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1 Introduction

These lectures were presented at the CERN-CLAF school in Malargüe, Argentina in Feb. 27th-
March 12th. The audience was composed to a large extent by students in experimental High Energy
Physics with an important minority of theorists. In nearly ten hours it is quite difficult to give a
reasonable introduction to a subject as vast as Quantum Field Theory. For this reason the lectures
were intended to provide a review of those parts of the subject to be used later by other lectur-
ers. Although a cursory acquaitance with th subject of Quantum Field Theory is helpful, the only
requirement to follow the lectures it is a working knowledgeof Quantum Mechanics and Special
Relativity.

The guiding principle in choosing the topics presented (apart to serve as introductions to later
courses) was to present some basic aspects of the theory thatpresent conceptual subtleties. Those
topics one often is uncomfortable with after a first introduction to the subject. Among them we have
selected:

- The need to introduce quantum fields, with the great complexity this implies.
- Quantization of gauge theories and the rôle of topology inquantum phenomena. We have in-

cluded a brief study of the Aharonov-Bohm effect and Dirac’sexplanation of the quantization
of the electric charge in terms of magnetic monopoles.

- Quantum aspects of global and gauge symmetries and their breaking.
- Anomalies.
- The physical idea behind the process of renormalization ofquantum field theories.
- Some more specialized topics, like the creation of particle by classical fields and the very

basics of supersymmetry.

These notes have been written following closely the original presentation, with numerous
clarifications. Sometimes the treatment given to some subjects has been extended, in particular the
discussion of the Casimir effect and particle creation by classical backgrounds. Since no group
theory was assumed, we have included an Appendix with a review of the basics concepts.

By lack of space and purpose, few proofs have been included. Instead, very often we illustrate
a concept or property by describing a physical situation where it arises. Full details and proofs
can be found in the many textbooks in the subject, and in particular in the ones provided in the
bibliography [1–9]. Specially modern presentations, verymuch in the spirit of these lectures, can
be found in references [4, 5, 9]. We should nevertheless warnthe reader that we have been a bit
cavalier about references. Our aim has been to provide mostly a (not exhaustive) list of reference
for further reading. We apologize to those authors who feel misrepresented.

Acknowlegments.It is a great pleasure to thank the organizers of the school and in particular
Teresa Dova for the opportunity to present this material, and for the wonderful atmosphere they
created throughout the school. The work of M.A.V.-M. has been partially supported by Spanish
Science Ministry Grants FPA2002-02037, FPA2005-04823 andBFM2003-02121.
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1.1 A note about notation

Before starting it is convenient to review the notation used. Through these notes we will be using
the metric��� = diag(1;� 1;� 1;� 1). Derivatives with respect to the four-vectorx� = (ct;~x)will
be denoted by the shorthand

@� �
@

@x�
=

�
1

c

@

@t
;~r

�

: (1.1)

As usual space-time indices will be labelled by Greek letters (�;�;:::= 0;1;2;3) while Latin
indices will be used for spatial directions (i;j;:::= 1;2;3). In many expressions we will use the
notation�� = (1;�i)where�iare the Pauli matrices

�1 =

�
0 1

1 0

�

; �2 =

�
0 � i
i 0

�

; �3 =

�
1 0

0 � 1

�

: (1.2)

Sometimes we use of the Feynman’s slash notation=a = 
�a�. Finally, unless stated otherwise, we
work in natural units~ = c= 1.

2 Why do we need Quantum Field Theory after all?
In spite of the impressive success of Quantum Mechanics in describing atomic physics, it was
immediately clear after its formulation that its relativistic extension was not free of difficulties.
These problems were clear already to Schrödinger, whose first guess for a wave equation of a free
relativistic particle was the Klein-Gordon equation

�
@2

@t2
� r

2
+ m 2

�

 (t;~x)= 0: (2.1)

This equation follows directly from the relativistic “mass-shell” identityE 2 = ~p2 + m 2 using the
correspondence principle

E ! i
@

@t
;

~p ! � i~r : (2.2)

Plane wave solutions to the wave equation (2.1) are readily obtained

 (t;~x)= e� ip�x
�

= e� iE t+ i~p� ~x with E = � !p � �
p
~p2 + m 2: (2.3)

In order to have a complete basis of functions, one must include plane wave with bothE > 0 and
E < 0. This implies that given the conserved current

j� =
i

2

�

 �@� � @� 
� 

�

; (2.4)

its time-component isj0 = E and therefore does not define a positive-definite probability density.
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Fig. 1: Spectrum of the Klein-Gordon wave equation

A complete, properly normalized, continuous basis of solutions of the Klein-Gordon equation
(2.1) labelled by the momentum~pcan be defined as

fp(t;~x) =
1

(2�)2
p
2!p

e� i!pt+ i~p� ~x;

f� p(t;~x) =
1

(2�)2
p
2!p

ei!pt� i~p� ~x: (2.5)

Given the inner product

h 1j 2i= i

Z

d3x
�

 �
1@0 2 � @0 

�
1  2

�

the states (2.5) form an orthonormal basis

hfpjfp0i = �(~p� ~p0);

hf� pjf� p0i = � �(~p� ~p0); (2.6)

hfpjf� p0i = 0: (2.7)

The wave functionsfp(t;x)describes states with momentum~p and energy given by!p =
p
~p 2 + m 2. On the other hand, the statesjf� pinot only have a negative scalar product but they

actually correspond to negative energy states

i@0f� p(t;~x)= �
p
~p 2 + m 2f� p(t;~x): (2.8)
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Therefore the energy spectrum of the theory satisfiesjE j> m and is unbounded from below (see
Fig. 1). Although in a case of a free theory the absence of a ground state is not necessarily a fatal
problem, once the theory is coupled to the electromagnetic field this is the source of all kinds of
disasters, since nothing can prevent the decay of any state by emission of electromagnetic radiation.

The problem of the instability of the “first-quantized” relativistic wave equation can be heuris-
tically tackled in the case of spin-1

2
particles, described by the Dirac equation

�

� i�
@

@t
+ ~� �~r � m

�

 (t;~x)= 0; (2.9)

where~� and� are4� 4matrices

�i=

�
0 i�i

� i�i 0

�

; � =

�
0 1

1 0

�

; (2.10)

with �i the Pauli matrices, and the wave function (t;~x)has four components. The wave equation
(2.9) can be thought of as a kind of “square root” of the Klein-Gordon equation (2.1), since the latter
can be obtained as

�

� i�
@

@t
+ ~� �~r � m

� y�

� i�
@

@t
+ ~� �~r � m

�

 (t;~x)=

�
@2

@t2
� r

2
+ m 2

�

 (t;~x):(2.11)

An analysis of Eq. (2.9) along the lines of the one presented above for the Klein-Gordon
equation leads again to the existence of negative energy states and a spectrum unbounded from
below as in Fig. 1. Dirac, however, solved the instability problem by pointing out that now the
particles are fermions and therefore they are subject to Pauli’s exclusion principle. Hence, each
state in the spectrum can be occupied by at most one particle,so the states withE = m can be made
stable if we assume thatall the negative energy states are filled.

If Dirac’s idea restores the stability of the spectrum by introducing a stable vacuum where all
negative energy states are occupied, the so-called Dirac sea, it also leads directly to the conclusion
that a single-particle interpretation of the Dirac equation is not possible. Indeed, a photon with
enough energy (E > 2m ) can excite one of the electrons filling the negative energy states, leaving
behind a “hole” in the Dirac see (see Fig. 2). This hole behaves as a particle with equal mass
and opposite charge that is interpreted as a positron, so there is no escape to the conclusion that
interactions will produce pairs particle-antiparticle out of the vacuum.

In spite of the success of the heuristic interpretation of negative energy states in the Dirac
equation this is not the end of the story. In 1929 Oskar Klein stumbled into an apparent paradox
when trying to describe the scattering of a relativistic electron by a square potential using Dirac’s
wave equation [10] (for pedagogical reviews see [11, 12]). In order to capture the essence of the
problem without entering into unnecessary complication wewill study Klein’s paradox in the con-
text of the Klein-Gordon equation.

Let us consider a square potential with heightV0 > 0of the type showed in Fig. 3. A solution
to the wave equation in regions I and II is given by

 I(t;x) = e� iE t+ ip1x + Re� iE t� ip1x;

 II(t;x) = Te� iE t+ p2x; (2.12)

6



Energy

m

−m

particle

antiparticle (hole)

photon

Dirac Sea

Fig. 2: Creation of a particle-antiparticle pair in the Dirac see picture

x

V(x)

V0Incoming

Reflected

Transmited

Fig. 3: Illustration of the Klein paradox.
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where the mass-shell condition implies that

p1 =
p
E 2 � m2; p2 =

p
(E � V0)2 � m2: (2.13)

The constantsR andT are computed by matching the two solutions across the boundary x = 0.
The conditions I(t;0)=  II(t;0)and@x I(t;0)= @x II(t;0)imply that

T =
2p1

p1 + p2
; R =

p1 � p2
p1 + p2

: (2.14)

At first sight one would expect a behavior similar to the one encountered in the nonrelativistic
case. If the kinetic energy is bigger thanV0 both a transmitted and reflected wave are expected,
whereas when the kinetic energy is smaller thanV0 one only expect to find a reflected wave, the
transmitted wave being exponentially damped within a distance of a Compton wavelength inside
the barrier.

Indeed this is what happens ifE � m > V0. In this case bothp1 andp2 are real and we have a
partly reflected, and a partly transmitted wave. In the same way, ifE � m < V0 andE � m < V0� 2m
thenp2 is imaginary and there is total reflection.

However, in the case whenV0 > 2m and the energy is in the rangeV0 � 2m < E � m < V0 a
completely different situation arises. In this case one finds that bothp1 andp2 are real and therefore
the incoming wave function is partially reflected and partially transmitted across the barrier. This is
a shocking result, since it implies that there is a nonvanishing probability of finding the particle at
any point across the barrier with negative kinetic energy (E � m � V0 < 0)! This weird result is
known as Klein’s paradox.

As with the negative energy states, the Klein paradox results from our insistence in giving a
single-particle interpretation to the relativistic wave function. Actually, a multiparticle analysis of
the paradox [11] shows that what happens whenE � m > V0 � 2m is that the reflection of the
incoming particle by the barrier is accompanied by the creation of pairs particle-antiparticle out of
the energy of the barrier (notice that for this to happen it isrequired thatV0 > 2m , the threshold for
the creation of a particle-antiparticle pair).

Actually, this particle creation can be understood by noticing that the sudden potential step in
Fig. 3 localizes the incoming particle with massm in distances smaller than its Compton wavelength
� = 1

m
. This can be seen by replacing the square potential by another one where the potential varies

smoothly from0 to V0 > 2m in distances scales larger than1=m . This case was worked out by
Sauter shortly after Klein pointed out the paradox [13]. He considered a situation where the regions
with V = 0andV = V0 are connected by a region of lengthdwith a linear potentialV (x)= V0x

d
.

Whend > 1

m
he found that the transmission coefficient is exponentiallysmall1.

The creation of particles is impossible to avoid whenever one tries to locate a particle of mass
m within its Compton wavelength. Indeed, from Heisenberg uncertainty relation we find that if
�x � 1

m
, the fluctuations in the momentum will be of order�p� m and fluctuations in the energy

of order

�E � m (2.15)
1In section (8.1) we will see how, in the case of the Dirac field,this exponential behavior can be associated with the

creation of electron-positron pairs due to a constant electric field (Schwinger effect).
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Fig. 4: Two regionsR 1, R 2 that are causally disconnected.

can be expected. Therefore, in a relativistic theory, the fluctuations of the energy are enough to
allow the creation of particles out of the vacuum. In the caseof a spin-1

2
particle, the Dirac sea

picture shows clearly how, when the energy fluctuations are of orderm , electrons from the Dirac
sea can be excited to positive energy states, thus creating electron-positron pairs.

It is possible to see how the multiparticle interpretation is forced upon us by relativistic invari-
ance. In non-relativistic Quantum Mechanics observables are represented by self-adjoint operator
that in the Heisenberg picture depend on time. Therefore measurements are localized in time but
are global in space. The situation is radically different inthe relativistic case. Because no signal
can propagate faster than the speed of light, measurements have to be localized both in time and
space. Causality demands then that two measurements carried out in causally-disconnected regions
of space-time cannot interfere with each other. In mathematical terms this means that ifO R 1

and
O R 2

are the observables associated with two measurements localized in two causally-disconnected
regionsR 1, R 2 (see Fig. 4), they satisfy

[O R 1
;O R 2

]= 0; if (x1 � x2)2 < 0, for all x1 2 R 1, x2 2 R 2: (2.16)

Hence, in a relativistic theory, the basic operators in the Heisenberg picture must depend on
the space-time positionx�. Unlike the case in non-relativistic quantum mechanics, here the position
~x is notan observable, but just a label, similarly to the case of timein ordinary quantum mechanics.
Causality is then imposed microscopically by requiring

[O (x);O (y)]= 0; if (x � y)2 < 0: (2.17)

A smeared operatorO R over a space-time regionR can then be defined as

O R =

Z

d4xO (x)fR (x) (2.18)
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wherefR (x)is the characteristic function associated withR ,

fR (x)=

�
1 x 2 R
0 x =2 R

: (2.19)

Eq. (2.16) follows now from the microcausality condition (2.17).

Therefore, relativistic invariance forces the introduction of quantum fields. It is only when
we insist in keeping a single-particle interpretation thatwe crash against causality violations. To
illustrate the point, let us consider a single particle wavefunction (t;~x)that initially is localized
in the position~x = 0

 (0;~x)= �(~x): (2.20)

Evolving this wave function using the HamiltonianH =
p
� r2 + m 2 we find that the wave func-

tion can be written as

 (t;~x)= e� it
p
� r 2+ m 2

�(~x)=

Z
d3k

(2�)3
ei
~k� ~x� it

p
k2+ m 2

: (2.21)

Integrating over the angular variables, the wave function can be recast in the form

 (t;~x)=
1

2�2j~xj

Z 1

� 1

kdkeikj~xje� it
p
k2+ m 2

: (2.22)

The resulting integral can be evaluated using the complex integration contourC shown in Fig. 5.
The result is that, for anyt> 0, one finds that (t;~x)6= 0 for any~x. If we insist in interpreting the
wave function (t;~x)as the probability density of finding the particle at the location~x in the timet
we find that the probability leaks out of the light cone, thus violating causality.

3 From classical to quantum fields
We have learned how the consistency of quantum mechanics with special relativity forces us to
abandon the single-particle interpretation of the wave function. Instead we have to consider quantum
fields whose elementary excitations are associated with particle states, as we will see below.

In any scattering experiment, the only information available to us is the set of quantum number
associated with the set of free particles in the initial and final states. Ignoring for the moment other
quantum numbers like spin and flavor, one-particle states are labelled by the three-momentum~pand
span the single-particle Hilbert spaceH 1

j~pi2 H 1; h~pj~p0
i= �(~p� ~p0): (3.1)

The statesfj~pig form a basis ofH 1 and therefore satisfy the closure relation

Z

d3pj~pih~pj= 1 (3.2)
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Fig. 5: Complex contourC for the computation of the integral in Eq. (2.22).

The group of spatial rotations acts unitarily on the statesj~pi. This means that for every rotation
R 2 SO(3)there is a unitary operatorU(R)such that

U(R)j~pi= jR~pi (3.3)

whereR~p represents the action of the rotation on the vector~k, (R~p)i = R i
jk

j. Using a spectral

decomposition, the momentum operatorbP ican be written as

bP i
=

Z

d3pj~pipih~pj (3.4)

With the help of Eq. (3.3) it is straightforward to check thatthe momentum operator transforms as
a vector under rotations:

U(R)� 1 bP i
U(R)=

Z

d3pjR � 1~pipi hR � 1~pj= R i
j
bP j; (3.5)

where we have used that the integration measure is invariantunder SO(3).

Since, as we argued above, we are forced to deal with multiparticle states, it is convenient to
introduce creation-annihilation operators associated with a single-particle state of momentum~p

[a(~p);ay(~p0
)]= �(~p� ~p0); [a(~p);a(~p0

)]= [ay(~p);ay(~p0
)]= 0; (3.6)

such that the statej~piis created out of the Fock space vacuumj0i(normalized such thath0j0i= 1)
by the action of a creation operatoray(~p)

j~pi= ay(~p)j0i; a(~p)j0i= 0 8~p: (3.7)
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Covariance under spatial rotations is all we need if we are interested in a nonrelativistic theory.
However in a relativistic quantum field theory we must preserve more that SO(3), actually we
need the expressions to be covariant under the full Poincar´e group ISO(1;3)consisting in spatial
rotations, boosts and space-time translations. Therefore, in order to build the Fock space of the
theory we need two key ingredients: first an invariant normalization for the states, since we want a
normalized state in one reference frame to be normalized in any other inertial frame. And secondly
a relativistic invariant integration measure in momentum space, so the spectral decomposition of
operators is covariant under the full Poincaré group.

Let us begin with the invariant measure. Given an invariant functionf(p)of the four-momen-
tump� of a particle of massm with positive energyp0 > 0, there is an integration measure which
is invariant under proper Lorentz transformations2

Z
d4p

(2�)4
(2�)�(p2 � m2)�(p0)f(p); (3.8)

where�(x)represent the Heaviside step function. The integration over p0 can be easily done using
the�-function identity

�[f(x)]=
X

xi= zeros off

1

jf0(xi)j
�(x� xi); (3.9)

which in our case implies that

�(p2 � m2)=
1

2p0
�
�

p0 �
p
~p2 + m 2

�

+
1

2p0
�
�

p0 +
p
~p2 + m 2

�

: (3.10)

The second term in the previous expression correspond to states with negative energy and therefore
does not contribute to the integral. We can write then

Z
d4p

(2�)4
(2�)�(p2 � m2)�(p0)f(p)=

Z
d3p

(2�)3
1

2
p
~p2 + m 2

f
�p

~p2 + m 2;~p
�

: (3.11)

Hence, the relativistic invariant measure is given by
Z

d3p

(2�)3
1

2!p
with !p �

p
~p2 + m 2: (3.12)

Once we have an invariant measure the next step is to find an invariant normalization for the
states. We work with a basisfjpigof eigenstates of the four-momentum operatorbP �

bP 0
jpi= !pjpi; bP i

jpi= ~p i
jpi: (3.13)

Since the statesjpiare eigenstates of the three-momentum operator we can express them in terms
of the non-relativistic statesj~pithat we introduced in Eq. (3.1)

jpi= N (~p)j~pi (3.14)
2The factors of2� are introduced for later convenience.
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with N (~p)a normalization to be determined now. The statesfjpig form a complete basis, so they
should satisfy the Lorentz invariant closure relation

Z
d4p

(2�)4
(2�)�(p2 � m2)�(p0)jpihpj= 1 (3.15)

At the same time, this closure relation can be expressed, using Eq. (3.14), in terms of the nonrela-
tivistic basis of statesfj~pigas

Z
d4p

(2�)4
(2�)�(p2 � m2)�(p0)jpihpj=

Z
d3p

(2�)3
1

2!p
jN (p)j2j~pih~pj: (3.16)

Using now Eq. (3.4) for the nonrelativistic states, expression (3.15) follows provided

jN (~p)j2 = (2�)3(2!p): (3.17)

Taking the overall phase in Eq. (3.14) so thatN (p)is real, we define the Lorentz invariant statesjpi
as

jpi= (2�)
3

2

p
2!pj~pi; (3.18)

and given the normalization ofj~piwe find the normalization of the relativistic states to be

hpjp0i= (2�)3(2!p)�(~p� ~p0): (3.19)

Although not obvious at first sight, the previous normalization is Lorentz invariant. Although
it is not difficult to show this in general, here we consider the simpler case of 1+1 dimensions where
the two components(p0;p1)of the on-shell momentum can be parametrized in terms of a single
hyperbolic angle� as

p0 = m cosh�; p1 = m sinh�: (3.20)

Now, the combination2!p�(p1 � p10)can be written as

2!p�(p
1
� p10)= 2m cosh� �(m sinh� � m sinh�0)= 2�(� � �0); (3.21)

where we have made use of the property (3.9) of the�-function. Lorentz transformations in1+ 1

dimensions are labelled by a parameter� 2 R and act on the momentum by shifting the hyperbolic
angle� ! � + �. However, Eq. (3.21) is invariant under a common shift of� and�0, so the whole
expression is obviously invariant under Lorentz transformations.

To summarize what we did so far, we have succeed in constructing a Lorentz covariant basis
of states for the one-particle Hilbert spaceH 1. The generators of the Poincaré group act on the
statesjpiof the basis as

bP �
jpi= p�jpi; U(�)jpi= j�

�
� p

�
i� j�pi with �2 SO(1;3): (3.22)
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This is compatible with the Lorentz invariance of the normalization that we have checked above

hpjp0i= hpjU(�)� 1U(�)jp0
i= h�pj�p 0

i: (3.23)

OnH 1 the operatorbP � admits the following spectral representation

bP �
=

Z
d3p

(2�)3
1

2!p
jpip� hpj: (3.24)

Using (3.23) and the fact that the measure is invariant underLorentz transformation, one can easily
show thatbP � transform covariantly under SO(1;3)

U(�)
� 1 bP �

U(�)=

Z
d3p

(2�)3
1

2!p
j�

� 1pip� h�� 1pj= �
�
�
bP �: (3.25)

A set of covariant creation-annihilation operators can be constructed now in terms of the
operatorsa(~p), ay(~p)introduced above

�(~p)� (2�)
3

2

p
2!pa(~p); �y(~p)� (2�)

3

2

p
2!pa

y
(~p) (3.26)

with the Lorentz invariant commutation relations

[�(~p);�y(~p0
)] = (2�)3(2!p)�(~p� ~p0);

[�(~p);�(~p0
)] = [�y(~p);�y(~p0

)]= 0: (3.27)

Particle states are created by acting with any number of creation operators�(~p)on the Poincaré
invariant vacuum statej0isatisfying

h0j0i= 1; bP �
j0i= 0; U(�)j0i= j0i; 8�2 SO(1;3): (3.28)

A general one-particle statejfi2 H 1 can be then written as

jfi=

Z
d3p

(2�)3
1

2!p
f(~p)�y(~p)j0i; (3.29)

while an-particle statejfi2 H

 n
1 can be expressed as

jfi=

Z nY

i= 1

d3pi
(2�)3

1

2!pi
f(~p1;:::;~pn)�

y
(~p1):::�

y
(~pn)j0i: (3.30)

That this states are Lorentz invariant can be checked by noticing that from the definition of the
creation-annihilation operators follows the transformation

U(�)�(~p)U(�) y
= �(�~p) (3.31)

and the corresponding one for creation operators.

