A° cos(Bix), where (Bf1 )2 = Vz;)—cza (47)
And
+b—x R
® sinh / , where (LR )2 = %
‘ (48)
+t e+t
=0atx =2/ +b since sinht=
% 2
Applying the boundary conditions:
C
¢ equal at interface = A° cos ( B;aJ = A" sinh (LLRJ (49)
C R
J equal at interface = D“BS A sin (%} = % AR cosh (%) (50)
We divide equation 50 by 49 to eliminate the unknown A coefficients to give the criticality
condition:
C R
D B¢, tan Bya =D—c th[ b ] (51)
2 L? L*

This relates the geometry of the reactor to the material properties of the reactor. To graphically
C

illustrate this, we plot the LHS and the RHS against B2 in figure 5. Where the LHS and the

“a
2 but the lowest

RHS are equal, the reactor is critical. This occurs at multiple values of

value (ie smallest core size, a) occurs at just less than ©/2. If you recall, the bare reactor went
critical at B, =m/a or, equally, B, a/2=m/2. Thus the core size for a reflected reactor is
smaller than a non-reflected reactor, resulted in a fuel “savings”.

EATEACH\EP4D3\text\6-reactor\reactor-rl.doc 2005-07-13



Reactor Physics: The One Group Reactor Model 13
|

Criticality
A condition

3n

T 2r
2 2

Figure 5 Criticality for a reflected slab reactor.
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8 Reactor Criticality Calculations

As you no doubt noticed from the previous analytical solutions, any real reactor model would be
too complex to be solved analytically. So we resort to numerical means.

You will recall that we had:

% §¢(r, D= V:-D@Ve(r,) —Z,(r)o(r, ) + v 2 (r)o(r, 1) (52)
If we postulate that
o(x,t) = "y(x) (33)
then
% Y(r, )= V-D@Vy(r) —Z,(00y(r) + v, ()y(r) (54)

and we get a steady state solution when A = 0. Therefore, the basic idea is to adjust the equaton
parameters until A = 0. But which parameters and how to adjust them?

Generally, you start with a fixed geometry and basic design, ie the materials are known. Thus,
the free variable is the fuel, ie reactivity. Therefore, vary v or, equally, introduce a fudge factor:

VD (1)VY(r) +Z, (1)d(r) = %zf (X)(r)

%/—/
source term

U (55)
M¢ = %F(I)

where M and F are operators. The fudge factor is k. If you rearrange the equation, solving for k
as we did in section 3 of this chapter, you will see that k takes on a form like the multiplication
factor k that we introduced earlier. The k generated satisfies:

) VZ%:a o

K =1 g
—
from the V<DV ¢ term

The numerical algorithm for a fixed design is as follow:

1. Setup a spatial grid as we did for the fixed source cases in Reactor Physics: Numerical
Methods.

2. Guess k' and ¢ for the initial or zeroth iteration.

3. Calculate the source term %Fd)(o) .
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4. Solve as per the previous numerical methods (G-S or SOR, etc) with this known source.
This involves an iteration on ¢ to get a converged spatial distribution of ¢ for this fixed
source estimate. This generates (I)1 (r). This is the inner loop. Note that this flux
distribution is based on a guess of the source term which is a function of ¢.
Mathematically:

1 s©
Mo = o) Fo© = ) = ¢
SM =M

5. Now we need to update the source and the value of the fudge factor k. The source is easy
— just recalculate F¢ as per equation 55 or 57 using the latest flux values. But what about
k? We’ll see in a minute that k' =k°S'/S°.

6. With an updated source term, we now re-calculate the flux as above. This is the outer
loop. The algorithm can be summarized:

Guess ¢(O)and k©®

[outer loop] oni

(57)

Foll) = 59 —g = inner loop = Ut
k(l) (58)
update SU*V = Fq)(”l)
update k(D = gl g0

[outer loop] until flux converges.

Mg+ —

If we are clever, we can combine the inner and outer iterations by updating k and S every time
we make and inner loop sweep. There is hardly any sense in converging the inner loop to a fine
tolerance only to make big changes in the fudge factor and source term and then re-compute the
flux again to a fine tolerance. It is far better to update k and S as you go.

Now, on to how to update k. We note that:
fission sources  F¢

k= : = (59)
sinks M¢
Thus
(i+1)
k(i+1) — IvolumeF(I) dV (60)
R ei\Y
volume
But in our procedure:
O]
i) 1 pai S
Mo = R =5 (61)

k
Therefore:
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J‘ QU gy
volume

1
k(i) volume

K0 =

(62)

sS4V
Q.E.D.

We can improve on this by looking ahead based on the past trend (extrapolation).

What does adjusting the k mean physically? Let’s say that the converged value of k that you get
for a particular case is 1.1. That means that the source term, v 2¢ (r)¢(r), was too big, causing

the reactor to be supercritical. To make the reactor critical, it had to be reduced by 10%. Then,
and only then, did the source and sink terms balance. Obviously, we could have make the
reactor critical in a number of other ways, such as adjusting the absorption term or changing the
size of the reactor. But since we typically start with a physical reactor of given (or proposed)
dimensions and materials, it is convenient to control the criticality in the way we did. If you run
into a case where it makes more sense to adjust another term, by all means, go for it. The overall
procedure is similar and should work just as well. Just make sure that you are not attempting to
find criticality by adjusting a term that is of little influence on the equation set. For instance, a
control rod (absorber) at the very edge of a reactor sees few neutrons so it would be ineffective
in affecting overall criticality. Use your common sense.
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9 Questions

1. It would be folly to expect that the simple one speed model would really be all that
accurate. What are the sources of errors?

2. How sensitive is the critical size to errors in cross sections?

3. How would you lock the model onto reality? What commissioning tests can you think
of? How would you perform them?
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