As we have argued above, the very fact that measurements haveto be localized implies the
necessity of introducing quantum fields. Here we will consider the simplest case of a scalar quantum
field �(x)satisfying the following properties:
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- Hermiticity.

�y(x)= �(x): (3.32)

- Microcausality. Since measurements cannot interfere with each other when performed in
causally disconnected points of space-time, the commutator of two fields have to vanish out-
side the relative ligth-cone

[�(x);�(y)]= 0; (x� y)2 < 0: (3.33)

- Translation invariance.

ei
bP � a�(x)e� i

bP � a
= �(x � a): (3.34)

- Lorentz invariance.

U(�)
y�(x)U(�)= �(� � 1x): (3.35)

- Linearity. To simplify matters we will also assume that�(x) is linear in the creation-
annihilation operators�(~p), �y(~p)

�(x)=

Z
d3p

(2�)3
1

2!p

�
f(~p;x)�(~p)+ g(~p;x)�y(~p)

�
: (3.36)

Since�(x)should be hermitian we are forced to takef(~p;x)� = g(~p;x). Moreover,�(x)
satisfies the equations of motion of a free scalar field,(@�@� + m 2)�(x)= 0, only if f(~p;x)
is a complete basis of solutions of the Klein-Gordon equation. These considerations leads to
the expansion

�(x)=

Z
d3p

(2�)3
1

2!p

�
e� i!pt+ i~p� ~x�(~p)+ ei!pt� i~p� ~x�y(~p)

�
: (3.37)

Given the expansion of the scalar field in terms of the creation-annihilation operators it can be
checked that�(x)and@t�(x)satisfy the equal-time canonical commutation relations

[�(t;~x);@t�(t;~y)]= i�(~x � ~y) (3.38)

The general commutator[�(x);�(y)]can be also computed to be

[�(x);�(x0)]= i�(x � x0): (3.39)

The function�(x � y)is given by

i�(x � y) = � Im

Z
d3p

(2�)3
1

2!p
e� i!p(t� t

0)+ i~p� (~x� ~x0)

=

Z
d4p

(2�)4
(2�)�(p2 � m2)"(p0)e� ip� (x� x

0); (3.40)
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where"(x)is defined as

"(x)� �(x)� �(� x)=

�
1 x > 0

� 1 x < 0
: (3.41)

Using the last expression in Eq. (3.40) it is easy to show thati�(x � x0)vanishes whenx
andx0are space-like separated. Indeed, if(x � x0)2 < 0 there is always a reference frame in which
both events are simultaneous, and sincei�(x � x0) is Lorentz invariant we can compute it in this
reference frame. In this caset= t0and the exponential in the second line of (3.40) does not depend
onp0. Therefore, the integration overk0 gives

Z 1

� 1

dp0"(p0)�(p2 � m2) =

Z 1

� 1

dp0
�
1

2!p
"(p0)�(p0 � !p)+

1

2!p
"(p0)�(p0 + !p)

�

=
1

2!p
�

1

2!p
= 0: (3.42)

So we have concluded thati�(x � x0)= 0 if (x � x0)2 < 0, as required by microcausality. Notice
that the situation is completely different when(x � x0)2 � 0, since in this case the exponential
depends onp0 and the integration over this component of the momentum doesnot vanish.

3.1 Canonical quantization

So far we have contented ourselves with requiring a number ofproperties to the quantum scalar field:
existence of asymptotic states, locality, microcausalityand relativistic invariance. With these only
ingredients we have managed to go quite far. The previous canalso be obtained using canonical
quantization. One starts with a classical free scalar field theory in Hamiltonian formalism and
obtains the quantum theory by replacing Poisson brackets bycommutators. Since this quantization
procedure is based on the use of the canonical formalism, which gives time a privileged rôle, it
is important to check at the end of the calculation that the resulting quantum theory is Lorentz
invariant. In the following we will briefly overview the canonical quantization of the Klein-Gordon
scalar field.

The starting point is the action functionalS[�(x)]which, in the case of a free real scalar field
of massm is given by

S[�(x)]�

Z

d4xL(�;@��)=
1

2

Z

d4x
�
@��@

�� � m2�2
�
: (3.43)

The equations of motion are obtained, as usual, from the Euler-Lagrange equations

@�

�
@L

@(@��)

�

�
@L

@�
= 0 =) (@�@

�
+ m 2

)� = 0: (3.44)

The momentum canonically conjugated to the field�(x)is given by

�(x)�
@L

@(@0�)
=
@�

@t
: (3.45)
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In the Hamiltonian formalism the physical system is described not in terms of the generalized coor-
dinates and their time derivatives but in terms of the generalized coordinates and their canonically
conjugated momenta. This is achieved by a Legendre transformation after which the dynamics of
the system is determined by the Hamiltonian function

H �

Z

d3x

�

�
@�

@t
� L

�

=
1

2

Z

d3x
h

�2 + (~r �)2 + m 2

i

: (3.46)

The equations of motion can be written in terms of the Poissonrackets. Given two functional
A[�;�], B [�;�]of the canonical variables

A[�;�]=

Z

d3xA (�;�); B [�;�]=

Z

d3xB(�;�): (3.47)

Their Poisson bracket is defined by

fA;B g�

Z

d3x

�
�A

��

�B

��
�
�A

��

�B

��

�

; (3.48)

where �

��
denotes the functional derivative defined as

�A

��
�
@A

@�
� @�

�
@A

@(@��)

�

(3.49)

Then, the canonically conjugated fields satisfy the following equal time Poisson brackets

f�(t;~x);�(t;~x0
)g = f�(t;~x);�(t;~x0)g= 0;

f�(t;~x);�(t;~x0)g = �(~x� ~x0): (3.50)

Canonical quantization proceeds now by replacing classical fields with operators and Poisson
brackets with commutators according to the rule

if� ;� g� ! [� ;� ]: (3.51)

In the case of the scalar field, a general solution of the field equations (3.44) can be obtained by
working with the Fourier transform

(@�@
�
+ m 2

)�(x)= 0 =) (� p2 + m 2
)e�(p)= 0; (3.52)

whose general solution can be written as3

�(x) =

Z
d4p

(2�)4
(2�)�(p2 � m2)�(p0)

�
�(p)e� ip� x+ �(p)�eip� x

�

=

Z
d3p

(2�)3
1

2!p

�
�(~p)e� i!pt+ ~p� ~x+ �(~p)�ei!pt� ~p� ~x

�
(3.53)

3In momentum space, the general solution to this equation ise�(p) = f(p)�(p2 � m 2), with f(p)a completely
general function ofp� . The solution in position space is obtained by inverse Fourier transform.
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and we have required�(x)to be real. The conjugate momentum is

�(x)= �
i

2

Z
d3p

(2�)3
�
�(~p)e� i!pt+ ~p� ~x+ �(~p)�ei!pt� ~p� ~x

�
: (3.54)

Now �(x)and�(x)are promoted to operators by replacing the functions�(~p), �(~p)� by the
corresponding operators

�(~p)� ! b�(~p); �(~p)� � ! b�y(~p): (3.55)

Moreover, demanding[�(t;~x);�(t;~x0)] = i�(~x � ~x0) forces the operatorsb�(~p), b�(~p)y to have
the commutation relations found in Eq. (3.27). Therefore they are identified as a set of creation-
annihilation operators creating states with well-defined momentum~pout of the vacuumj0i. In the
canonical quantization formalism the concept of particle appears as a result of the quantization of a
classical field.

Knowing the expressions ofb� andb� in terms of the creation-annihilation operators we can
proceed to evaluate the Hamiltonian operator. After a simple calculation one arrives to the expres-
sion

bH =

Z

d3p

�

!pb�
y
(~p)b�(~p)+

1

2
!p�(~0)

�

: (3.56)

The first term has a simple physical interpretation sinceb�y(~p)b�(~p) is the number operator of par-
ticles with momentum~p. The second divergent term can be eliminated if we defined thenormal-
ordered Hamiltonian:bH :with the vacuum energy subtracted

:bH :� bH � h0jbH j0i=

Z

d3p!p b�
y
(~p)b�(~p) (3.57)

It is interesting to try to make sense of the divergent term inEq. (3.56). This term have two
sources of divergence. One is associated with the delta function evaluated at zero coming from the
fact that we are working in a infinite volume. It can be regularized for large but finite volume by
replacing�(~0)� V . Hence, it is of infrared origin. The second one comes from the integration of
!p at large values of the momentum and it is then an ultraviolet divergence. The infrared divergence
can be regularized by considering the scalar field to be living in a box of finite volumeV . In this
case the vacuum energy is

E vac � h0jbH j0i=
X

~p

1

2
!p: (3.58)

Written in this way the interpretation of the vacuum energy is straightforward. A free scalar quantum
field can be seen as a infinite collection of harmonic oscillators per unit volume, each one labelled
by ~p. Even if those oscillators are not excited, they contributeto the vacuum energy with their zero-
point energy, given by1

2
!p. This vacuum contribution to the energy add up to infinity even if we

work at finite volume, since even then there are modes with arbitrary high momentum contributing
to the sum,pi =

ni�

Li
, with Li the sides of the box of volumeV andni an integer. Hence, this

divergence is of ultraviolet origin.
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Region I Region II

Conducting plates

Region III

d

Fig. 6: Illustration of the Casimir effect. In regions I and II the spetrum of modes of the momentump? is
continuous, while in the space between the plates (region II) it is quantized in units of�

d
.

3.2 The Casimir effect

The presence of a vacuum energy is not characteristic of the scalar field. It is also present in other
cases, in particular in quantum electrodynamics. Althoughone might be tempted to discarding this
infinite contribution to the energy of the vacuum as unphysical, it has observable consequences. In
1948 Hendrik Casimir pointed out [14] that although a formally divergent vacuum energy would
not be observable, any variation in this energy would be (see[15] for comprehensive reviews).

To show this he devised the following experiment. Consider acouple of infinite, perfectly
conducting plates placed parallel to each other at a distanced (see Fig. 6). Because the conducting
plates fix the boundary condition of the vacuum modes of the electromagnetic field these are discrete
in between the plates (region II), while outside there is a continuous spectrum of modes (regions
I and III). In order to calculate the force between the plateswe can take the vacuum energy of
the electromagnetic field as given by the contribution of twoscalar fields corresponding to the two
polarizations of the photon. Therefore we can use the formulas derived above.

A naive calculation of the vacuum energy in this system givesa divergent result. This infinity
can be removed, however, by substracting the vacuum energy corresponding to the situation where
the plates are removed

E (d)reg = E (d)vac � E (1 )vac (3.59)

This substraction cancels the contribution of the modes outside the plates. Because of the bound-
ary conditions imposed by the plates the momentum of the modes perpendicular to the plates are
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quantized according top? = n�

d
, with n a non-negative integer. If we consider that the size of the

plates is much larger than their separationd we can take the momenta parallel to the plates~pk as
continuous. Forn > 0we have two polarizations for each vacuum mode of the electromagnetic

field, each contributing like1
2

q

~p2
k
+ p2

?
to the vacuum energy. On the other hand, whenp? = 0 the

corresponding modes of the field are effectively (2+1)-dimensional and therefore there is only one
polarization. Keeping this in mind, we can write

E (d)reg = S

Z
d2pk
(2�)2

1

2
j~pkj+ 2S

Z
d2pk
(2�)2

1X

n= 1

1

2

r

~p2
k
+

�n�

d

�2

� 2Sd

Z
d3p

(2�)3
1

2
j~pj (3.60)

whereS is the area of the plates. The factors of 2 take into account the two propagating degrees
of freedom of the electromagnetic field, as discussed above.In order to ensure the convergence of
integrals and infinite sums we can introduce an exponential damping factor4

E (d)reg =
1

2
S

Z
d2p?
(2�)2

e�
1

�
j~pk jj~pkj+ S

1X

n= 1

Z
d2pk
(2�)2

e
�

1

�

r

~p2
k
+(n�d )

2
r

~p2
k
+

�n�

d

�2

� Sd

Z
1

� 1

dp?
2�

Z
d2pk
(2�)2

e
�

1

�

q
~p2
k
+ p2

?

q

~p2
k
+ p2

?
(3.61)

where� is an ultraviolet cutoff. It is now straightforward to see that if we define the function

F(x)=
1

2�

Z
1

0

ydye�
1

�

q

y2+(x�d )
2

r

y2 +
�x�

d

�2
=

1

4�

Z
1

(x�d )
2
dze�

p
z

�

p
z (3.62)

the regularized vacuum energy can be written as

E (d)reg = S

"

1

2
F(0)+

1X

n= 1

F(n)�

Z
1

0

dxF(x)

#

(3.63)

This expression can be evaluated using the Euler-MacLaurinformula [17]
1X

n= 1

F(n)�

Z 1

0

dxF(x) = �
1

2
[F(0)+ F(1 )]+

1

12
[F 0

(1 )� F0(0)]

�
1

720
[F 000

(1 )� F000(0)]+ ::: (3.64)

Since for our functionF(1 ) = F 0(1 ) = F 000(1 ) = 0 andF 0(0) = 0, the value ofE (d)reg is
determined byF 000(0). Computing this term and removing the ultraviolet cutoff,� ! 1 we find
the result

E (d)reg =
S

720
F 000

(0)= �
�2S

720d3
: (3.65)

4Actually, one could introduce any cutoff functionf(p2
?
+ p2

k
)going to zero fast enough asp? , pk ! 1 . The result

is independent of the particular function used in the calculation.
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Then, the force per unit area between the plates is given by

PCasim ir = �
�2

240

1

d4
: (3.66)

The minus sign shows that the force between the plates is attractive. This is the so-called Casimir
effect. It was experimentally measured in 1958 by Sparnaay [16] and since then the Casimir effect
has been checked with better and better precission in a variety of situations [15].

4 Theories and Lagrangians
Up to this point we have used a scalar field to illustrate our discussion of the quantization procedure.
However, nature is richer than that and it is necessary to consider other fields with more complicated
behavior under Lorentz transformations. Before considering other fields we pause and study the
properties of the Lorentz group.

4.1 Representations of the Lorentz group

In four dimensions the Lorentz group has six generators. Three of them correspond to the generators
of the group of rotations in three dimensions SO(3). In termsof the generatorsJi of the group a
finite rotation of angle’ with respect to an axis determined by a unitary vector~ecan be written as

R(~e;’)= e� i’ ~e�
~J; ~J =

0

@
J1
J2
J3

1

A : (4.1)

The other three generators of the Lorentz group are associated with boostsM ialong the three spatial
directions. A boost with rapidity� along a direction~u is given by

B (~u;�)= e� i� ~u�
~M ; ~M =

0

@
M 1

M 2

M 3

1

A : (4.2)

These six generators satisfy the algebra

[Ji;Jj] = i�ijkJk;

[Ji;M k] = i�ijkM k; (4.3)

[M i;M j] = � i�ijkJk;

The first line corresponds to the commutation relations of SO(3), while the second one implies that
the generators of the boosts transform like a vector under rotations.

At first sight, to find representations of the algebra (4.3) might seem difficult. The problem is
greatly simplified if we consider the following combinationof the generators

J�
k
=
1

2
(Jk � iMk): (4.4)
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Representation Type of field

(0;0) Scalar

(1
2
;0) Right-handed spinor

(0;1
2
) Left-handed spinor

(1
2
;1
2
) Vector

(1;0) Selfdual antisymmetric 2-tensor

(0;1) Anti-selfdual antisymmetric 2-tensor

Table 1: Representations of the Lorentz group

Using (4.3) it is easy to prove that the new generatorsJ�
k

satisfy the algebra

[J�i ;J
�
j ] = i�ijkJ

�

k
;

[J+i ;J
�
j ] = 0: (4.5)

Then the Lorentz algebra (4.3) is actually equivalent to twocopies of the algebra ofSU(2)� SO(3).
Therefore the irreducible representations of the Lorentz group can be obtained from the well-known
representations of SU(2). Since the latter ones are labelled by the spins= k + 1

2
;k (with k 2 N ),

any representation of the Lorentz algebra can be identified by specifying(s+ ;s� ), the spins of the
representations of the two copies of SU(2) that made up the algebra (4.3).

To get familiar with this way of labelling the representations of the Lorentz group we study
some particular examples. Let us start with the simplest one(s+ ;s� )= (0;0). This state is a singlet
underJ�i and therefore also under rotations and boosts. Therefore wehave a scalar.

The next interesting cases are(1
2
;0)and(0;1

2
). They correspond respectively to a right-

handed and a left-handed Weyl spinor. Their properties willbe studied in more detail below. In
the case of(1

2
;1
2
), since from Eq. (4.4) we see thatJi = J+i + J�i the rules of addition of angular

momentum tell us that there are two states, one of them transforming as a vector and another one as
a scalar under three-dimensional rotations. Actually, a more detailed analysis shows that the singlet
state corresponds to the time component of a vector and the states combine to form a vector under
the Lorentz group.

There are also more “exotic” representations. For example we can consider the(1;0)and
(0;1)representations corresponding respectively to a selfdualand an anti-selfdual rank-two anti-
symmetric tensor. In Table 1 we summarize the previous discussion.

To conclude our discussion of the representations of the Lorentz group we notice that under a
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parity transformation the generators of SO(1,3) transformas

P :Ji� ! Ji; P :M i� ! � Mi (4.6)

this means thatP :J�i � ! J�i and therefore a representation(s1;s2)is transformed into(s2;s1).
This means that, for example, a vector(1

2
;1
2
)is invariant under parity, whereas a left-handed Weyl

spinor(1
2
;0)transforms into a right-handed one(0;1

2
)and vice versa.

4.2 Spinors

Weyl spinors. Let us go back to the two spinor representations of the Lorentz group, namely(1
2
;0)

and(0;1
2
). These representations can be explicitly constructed using the Pauli matrices as

J+i =
1

2
�i; J�i = 0 for (1

2
;0);

J+i = 0; J�i =
1

2
�i for (0;1

2
): (4.7)

We denote byu� a complex two-component object that transforms in the representations� = 1

2
of

Ji� . If we define��� = (1;� �i)we can construct the following vector quantities

uy+ �
�
+ u+ ; uy� �

�
� u� : (4.8)

Notice that since(J�i )
y = J�i the hermitian conjugated fieldsuy� are in the(0;1

2
)and(1

2
;0)respec-

tively.

To construct a free Lagrangian for the fieldsu� we have to look for quadratic combinations
of the fields that are Lorentz scalars. If we also demand invariance under global phase rotations

u� � ! ei�u� (4.9)

we are left with just one possibility up to a sign

L
�

W eyl
= iuy�

�

@t� ~� �~r
�

u� = iuy� �
�
� @�u� : (4.10)

This is the Weyl Lagrangian. In order to grasp the physical meaning of the spinorsu� we write the
equations of motion

�

@0 � ~� �~r
�

u� = 0: (4.11)

Multiplying this equation on the left by
�

@0 � ~� �~r
�

and applying the algebraic properties of the

Pauli matrices we conclude thatu� satisfies the massless Klein-Gordon equation

@�@
� u� = 0; (4.12)

whose solutions are:

u� (x)= u� (k)e
� ik� x; with k0 = j~kj: (4.13)
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Plugging these solutions back into the equations of motion (4.11) we find
�

j~kj� ~k� ~�
�

u� = 0; (4.14)

which implies

u+ :
~� �~k

j~kj
= 1;

u� :
~� �~k

j~kj
= � 1: (4.15)

Since the spin operator is defined as~s= 1

2
~�, the previous expressions give the chirality of the states

with wave functionu� , i.e. the projection of spin along the momentum of the particle. Therefore
we conclude thatu+ is a Weyl spinor of positive helicity� = 1

2
, while u� has negative helicity

� = � 1

2
. This agrees with our assertion that the representation(1

2
;0)corresponds to a right-handed

Weyl fermion (positive chirality) whereas(0;1
2
)is a left-handed Weyl fermion (negative chirality).

For example, in the Standard Model neutrinos are left-handed Weyl spinors and therefore transform
in the representation(0;1

2
)of the Lorentz group.

Nevertheless, it is possible that we were too restrictive inconstructing the Weyl Lagrangian
(4.10). There we constructed the invariants from the vectorbilinears (4.8) corresponding to the
product representations

(1
2
;1
2
)= (1

2
;0)
 (0;1

2
) and (1

2
;1
2
)= (0;1

2
)
 (1

2
;0): (4.16)

In particular our insistence in demanding the Lagrangian tobe invariant under the global symmetry
u� ! ei�u� rules out the scalar term that appears in the product representations

(1
2
;0)
 (1

2
;0)= (1;0)� (0;0); (0;1

2
)
 (0;1

2
)= (0;1)� (0;0): (4.17)

The singlet representations corresponds to the antisymmetric combinations

�abu
a
� u

b
� ; (4.18)

where�ab is the antisymmetric symbol�12 = � �21 = 1.

At first sight it might seem that the term (4.18) vanishes identically because of the antisym-
metry of the�-symbol. However we should keep in mind that the spin-statistic theorem (more on
this later) demands that fields with half-integer spin have to satisfy the Fermi-Dirac statistics and
therefore satisfy anticommutation relations, whereas fields of integer spin follow the statistic of
Bose-Einstein and, as a consequence, quantization replaces Poisson brackets by commutators. This
implies that the components of the Weyl fermionsu� are anticommuting Grassmann fields

ua� u
b
� + ub� u

a
� = 0: (4.19)

It is important to realize that, strictly speaking, fermions (i.e., objects that satisfy the Fermi-Dirac
statistics) do not exist classically. The reason is that they satisfy the Pauli exclusion principle and
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therefore each quantum state can be occupied, at most, by onefermion. Therefore the naı̈ve defini-
tion of the classical limit as a limit of large occupation numbers cannot be applied. Fermion field
do not really make sense classically.

Since the combination (4.18) does not vanish and we can construct a new Lagrangian

L
�

W eyl
= iuy� �

�
� @�u� +

1

2
m �abu

a
� u

b
� + h.c. (4.20)

This mass term, called of Majorana type, is allowed if we do not worry about breaking the global
U(1) symmetryu� ! ei�u� . This is not the case, for example, of charged chiral fermions, since the
Majorana mass violates the conservation of electric chargeor any other gauge U(1) charge. In the
Standard Model, however, there is no such a problem if we introduce Majorana masses for right-
handed neutrinos, since they are singlet under all standardmodel gauge groups. Such a term will
break, however, the global U(1) lepton number charge because the operator�ab�aR �

b
R changes the

lepton number by two units

Dirac spinors. We have seen that parity interchanges the representations(1
2
;0)and(0;1

2
),

i.e. it changes right-handed with left-handed fermions

P :u� � ! u� : (4.21)

An obvious way to build a parity invariant theory is to introduce a pair or Weyl fermionsu+ andu+ .
Actually, these two fields can be combined in a single four-component spinor

 =

�
u+
u�

�

(4.22)

transforming in the reducible representation(1
2
;0)� (0;1

2
).

Since now we have bothu+ andu� simultaneously at our disposal the equations of motion
for u� , i��� @�u� = 0can be modified, while keeping them linear, to

i��+ @�u+ = m u�

i��� @�u� = m u+

9
=

;
=) i

�
��+ 0

0 ���

�

@� = m

�
0 1

1 0

�

 : (4.23)

These equations of motion can be derived from the Lagrangiandensity

LD irac = i y

�
��+ 0

0 ���

�

@� � m  y
�
0 1

1 0

�

 : (4.24)

To simplify the notation it is useful to define the Dirac
-matrices as


� =

�
0 ���
��+ 0

�

(4.25)

and the Dirac conjugate spinor 

 �  y
0 =  y

�
0 1

1 0

�

: (4.26)
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Now the Lagrangian (4.24) can be written in the more compact form

LD irac =  (i
�@� � m ) : (4.27)

The associated equations of motion give the Dirac equation (2.9) with the identifications


0 = �; 
i= i�i: (4.28)

In addition, the
-matrices defined in (4.25) satisfy the Clifford algebra

f
�;
�g= 2���: (4.29)

In D dimensions this algebra admits representations of dimension2[
D

2
]. WhenD is even the Dirac

fermions transform in a reducible representation of the Lorentz group. In the case of interest,
D = 4 this is easy to prove by defining the matrix


5 = � i
0
1
2
3 =

�
1 0

0 � 1

�

: (4.30)

We see that
5 anticommutes with all other
-matrices. This implies that

[
5;���]= 0; with ��� = �
i

4
[
�;
�]: (4.31)

Because of Schur’s lemma (see Appendix) this implies that the representation of the Lorentz group
provided by��� is reducible into subspaces spanned by the eigenvectors of
5 with the same eigen-
value. If we define the projectorsP� = 1

2
(1� 
5)these subspaces correspond to

P+  =

�
u+
0

�

; P�  =

�
0

u�

�

; (4.32)

which are precisely the Weyl spinors introduced before.

Our next task is to quantize the Dirac Lagrangian. This will be done along the lines used for
the Klein-Gordon field, starting with a general solution to the Dirac equation and introducing the
corresponding set of creation-annihilation operators. Therefore we start by looking for a complete
basis of solutions to the Dirac equation. In the case of the scalar field the elements of the basis were
labelled by their four-momentumk�. Now, however, we have more degrees of freedom since we
are dealing with a spinor which means that we have to add extralabels. Looking back at Eq. (4.15)
we can define the helicity operator for a Dirac spinor as

� =
1

2
~� �

~k

j~kj

�
1 0

0 1

�

: (4.33)

Hence, each element of the basis of functions is labelled by its four-momentumk� and the corre-
sponding eigenvalues of the helicity operator. For positive energy solutions we then propose the
ansatz

u(k;s)e� ik� x; s= �
1

2
; (4.34)
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whereu�(k;s)(� = 1;:::;4) is a four-component spinor. Substituting in the Dirac equation we
obtain

(=k� m )u(k;s)= 0: (4.35)

In the same way, for negative energy solutions we have

v(k;s)eik� x; s= �
1

2
; (4.36)

wherev(k;s)has to satisfy

(=k+ m )v(k;s)= 0: (4.37)

Multiplying Eqs. (4.35) and (4.37) on the left respectivelyby (=k� m )we find that the momentum
is on the mass shell,k2 = m 2.

A detailed analysis shows that the functionsu(k;s), v(k;s)satisfy the properties

uu = 2m ; vv = � 2m ;

u
�u = 2k�; v
�v = 2k�; (4.38)
X

s= � 1

2

u�u� = (=k+ m )��;
X

s= � 1

2

v�v� = (=k� m )��:

Then, a general solution to the Dirac equation including creation and annihilation operators can be
written as:

b (t;~x)=

Z
d3k

(2�)3
1

2!k

X

s= � 1

2

h

u(~k;s)bb(~k;s)e� i!kt+ i
~k� ~x

+ v(~k;s)bdy(~k;s)ei!kt� i
~k� ~x

i

: (4.39)

The operatorsbby�(~k;s),bb�(~k)respectively create and annihilate a spin-1

2
particle (for example,

an electron) out of the vacuum with momentum~k and helicitys. Because we are dealing with
half-integer spin fields, the spin-statistics theorem forces canonical anticommutation relations forb 
which means that the creation-annihilation operators satisfy the algebra5

fb�(~k;s);b
y

�(
~k0;s0)g = �(~k� ~k 0

)����ss0;

fb�(~k;s);b�(~k
0;s0)g = fby�(~k;s);b

y

�(
~k0;s0)g = 0: (4.40)

In the case ofda(~k;s), dya(~k;s)we have a set of creation-annihilation operators for the corre-
sponding antiparticles (for example positrons). This is clear if we notice thatdya(~k;s)can be seen
as the annihilation operator of a negative energy state of the Dirac equation with wave function
va(~k;s). As we saw, in the Dirac sea picture this corresponds to the creation of an antiparticle out

5To simplify notation, and since there is no risk of confusion, we drop from now on the hat to indicate operators.
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of the vacuum (see Fig. 2). The creation-annihilation operators for antiparticles also satisfy the
fermionic algebra

fd�(~k;s);d
y

�
(~k0;s0)g = �(~k� ~k 0

)����ss0;

fd�(~k;s);d�(~k
0;s0)g = fdy�(~k;s);d

y

�
(~k0;s0)g= 0: (4.41)

All other anticommutators betweenb�(~k;s), by�(~k;s)andd�(~k;s), dy�(~k;s)vanish.

The Hamiltonian operator for the Dirac field is

bH =
X

s= � 1

2

Z

d3k
h

!kb
y
�(
~k;s)b�(~k;s)� !kd�(~k;s)d

y
�(
~k;s)

i

: (4.42)

At this point we realize again of the necessity of quantizingthe theory using anticommutators in-
stead of commutators. Had we use canonical commutation relations, the second term inside the
integral in (4.42) would give the number operatordy�(~k;s)d�(~k;s)with a minus sign in front. As a
consequence the Hamiltonian would be unbounded from below and we would be facing again the
instability of the theory already noticed in the context of relativistic quantum mechanics. However,
because of theanticommutationrelations (4.41), the Hamiltonian (4.42) takes the form

bH =
X

s= �
1

2

Z

d3k
h

!kb
y
�(
~k;s)b�(~k;s)+ !kd

y
�(
~k;s)d�(~k;s)� !k�(~0)

i

: (4.43)

As with the scalar field, we find a divergent vacuum energy contribution due to the zero-point energy
of the infinite number of harmonic oscillators. Unlike the Klein-Gordon field, the vacuum energy
is negative. In section 8.2 we will see that in certain type oftheories called supersymmetric, where
the number of bosonic and fermionic degrees of freedom is thesame, there is a cancellation of the
vacuum energy. The divergent contribution can be removed bythe normal order prescription

:bH :=
X

s= �
1

2

Z

d3k
h

!kb
y
�(
~k;s)b�(~k;s)+ !kd

y
�(
~k;s)d�(~k;s)

i

: (4.44)

Finally, let us mention that using the Dirac equation it is easy to prove that there is a conserved
four-current given by

j� =  
� ; @�j
�
= 0: (4.45)

As we will explain further in sec. 5 this current is associated to the invariance of the Dirac La-
grangian under the global phase shift ! ei� . In electrodynamics the associated conserved
charge

Q = e

Z

d3xj0 (4.46)

is identified with the electric charge.
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4.3 Gauge fields

In classical electrodynamics the basic quantities are the electric and magnetic fields~E , ~B . These
can be expressed in terms of the scalar and vector potential(’;~A)

~E = � ~r ’ �
@~A

@t
;

~B = ~r � ~A: (4.47)

From these equations it follows that there is an ambiguity inthe definition of the potentials given by
the gauge transformations

’(t;~x)! ’(t;~x)+
@

@t
�(t;~x); ~A(t;~x)! ~A(t;~x)+ ~r �(t;~x): (4.48)

Classically(’;~A)are seen as only a convenient way to solve the Maxwell equations, but without
physical relevance.

The equations of electrodynamics can be recast in a manifestly Lorentz invariant form using
the four-vector gauge potentialA � = (’;~A)and the antisymmetric rank-two tensor:F�� = @�A ��

@�A �. Maxwell’s equations become

@�F
��

= j�;

�����@�F�� = 0; (4.49)

where the four-currentj� = (�;~|)contains the charge density and the electric current. The field
strength tensorF�� and the Maxwell equations are invariant under gauge transformations (4.48),
which in covariant form read

A � � ! A� + @��: (4.50)

Finally, the equations of motion of charged particles are given, in covariant form, by

m
du�

d�
= eF ��u�; (4.51)

wheree is the charge of the particle andu�(�)its four-velocity as a function of the proper time.

The physical rôle of the vector potential becomes manifestonly in Quantum Mechanics. Us-
ing the prescription of minimal substitution~p ! ~p � e~A , the Schrödinger equation describing a
particle with chargeemoving in an electromagnetic field is

i@t	=

�

�
1

2m

�
~r � ie~A

�2
+ e’

�

	: (4.52)

Because of the explicit dependence on the electromagnetic potentials’ and ~A , this equation seems
to change under the gauge transformations (4.48). This is physically acceptable only if the ambi-
guity does not affect the probability density given byj	(t;~x)j2. Therefore, a gauge transformation
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of the electromagnetic potential should amount to a change in the (unobservable) phase of the wave
function. This is indeed what happens: the Schrödinger equation (4.52) is invariant under the gauge
transformations (4.48) provided the phase of the wave function is transformed at the same time
according to

	(t;~x)� ! e� ie�(t;~x)	(t;~x): (4.53)

Aharonov-Bohm effect. This interplay between gauge transformations and the phaseof the
wave function give rise to surprising phenomena. The first evidence of the rôle played by the
electromagnetic potentials at the quantum level was pointed out by Yakir Aharonov and David
Bohm [18]. Let us consider a double slit experiment as shown in Fig. 7, where we have placed a
shielded solenoid just behind the first screen. Although themagnetic field is confined to the interior
of the solenoid, the vector potential is nonvanishing also outside. Of course the value of~A outside
the solenoid is a pure gauge, i.e.~r � ~A = ~0, however because the region outside the solenoid is not
simply connected the vector potential cannot be gauged to zero everywhere. If we denote by	 (0)

1

and	 (0)

2 the wave functions for each of the two electron beams in the absence of the solenoid, the
total wave function once the magnetic field is switched on canbe written as

	 = e ie
R

�1

~A � d~x
	
(0)

1 + eie
R

�2

~A � d~x
	
(0)

2

= eie
R

�1

~A � d~x
h

	
(0)

1 + eie
H

�
~A � d~x

	
(0)

2

i

; (4.54)

where�1 and�2 are two curves surrounding the solenoid from different sides, and� is any closed
loop surrounding it. Therefore the relative phase between the two beams gets an extra term depend-
ing on the value of the vector potential outside the solenoidas

U = exp

�

ie

I

�

~A � d~x

�

: (4.55)

Because of the change in the relative phase of the electron wave functions, the presence of the
vector potential becomes observable even if the electrons do not feel the magnetic field. If we
perform the double-slit experiment when the magnetic field inside the solenoid is switched off we
will observe the usual interference pattern on the second screen. However if now the magnetic field
is switched on, because of the phase (4.54), a change in the interference pattern will appear. This is
the Aharonov-Bohm effect.

The first question that comes up is what happens with gauge invariance. Since we said that
~A can be changed by a gauge transformation it seems that the resulting interference patters might
depend on the gauge used. Actually, the phaseU in (4.55) is independent of the gauge although,
unlike other gauge-invariant quantities like~E and ~B , is nonlocal. Notice that, since~r � ~A = ~0
outside the solenoid, the value ofU does not change under continuous deformations of the closed
curve�, so long as it does not cross the solenoid.

The Dirac monopole. It is very easy to check that the vacuum Maxwell equations remain
invariant under the transformation

~E � i~B � ! ei�(~E � i~B ); � 2 [0;2�] (4.56)
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Fig. 7: Illustration of an interference experiment to show the Aharonov-Bohm effect.S represent the solenoid
in whose interior the magnetic field is confined.

which, in particular, for� = �

2
interchanges the electric and the magnetic fields:~E ! ~B , ~B ! � ~E .

This duality symmetry is however broken in the presence of electric sources. Nevertheless the
Maxwell equations can be “completed” by introducing sources for the magnetic field(�m ;~|m ) in
such a way that the duality (4.56) is restored when supplemented by the transformation

� � i�m � ! ei�(� � i�m ); ~|� i~|m � ! ei�(~|� i~|m ): (4.57)

Again for� = �=2 the electric and magnetic sources get interchanged.

In 1931 Dirac [19] studied the possibility of finding solutions of the completed Maxwell
equation with a magnetic monopoles of chargeg, i.e. solutions to

~r �~B = g�(~x): (4.58)

Away from the position of the monopole~r �~B = 0 and the magnetic field can be still derived
locally from a vector potential~A according to~B = ~r � ~A . However, the vector potential cannot
be regular everywhere since otherwise Gauss law would implythat the magnetic flux threading a
closed surface around the monopole should vanish, contradicting (4.58).

We look now for solutions to Eq. (4.58). Working in sphericalcoordinates we find

B r =
g

j~xj2
; B ’ = B � = 0: (4.59)

Away from the position of the monopole (~x 6= ~0) the magnetic field can be derived from the vector
potential

A ’ =
g

j~xj
tan

�

2
; A r = A � = 0: (4.60)
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Fig. 8: The Dirac monopole.

As expected we find that this vector potential is actually singular around the half-line� = � (see
Fig. 8). This singular line starting at the position of the monopole is called the Dirac string and
its position changes with a change of gauge but cannot be eliminated by any gauge transformation.
Physically we can see it as an infinitely thin solenoid confining a magnetic flux entering into the
magnetic monopole from infinity that equals the outgoing magnetic flux from the monopole.

Since the position of the Dirac string depends on the gauge chosen it seems that the presence
of monopoles introduces an ambiguity. This would be rather strange, since Maxwell equations
are gauge invariant also in the presence of magnetic sources. The solution to this apparent riddle
lies in the fact that the Dirac string does not pose any consistency problem as far as it does not
produce any physical effect, i.e. if its presence turns out to be undetectable. From our discussion
of the Aharonov-Bohm effect we know that the wave function ofcharged particles pick up a phase
(4.55) when surrounding a region where magnetic flux is confined (for example the solenoid in the
Aharonov-Bohm experiment). As explained above, the Dirac string associated with the monopole
can be seen as a infinitely thin solenoid. Therefore the Diracstring will be unobservable if the phase
picked up by the wave function of a charged particle is equal to one. A simple calculation shows
that this happens if

eieg = 1 =) eg= 2�n with n 2 Z: (4.61)

Interestingly, this discussion leads to the conclusion that the presence of a single magnetic mono-
poles somewhere in the Universe implies for consistency thequantization of the electric charge in
units of 2�

g
, whereg the magnetic charge of the monopole.
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Quantization of the electromagnetic field.We now proceed to the quantization of the elec-
tromagnetic field in the absence of sources� = 0, ~|= ~0. In this case the Maxwell equations (4.49)
can be derived from the Lagrangian density

LM axwell= �
1

4
F��F

��
=
1

2

�
~E 2

� ~B 2

�

: (4.62)

Although in general the procedure to quantize the Maxwell Lagrangian is not very different from
the one used for the Klein-Gordon or the Dirac field, here we need to deal with a new ingredient:
gauge invariance. Unlike the cases studied so far, here the photon fieldA � is not unambiguously
defined because the action and the equations of motion are insensitive to the gauge transformations
A � ! A � + @�". A first consequence of this symmetry is that the theory has less physical degrees
of freedom than one would expect from the fact that we are dealing with a vector field.

The way to tackle the problem of gauge invariance is to fix the freedom in choosing the
electromagnetic potential before quantization. This can be done in several ways, for example by
imposing the Lorentz gauge fixing condition

@�A
�
= 0: (4.63)

Notice that this condition does not fix completely the gauge freedom since Eq. (4.63) is left invariant
by gauge transformations satisfying@�@�" = 0. One of the advantages, however, of the Lorentz
gauge is that it is covariant and therefore does not pose any danger to the Lorentz invariance of the
quantum theory. Besides, applying it to the Maxwell equation @�F �� = 0one finds

0= @�@
�A �

� @� (@�A
�
)= @�@

�A �; (4.64)

which means that sinceA � satisfies the massless Klein-Gordon equation the photon, the quantum
of the electromagnetic field, has zero mass.

Once gauge invariance is fixedA � is expanded in a complete basis of solutions to (4.64) and
the canonical commutation relations are imposed

bA �(t;~x)=
X

�= � 1

Z
d3k

(2�)3
1

2j~kj

h

��(~k;�)ba(~k;�)e
� ij~kjt+ i~k� ~x

+ ��(~k;�)
�bay(~k;�)eij

~kjt� i~k� ~x
i

(4.65)

where� = � 1 represent the helicity of the photon, and��(~k;�)are solutions to the equations of
motion with well defined momentum an helicity. Because of (4.63) the polarization vectors have to
be orthogonal tok�

k���(~k;�)= k���(~k;�)
�
= 0: (4.66)

The canonical commutation relations imply that

[ba(~k;�);bay(~k0;�0)] = i�(~k� ~k0
)���0

[ba(~k;�);ba(~k0;�0)] = [bay(~k;�);bay(~k0;�0)]= 0: (4.67)
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Thereforeba(~k;�),bay(~k;�)form a set of creation-annihilation operators for photons with momentum
~k and helicity�.

Behind the simple construction presented above there are a number of subleties related with
gauge invariance. In particular the gauge freedom seem to introduce states in the Hilbert space with
negative probability. A careful analysis shows that when gauge invariance if properly handled these
spurious states decouple from physical states and can be eliminated. The details can be found in
standard textbooks [1–9].

Coupling gauge fields to matter.Once we know how to quantize the electromagnetic field
we consider theories containing electrically charged particles, for example electrons. To couple
the Dirac Lagrangian to electromagnetism we use as guiding principle what we learned about the
Schrödinger equation for a charged particle. There we saw that the gauge ambiguity of the electro-
magnetic potential is compensated with a U(1) phase shift inthe wave function. In the case of the
Dirac equation we know that the Lagrangian is invariant under  ! eie" , with "a constant. How-
ever this invariance is broken as soon as one identifies"with the gauge transformation parameter of
the electromagnetic field which depends on the position.

Looking at the Dirac Lagrangian (4.27) it is easy to see that in order to promote the global
U(1) symmetry into a local one, ! eie"(x) , it suffices to replace the ordinary derivative@� by a
covariant oneD � satisfying

D �

�
eie"(x) 

�
= eie"(x)D � : (4.68)

This covariant derivative can be constructed in terms of thegauge potentialA � as

D � = @� � ieA�: (4.69)

The Lagrangian of a spin-1
2

field coupled to electromagnetism is written as

LQ ED = �
1

4
F��F

��
+  (i=D � m ) ; (4.70)

invariant under the gauge transformations

 � ! eie"(x) ; A � � ! A� + @�"(x): (4.71)

Unlike the theories we have seen so far, the Lagrangian (4.70) describe an interacting theory.
By plugging (4.69) into the Lagrangian we find that the interaction between fermions and photons
to be

L
(int)

Q ED
= � eA�  


� : (4.72)

As advertised above, in the Dirac theory the electric current four-vector is given byj� = e 
� .

The quantization of interacting field theories poses new problems that we did not meet in the
case of the free theories. In particular in most cases it is not possible to solve the theory exactly.
When this happens the physical observables have to be computed in perturbation theory in powers
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of the coupling constant. An added problem appears when computing quantum corrections to the
classical result, since in that case the computation of observables are plagued with infinities that
should be taken care of. We will go back to this problem in section 7.

Nonabelian gauge theories.Quantum electrodynamics (QED) is the simplest example of a
gauge theory coupled to matter based in the abelian gauge symmetry of local U(1) phase rotations.
However, it is possible also to construct gauge theories based on nonabelian groups. Actually, our
knowledge of the strong and weak interactions is based on theuse of such nonabelian generalizations
of QED.

Let us consider a gauge groupG with generatorsTa, a = 1;:::;dim G satisfying the Lie
algebra6

[Ta;Tb
]= ifabcTc: (4.73)

A gauge field taking values on the Lie algebra ofG can be introducedA � � Aa�T
a which transforms

under a gauge transformations as

A � � !
1

ig
U@�U

� 1
+ UA �U

� 1; U = ei�
a(x)T a

; (4.74)

whereg is the coupling constant. The associated field strength is defined as

F a
�� = @�A

a
� � @�A

a
� � gfabcA b

�A
c
�: (4.75)

Notice that this definition of theF a
�� reduces to the one used in QED in the abelian case when

fabc = 0. In general, however, unlike the case of QED the field strength is not gauge invariant. In
terms ofF�� = F a

��T
a it transforms as

F�� � ! UF��U
� 1: (4.76)

The coupling of matter to a nonabelian gauge field is done by introducing again a covariant
derivative. For a field in a representation ofG

�� ! U� (4.77)

the covariant derivative is given by

D ��= @ ��� igAa
�T

a
�: (4.78)

With the help of this we can write a generic Lagrangian for a nonabelian gauge field coupled to
scalars� and spinors as

L = �
1

4
F a
��F

�� a
+ i =D  + D ��D

�� �  [M1(�)+ i
5M 2(�)] � V (�): (4.79)

In order to keep the theory renormalizable we have to restrict M 1(�)andM 2(�)to be at most linear
in � whereasV (�)have to be at most of quartic order. The Lagrangian of the Standard Model is of
the form (4.79).

6Some basics facts about Lie groups have been summarized in Appendix A.
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4.4 Understanding gauge symmetry

In classical mechanics the use of the Hamiltonian formalismstarts with the replacement of general-
ized velocities by momenta

pi�
@L

@_qi
=) _qi= _qi(q;p): (4.80)

Most of the times there is no problem in inverting the relationspi = pi(q;_q). However in some
systems these relations might not be invertible and result in a number of constraints of the type

fa(q;p)= 0; a = 1;:::;N 1: (4.81)

These systems are called degenerate or constrained [20,21].

The presence of constraints of the type (4.81) makes the formulation of the Hamiltonian for-
malism more involved. The first problem is related to the ambiguity in defining the Hamiltonian,
since the addition of any linear combination of the constraints do not modify its value. Secondly,
one has to make sure that the constraints are consistent withthe time evolution in the system. In the
language of Poisson brackets this means that further constraints have to be imposed in the form

ffa;H g� 0: (4.82)

Following [20] we use the symbol� to indicate a “weak” equality that holds when the constraints
fa(q;p) = 0 are satisfied. Notice however that since the computation of the Poisson brackets
involves derivatives, the constraints can be used only after the bracket is computed. In principle
the conditions (4.82) can give rise to a new set of constraints gb(q;p)= 0, b = 1;:::;N 2. Again
these constraints have to be consistent with time evolutionand we have to repeat the procedure.
Eventually this finishes when a set of constraints is found that do not require any further constraint
to be preserved by the time evolution7.

Once we find all the constraints of a degenerate system we consider the so-called first class
constraints�a(q;p)= 0, a = 1;:::;M , which are those whose Poisson bracket vanishes weakly

f�a;�bg = cabc�c � 0: (4.83)

The constraints that do not satisfy this condition, called second class constraints, can be eliminated
by modifying the Poisson bracket [20]. Then the total Hamiltonian of the theory is defined by

H T = piqi� L +
MX

a= 1

�(t)�a: (4.84)

What has all this to do with gauge invariance? The interesting answer is that for a singular
system the first class constraints�a generate gauge transformations. Indeed, becausef�a;�bg �

7In principle it is also possible that the procedure finishes because some kind of inconsistent identity is found. In
this case the system itself is inconsistent as it is the case with the LagrangianL(q;_q)= q.
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0� f�a;H g the transformations

qi � ! qi+
MX

a

"a(t)fqi;�ag;

pi � ! pi+
MX

a

"a(t)fpi;�ag (4.85)

leave invariant the state of the system. This ambiguity in the description of the system in terms of the
generalized coordinates and momenta can be traced back to the equations of motion in Lagrangian
language. Writing them in the form

@2L

@_qi@_qj
�qj = �

@2L

@_qi@qj
_qj +

@L

@qi
; (4.86)

we find that order to determine the accelerations in terms of the positions and velocities the matrix
@2L

@ _qi@ _qj
has to be invertible. However, the existence of constraints(4.81) precisely implies that the

determinant of this matrix vanishes and therefore the time evolution is not uniquely determined in
terms of the initial conditions.

Let us apply this to Maxwell electrodynamics described by the Lagrangian

L = �
1

4

Z

d3F��F
��: (4.87)

The generalized momentum conjugate toA � is given by

�� =
�L

�(@0A �)
= F 0�: (4.88)

In particular for the time component we find the constraint�0 = 0. The Hamiltonian is given by

H =

Z

d3x[��@0A � � L]=

Z

d3x

�
1

2

�
~E 2

+ ~B 2

�

+ �0@0A 0 + A 0
~r �~E

�

: (4.89)

Requiring the consistency of the constraint�0 = 0we find a second constraint

f�0;H g� @0�
0
+ ~r �~E = 0: (4.90)

Together with the first constraint�0 = 0this one implies Gauss’ law~r �~E = 0. These two constrains
have vanishing Poisson bracket and therefore they are first class. Therefore the total Hamiltonian is
given by

H T = H +

Z

d3x
h

�1(x)�
0
+ �2(x)~r �~E

i

; (4.91)

where we have absorbedA 0 in the definition of the arbitrary functions�1(x)and�2(x). Actually,
we can fix part of the ambiguity taking�1 = 0. Notice that, becauseA 0 has been included in the
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multipliers, fixing�1 amounts to fixing the value ofA 0 and therefore it is equivalent to taking a
temporal gauge. In this case the Hamiltonian is

H T =

Z

d3x

�
1

2

�
~E 2

+ ~B 2

�

+ "(x)~r �~E

�

(4.92)

and we are left just with Gauss’ law as the only constraint. Using the canonical commutation
relations

fA i(t;~x);E j(t;~x
0
)g = �ij�(~x� ~x0) (4.93)

we find that the remaining gauge transformations are generated by Gauss’ law

�Ai= fA i;

Z

d3x0"~r �~E g = @i"; (4.94)

while leavingA 0 invariant, so for consistency with the general gauge transformations the function
"(x)should be independent of time. Notice that the constraint~r �~E = 0 can be implemented by
demanding~r �~A = 0which reduces the three degrees of freedom of~A to the two physical degrees
of freedom of the photon.

So much for the classical analysis. In the quantum theory theconstraint~r �~E = 0has to be
imposed on the physical statesjphysi. This is done by defining the following unitary operator on
the Hilbert space

U(")� exp

�

i

Z

d3x"(~x)~r �~E

�

: (4.95)

By definition, physical states should not change when a gaugetransformations is performed. This
is implemented by requiring that the operatorU(")acts trivially on a physical state

U(")jphysi= jphysi =) (~r �~E )jphysi= 0: (4.96)

In the presence of charge density�, the condition that physical states are annihilated by Gauss’ law
changes to(~r �~E � �)jphysi= 0.

The role of gauge transformations in the quantum theory is very illuminating in understanding
the real rôle of gauge invariance [22]. As we have learned, the existence of a gauge symmetry in a
theory reflects a degree of redundancy in the description of physical states in terms of the degrees
of freedom appearing in the Lagrangian. In Classical Mechanics, for example, the state of a system
is usually determined by the value of the canonical coordinates(qi;pi). We know, however, that
this is not the case for constrained Hamiltonian systems where the transformations generated by the
first class constraints change the value ofqiandpiwithoug changing the physical state. In the case
of Maxwell theory for every physical configuration determined by the gauge invariant quantities~E ,
~B there is an infinite number of possible values of the vector potential that are related by gauge
transformations�A� = @�".

In the quantum theory this means that the Hilbert space of physical states is defined as the
result of identifying all states related by the operatorU(")with any gauge function"(x) into a
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Fig. 9: Compactification of the real line (a) into the circumferenceS1 (b) by adding the point at infinity.

single physical statejphysi. In other words, each physical state corresponds to a whole orbit of
states that are transformed among themselves by gauge transformations.

This explains the necessity of gauge fixing. In order to avoidthe redundancy in the states a
further condition can be given that selects one single stateon each orbit. In the case of Maxwell
electrodynamics the conditionsA 0 = 0, ~r �~A = 0selects a value of the gauge potential among all
possible ones giving the same value for the electric and magnetic fields.

Since states have to be identified by gauge transformations the topology of the gauge group
plays an important physical rôle. To illustrate the point let us first deal with a toy model of a U(1)
gauge theory in 1+1 dimensions. Later we will be more general. In the Hamiltonian formalism
gauge transformationsg(~x)are functions defined onR with values on the gauge group U(1)

g :R � ! U(1): (4.97)

We assume thatg(x) is regular at infinity. In this case we can add to the real lineR the point at
infinity to compactify it into the circumferenceS1 (see Fig. 9). Once this is doneg(x)are functions
defined onS1 with values onU(1)= S1 that can be parametrized as

g :S1
� ! U(1); g(x)= ei�(x); (4.98)

with x 2 [0;2�].

BecauseS1 does have a nontrivial topology,g(x) can be divided into topological sectors.
These sectors are labelled by an integer numbern 2 Z and are defined by

�(2�)= �(0)+ 2� n : (4.99)

Geometricallyn gives the number of times that the spatialS1 winds around theS1 defining the
gauge group U(1). This winding number can be written in a moresophisticated way as

I

S1

g(x)� 1dg(x)= 2�n ; (4.100)

where the integral is along the spatialS1.
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In R
3 a similar situation happens with the gauge group8 SU(2). If we demandg(~x)2 SU(2)

to be regular at infinityj~xj! 1 we can compactifyR 3 into a three-dimensional sphereS3, exactly
as we did in 1+1 dimensions. On the other hand, the functiong(~x)can be written as

g(~x)= a0(x)1 + ~a(x)� ~� (4.101)

and the conditionsg(x)yg(x)= 1, detg = 1 implies that(a0)2 + ~a2 = 1. Therefore SU(2) is a
three-dimensional sphere andg(x)defines a function

g :S3
� ! S3: (4.102)

As it was the case in 1+1 dimensions here the gauge transformationsg(x)are also divided into
topological sectors labelled this time by the winding number

n =
1

24�2

Z

S3

d3x�ijkTr
��
g� 1@ig

� �
g� 1@ig

� �
g� 1@ig

��
2 Z: (4.103)

In the two cases analyzed we find that due to the nontrivial topology of the gauge group
manifold the gauge transformations are divided into different sectors labelled by an integern. Gauge
transformations with different values ofn cannot be smoothly deformed into each other. The sector
with n = 0corresponds to those gauge transformations that can be connected with the identity.

Now we can be a bit more formal. Let us consider a gauge theory in 3+1 dimensions with
gauge groupG and let us denote byG the set of all gauge transformationsG = fg :S3 ! Gg. At
the same time we defineG0 as the set of transformations inG that can be smoothly deformed into
the identity. Our theory will have topological sectors if

G=G0 6= 1: (4.104)

In the case of the electromagnetism we have seen that Gauss’ law annihilates physical states. For a
nonabelian theory the analysis is similar and leads to the condition

U(g0)jphysi� exp

�

i

Z

d3x�a(~x)~r �~E a

�

jphysi= jphysi; (4.105)

whereg0(~x) = ei�
a(~x)T a

is in the connected component of the identityG0. The important point
to realize here is that only the elements ofG0 can be written as exponentials of the infinitesimal
generators. Since this generators annihilate the physicalstates this implies thatU(g0)jphysi =

jphysionly wheng0 2 G0.

What happens then with the other topological sectors? Ifg 2 G=G0 there is still a unitary
operatorU(g)that realizes gauge transformations on the Hilbert space ofthe theory. However since
g is not in the connected component of the identity, it cannot be written as the exponential of Gauss’
law. Still gauge invariance is preserved ifU(g)only changes the overall global phase of the physical
states. For example, ifg1 is a gauge transformation with winding numbern = 1

U(g1)jphysi= ei�jphysi: (4.106)
8Although we present for simplicity only the case of SU(2), similar arguments apply to any simple group.
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It is easy to convince oneself that all transformations withwinding numbern = 1 have the same
value of� modulo2�. This can be shown by noticing that ifg(~x)has winding numbern = 1 then
g(~x)� 1 has opposite winding numbern = � 1. Since the winding number is additive, given two
transformationsg1, g2 with winding number 1,g� 11 g2 has winding numbern = 0. This implies that

jphysi= U(g� 11 g2)jphysi= U(g1)
y
U(g2)jphysi= ei(�2� �1)jphysi (4.107)

and we conclude that�1 = �2 mod2�. Once we know this it is straightforward to conclude that a
gauge transformationgn(~x)with winding numbern has the following action on physical states

U(gn)jphysi= ein�jphysi; n 2 Z: (4.108)

To find a physical interpretation of this result we are going to look for similar things in other
physical situations. One of then is borrowed from condensedmatter physics and refers to the quan-
tum states of electrons in the periodic potential produced by the ion lattice in a solid. For simplicity
we discuss the one-dimensional case where the minima of the potential are separated by a distance
a. When the barrier between consecutive degenerate vacua is high enough we can neglect tunnel-
ing between different vacua and consider the ground statejnaiof the potential near the minimum
located atx = na (n 2 Z) as possible vacua of the theory. This vacuum state is, however, not
invariant under lattice translations

eia
bP
jnai= j(n + 1)ai: (4.109)

However, it is possible to define a new vacuum state

jki=
X

n2Z

e� iknajnai; (4.110)

which undereiabP transforms by a global phase

eia
bP
jki=

X

n2Z

e� iknaj(n + 1)ai= eikajki: (4.111)

This ground state is labelled by the momentumk and corresponds to the Bloch wave function.

This looks very much the same as what we found for nonabelian gauge theories. The vacuum
state labelled by� plays a rôle similar to the Bloch wave function for the periodic potential with
the identification of� with the momentumk. To make this analogy more precise let us write the
Hamiltonian for nonabelian gauge theories

H =
1

2

Z

d3x
�

~�a � ~�a + ~B a �~B a

�

=
1

2

Z

d3x
�
~E a �~E a + ~B a �~B a

�

; (4.112)

where we have used the expression of the canonical momenta�ia and we assume that the Gauss’ law
constraint is satisfied. Looking at this Hamiltonian we can interpret the first term within the brackets
as the kinetic energyT = 1

2
~�a � ~�a and the second term as the potential energyV = 1

2
~B a �~B a.

SinceV � 0we can identify the vacua of the theory as those~A for whichV = 0, modulo gauge
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transformations. This happens wherever~A is a pure gauge. However, since we know that the gauge
transformations are labelled by the winding number we can have an infinite number of vacua which
cannot be continuously connected with one another using trivial gauge transformations. Taking a
representative gauge transformationgn(~x)in the sector with winding numbern, these vacua will be
associated with the gauge potentials

~A =
1

ig
gn(~x)

� 1~r gn(~x); (4.113)

modulo topologically trivial gauge transformations. Therefore the theory is characterized by an
infinite number of vacuajnilabelled by the winding number. These vacua are not gauge invariant.
Indeed, a gauge transformation withn = 1will change the winding number of the vacua in one unit

U(g1)jni= jn + 1i: (4.114)

Nevertheless a gauge invariant vacuum can be defined as

j�i=
X

n2Z

e� in�jni; with � 2 R (4.115)

satisfying

U(g1)j�i= ei�j�i: (4.116)

We have concluded that the nontrivial topology of the gauge group have very important phys-
ical consequences for the quantum theory. In particular it implies an ambiguity in the definition of
the vacuum. Actually, this can also be seen in a Lagrangian analysis. In constructing the Lagrangian
for the nonabelian version of Maxwell theory we only consider the termF a

��F
�� a. However this is

not the only Lorentz and gauge invariant term that contains just two derivatives. We can write the
more general Lagrangian

L = �
1

4
F a
��F

�� a
+

�

32�2
F a
��
eF �� a; (4.117)

whereeF a
�� is the dual of the field strength defined by

eF a
�� =

1

2
�����F

��: (4.118)

The extra term in (4.117), proportional to~E a�~B a, is actually a total derivative and does not change
the equations of motion or the quantum perturbation theory.Nevertheless it has several important
physical consequences. One of them is that it violates both parity P and the combination of charge
conjugation and parityCP . This means that since strong interactions are described bya nonabelian
gauge theory with group SU(3) there is an extra source ofCP violation which puts a strong bound
on the value of�. One of the consequences of a term like (4.117) in the QCD Lagrangian is a
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nonvanishing electric dipole moment for the neutron [23]. The fact that this is not observed impose
a very strong bound on the value of the�-parameter

j�j< 10
� 9 (4.119)

From a theoretical point of view it is still to be fully understood why� either vanishes or has a very
small value.

Finally, the�-vacuum structure of gauge theories that we found in the Hamiltonian formalism
can be also obtained using path integral techniques form theLagrangian (4.117). The second term
in Eq. (4.117) gives then a contribution that depends on the winding number of the corresponding
gauge configuration.

5 Symmetries
5.1 Noether’s theorem

In Classical Mechanics and Classical Field Theory there is abasic result that relates symmetries and
conserved charges. This is called Noether’s theorem and states that for each continuous symmetry
of the system there is conserved current. In its simplest version in Classical Mechanics it can be
easily proved. Let us consider a LagrangianL(qi;_qi)which is invariant under a transformation
qi(t) ! q0i(t;�) labelled by a parameter�. This means thatL(q0;_q0) = L(q;_q)without using the
equations of motion9. If � � 1we can consider an infinitesimal variation of the coordinates��qi(t)
and the invariance of the Lagrangian implies

0= ��L(qi;_qi)=
@L

@qi
��qi+

@L

@_qi
��_qi=

�
@L

@qi
�

d

dt

@L

@_qi

�

��qi+
d

dt

�
@L

@_qi
��qi

�

: (5.1)

When��qi is applied on a solution to the equations of motion the term inside the square brackets
vanishes and we conclude that there is a conserved quantity

_Q = 0 with Q �
@L

@_qi
��qi: (5.2)

Notice that in this derivation it is crucial that the symmetry depends on a continuous parameter since
otherwise the infinitesimal variation of the Lagrangian in Eq. (5.1) does not make sense.

In Classical Field Theory a similar result holds. Let us consider for simplicity a theory of
a single field�(x). We say that the variations��� depending on a continuous parameter� are a
symmetry of the theory if, without using the equations of motion, the Lagrangian density changes
by

��L = @�K
�: (5.3)

If this happens then the action remains invariant and so do the equations of motion. Working out
now the variation ofL under��� we find

@�K
�
=

@L

@(@��)
@���� +

@L

@�
��� = @�

�
@L

@(@��)
���

�

+

�
@L

@�
� @�

�
@L

@(@��)

��

���: (5.4)

9The following result can be also derived a more general situations where the Lagrangian changes by a total time
derivative.
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If �(x)is a solution to the equations of motion the last terms disappears, and we find that there is a
conserved current

@�J
�
= 0 with J� =

@L

@(@��)
��� � K�: (5.5)

Actually a conserved current implies the existence of a charge

Q �

Z

d3xJ0(t;~x) (5.6)

which is conserved

dQ

dt
=

Z

d3x@0J
0
(t;~x)= �

Z

d3x@iJ
i
(t;~x)= 0; (5.7)

provided the fields vanish at infinity fast enough. Moreover,the conserved chargeQ is a Lorentz
scalar. After canonical quantization the chargeQ defined by Eq. (5.6) is promoted to an operator
that generates the symmetry on the fields

�� = i[�;Q]: (5.8)

As an example we can consider a scalar field�(x)which under a coordinate transformation
x ! x0changes as�0(x0)= �(x). In particular performing a space-time translationx�

0

= x� + a�

we have

�0(x)� �(x)= � a�@�� + O (a2) =) �� = � a�@��: (5.9)

Since the Lagrangian density is also a scalar quantity, it transforms under translations as

�L = � a�@�L: (5.10)

Therefore the corresponding conserved charge is

J� = �
@L

@(@��)
a�@�� + a�L � � a�T

��; (5.11)

where we introduced the energy-momentum tensor

T��
=

@L

@(@��)
@�� � ���L: (5.12)

We find that associated with the invariance of the theory withrespect to space-time translations
there are four conserved currents defined byT�� with � = 0;:::;3, each one associated with the
translation along a space-time direction. These four currents form a rank-two tensor under Lorentz
transformations satisfying

@�T
��
= 0: (5.13)
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The associated conserved charges are given by

P �
=

Z

d3xT0� (5.14)

and correspond to the total energy-momentum content of the field configuration. Therefore the
energy density of the field is given byT00 while T0i is the momentum density. In the quantum
theory theP � are the generators of space-time translations.

Another example of a symmetry related with a physically relevant conserved charge is the
global phase invariance of the Dirac Lagrangian (4.27), ! ei� . For small� this corresponds to
variations�� = i� , �� = � i� which by Noether’s theorem result in the conserved charge

j� =  
� ; @�j
�
= 0: (5.15)

Thus implying the existence of a conserved charge

Q =

Z

d3x 
0 =

Z

d3x y : (5.16)

In physics there are several instances of global U(1) symmetries that act as phase shifts on spinors.
This is the case, for example, of the baryon and lepton numberconservation in the Standard Model.
A more familiar case is the U(1) local symmetry associated with electromagnetism. Notice that
although in this case we are dealing with a local symmetry,� ! e�(x), the invariance of the
Lagrangian holds in particular for global transformationsand therefore there is a conserved current
j� = e 
� . In Eq. (4.72) we saw that the spinor is coupled to the photon field precisely through
this current. Its time component is the electric charge density �, while the spatial components are
the current density vector~|.

This analysis can be carried over also to nonabelian unitaryglobal symmetries acting as

 i� ! Uij j; U yU = 1 (5.17)

and leaving invariant the Dirac Lagrangian when we have several fermions. If we write the matrix
U in terms of the hermitian group generatorsTa as

U = exp(i�aT
a
); (Ta

)
y
= Ta; (5.18)

we find the conserved current

j� a =  iT
a
ij


� j; @�j
�
= 0: (5.19)

This is the case, for example of the approximate flavor symmetries in hadron physics. The simplest
example is the isospin symmetry that mixes the quarksu andd

�
u
d

�

� ! M

�
u
d

�

; M 2 SU(2): (5.20)

Since the proton is a bound state of two quarksu and one quarkd while the neutron is made out
of one quarku and two quarksd, this isospin symmetry reduces at low energies to the well known
isospin transformations of nuclear physics that mixes protons and neutrons.
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5.2 Symmetries in the quantum theory

We have seen that in canonical quantization the conserved chargesQ a associated to symmetries
by Noether’s theorem are operators implementing the symmetry at the quantum level. Since the
charges are conserved they must commute with the Hamiltonian

[Q a;H ]= 0: (5.21)

There are several possibilities in the quantum mechanical realization of a symmetry:

Wigner-Weyl realization. In this case the ground state of the theoryj0iis invariant under the
symmetry. Since the symmetry is generated byQ a this means that

U(�)j0i� ei�aQ
a

j0i= j0i =) Q a
j0i= 0: (5.22)

At the same time the fields of the theory have to transform according to some irreducible represen-
tation of the group generated by theQ a. From Eq. (5.8) it is easy to prove that

U(�)�iU(�)
� 1

= Uij(�)�j; (5.23)

whereUij(�) is an element of the representation in which the field�i transforms. If we consider
now the quantum state associated with the operator�i

jii= �ij0i (5.24)

we find that because of the invariance of the vacuum (5.22) thestatesjii transform in the same
representation as�i

U(�)jii= U(�)�iU(�)
� 1
U(�)j0i= Uij(�)�jj0i= Uij(�)jji: (5.25)

Therefore the spectrum of the theory is classified in multiplets of the symmetry group. In addition,
since[H ;U(�)]= 0 all states in the same multiplet have the same energy. If we consider one-
particle states, then going to the rest frame we conclude that all states in the same multiplet have
exactly the same mass.

Nambu-Goldstone realization. In our previous discussion the result that the spectrum of
the theory is classified according to multiplets of the symmetry group depended crucially on the
invariance of the ground state. However this condition is not mandatory and one can relax it to
consider theories where the vacuum state is not left invariant by the symmetry

ei�aQ
a

j0i6= j0i =) Q a
j0i6= 0: (5.26)

In this case it is also said that the symmetry is spontaneously broken by the vacuum.

To illustrate the consequences of (5.26) we consider the example of a number scalar fields’i

(i= 1;:::;N ) whose dynamics is governed by the Lagrangian

L =
1

2
@�’

i@�’i� V (’); (5.27)
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where we assume thatV (�) is bounded from below. This theory is globally invariant under the
transformations

�’i= �a(Ta
)
i
j’

j; (5.28)

with Ta, a = 1;:::;1
2
N (N � 1)the generators of the group SO(N ).

To analyze the structure of vacua of the theory we construct the Hamiltonian

H =

Z

d3x

�
1

2
�i�i+

1

2
~r ’i�~r ’i+ V (’)

�

(5.29)

and look for the minimum of

V(’)=

Z

d3x

�
1

2
~r ’i�~r ’i+ V (’)

�

: (5.30)

Since we are interested in finding constant field configurations, ~r ’ = ~0 to preserve translational
invariance, the vacua of the potentialV(’)coincides with the vacua ofV (’). Therefore the minima
of the potential correspond to the vacuum expectation values10

h’ii: V (h’ii)= 0;
@V

@’i

�
�
�
�
’i= h’ii

= 0: (5.31)

We divide the generatorsTa of SO(N ) into two groups: Those denoted byH � (� = 1;:::;h)
that satisfy

(H �
)
i
jh’

j
i= 0: (5.32)

This means that the vacuum configurationh’ii is left invariant by the transformation generated
by H � . For this reason we call themunbroken generators. Notice that the commutator of two
unbroken generators also annihilates the vacuum expectation value,[H �;H �]ijh’ji= 0. Therefore
the generatorsfH �g form a subalgebra of the algebra of the generators of SO(N ). The subgroup of
the symmetry group generated by them is realized à la Wigner-Weyl.

The remaining generatorsK A , with A = 1;:::;1
2
N (N � 1)� h, by definition do not preserve

the vacuum expectation value of the field

(K A
)
i
jh’

j
i6= 0: (5.33)

These will be called thebroken generators. Next we prove a very important result concerning
the broken generators known as the Goldstone theorem: for each generator broken by the vacuum
expectation value there is a massless excitation.

The mass matrix of the excitations around the vacuumh’ii is determined by the quadratic
part of the potential. Since we assumed thatV (h’i)= 0and we are expanding around a minimum,

10For simplicity we consider that the minima ofV (�)occur at zero potential.
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the first term in the expansion of the potentialV (’)around the vacuum expectation values is given
by

V (’)=
@2V

@’i@’j

�
�
�
�
’= h’i

(’i� h’ii)(’j � h’ji)+ O
�
(’ � h’i)3

�
(5.34)

and the mass matrix is:

M 2
ij �

@2V

@’i@’j

�
�
�
�
’= h’i

: (5.35)

In order to avoid a cumbersome notation we do not show explicitly the dependence of the mass
matrix on the vacuum expectation valuesh’ii.

To extract some information about the possible zero modes ofthe mass matrix, we write down
the conditions that follow from the invariance of the potential under�’i= �a(Ta)ij’

j. At first order
in �a

�V (’)= �a
@V

@’i
(Ta

)
i
j’

j
= 0: (5.36)

Differentiating this expression with respect to’k we arrive at

@2V

@’i@’k
(Ta

)
i
j’

j
+
@V

@’i
(Ta

)
i
k = 0: (5.37)

Now we evaluate this expression in the vacuum’i = h’ii. Then the derivative in the second term
cancels while the second derivative in the first one gives themass matrix. Hence we find

M 2
ik(T

a
)
i
jh’

j
i= 0: (5.38)

Now we can write this expression for both broken and unbrokengenerators. For the unbroken ones,
since(H �)ijh’

ji= 0, we find a trivial identity0 = 0. On the other hand for the broken generators
we have

M 2
ik(K

A
)
i
jh’

j
i= 0: (5.39)

Since(K A)ijh’
ji6= 0 this equation implies that the mass matrix has as many zero modes as broken

generators. Therefore we have proven Goldstone’s theorem:associated with each broken symmetry
there is a massless mode in the theory. Here we have presenteda classical proof of the theorem. In
the quantum theory the proof follows the same lines as the onepresented here but one has to consider
the effective action containing the effects of the quantum corrections to the classical Lagrangian.

As an example to illustrate this theorem, we consider a SO(3)invariant scalar field theory with
a “mexican hat” potential

V (~’)=
�

4

�
~’ 2

� a2
�2
: (5.40)
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The vacua of the theory correspond to the configurations satisfying h~’i2 = a2. In field space
this equation describes a two-dimensional sphere and each solution is just a point in that sphere.
Geometrically it is easy to visualize that a given vacuum field configuration, i.e. a point in the
sphere, is preserved by SO(2) rotations around the axis of the sphere that passes through that point.
Hence the vacuum expectation value of the scalar field breaksthe symmetry according to

h~’i: SO(3)� ! SO(2): (5.41)

Since SO(3) has three generators and SO(2) only one we see that two generators are broken and
therefore there are two massless Goldstone bosons. Physically this massless modes can be thought
of as corresponding to excitations along the surface of the sphereh~’i2 = a2.

Once a minimum of the potential has been chosen we can proceedto quantize the excitations
around it. Since the vacuum only leaves invariant a SO(2) subgroup of the original SO(3) symmetry
group it seems that the fact that we are expanding around a particular vacuum expectation value of
the scalar field has resulted in a lost of symmetry. This is however not the case. The full quantum
theory is symmetric under the whole symmetry group SO(3). This is reflected in the fact that the
physical properties of the theory do not depend on the particular point of the sphereh~’i2 = a2 that
we have chosen. Different vacua are related by the full SO(3)symmetry and therefore should give
the same physics.

It is very important to realize that given a theory with a vacuum determined byh~’iall other
possible vacua of the theory are unaccessible in the infinitevolume limit. This means that two
vacuum statesj01i, j02icorresponding to different vacuum expectation values of the scalar field are
orthogonalh01j02i= 0 and cannot be connected by any local observable�(x), h01j�(x)j02i= 0.
Heuristically this can be understood by noticing that in theinfinite volume limit switching from one
vacuum into another one requires changing the vacuum expectation value of the field everywhere
in space at the same time, something that cannot be done by anylocal operator. Notice that this is
radically different to our expectations based on the Quantum Mechanics of a system with a finite
number of degrees of freedom.

In High Energy Physics the typical example of a Goldstone boson is the pion, associated with
the spontaneous breaking of the global chiral isospinSU(2)

L
� SU(2)

R
symmetry. This symmetry

acts independently in the left- and right-handed spinors as

�
uL;R
dL;R

�

� ! ML;R

�
uL;R
dL;R

�

; M L;R 2 SU(2)L;R (5.42)

Presumably since the quarks are confined at low energies thissymmetry is spontaneously broken
down to the diagonal SU(2) acting in the same way on the left- and right-handed components of
the spinors. Associated with this symmetry breaking there is a Goldstone mode which is identified
as the pion. Notice, nevertheless, that the SU(2)L� SU(2)R would be an exact global symmetry of
the QCD Lagrangian only in the limit when the masses of the quarks are zerom u;m d ! 0. Since
these quarks have nonzero masses the chiral symmetry is onlyapproximate and as a consequence
the corresponding Goldstone boson is not massless. That is why pions have masses, although they
are the lightest particle among the hadrons.
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Symmetry breaking appears also in many places in condensed matter. For example, when a
solid crystallizes from a liquid the translational invariance that is present in the liquid phase is broken
to a discrete group of translations that represent the crystal lattice. This symmetry breaking has
Goldstone bosons associated which are identified with phonons which are the quantum excitation
modes of the vibrational degrees of freedom of the lattice.

The Higgs mechanism.Gauge symmetry seems to prevent a vector field from having a mass.
This is obvious once we realize that a term in the Lagrangian like m 2A �A � is incompatible with
gauge invariance.

However certain physical situations seem to require massive vector fields. This happened for
example during the 1960s in the study of weak interactions. The Glashow model gave a common
description of both electromagnetic and weak interactionsbased on a gauge theory with group
SU(2)� U(1) but, in order to reproduce Fermi’s four-fermion theoryof the�-decay it was necessary
that two of the vector fields involved would be massive. Also in condensed matter physics massive
vector fields are required to describe certain systems, mostnotably in superconductivity.

The way out to this situation is found in the concept of spontaneous symmetry breaking dis-
cussed previously. The consistency of the quantum theory requires gauge invariance, but this in-
variance can be realized à la Nambu-Goldstone. When this isthe case the full gauge symmetry is
not explicitly present in the effective action constructedaround the particular vacuum chosen by the
theory. This makes possible the existence of mass terms for gauge fields without jeopardizing the
consistency of the full theory, which is still invariant under the whole gauge group.

To illustrate the Higgs mechanism we study the simplest example, the Abelian Higgs model:
a U(1) gauge field coupled to a self-interacting charged complex scalar field�with Lagrangian

L = �
1

4
F��F

��
+ D ��D

�
��

�

4

�
��� �2

�2
; (5.43)

where the covariant derivative is given by Eq. (4.69). This theory is invariant under the gauge
transformations

�! ei�(x)
�; A � ! A � + @��(x): (5.44)

The minimum of the potential is defined by the equationj�j= �. We have a continuum of different
vacua labelled by the phase of the scalar field. None of these vacua, however, is invariant under the
gauge symmetry

h�i= �ei#0 ! �ei#0+ i�(x) (5.45)

and therefore the symmetry is spontaneously broken Let us study now the theory around one of
these vacua, for exampleh�i = �, by writing the field� in terms of the excitations around this
particular vacuum

�(x)=

�

� +
1
p
2
�(x)

�

ei#(x): (5.46)

Independently of whether we are expanding around a particular vacuum for the scalar field we
should keep in mind that the whole Lagrangian is still gauge invariant under (5.44). This means that
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performing a gauge transformation with parameter�(x) = � #(x)we can get rid of the phase in
Eq. (5.46). Substituting then�(x)= � + 1p

2
�(x)in the Lagrangian we find

L = �
1

4
F��F

��
+ e2�2A �A

�
+
1

2
@��@

�� �
1

2
��2�2

� ���3 �
�

4
�4 + e2�A�A

�� + e2A �A
��2: (5.47)

What are the excitation of the theory around the vacuumh�i = �? First we find a massive real
scalar field�(x). The important point however is that the vector fieldA� now has a mass given by

m 2

 = 2e2�2: (5.48)

The remarkable thing about this way of giving a mass to the photon is that at no point we have given
up gauge invariance. The symmetry is only hidden. Thereforein quantizing the theory we can still
enjoy all the advantages of having a gauge theory but at the same time we have managed to generate
a mass for the gauge field.

It is surprising, however, that in the Lagrangian (5.47) we did not found any massless mode.
Since the vacuum chosen by the scalar field breaks theU(1)generator of U(1) we would have
expected one masless particle from Goldstone’s theorem. Tounderstand the fate of the missing
Goldstone boson we have to revisit the calculation leading to Eq. (5.47). Were we dealing with a
global U(1) theory, the Goldstone boson would correspond toexcitation of the scalar field along the
valley of the potential and the phase#(x)would be the massless Goldstone boson. However we have
to keep in mind that in computing the Lagrangian we managed toget rid of#(x)by shifting it into
A � using a gauge transformation. Actually by identifying the gauge parameter with the Goldstone
excitation we have completely fixed the gauge and the Lagrangian (5.47) does not have any gauge
symmetry left.

A massive vector field has three polarizations: two transverse ones~k � ~� (~k;� 1)= 0 plus a
longitudinal one~�L(~k)� ~k. In gauging away the massless Goldstone boson#(x)we have trans-
formed it into the longitudinal polarization of the massivevector field. In the literature this is usually
expressed saying that the Goldstone mode is “eaten up” by thelongitudinal component of the gauge
field. It is important to realize that in spite of the fact thatthe Lagrangian (5.47) looks pretty dif-
ferent from the one we started with we have not lost any degrees of freedom. We started with the
two polarizations of the photon plus the two degrees of freedom associated with the real and imag-
inary components of the complex scalar field. After symmetrybreaking we end up with the three
polarizations of the massive vector field and the degree of freedom of the real scalar field�(x).

We can also understand the Higgs mechanism in the light of ourdiscussion of gauge symme-
try in section 4.4. In the Higgs mechanism the invariance of the theory under infinitesimal gauge
transformations is not explicitly broken, and this impliesthat Gauss’ law is satisfied quantum me-
chanically,~r �~E ajphysi = 0. The theory remains invariant under gauge transformationsin the
connected component of the identityG0, the ones generated by Gauss’ law. This does not pose any
restriction on the possible breaking of the invariance of the theory with respect to transformations
that cannot be continuously deformed to the identity. Hencein the Higgs mechanism the invariance
under gauge transformation that are not in the connected component of the identity,G=G0, can be
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broken. Let us try to put it in more precise terms. As we learned in section 4.4, in the Hamiltonian
formulation of the theory finite energy gauge field configurations tend to a pure gauge at spatial
infinity

~A �(~x)� !
1

ig
g(~x)� 1~r g(~x); j~xj! 1 (5.49)

The set transformationsg0(~x) 2 G0 that tend to the identity at infinity are the ones generated by
Gauss’ law. However, one can also consider in general gauge transformationsg(~x)which, asj~xj!
1 , approach any other elementg 2 G . The quotientG1 � G=G0 gives a copy of the gauge group
at infinity. There is no reason, however, why this group should not be broken, and in general it is if
the gauge symmetry is spontaneously broken. Notice that this is not a threat to the consistency of
the theory. Properties like the decoupling of unphysical states are guaranteed by the fact that Gauss’
law is satisfied quantum mechanically and are not affected bythe breaking ofG1 .

The Abelian Higgs model discussed here can be regarded as a toy model of the Higgs mech-
anism responsible for giving mass to theW � andZ 0 gauge bosons in the Standard Model. In
condensed matter physics the symmetry breaking described by the nonrelativistic version of the
Abelian Higgs model can be used to characterize the onset of asuperconducting phase in the BCS
theory, where the complex scalar field� is associated with the Cooper pairs. In this case the param-
eter�2 depends on the temperature. Above the critical temperatureTc, �2(T)> 0and there is only
a symmetric vacuumh�i= 0. When, on the other hand,T < T c then�2(T)< 0 and symmetry
breaking takes place. The onset of a nonzero mass of the photon (5.48) below the critical tem-
perature explains the Meissner effect: the magnetic fields cannot penetrate inside superconductors
beyond a distance of the order1

m 

.

6 Anomalies
So far we did not worry too much about how classical symmetries of a theory are carried over to the
quantum theory. We have implicitly assumed that classical symmetries are preserved in the process
of quantization, so they are also realized in the quantum theory.

This assumption, however, is not necessarily justified in the case of certain symmetries like
scale invariance. To be more concrete, let us think of a theory containing a single field with canonical
dimension�. If there are no dimensionfull parameters in the Lagrangian, the classical theory is
invariant under the conformal transformation

x� � ! �x�; �(x)� ! �� � �(�� 1x): (6.1)

This is the case, for example, for a massless�’4 theory in four dimensions

L =
1

2
@�’@

�’ �
�

4!
’4; (6.2)

where the scalar field has canonical dimension�= 1. The Lagrangian density transforms as

L � ! �� 4L (6.3)
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and the classical action remains invariant.

This classical invariance of the theory is however not preserved in the process of quantization.
The reason lies in the necessity of making sense of divergentexpressions that arise when calculating
quantum corrections, as we will explain in section 7 in detail. Here it suffices to say that in order
to regularize the divergent expressions it is necessary to introduce a cutoff at a given energy scale.
This breaking of the invariance of the theory under conformal transformations is not recovered after
renormalization has been carried out, and as a result the quantum properties of a theory like (6.2)
depend on the energy scale at which the physical processes take place. One of the consequences is
that the canonical dimension of the field also gets a correction�= 1+ 
(�).

This is an example of ananomaly, i.e. a symmetry of the classical theory that is not pre-
served upon quantization (for a review see [25]). It is important to avoid here the misconception
that anomalies appear due to a bad choice of the way a theory isregularized in the process of quan-
tization. When we talk about anomalies we mean a classical symmetry thatcannotbe realized in
the quantum theory, no matter how smart we are in choosing theregularization procedure. This is
the case with the conformal anomaly that we have just discussed: it does not matter in which way
we regularize our�’4 theory, the result is a quantum theory that breaks conformalinvariance.

6.1 Axial anomaly

Probably the best known examples of anomalies appear when weconsider axial symmetries. If we
consider a theory of two Weyl spinorsu�

L = i @= = iuy+ �
�
+ @�u+ + iuy� �

�
� @�u� with  =

�
u+
u�

�

(6.4)

the Lagrangian is invariant under two types of global U(1) transformations. In the first one both
helicities transform with the same phase, this is avectortransformation:

U(1)V :u� � ! ei�u� ; (6.5)

whereas in the second one, the axialU(1), the signs of the phases are different for the two chiralities

U(1)A :u� � ! e� i�u� : (6.6)

Using Noether’s theorem, there are two conserved currents,a vector current

J�V =  
� = uy+ �
�
+ u+ + uy� �

�
� u� =) @�J

�

V = 0 (6.7)

and an axial vector current

J�A =  
�
5 = uy+ �
�
+ u+ � uy� �

�
� u� =) @�J

�

A = 0: (6.8)

The theory described by the Lagrangian (6.4) can be coupled to the electromagnetic field.
The resulting classical theory is still invariant under thevector and axial U(1) symmetries (6.5) and
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(6.6). Surprisingly, upon quantization it turns out that the conservation of the axial current (6.8) is
spoiled by quantum effects

@�J
�

A � ~~E �~B : (6.9)

To understand more clearly how this result comes about we study first a simple model in
two dimensions that captures the relevant physics involvedin the four-dimensional case [26]. We
work in Minkowski space in two dimensions with coordinates(x0;x1) � (t;x)and where the
spatial direction is compactified to a circleS1. In this setup we consider a fermion coupled to the
electromagnetic field. Notice that since we are living in twodimensions the field strengthF�� only
has one independent component that corresponds to the electric field along the spatial direction,
F 01 � E (in two dimensions there are no magnetic fields!).

To write the Lagrangian for the spinor field we need to find a representation of the algebra of

-matrices

f
�;
�g = 2��� with � =

�
1 0

0 � 1

�

: (6.10)

In two dimensions the dimension of the representation of the
-matrices is2[
2

2
]= 2. Here take


0 � �1 =

�
0 1

1 0

�

; 
1 � i�2 =

�
0 1

� 1 0

�

: (6.11)

This is a chiral representation since the matrix
5 is diagonal11


5 � � 
0
1 =

�
1 0

0 � 1

�

(6.12)

Writing the two-component spinor as

 =

�
u+
u�

�

(6.13)

and defining as usual the projectorsP� = 1

2
(1 � 
5)we find that the componentsu� of  are

respectively a right- and left-handed Weyl spinor in two dimensions.

Once we have a representation of the
-matrices we can write the Dirac equation. Expressing
it in terms of the componentsu� of the Dirac spinor we find

(@0 � @1)u+ = 0; (@0 + @1)u� = 0: (6.14)

The general solution to these equations can be immediately written as

u+ = u+ (x
0
+ x1); u� = u� (x

0
� x1): (6.15)

Henceu� are two wave packets moving along the spatial dimension respectively to the left(u+ )
and to the right(u� ). Notice that according to our convention the left-movingu+ is a right-handed
spinor (positive helicity) whereas the right-movingu� is a left-handed spinor (negative helicity).

11In any even number of dimensions
5 is defined to satisfy the conditions
2
5
= 1 andf
5;
�g = 0:
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Fig. 10: Spectrum of the massless two-dimensional Dirac field.

If we want to interpret (6.14) as the wave equation for two-dimensional Weyl spinors we have
the following wave functions for free particles with well defined momentump� = (E ;p).

u(E )� (x0 � x1)=
1
p
L
e� iE (x

0� x1) with p= � E : (6.16)

As it is always the case with the Dirac equation we have both positive and negative energy solutions.
For u+ , sinceE = � p, we see that the solutions with positive energy are those with negative
momentump < 0, whereas the negative energy solutions are plane waves withp > 0. For the
left-handed spinoru� the situation is reversed. Besides, since the spatial direction is compact with
lengthL the momentump is quantized according to

p=
2�n

L
; n 2 Z: (6.17)

The spectrum of the theory is represented in Fig. 10.

Once we have the spectrum of the theory the next step is to obtain the vacuum. As with the
Dirac equation in four dimensions we fill all the states withE � 0 (Fig. 11). Exciting of a particle
in the Dirac see produces a positive energy fermion plus a hole that is interpreted as an antiparticle.
This gives us the clue on how to quantize the theory. In the expansion of the operatoru� in terms of
the modes (6.16) we associate positive energy states with annihilation operators whereas the states
with negative energy are associated with creation operators for the corresponding antiparticle

u� (x)=
X

E > 0

h

a� (E )v
(E )

� (x)+ by� (E )v
(E )

� (x)�
i

: (6.18)
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Fig. 11: Vacuum of the theory.

The operatora� (E )acting on the vacuumj0;� iannihilates a particle with positive energyE and
momentum� E . In the same wayby� (E )creates out of the vacuum an antiparticle with positive
energyE and spatial momentum� E . In the Dirac sea picture the operatorb� (E )y is originally an
annihilation operator for a state of the sea with negative energy� E . As in the four-dimensional
case the problem of the negative energy states is solved by interpreting annihilation operators for
negative energy states as creation operators for the corresponding antiparticle with positive energy
(and vice versa). The operators appearing in the expansion of u� in Eq. (6.18) satisfy the usual
algebra

fa�(E );a
y

�0
(E 0

)g = fb�(E );b
y

�0
(E 0

)g= �E ;E 0���0; (6.19)

where we have introduced the label�;�0 = � . Also, a�(E ), a
y

�
(E )anticommute withb�0(E 0),

by
�0
(E 0).

The Lagrangian of the theory

L = iuy+ (@0 + @1)u+ + iuy� (@0 � @1)u� (6.20)

is invariant under both U(1)V , Eq. (6.5), and U(1)A , Eq. (6.6). The associated Noether currents are
in this case

J�V =

�
uy+ u+ + uy� u�
� uy+ u+ + uy� u�

�

; J�A =

�
uy+ u+ � uy� u�
� uy+ u+ � uy� u�

�

: (6.21)

The associated conserved charges are given, for the vector current by

Q V =

Z L

0

dx1
�

uy+ u+ + uy� u�
�

(6.22)
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and for the axial current

Q A =

Z L

0

dx1
�

uy+ u+ � uy� u�
�

: (6.23)

Using the orthonormality relations for the modesv(E )� (x)

Z L

0

dx1v(E )� (x)v(E
0)

� (x)= �E ;E 0 (6.24)

we find for the conserved charges:

Q V =
X

E > 0

h

ay+ (E )a+ (E )� by+ (E )b+ (E )+ ay� (E )a� (E )� by� (E )b� (E )
i

;

Q A =
X

E > 0

h

ay+ (E )a+ (E )� by+ (E )b+ (E )� ay� (E )a� (E )+ by� (E )b� (E )
i

: (6.25)

We see thatQ V counts the net number (particles minus antiparticles) of positive helicity states plus
the net number of states with negative helicity. The axial charge, on the other hand, counts the
net number of positive helicity states minus the number of negative helicity ones. In the case of
the vector current we have subtracted a formally divergent vacuum contribution to the charge (the
“charge of the Dirac sea”).

In the free theory there is of course no problem with the conservation of eitherQ V or Q A ,
since the occupation numbers do not change. What we want to study is the effect of coupling the
theory to electric fieldE. We work in the gaugeA 0 = 0. Instead of solving the problem exactly we
are going to simulate the electric field by adiabatically varying in a long time�0 the vector potential
A 1 from zero value to� E�0. From our discussion in section 4.3 we know that the effect ofthe
electromagnetic coupling in the theory is a shift in the momentum according to

p� ! p� eA1; (6.26)

wheree is the charge of the fermions. Since we assumed that the vector potential varies adiabati-
cally, we can assume it to be approximately constant at each time.

Then, we have to understand what is the effect of (6.26) on thevacuum depicted in Fig.
(11). What we find is that the two branches move as shown in Fig.(12) resulting in some of
the negative energy states of thev+ branch acquiring positive energy while the same number of
the empty positive energy states of the other branchv� will become empty negative energy states.
Physically this means that the external electric fieldE creates a number of particle-antiparticle pairs
out of the vacuum. Denoting byN � eE the number of such pairs created by the electric field per
unit time, the final values of the chargesQ V andQ A are

Q A(�0) = (N � 0)+ (0� N )= 0;

Q V (�0) = (N � 0)� (0� N )= 2N : (6.27)
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Fig. 12: Effect of the electric field.

Therefore we conclude that the coupling to the electric fieldproduces a violation in the conservation
of the axial charge per unit time given by�Q A � eE. This implies that

@�J
�

A � e~E; (6.28)

where we have restored~ to make clear that the violation in the conservation of the axial current is
a quantum effect. At the same time�Q V = 0guarantees that the vector current remains conserved
also quantum mechanically,@�J

�

V = 0.

We have just studied a two-dimensional example of the Adler-Bell-Jackiw axial anomaly [27].
The heuristic analysis presented here can be made more precise by computing the quantity

C ��
= h0jT [J�A(x)J

�
V (0)]j0i=

�

(6.29)

The anomaly is given then by@�C ��. A careful calculation yields the numerical prefactor missing
in Eq. (6.28) leading to the result

@�J
�

A =
e~

2�
"��F��; (6.30)

with "01 = � "10 = 1.
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The existence of an anomaly in the axial symmetry that we haveillustrated in two dimensions
is present in all even dimensional of space-times. In particular in four dimensions the axial anomaly
it is given by

@�J
�

A = �
e2

16�2
"����F��F��: (6.31)

This result has very important consequences in the physics of strong interactions as we will see in
what follows

6.2 Chiral symmetry in QCD

Our knowledge of the physics of strong interactions is basedon the theory of Quantum Chromo-
dynamics (QCD) [29]. This is a nonabelian gauge theory with gauge group SU(N c) coupled to a
numberN f of quarks. These are spin-1

2
particlesQ if labelled by two quantum numbers: color

i= 1;:::;N c and flavorf = 1;:::;N f. The interaction between them is mediated by theN 2
c � 1

gauge bosons, the gluonsA a
�, a = 1;:::;N 2

c � 1. In the real worldNc = 3 and the number of
flavors is six, corresponding to the number of different quarks: up (u), down (d), charm (c), strange
(s), top (t) and bottom (b).

For the time being we are going to study a general theory of QCDwith N c colors andN f

flavors. Also, for reasons that will be clear later we are going to work in the limit of vanishing quark
masses,m f ! 0. In this cases the Lagrangian is given by

LQ CD = �
1

4
F a
��F

a��
+

N fX

f= 1

h

iQ
f

LD= Q
f

L + iQ
f

R D= Q
f

R

i

; (6.32)

where the subscriptsL andR indicate respectively left and right-handed spinors,Q f

L;R � P� Q f,
and the field strengthF a

�� and the covariant derivativeD � are respectively defined in Eqs. (4.75)
and (4.78). Apart from the gauge symmetry, this Lagrangian is also invariant under a global
U(N f)L� U(Nf)R acting on the flavor indices and defined by

U(N f)
L
:

8
<

:

Q f

L !
P

f0
(UL)ff0Q

f0

L

Q f

R ! Q f

R

U(N f)
R
:

8
<

:

Q f

L ! Q f

L

Q r
R !

P

f0
(UR )ff0Q

f0

R

(6.33)

with UL;UR 2 U(N f). Actually, since U(N )=U(1)� SU(N ) this global symmetry group can be
written as SU(N f)

L
� SU(Nf)

R
� U(1)L � U(1)R . The abelian subgroup U(1)L � U(1)R can be now

decomposed into their vector U(1)B and axial U(1)A subgroups defined by the transformations

U(1)B :

8
<

:

Q f

L ! ei�Q f

L

Q f

R ! ei�Q f

R

U(1)A :

8
<

:

Q f

L ! ei�Q f

L

Q f

R ! e� i�Q f

R

(6.34)

According to Noether’s theorem, associated with these two abelian symmetries we have two con-
served currents:

J�V =

N fX

f= 1

Q
f

� Q f; J�A =

N fX

f= 1

Q
f

�
5Q

f: (6.35)
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The conserved charge associated with vector chargeJ�V is actually the baryon number defined as
the number of quarks minus number of antiquarks.

The nonabelian part of the global symmetry group SU(N f)L� SU(Nf)R can also be decom-
posed into its vector and axial subgroups, SU(N f)

V
� SU(Nf)

A
, defined by the following transfor-

mations of the quarks fields

SU(N f)
V
:

8
><

>:

Q f

L !
P

f0
(UL)ff0Q

f0

L

Q f

R !
P

f0
(UL)ff0Q
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:
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(UL)ff0Q
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R )ff0Q
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(6.36)

Again, the application of Noether’s theorem shows the existence of the following nonabelian con-
served charges

JI�V �

N fX

f;f0= 1

Q
f

�(TI

)ff0Q
f0; JI�A �

N fX

f;f0= 1

Q
f

�
5(T

I
)ff0Q

f0: (6.37)

To summarize, we have shown that the initial chiral symmetryof the QCD Lagrangian (6.32) can
be decomposed into its chiral and vector subgroups according to

U(N f)
L
� U(Nf)

R
= SU(N f)

V
� SU(Nf)

A
� U(1)B � U(1)A: (6.38)

The question to address now is which part of the classical global symmetry is preserved by the
quantum theory.

As argued in section 6.1, the conservation of the axial currentsJ�A andJa�A can in principle be
spoiled due to the presence of an anomaly. In the case of the abelian axial currentJ�A the relevant
quantity is the correlation function

C ���
� h0jT

�
J�A(x)j

a�
gauge(x

0
)jb�gauge(0)

�
j0i=

N fX

f= 1

2

6
6
6
6
6
4

�
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7
7
7
7
7
5

sym m etric

(6.39)

Hereja�gauge is the nonabelian conserved current coupling to the gluon field

ja�gauge �

N fX

f= 1

Q
f

��aQ f; (6.40)

where, to avoid confusion with the generators of the global symmetry we have denoted by�a the
generators of the gauge group SU(N c). The anomaly can be read now from@�C ���. If we impose
Bose symmetry with respect to the interchange of the two outgoing gluons and gauge invariance of
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the whole expression,@�C ��� = 0 = @�C ���, we find that the axial abelian global current has an
anomaly given by12

@�J
�

A = �
g2N f

32�2
"����F a

��F
a��: (6.41)

In the case of the nonabelian axial global symmetry SU(N f)A the calculation of the anomaly
is made as above. The result, however, is quite different since in this case we conclude that the non-
abelian axial currentJa�A is not anomalous. This can be easily seen by noticing that associated with
the axial current vertex we have a generatorTI of SU(N f), whereas for the two gluon vertices we
have the generators�a of the gauge group SU(N c). Therefore, the triangle diagram is proportional
to the group-theoretic factor

2

6
6
6
6
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4

�

3

7
7
7
7
7
5

sym m etric

� trTI trf�a;�bg = 0 (6.42)

which vanishes because the generators of SU(N f) are traceless.

From here we would conclude that the nonabelian axial symmetry SU(N f)A is nonanomalous.
However this is not the whole story since quarks are charged particles that also couple to photons.
Hence there is a second potential source of an anomaly comingfrom the the one-loop triangle
diagram couplingJI�A to two photons

h0jT
h

JI�A (x)j�em (x
0
)j�em (0)

i
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N fX
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5

sym m etric

(6.43)

wherej�em is the electromagnetic current

j�em =

N fX

f= 1

qf Q
f

�Q f; (6.44)

with qf the electric charge of thef-th quark flavor. A calculation of the diagram in (6.43) showsthe
existence of an Adler-Bell-Jackiw anomaly given by

@�J
I�

A = �
N c

16�2

2

4

N fX

f= 1

(TI
)ff q

2
f

3

5 "����F��F��; (6.45)

12The normalization of the generatorsT I of the global SU(N f) is given bytr(T IT J)=
1

2
�IJ .
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whereF�� is the field strength of the electromagnetic field coupling tothe quarks. The only chance
for the anomaly to cancel is that the factor between bracketsin this equation be identically zero.

Before proceeding let us summarize the results found so far.Because of the presence of
anomalies the axial part of the global chiral symmetry, SU(N f)A and U(1)A are not realized quantum
mechanically in general. We found that U(1)A is always affected by an anomaly. However, because
the right-hand side of the anomaly equation (6.41) is a totalderivative, the anomalous character of
J�A does not explain the absence of U(1)A multiplets in the hadron spectrum, since a new current
can be constructed which is conserved. In addition, the nonexistence of candidates for a Goldstone
boson associated with the right quantum numbers indicates that U(1)A is not spontaneously broken
either, so it has be explicitly broken somehow. This is the so-called U(1)-problem which was solved
by ’t Hooft [30], who showed how the contribution of quantum transitions between vacua with
topologically nontrivial gauge field configurations (instantons) results in an explicit breaking of this
symmetry.

Due to the dynamics of the SU(N c) gauge theory the axial nonabelian symmetry is sponta-
neously broken due to the presence at low energies of a vacuumexpectation value for the fermion
bilinearQ

f
Q f

h0jQ
f
Q f

j0i6= 0 (No summation inf!): (6.46)

This nonvanishing vacuum expectation value for the quark bilinear actually breaks chiral invari-
ance spontaneously to the vector subgroup SU(N f)V , so the only subgroup of the original global
symmetry that is realized by the full theory at low energy is

U(N f)
L
� U(Nf)

R
� ! SU(Nf)

V
� U(1)B : (6.47)

Associated with this breaking a Goldstone boson should appear with the quantum numbers of the
broken nonabelian current. For example, in the case of QCD the Goldstone bosons associated
with the spontaneously symmetry breaking induced by the vacuum expectation valueshuui, hddi
andh(ud� du)ihave been identified as the pions�0, �� . These bosons are not exactly massless
because of the nonvanishing mass of theu anddquarks. Since the global chiral symmetry is already
slightly broken by mass terms in the Lagrangian, the associated Goldstone bosons also have masses
although they are very light compared to the masses of other hadrons.

In order to have a better physical understanding of the role of anomalies in the physics of
strong interactions we particularize now our analysis of the case of real QCD. Since theu andd
quarks are much lighter than the other four flavors, QCD at lowenergies can be well described
by including only these two flavors and ignoring heavier quarks. In this approximation, from our
previous discussion we know that the low energy global symmetry of the theory is SU(2)V � U(1)B ,
where now the vector group SU(2)V is the well-known isospin symmetry. The axial U(1)A current
is anomalous due to Eq. (6.41) withN f = 2. In the case of the nonabelian axial symmetry SU(2)A ,
taking into account thatqu = 2

3
eandqd = � 1

3
eand that the three generators of SU(2) can be written

in terms of the Pauli matrices asTK = 1

2
�K we find

X

f= u;d

(T1
)ff q

2
f =

X

f= u;d

(T1
)ff q

2
f = 0;

X

f= u;d

(T3
)ff q

2
f =

e2

6
: (6.48)
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ThereforeJ3�A is anomalous.

Physically, the anomaly in the axial currentJ3�A has an important consequence. In the quark
model, the wave function of the neutral pion�0 is given in terms of those for theu anddquark by

j�0i=
1
p
2

�
j�uijui� j�dijdi

�
: (6.49)

The isospin quantum numbers ofj�0iare those of the generatorT3. Actually the analogy goes
further since@�J

3�

A is the operator creating a pion�0 out of the vacuum

j�0i� @�J
3�

A j0i: (6.50)

This leads to the physical interpretation of the triangle diagram (6.43) withJ3�A as the one loop
contribution to the decay of a neutral pion into two photons

�0 � ! 2
 : (6.51)

This is an interesting piece of physics. In 1967 Sutherland and Veltman [31] presented a
calculation, using current algebra techniques, accordingto which the decay of the pion into two
photons should be suppressed. This however contradicted the experimental evidence that showed
the existence of such a decay. The way out to this paradox, as pointed out in [27], is the axial
anomaly. What happens is that the current algebra analysis overlooks the ambiguities associated
with the regularization of divergences in Quantum Field Theory. A QED evaluation of the triangle
diagram leads to a divergent integral that has to be regularized somehow. It is in this process that
the Adler-Bell-Jackiw axial anomaly appears resulting in anonvanishing value for the�0 ! 2

amplitude13.

The existence of anomalies associated with global currentsdoes not necessarily mean diffi-
culties for the theory. On the contrary, as we saw in the case of the axial anomaly it is its existence
what allows for a solution of the Sutherland-Veltman paradox and an explanation of the electromag-
netic decay of the pion. The situation, however, is very different if we deal with local symmetries.
A quantum mechanical violation of gauge symmetry leads to all kinds of problems, from lack of
renormalizability to nondecoupling of negative norm states. This is because the presence of an
anomaly in the theory implies that the Gauss’ law constraint~r �~E a = �a cannot be consistently
implemented in the quantum theory. As a consequence states that classically are eliminated by the
gauge symmetry become propagating fields in the quantum theory, thus spoiling the consistency of
the theory.

Anomalies in a gauge symmetry can be expected only in chiral theories where left and right-
handed fermions transform in different representations ofthe gauge group. Physically, the most
interesting example of such theories is the electroweak sector of the Standard Model where, for
example, left handed fermions transform as doublets under SU(2) whereas right-handed fermions
are singlets. On the other hand, QCD is free of gauge anomalies since both left- and right-handed
quarks transform in the fundamental representation of SU(3).

13An early computation of the triangle diagram for the electromagnetic decay of the pion was made by Steinberger
in [28].
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We consider the Lagrangian

L = �
1

4
F a��F a

�� + i
N +X

i= 1

 
i

+ D=
(+ ) i

+ + i
N �X

j= 1

 
j

� D=
(� ) j

� ; (6.52)

where the chiral fermions i
� transform according to the representations�ai;� of the gauge groupG

(a = 1;:::;dim G ). The covariant derivativesD (� )
� are then defined by

D (� )
�  i

� = @� 
i
� + igA K

� �
K
i;�  

i
� : (6.53)

As for global symmetries, anomalies in the gauge symmetry appear in the triangle diagram with one
axial and two vector gauge current vertices
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(6.54)

where gauge vector and axial currentsja�V , ja�A are given by
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� : (6.55)

Luckily, we do not have to compute the whole diagram in order to find an anomaly cancellation
condition, it is enough if we calculate the overall group theoretical factor. In the case of the diagram
in Eq. (6.54) for every fermion species running in the loop this factor is equal to

tr
�
�ai;� f�

b
i;� ;�

c
i;� g

�
; (6.56)

where the sign� corresponds respectively to the generators of the representation of the gauge group
for the left and right-handed fermions. Hence the anomaly cancellation condition reads

N +X

i= 1

tr
�
�ai;+ f�

b
i;+ ;�

c
i;+ g

�
�

N �X

j= 1

tr
�
�aj;� f�

b
j;� ;�

c
j;� g

�
= 0: (6.57)

Knowing this we can proceed to check the anomaly cancellation in the Standard Model
SU(3)� SU(2)� U(1). Left handed fermions (both leptons and quarks) transform as doublets with
respect to the SU(2) factor whereas the right-handed components are singlets. The charge with
respect to the U(1) part, the hyperchargeY , is determined by the Gell-Mann-Nishijima formula

Q = T3 + Y; (6.58)
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whereQ is the electric charge of the corresponding particle andT3 is the eigenvalue with respect
to the third generator of the SU(2) group in the corresponding representation:T3 = 1

2
�3 for the

doublets andT3 = 0 for the singlets. For the first family of quarks (u, d) and leptons (e, �e) we have
the following field content

quarks:

�
u�

d�

�

L;1
6

u�
R ;2

3

d�
R ;2

3

leptons:

�
�e
e

�

L;� 1

2

eR ;� 1 (6.59)

where� = 1;2;3 labels the color quantum number and the subscript indicatesthe value of the weak
hyperchargeY . Denoting the representations of SU(3)� SU(2)� U(1) by(nc;nw)Y , with nc andnw
the representations of SU(3) and SU(2) respectively andY the hypercharge, the matter content of
the Standard Model consists of a three family replication ofthe representations:

left-handed fermions: (3;2)L1
6

(1;2)L
�

1

2

(6.60)

right-handed fermions: (3;1)R2
3

(3;1)R
�

1

3

(1;1)R� 1:

In computing the triangle diagram we have 10 possibilities depending on which factor of the gauge
group SU(3)� SU(2)� U(1) couples to each vertex:

SU(3)3 SU(2)3 U(1)3

SU(3)2SU(2) SU(2) U(1)

SU(3)2U(1) SU(2) U(1)2

SU(3) SU(2)2

SU(3) SU(2) U(1)

SU(3) U(1)2

It is easy to check that some of them do not give rise to anomalies. For example the anomaly for
the SU(3)3 case cancels because left and right-handed quarks transform in the same representation.
In the case of SU(2)3 the cancellation happens term by term because of the Pauli matrices identity
�a�b = �ab+ i"abc�c that leads to

tr
�
�af�b;�cg

�
= 2(tr�a)�bc = 0: (6.61)

However the hardest anomaly cancellation condition to satisfy is the one with three U(1)’s. In this
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case the absence of anomalies within a single family is guaranteed by the nontrivial identity
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+
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3
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= 0: (6.62)

It is remarkable that the anomaly exactly cancels between leptons and quarks. Notice that this result
holds even if a right-handed sterile neutrino is added sincesuch a particle is a singlet under the whole
Standard Model gauge group and therefore does not contribute to the triangle diagram. Therefore
we see how the matter content of the Standard Model conspiresto yield a consistent quantum field
theory.

In all our discussion of anomalies we only considered the computation of one-loop diagrams.
It may happen that higher loop orders impose additional conditions. Fortunately this is not so: the
Adler-Bardeen theorem [32] guarantees that the axial anomaly only receives contributions from one
loop diagrams. Therefore, once anomalies are canceled (if possible) at one loop we know that there
will be no new conditions coming from higher-loop diagrams in perturbation theory.

The Adler-Bardeen theorem, however, only applies in perturbation theory. It is nonetheless
possible that nonperturbative effects can result in the quantum violation of a gauge symmetry. This
is precisely the case pointed out by Witten [33] with respectto the SU(2) gauge symmetry of the
Standard Model. In this case the problem lies in the nontrivial topology of the gauge group SU(2).
The invariance of the theory with respect to gauge transformations which are not in the connected
component of the identity makes all correlation functions equal to zero. Only when the number of
left-handed SU(2) fermion doublets is even gauge invariance allows for a nontrivial theory. It is
again remarkable that the family structure of the Standard Model makes this anomaly to cancel

3�

�
u
d

�

L

+ 1�

�
�e
e

�

L

= 4 SU(2)-doublets; (6.63)

where the factor of 3 comes from the number of colors.

7 Renormalization
7.1 Removing infinities

From its very early stages, Quantum Field Theory was faced with infinities. They emerged in the
calculation of most physical quantities, such as the correction to the charge of the electron due to
the interactions with the radiation field. The way these divergences where handled in the 1940s,
starting with Kramers, was physically very much in the spirit of the Quantum Theory emphasis in
observable quantities: since the observed magnitude of physical quantities (such as the charge of the
electron) is finite, this number should arise from the addition of a “bare” (unobservable) value and
the quantum corrections. The fact that both of these quantities were divergent was not a problem
physically, since only its finite sum was an observable quantity. To make thing mathematically
sound, the handling of infinities requires the introductionof some regularization procedure which
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cuts the divergent integrals off at some momentum scale�. Morally speaking, the physical value of
an observableO physical is given by

O physical= lim
�! 1

[O (�)bare+ �O (�) ~]; (7.1)

where�O (�) ~ represents the regularized quantum corrections.

To make this qualitative discussion more precise we computethe corrections to the elec-
tric charge in Quantum Electrodynamics. We consider the process of annihilation of an electron-
positron pair to create a muon-antimuon paire� e+ ! �+ �� . To lowest order in the electric charge
e the only diagram contributing is

�

However, the corrections at ordere4 to this result requires the calculation of seven more diagrams
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+
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�

+
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+




In order to compute the renormalization of the charge we consider the first diagram which
takes into account the first correction to the propagator of the virtual photon interchanged between
the pairs due to vacuum polarization. We begin by evaluating
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� i���

q2 + i�
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� i���

q2 + i�
; (7.2)
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where the diagram between brackets is given by

�

� �
��
(q)= i2(� ie)2(� 1)

Z
d4k

(2�)4
Tr(=k+ m e)
�(=k+ =q+ m e)
�

[k2 � m2e + i�][(k+ q)2 � m2e + i�]
: (7.3)

Physically this diagram includes the correction to the propagator due to the polarization of the vac-
uum, i.e. the creation of virtual electron-positron pairs by the propagating photon. The momentum
q is the total momentum of the electron-positron pair in the intermediate channel.

It is instructive to look at this diagram from the point of view of perturbation theory in non-
relativistic Quantum Mechanics. In each vertex the interaction consists of the annihilation (resp.
creation) of a photon and the creation (resp. annihilation)of an electron-positron pair. This can be
implemented by the interaction Hamiltonian

H int = e

Z

d3x 
� A �: (7.4)

All fields inside the integral can be expressed in terms of thecorresponding creation-annihilation
operators for photons, electrons and positrons. In QuantumMechanics, the change in the wave
function at first order in the perturbationH int is given by

j
;ini= j
;ini0 +
X

n

hnjH intj
;ini0
E in � En

jni (7.5)

and similarly forj
;outi, where we have denoted symbolically byjniall the possible states of the
electron-positron pair. Since these states are orthogonalto j
;ini0, j
;outi0, we find tordere2

h
;inj
0;outi= 0h
;inj

0;outi0 +

X

n

0h
;injHintjnihnjH intj
0;outi0
(E in � En)(E out� En)

+ O (e4): (7.6)

Hence, we see that the diagram of Eq. (7.2) really corresponds to the order-e2 correction to the
photon propagatorh
;inj
0;outi

�

� ! 0h
;inj

0;outi0

�

� !
X

n

h
;injHintjnihnjH intj
0;outi

(E in � En)(E out� En)
: (7.7)

Once we understood the physical meaning of the Feynman diagram to be computed we pro-
ceed to its evaluation. In principle there is no problem in computing the integral in Eq. (7.2) for
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nonzero values of the electron mass. However since here we are going to be mostly interested in
seeing how the divergence of the integral results in a scale-dependent renormalization of the electric
charge, we will setm e = 0. This is something safe to do, since in the case of this diagram we are
not inducing new infrared divergences in taking the electron as massless. Doing some
-matrices
gymnastics it is not complicated to show that the polarization tensor� ��(q)defined in Eq. (7.3) can
be written as

� ��(q)=
�
q2��� � q�q�

�
�(q2

) (7.8)

with

�(q2
)=

4e2

3q2

Z
d4k

(2�)4
k2 + k� q

[k2 + i�][(k+ q)2 + i�]
: (7.9)

Although by naı̈ve power counting we could conclude that theprevious integral is quadratically
divergent, it can be seen that the quadratic divergence actually cancels leaving behind only a log-
arithmic one. In order to handle this divergent integral we have to figure out some procedure to
render it finite. This can be done in several ways, but here we choose to cut the integrals off at a
high energy scale�, where new physics might be at work,jpj< �. This gives the result

�(q2
)’

e2

12�2
log

�
q2

�2

�

+ finite terms: (7.10)

If we would send the cutoff to infinity� ! 1 the divergence blows up and something has to be
done about it.

If we want to make sense out of this, we have to go back to the physical question that led us
to compute Eq. (7.2). Our primordial motivation was to compute the corrections to the annihilation
of two electrons into two muons. Including the correction tothe propagator of the virtual photon
we have
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Now let us imagine that we are performing ae� e+ ! �� �+ with a center of mass energy�. From
the previous result we can identify the effective charge of the particles at this energy scalee(�)as

�

= ��� (ve

�ue)

�
e(�)2

4�q2

�
�
v�


�u�
�
: (7.12)
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This charge,e(�), is the quantity that is physically measurable in our experiment. Now we can make
sense of the formally divergent result (7.11) by assuming that the charge appearing in the classical
Lagrangian of QED is just a “bare” value that depends on the scale�at which we cut off the theory,
e� e(�)bare. In order to reconcile (7.11) with the physical results (7.12) we must assume that the
dependence of the bare (unobservable) chargee(�)bare on the cutoff� is determined by the identity

e(�)2 = e(�)2bare

�

1+
e(�)2bare
12�2

log

�
�2

�2

��

: (7.13)

If we still insist in removing the cutoff,�! 1 we have to send the bare charge to zeroe(�) bare ! 0

in such a way that the effective coupling has the finite value given by the experiment at the energy
scale�. It is not a problem, however, that the bare charge is small for large values of the cutoff, since
the only measurable quantity is the effective charge that remains finite. Therefore all observable
quantities should be expressed in perturbation theory as a power series in the physical coupling
e(�)2 and not in the unphysical bare couplinge(�)bare.

7.2 The beta-function and asymptotic freedom

We can look at the previous discussion, an in particular Eq. (7.13), from a different point of view.
In order to remove the ambiguities associated with infinities we have been forced to introduce a
dependence of the coupling constant on the energy scale at which a process takes place. From the
expression of the physical coupling in terms of the bare charge (7.13) we can actually eliminate
the cutoff�, whose value after all should not affect the value of physical quantities. Taking into
account that we are working in perturbation theory ine(�)2, we can express the bare chargee(�)2bare
in terms ofe(�)2 as

e(�)2 = e(�)2
�

1+
e(�)2

12�2
log

�
�2

�2

��

+ O [e(�)6]: (7.14)

This expression allow us to eliminate all dependence in the cutoff in the expression of the effective
charge at a scale� by replacinge(�)bare in Eq. (7.13) by the one computed using (7.14) at a given
reference energy scale�0

e(�)2 = e(�0)
2

�

1+
e(�0)2

12�2
log

�
�2

�20

��

: (7.15)

From this equation we can compute, at this order in perturbation theory, the effective value of
the coupling constant at a energy�, once we know its value at some reference energy scale�0. In
the case of the electron charge we can use as a reference Thompson’s scattering at energies of the
order of the electron massm e ’ 0:5MeV, at where the value of the electron charge is given by the
well known value

e(m e)
2
’

1

137
: (7.16)

With this we can computee(�)2 at any other energy scale applying Eq. (7.15), for example atthe
electron mass� = m e ’ 0:5MeV. However, in computing the electromagnetic coupling constant
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at any other scale we must take into account the fact that other charged particles can run in the loop
in Eq. (7.11). Suppose, for example, that we want to calculate the fine structure constant at the
mass of theZ 0-boson� = M Z � 92GeV. Then we should include in Eq. (7.15) the effect of other
fermionic Standard Model fields with masses belowM Z . Doing this, we find14

e(M Z)
2
= e(m e)

2

"

1+
e(m e)

2

12�2

 
X

i

q2i

!

log

�
M 2

Z

m 2
e

�#

; (7.17)

whereqi is the charge in units of the electron charge of thei-th fermionic species running in the
loop and we sum over all fermions with masses below the mass oftheZ 0 boson. This expression
shows how the electromagnetic coupling grows with energy. However, in order to compare with the
experimental value ofe(M Z)

2 it is not enough with including the effect of fermionic fields, since
also theW � bosons can run in the loop (M W < M Z ). Taking this into account, as well as threshold
effects, the value of the electron charge at the scaleM Z is found to be [34]

e(M Z)
2
’

1

128:9
: (7.18)

This growing of the effective fine structure constant with energy can be understood heuris-
tically by remembering that the effect of the polarization of the vacuum shown in the diagram of
Eq. (7.2) amounts to the creation of a plethora of electron-positron pairs around the location of the
charge. These virtual pairs behave as dipoles that, as in a dielectric medium, tend to screen this
charge and decreasing its value at long distances (i.e. lower energies).

The variation of the coupling constant with energy is usually encoded in Quantum Field The-
ory in thebeta functiondefined by

�(g)= �
dg

d�
: (7.19)

In the case of QED the beta function can be computed from Eq. (7.15) with the result

�(e)Q ED =
e3

12�2
: (7.20)

The fact that the coefficient of the leading term in the beta-function is positive�0 � 1

6�
> 0 gives

us the overall behavior of the coupling as we change the scale. Eq. (7.20) means that, if we start
at an energy where the electric coupling is small enough for our perturbative treatment to be valid,
the effective charge grows with the energy scale. This growing of the effective coupling constant
with energy means that QED is infrared safe, since the perturbative approximation gives better and
better results as we go to lower energies. Actually, becausethe electron is the lighter electrically
charged particle and has a finite nonvanishing mass the running of the fine structure constant stops

14In the first version of these notes the argument used to show the growing of the electromagnetic coupling constant
could have led to confusion to some readers. To avoid this potential problem we include in the equation for the running
couplinge(�)2 the contribution of all fermions with masses belowM Z . We thank Lubos Motl for bringing this issue to
our attention.
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at the scalem e in the well-known value 1

137
. Would other charged fermions with masses belowm e

be present in Nature, the effective value of the fine structure constant in the interaction between
these particles would run further to lower values at energies below the electron mass.

On the other hand if we increase the energy scalee(�)2 grows until at some scale the coupling
is of order one and the perturbative approximation breaks down. In QED this is known as the
problem of the Landau pole but in fact it does not pose any serious threat to the reliability of QED
perturbation theory: a simple calculation shows that the energy scale at which the theory would
become strongly coupled is�Landau ’ 10277 GeV. However, we know that QED does not live that
long! At much lower scales we expect electromagnetism to be unified with other interactions, and
even if this is not the case we will enter the uncharted territory of quantum gravity at energies of the
order of1019 GeV.

So much for QED. The next question that one may ask at this stage is whether it is possible
to find quantum field theories with a behavior opposite to thatof QED, i.e. such that they become
weakly coupled at high energies. This is not a purely academic question. In the late 1960s a series of
deep-inelastic scattering experiments carried out at SLACshowed that the quarks behave essentially
as free particles inside hadrons. The apparent problem was that no theory was known at that time
that would become free at very short distances: the example set by QED seem to be followed by
all the theories that were studied. This posed a very seriousproblem for Quantum Field Theory
as a way to describe subnuclear physics, since it seemed thatits predictive power was restricted to
electrodynamics but failed miserably when applied to describe strong interactions.

Nevertheless, this critical time for Quantum Field Theory turned out to be its finest hour. In
1973 David Gross and Frank Wilczek [35] and David Politzer [36] showed that nonabelian gauge
theories can actually display the required behavior. For the QCD Lagrangian in Eq. (6.32) the beta
function is given by15

�(g)= �
g3

16�2

�
11

3
N c�

2

3
N f

�

: (7.21)

In particular, for real QCD (N C = 3, N f = 6) we have that�(g)= �
7g3

16�2
< 0. This means that

for a theory that is weakly coupled at an energy scale�0 the coupling constant decreases as the
energy increases� ! 1 . This explain the apparent freedom of quarks inside the hadrons: when
the quarks are very close together their effective color charge tend to zero. This phenomenon is
calledasymptotic freedom.

Asymptotic free theories display a behavior that is opposite to that found above in QED. At
high energies their coupling constant approaches zero whereas at low energies they become strongly
coupled (infrared slavery). This features are at the heart of the success of QCD as a theory of strong
interactions, since this is exactly the type of behavior found in quarks: they are quasi-free particles
inside the hadrons but the interaction potential potentialbetween them increases at large distances.

Although asymptotic free theories can be handled in the ultraviolet, they become extremely
complicated in the infrared. In the case of QCD it is still to be understood (at least analytically) how

15The expression of the beta function of QCD was also known to ’tHooft [37]. There are even earlier computations
in the russian literature [38].
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Fig. 13: Systems of spins in a two-dimensional square lattice.

the theory confines color charges and generates the spectrumof hadrons, as well as the breaking of
the chiral symmetry (6.46).

7.3 The renormalization group

In spite of its successes, the renormalization procedure presented above can be seen as some kind
of prescription or recipe to get rid of the divergences in an ordered way. This discomfort about
renormalization was expressed in occasions by comparing itwith “sweeping the infinities under
the rug”. However thanks to Ken Wilson to a large extent [39] the process of renormalization is
now understood in a very profound way as a procedure to incorporate the effects of physics at high
energies by modifying the value of the parameters that appear in the Lagrangian.

Statistical mechanics.Wilson’s ideas are both simple and profound and consist in thinking
about Quantum Field Theory as the analog of a thermodynamical description of a statistical system.
To be more precise, let us consider an Ising spin system in a two-dimensional square lattice as the
one depicted in Fig 13. In terms of the spin variablessi = � 1

2
, whereilabels the lattice site, the

Hamiltonian of the system is given by

H = � J
X

hi;ji

sisj; (7.22)

wherehi;ji indicates that the sum extends over nearest neighbors andJ is the coupling constant
between neighboring spins (here we consider that there is noexternal magnetic field). The starting
point to study the statistical mechanics of this system is the partition function defined as

Z =
X

fsig

e� �H ; (7.23)

where the sum is over all possible configurations of the spinsand� = 1

T
is the inverse temperature.

For J > 0 the Ising model presents spontaneous magnetization below acritical temperatureTc,
in any dimension higher than one. Away from this temperaturecorrelations between spins decay
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Fig. 14: Decimation of the spin lattice. Each block in the upper lattice is replaced by an effective spin
computed according to the rule (7.26). Notice also that the size of the lattice spacing is doubled in the
process.

exponentially at large distances

hsisji� e�
jxijj

� ; (7.24)

with jxijjthe distance between the spins located in thei-th andj-th sites of the lattice. This ex-
pression serves as a definition of the correlation length� which sets the characteristic length scale
at which spins can influence each other by their interaction through their nearest neighbors.

Suppose now that we are interested in a macroscopic description of this spin system. We can
capture the relevant physics by integrating out somehow thephysics at short scales. A way in which
this can be done was proposed by Leo Kadanoff [40] and consists in dividing our spin system in
spin-blocks like the ones showed in Fig 14. Now we can construct another spin system where each
spin-block of the original lattice is replaced by an effective spin calculated according to some rule
from the spins contained in each blockB a

fsi:i2 B ag � ! s(1)a : (7.25)

For example we can define the effective spin associated with the blockB a by taking the majority
rule with an additional prescription in case of a draw

s (1)
a =

1

2
sgn

 
X

i2B a

si

!

; (7.26)
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where we have used the sign function,sign(x)� x

jxj
, with the additional definitionsgn(0)= 1. This

procedure is called decimation and leads to a new spin systemwith a doubled lattice space.

The idea now is to rewrite the partition function (7.23) onlyin terms of the new effective spins
s (1)
a . Then we start by splitting the sum over spin configurations into two nested sums, one over the

spin blocks and a second one over the spins within each block

Z =
X

f~sg

e� �H [si]=
X

f~s(1)g

X

f~s2B ag

�

"

s (1)
a � sign

 
X

i2B a

si

! #

e� �H [si]: (7.27)

The interesting point now is that the sum over spins inside each block can be written as the expo-
nential of a new effective Hamiltonian depending only on theeffective spins,H (1)[s(1)

a ]

X

fs2B ag

�

"

s (1)
a � sign

 
X

i2B a

si

! #

e� �H [si]= e� �H
(1)[s

(1)

a ]: (7.28)

The new Hamiltonian is of course more complicated

H (1)
= � J(1)

X

hi;ji

s(1)i s(1)j + ::: (7.29)

where the dots stand for other interaction terms between theeffective block spins. This new terms
appear because in the process of integrating out short distance physics we induce interactions be-
tween the new effective degrees of freedom. For example the interaction between the spin block
variabless(1)i will in general not be restricted to nearest neighbors in thenew lattice. The impor-
tant point is that we have managed to rewrite the partition function solely in terms of this new
(renormalized) spin variabless(1) interacting through a new HamiltonianH (1)

Z =
X

fs(1)g

e� �H
(1)[s

(1)

a ]: (7.30)

Let us now think about the space of all possible Hamiltoniansfor our statistical system includ-
ing all kinds of possible couplings between the individual spins compatible with the symmetries of
the system. If denote byR the decimation operation, our previous analysis shows thatR defines a
map in this space of Hamiltonians

R :H ! H (1): (7.31)

At the same time the operationR replaces a lattice with spacinga by another one with double
spacing2a. As a consequence the correlation length in the new lattice measured in units of the
lattice spacing is divided by two,R :� !

�

2
.

Now we can iterate the operationR an indefinite number of times. Eventually we might reach
a HamiltonianH ? that is not further modified by the operationR

H
R
� ! H(1) R

� ! H(2) R
� ! :::

R
� ! H?: (7.32)
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The fixed point HamiltonianH ? is scale invariantbecause it does not change asR is performed.
Notice that because of this invariance the correlation length of the system at the fixed point do not
change underR . This fact is compatible with the transformation� !

�

2
only if � = 0 or � = 1 .

Here we will focus in the case of nontrivial fixed points with infinite correlation length.

The space of Hamiltonians can be parametrized by specifyingthe values of the coupling
constants associated with all possible interaction terms between individual spins of the lattice. If
we denote byO a[si]these (possibly infinite) interaction terms, the most general Hamiltonian for the
spin system under study can be written as

H [si]=
1X

a= 1

�aO a[si]; (7.33)

where�a 2 R are the coupling constants for the corresponding operators. These constants can be
thought of as coordinates in the space of all Hamiltonians. Therefore the operationR defines a
transformation in the set of coupling constants

R :�a � ! �(1)a : (7.34)

For example, in our case we started with a Hamiltonian in which only one of the coupling constants
is different from zero (say�1 = � J). As a result of the decimation�1 � � J ! � J(1) while some
of the originally vanishing coupling constants will take a nonzero value. Of course, for the fixed
point Hamiltonian the coupling constants do not change under the scale transformationR .

Physically the transformationR integrates out short distance physics. The consequence for
physics at long distances is that we have to replace our Hamiltonian by a new one with different
values for the coupling constants. That is, our ignorance ofthe details of the physics going on
at short distances result in arenormalizationof the coupling constants of the Hamiltonian that
describes the long range physical processes. It is important to stress that althoughR is sometimes
called a renormalization group transformation in fact thisis a misnomer. Transformations between
Hamiltonians defined byR do not form a group: since these transformations proceed by integrating
out degrees of freedom at short scales they cannot be inverted.

In statistical mechanics fixed points under renormalization group transformations with� = 1

are associated with phase transitions. From our previous discussion we can conclude that the space
of Hamiltonians is divided in regions corresponding to the basins of attraction of the different fixed
points. We can ask ourselves now about the stability of thosefixed points. Suppose we have a
statistical system described by a fixed-point HamiltonianH ? and we perturb it by changing the
coupling constant associated with an interaction termO . This is equivalent to replaceH ? by the
perturbed Hamiltonian

H = H ? + �� O ; (7.35)

where�� is the perturbation of the coupling constant correspondingtoO (we can also consider per-
turbations in more than one coupling constant). At the same time thinking of the�a’s as coordinates
in the space of all Hamiltonians this corresponds to moving slightly away from the position of the
fixed point.
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Fig. 15: Example of a renormalization group flow.

The question to decide now is in which direction the renormalization group flow will take the
perturbed system. Working at first order in�� there are three possibilities:

– The renormalization group flow takes the system back to the fixed point. In this case the
corresponding interactionO is calledirrelevant.

– R takes the system away from the fixed point. If this is what happens the interaction is called
relevant.

– It is possible that the perturbation actually does not takethe system away from the fixed point
at first order in��. In this case the interaction is said to bemarginaland it is necessary to go
to higher orders in�� in order to decide whether the system moves to or away the fixedpoint,
or whether we have a family of fixed points.

Therefore we can picture the action of the renormalization group transformation as a flow in
the space of coupling constants. In Fig. 15 we have depicted an example of such a flow in the case
of a system with two coupling constants�1 and�2. In this example we find two fixed points, one at
the originO and another atF for a finite value of the couplings. The arrows indicate the direction
in which the renormalization group flow acts. The free theoryat�1 = �2 = 0 is a stable fix point
since any perturbation��1;��2 > 0makes the theory flow back to the free theory at long distances.
On the other hand, the fixed pointF is stable with respect to certain type of perturbations (along the
line with incoming arrows) whereas for any other perturbations the system flows either to the free
theory at the origin or to a theory with infinite values for thecouplings.

Quantum field theory. Let us see now how these ideas of the renormalization group apply to
Field Theory. Let us begin with a quantum field theory defined by the Lagrangian

L[�a]= L0[�a]+
X

i

giO i[�a]; (7.36)

whereL0[�a]is the kinetic part of the Lagrangian andgi are the coupling constants associated
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with the operatorsO i[�a]. In order to make sense of the quantum theory we introduce a cutoff in
momenta�. In principle we include all operatorsO icompatible with the symmetries of the theory.

In section 7.2 we saw how in the cases of QED and QCD, the value of the coupling constant
changed with the scale from its value at the scale�. We can understand now this behavior along the
lines of the analysis presented above for the Ising model. Ifwe would like to compute the effective
dynamics of the theory at an energy scale� < �we only have to integrate out all physical models
with energies between the cutoff�and the scale of interest�. This is analogous to what we did in
the Ising model by replacing the original spins by the block spins. In the case of field theory the
effective actionS[�a;�]at scale� can be written in the language of functional integration as

eiS[�
0
a;�]=

Z

�< p< �

Y

a

D �ae
iS[�a;�]: (7.37)

HereS[�a;�]is the action at the cutoff scale

S[�a;�]=

Z

d4x

(

L0[�a]+
X

i

gi(�)O i[�a]

)

(7.38)

and the functional integral in Eq. (7.37) is carried out onlyover the field modes with momenta in
the range� < p < �. The action resulting from integrating out the physics at the intermediate
scales between� and� depends not on the original field variable� a but on some renormalized
field �0a. At the same time the couplingsgi(�)differ from their values at the cutoff scalegi(�).
This is analogous to what we learned in the Ising model: by integrating out short distance physics
we ended up with a new Hamiltonian depending on renormalizedeffective spin variables and with
renormalized values for the coupling constants. Thereforethe resulting effective action at scale�
can be written as

S[�0a;�]=

Z

d4x

(

L0[�
0
a]+

X

i

gi(�)O i[�
0
a]

)

: (7.39)

This Wilsonian interpretation of renormalization sheds light to what in section 7.1 might have
looked just a smart way to get rid of the infinities. The running of the coupling constant with
the energy scale can be understood now as a way of incorporating into an effective action at scale�
the effects of field excitations at higher energiesE > �.

As in statistical mechanics we can also find quantum field theories that are fixed points of
the renormalization group flow, i.e. whose coupling constants do not change with the scale. The
most trivial example of such theories are massless free quantum field theories, but there are also
examples of four-dimensional interacting quantum field theories which are scale invariant. Again
we can ask the question of what happens when a scale invarianttheory is perturbed with some
operator. In general the perturbed theory is not scale invariant anymore but we may wonder whether
the perturbed theory flows at low energies towards or away thetheory at the fixed point.

In quantum field theory this can be decided by looking at the canonical dimensiond[O ]of the
operatorO [�a]used to perturb the theory at the fixed point. In four dimensions the three possibilities
are defined by:
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– d[O ]> 4: irrelevant perturbation. The running of the coupling constants takes the theory
back to the fixed point.

– d[O ] < 4: relevant perturbation. At low energies the theory flows away from the scale-
invariant theory.

– d[O ]= 4: marginal deformation. The direction of the flow cannot be decided only on dimen-
sional grounds.

As an example, let us consider first a massless fermion theoryperturbed by a four-fermion
interaction term

L = i @= �
1

M 2
(  )2: (7.40)

This is indeed a perturbation by an irrelevant operator, since in four-dimensions[ ]= 3

2
. Inter-

actions generated by the extra term are suppressed at low energies since typically their effects are
weighted by the dimensionless factorE 2

M 2 , whereE is the energy scale of the process. This means
that as we try to capture the relevant physics at lower and lower energies the effect of the pertur-
bation is weaker and weaker rendering in the infrared limitE ! 0again a free theory. Hence, the
irrelevant perturbation in (7.40) makes the theory flow backto the fixed point.

On the other hand relevant operators dominate the physics atlow energies. This is the case,
for example, of a mass term. As we lower the energy the mass becomes more important and once
the energy goes below the mass of the field its dynamics is completely dominated by the mass term.
This is, for example, how Fermi’s theory of weak interactions emerges from the Standard Model at
energies below the mass of theW � boson

�

=)

�

At energies belowM W = 80:4GeV the dynamics of theW + boson is dominated by its mass term
and therefore becomes nonpropagating, giving rise to the effective four-fermion Fermi theory.

To summarize our discussion so far, we found that while relevant operators dominate the dy-
namics in the infrared, taking the theory away from the fixed point, irrelevant perturbations become
suppressed in the same limit. Finally we consider the effectof marginal operators. As an example
we take the interaction term in massless QED,O =  
� A �. Taking into account that ind = 4 the
dimension of the electromagnetic potential is[A �]= 1 the operatorO is a marginal perturbation.
In order to decide whether the fixed point theory

L0 = �
1

4
F��F

��
+ i D=  (7.41)

is restored at low energies or not we need to study the perturbed theory in more detail. This we have
done in section 7.1 where we learned that the effective coupling in QED decreases at low energies.
Then we conclude that the perturbed theory flows towards the fixed point in the infrared.
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As an example of a marginal operator with the opposite behavior we can write the Lagrangian
for a SU(N c) gauge theory,L = � 1

4
F a
��F

a��, as

L = �
1

4

�
@�A

a
� � @�A

a
�

�
(@�A a�

� @�A a�
)� 4gfabcA a

�A
b
� @

�A c�

+ g2fabcfadeA b
�A

c
�A

d�A e�
� L0 + O g; (7.42)

i.e. a marginal perturbation of the free theory described byL0, which is obviously a fixed point
under renormalization group transformations. Unlike the case of QED we know that the full theory
is asymptotically free, so the coupling constant grows at low energies. This implies that the operator
O g becomes more and more important in the infrared and therefore the theory flows away the fixed
point in this limit.

It is very important to notice here that in the Wilsonian viewthe cutoff is not necessarily
regarded as just some artifact to remove infinities but actually has a physical origin. For example in
the case of Fermi’s theory of�-decay there is a natural cutoff� = M W at which the theory has to
be replaced by the Standard Model. In the case of the StandardModel itself the cutoff can be taken
at Planck scale� ’ 1019 GeV or the Grand Unification scale� ’ 1016 GeV, where new degrees
of freedom are expected to become relevant. The cutoff serves the purpose of cloaking the range of
energies at which new physics has to be taken into account.

Provided that in the Wilsonian approach the quantum theory is always defined with a physical
cutoff, there is no fundamental difference between renormalizable and nonrenormalizable theories.
Actually, a renormalizable field theory, like the Standard Model, can generate nonrenormalizable
operators at low energies such as the effective four-fermion interaction of Fermi’s theory. They
are not sources of any trouble if we are interested in the physics at scales much below the cutoff,
E � �, since their contribution to the amplitudes will be suppressed by powers ofE

�
.

8 Special topics
8.1 Creation of particles by classical fields

Particle creation by a classical source.In a free quantum field theory the total number of particles
contained in a given state of the field is a conserved quantity. For example, in the case of the quantum
scalar field studied in section 3 we have that the number operator commutes with the Hamiltonian

bn �

Z
d3k

(2�)3
�y(~k)�(~k); [bH ;bn]= 0: (8.1)

This means that any states with a well-defined number of particle excitations will preserve this
number at all times. The situation, however, changes as soonas interactions are introduced, since in
this case particles can be created and/or destroyed as a result of the dynamics.

Another case in which the number of particles might change isif the quantum theory is cou-
pled to a classical source. The archetypical example of sucha situation is the Schwinger effect,
in which a classical strong electric field produces the creation of electron-positron pairs out of the
vacuum. However, before plunging into this more involved situation we can illustrate the relevant
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physics involved in the creation of particles by classical sources with the help of the simplest ex-
ample: a free scalar field theory coupled to a classical external sourceJ(x). The action for such a
theory can be written as

S =

Z

d4x

�
1

2
@��(x)@

��(x)�
m 2

2
�(x)2 + J(x)�(x)

�

; (8.2)

whereJ(x)is a real function of the coordinates. Its identification with a classical source is obvious
once we calculate the equations of motion

�
r

2
+ m 2

�
�(x)= J(x): (8.3)

Our plan is to quantize this theory but, unlike the case analyzed in section 3, now the presence of
the sourceJ(x)makes the situation a bit more involved. The general solution to the equations of
motion can be written in terms of the retarded Green functionfor the Klein-Gordon equation as

�(x)= �0(x)+ i

Z

d4x0G R (x� x0)J(x0); (8.4)

where�0(x)is a general solution to the homogeneous equation and

G R(t;~x)=

Z
d4k

(2�)4
i

k2 � m2
e� ik� x= i�(t)

Z
d3k

(2�)3
1

2!k

�

e� i!kt+
~k� ~x

� ei!kt� i~p� ~x
�

; (8.5)

with �(x) the Heaviside step function. The integration contour to evaluate the integral overp0

surrounds the poles atp0 = � !k from above. SinceG R(t;~x) = 0 for t< 0, the function�0(x)
corresponds to the solution of the field equation att! � 1 , before the interaction with the external
source16

To make the argument simpler we assume thatJ(x)is switched on att= 0, and only last for
a time� , that is

J(t;~x)= 0 if t< 0or t> �: (8.6)

We are interested in a solution of (8.3) for times after the external source has been switched off,
t> � . In this case the expression (8.5) can be written in terms of the Fourier modeseJ(!;~k)of the
source as

�(t;~x)= �0(x)+ i

Z
d3k

(2�)3
1

2!k

h
eJ(!k;~k)e

� i!kt+ i
~k� ~x

� eJ(!k;~k)
�ei!kt� i

~k� ~x
i

: (8.7)

On the other hand, the general solution�0(x)has been already computed in Eq. (3.53). Combining
this result with Eq. (8.7) we find the following expression for the late time general solution to the
Klein-Gordon equation in the presence of the source

�(t;x) =

Z
d3k

(2�)3
1

p
2!k

��

�(~k)+
i

p
2!k

eJ(!k;~k)

�

e� i!kt+ i
~k� ~x

+

�

��(~k)�
i

p
2!k

eJ(!k;~k)
�

�

ei!kt� i
~k� ~x

�

: (8.8)

16We could have taken instead the advanced propagatorG A (x)in which case�0(x)would correspond to the solution
to the equation at large times, after the interaction withJ(x).
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We should not forget that this is a solution valid for timest> � , i.e. once the external source has
been disconnected. On the other hand, fort< 0we find from Eqs. (8.4) and (8.5) that the general
solution is given by Eq. (3.53).

Now we can proceed to quantize the theory. The conjugate momentum�(x)= @0�(x)can
be computed from Eqs. (3.53) and (8.8). Imposing the canonical equal time commutation relations
(3.50) we find that�(~k), �y(~k)satisfy the creation-annihilation algebra (3.27). From our previous
calculation we find that fort > � the expansion of the operator�(x) in terms of the creation-
annihilation operators�(~k), �y(~k)can be obtained from the one fort< 0by the replacement

�(~k) � ! �(~k)� �(~k)+
i

p
2!k

eJ(!k;~k);

�y(~k) � ! �y(~k)� �y(~k)�
i

p
2!k

eJ(!k;~k)
�: (8.9)

Actually, sinceeJ(!k;~k)is a c-number, the operators�(~k), �y(~k)satisfy the same algebra as�(~k),
�y(~k)and therefore can be interpreted as well as a set of creation-annihilation operators. This means
that we can define two vacuum states,j0� i, j0+ iassociated with both sets of operators

�(~k)j0� i= 0

�(~k)j0+ i= 0

9
=

;
8 ~k: (8.10)

For an observer att< 0, �(~k)and�(~k)are the natural set of creation-annihilation operators
in terms of which to expand the field operator�(x). After the usual zero-point energy subtraction
the Hamiltonian is given by

bH (� )
=

Z

d3k!k �
y
(~k)�(~k) (8.11)

and the ground state of the spectrum for this observer is the vacuumj0� i. At the same time, a
second observer att> � will also see a free scalar quantum field (the source has been switched
off at t = � ) and consequently will expand� in terms of the second set of creation-annihilation
operators�(~k), �y(~k). In terms of this operators the Hamiltonian is written as

bH (+ )
=

Z

d3k!k �
y
(~k)�(~k): (8.12)

Then for this late-time observer the ground state of the Hamiltonian is the second vacuum statej0+ i.

In our analysis we have been working in the Heisenberg representation, where states are time-
independent and the time dependence comes in the operators.Therefore the states of the theory are
globally defined. Suppose now that the system is in the “in” ground statej0� i. An observer att< 0

will find that there are no particles

bn(� )j0� i= 0: (8.13)
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However the late-time observer will find that the statej0� icontains an average number of particles
given by

h0� jbn
(+ )
j0� i=

Z
d3k

(2�)3
1

2!k

�
�
�eJ(!k;~k)

�
�
�
2

: (8.14)

Moreover,j0� iis no longer the ground state for the “out” observer. On the contrary, this state have
a vacuum expectation value forbH (+ )

h0� jbH
(+ )
j0� i=

1

2

Z
d3k

(2�)3

�
�
�~J(!k;~k)

�
�
�
2

: (8.15)

The key to understand what is going on here lies in the fact that the external source breaks
the invariance of the theory under space-time translations. In the particular case we have studied
here whereJ(x)has support over a finite time interval0 < t< � , this implies that the vacuum is
not invariant under time translations, so observers at different times will make different choices of
vacuum that will not necessarily agree with each other. Thisis clear in our example. An observer in
t< � will choose the vacuum to be the lowest energy state of her Hamiltonian,j0� i. On the other
hand, the second observer at late timest> � will naturally choosej0+ ias the vacuum. However,
for this second observer, the statej0� iis not the vacuum of his Hamiltonian, but actually an excited
state that is a superposition of states with well-defined number of particles. In this sense it can be
said that the external source has the effect of creating particles out of the “in” vacuum. Besides,
this breaking of time translation invariance produces a violation in the energy conservation as we
see from Eq. (8.15). Particles are actually created from theenergy pumped into the system by the
external source.

The Schwinger effect. A classical example of creation of particles by a external field was
pointed out by Schwinger [41] and consists of the creation ofelectron-positron pairs by a strong
electric field. In order to illustrate this effect we are going to follow a heuristic argument based on
the Dirac sea picture and the WKB approximation.

In the absence of an electric field the vacuum state of a spin-1

2
field is constructed by filling

all the negative energy states as depicted in Fig. 2. Let us now connect a constant electric field
~E = � E~ux in the range0< x < L created by a electrostatic potential

V (~r)=

8
<

:

0 x < 0

E(x� x0) 0< x < L
EL x > L

(8.16)

After the field has been switched on, the Dirac sea looks like in Fig. 16. In particular we find that
if EL > 2m there are negative energy states atx > L with the same energy as the positive energy
states in the regionx < 0. Therefore it is possible for an electron filling a negative energy state
with energy close to� 2m to tunnel through the forbidden region into a positive energy state. The
interpretation of such a process is the production of an electron-positron pair out of the electric field.

We can compute the rate at which such pairs are produced by using the WKB approximation.
Focusing for simplicity on an electron on top of the Fermi surface nearx = L with energyE 0, the

83



E

x

e + 0

Dirac sea

e −

−m

m

E

0 L

Fig. 16: Pair creation by a electric field in the Dirac sea picture.

transmission coefficient in this approximation is given by17

TW K B = exp

"

� 2

Z 1

eE

�

E 0+
p

m 2+ ~p 2

T

�

1

eE

�

E 0�
p

m 2+ ~p 2

T

� dx
q

m 2 � [E0 � eE(x� x0)]
2
+ ~p 2

T

#

= exp

h

�
�

eE

�
~p 2
T + m 2

�i

; (8.17)

wherep2T � p2y + p2z. This gives the transition probability per unit time and perunit cross section
dydz for an electron in the Dirac sea with transverse momentum~pT and energyE 0. To get the total
probability per unit time and per unit volume we have to integrate over all possible values of~pT and
E 0. Actually, in the case of the energy, because of the relationbetweenE 0 and the coordinatex at
which the particle penetrates into the barrier we can writedE 0

2�
= eE

2�
dx and the total probability per

unit time and per unit volume for the creation of a pair is given by

W = 2

�
eE

2�

� Z
d2pT
(2�)2

e�
�

eE (~p
2

T
+ m 2)=

e2E2

4�3
e�

� m
2

eE ; (8.18)

where the factor of2accounts for the two polarizations of the electron.

Then production of electron-positron pairs is exponentially suppressed and it is only sizeable
for strong electric fields. To estimate its order of magnitude it is useful to restore the powers ofc
and~ in (8.18)

W =
e2E2

4�3c~2
e�

� m
2
c
3

~eE (8.19)

17Notice that the electron satisfy the relativistic dispersion relationE =
p
~p2 + m 2 + V and therefore� p2x =

m 2 � (E � V )2 + ~p 2

T . The integration limits are set by those values ofx at whichpx = 0.
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The exponential suppression of the pair production disappears when the electric field reaches the
critical valueEcritat which the exponent is of order one

Ecrit =
m 2c3

~e
’ 1:3� 10

16
V cm

� 1: (8.20)

This is indeed a very strong field which is extremely difficultto produce. A similar effect, however,
takes place also in a time-varying electric field [42] and there is the hope that pair production could
be observed in the presence of the alternating electric fieldproduced by a laser.

The heuristic derivation that we followed here can be made more precise in QED. There the
decay of the vacuum into electron-positron pairs can be computed from the imaginary part of the
effective action�[A �]in the presence of a classical gauge potentialA �

i�[A �] �

�

+

�

+

�

+ :::

= log det

�

1� ie=A
1

i@=� m

�

: (8.21)

This determinant can be computed using the standard heat kernel techniques. The probability of
pair production is proportional to the imaginary part ofi�[A �]and gives

W =
e2E2

4�3

1X

n= 1

1

n2
e� n

� m 2

eE : (8.22)

Our simple argument based on tunneling in the Dirac sea gave only the leading term of Schwinger’s
result (8.22). The remaining terms can be also captured in the WKB approximation by taking into
account the probability of production of several pairs, i.e. the tunneling of more than one electron
through the barrier.

Here we have illustrated the creation of particles by semiclassical sources in Quantum Field
Theory using simple examples. Nevertheless, what we learned has important applications to the
study of quantum fields in curved backgrounds. In Quantum Field Theory in Minkowski space-time
the vacuum state is invariant under the Poincaré group and this, together with the covariance of
the theory under Lorentz transformations, implies that allinertial observers agree on the number of
particles contained in a quantum state. The breaking of suchinvariance, as happened in the case of
coupling to a time-varying source analyzed above, implies that it is not possible anymore to define
a state which would be recognized as the vacuum by all observers.

This is precisely the situation when fields are quantized on curved backgrounds. In particular,
if the background is time-dependent (as it happens in a cosmological setup or for a collapsing star)
different observers will identify different vacuum states. As a consequence what one observer call
the vacuum will be full of particles for a different observer. This is precisely what is behind the
phenomenon of Hawking radiation [43]. The emission of particles by a physical black hole formed
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from gravitational collapse of a star is the consequence of the fact that the vacuum state in the
asymptotic past contain particles for an observer in the asymptotic future. As a consequence, a
detector located far away from the black hole detects a stream of thermal radiation with temperature

TH awking =
~c3

8�GN kM
(8.23)

whereM is the mass of the black hole,G N is Newton’s constant andk is Boltzmann’s constant.
There are several ways in which this results can be obtained.A more heuristic way is perhaps to
think of this particle creation as resulting from quantum tunneling of particles across the potential
barrier posed by gravity [44].

8.2 Supersymmetry

One of the things that we have learned in our journey around the landscape of Quantum Field
Theory is that our knowledge of the fundamental interactions in Nature is based on the idea of
symmetry, and in particular gauge symmetry. The Lagrangianof the Standard Model can be written
just including all possible renormalizable terms (i.e. with canonical dimension smaller o equal to 4)
compatible with the gauge symmetry SU(3)� SU(2)� U(1) and Poincaré invariance. All attempts to
go beyond start with the question of how to extend the symmetries of the Standard Model.

In a quantum field theoretical description of the interaction of elementary particles the basic
observable quantity to compute is the scattering orS-matrix giving the probability amplitude for
the scattering of a number of incoming particles with a certain momentum into some final products

A (in � ! out)= h~p1;:::;injbSj~p1
0;:::;outi: (8.24)

An explicit symmetry of the theory has to be necessarily a symmetry of theS-matrix. Hence it is
fair to ask what is the largest symmetry of theS-matrix.

Let us ask this question in the simple case of the scattering of two particles with four-momenta
p1 andp2 in thet-channel

�

We will make the usual assumptions regarding positivity of the energy and analyticity. Invariance
of the theory under the Poincaré group implies that the amplitude can only depend on the scattering
angle# through

t= (p01 � p1)
2
= 2

�
m 2

1 � p1 � p01
�
= 2

�
m 2

1 � E1E
0
1 + j~p1jj~p1

0
jcos#

�
: (8.25)

If there would be any extra bosonic symmetry of the theory it would restrict the scattering angle to a
set of discrete values. In this case theS-matrix cannot be analytic since it would vanish everywhere
except for the discrete values selected by the extra symmetry.

86



Actually, the only way to extend the symmetry of the theory without renouncing to the ana-
lyticity of the scattering amplitudes is to introduce “fermionic” symmetries, i.e. symmetries whose
generators are anticommuting objects [45]. This means thatin addition to the generators of the
Poincaré group18 P �, M �� and the ones for the internal gauge symmetriesG , we can introduce a
number of fermionic generatorsQ I

a, Q _aI (I = 1;:::;N ), whereQ _aI = (Q I
a)
y. The most general

algebra that these generators satisfy is theN -extended supersymmetry algebra [46]

fQ I
a;Q _bJg = 2��

a_b
P��

I
J;

fQ I
a;Q

J
bg = 2"abZ

IJ; (8.26)

fQ
I

_a;Q
J
_bg = � 2"

_a_b
Z

IJ
; (8.27)

whereZ IJ 2 C commute with any other generator and satisfiesZ IJ = � ZJI. Besides we have the
commutators that determine the Poincaré transformationsof the fermionic generatorsQ I

a, Q _aJ

[Q I
a;P

�
] = [Q _aI;P

�
]= 0;

[Q I
a;M

��
] =

1

2
(���) b

a Q
I
b; (8.28)

[Q aI;M
��
] = �

1

2
(���)

_b
_a Q _bI

;

where�0i = � i�i, �ij = "ijk�k and��� = (���)y. These identities simply mean thatQ I
a, Q _aJ

transform respectively in the(1
2
;0)and(0;1

2
)representations of the Lorentz group.

We know that the presence of a global symmetry in a theory implies that the spectrum can be
classified in multiplets with respect to that symmetry. In the case of supersymmetry start with the
case caseN = 1 in which there is a single pair of superchargesQ a, Q _a satisfying the algebra

fQ a;Q _bg = 2��
a_b
P�; fQ a;Q bg= fQ _a;Q _bg= 0: (8.29)

Notice that in theN = 1case there is no possibility of having central charges.

We study now the representations of the supersymmetry algebra (8.29), starting with the mass-
less case. Given a statejkisatisfyingk2 = 0, we can always find a reference frame where the
four-vectork� takes the formk� = (E ;0;0;E ). Since the theory is Lorentz covariant we can obtain
the representation of the supersymmetry algebra in this frame where the expressions are simpler. In
particular, the right-hand side of the first anticommutatorin Eq. (8.29) is given by

2��
a_b
P� = 2(P 0

� �3P 3
)=

�
0 0

0 4E

�

: (8.30)

Therefore the algebra of supercharges in the massless case reduces to

fQ 1;Q
y

1g = fQ 1;Q
y

2g = 0;

fQ 2;Q
y

2g = 4E : (8.31)
18The generatorsM �� are related with the ones for boost and rotations introducedin section 4.1 byJi � M 0i,

M i =
1

2
"ijkM jk . In this section we also use the “dotted spinor” notation, inwhich spinors in the(1

2
;0)and(0;1

2
)

representations of the Lorentz group are indicated respectively by undotted (a;b;:::) and dotted (_a;_b;:::) indices.
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The commutatorfQ 1;Q
y

1g= 0 implies that the action ofQ 1 on any state gives a zero-norm state of
the Hilbert spacejjQ 1j	ijj= 0. If we want the theory to preserve unitarity we must eliminate these
null states from the spectrum. This is equivalent to settingQ 1 � 0. On the other hand, in terms of
the second generatorQ 2 we can define the operators

a =
1

2
p
E
Q 2; ay =

1

2
p
E
Q y

2; (8.32)

which satisfy the algebra of a pair of fermionic creation-annihilation operators,fa;ayg = 1, a2 =
(ay)2 = 0. Starting with a vacuum stateaj�i= 0with helicity� we can build the massless multiplet

j�i; j� + 1

2
i� ayj�i: (8.33)

Here we consider two important cases:

– Scalar multiplet: we take the vacuum state to have zero helicity j0+ iso the multiplet consists
of a scalar and a helicity-1

2
state

j0
+
i; j1

2
i� ayj0+ i: (8.34)

However, this multiplet is not invariant under the CPT transformation which reverses the sign
of the helicity of the states. In order to have a CPT-invariant theory we have to add to this
multiplet its CPT-conjugate which can be obtain from a vacuum state with helicity� = � 1

2

j0
�
i; j� 1

2
i: (8.35)

Putting them together we can combine the two zero helicity states with the two fermionic
ones into the degrees of freedom of a complex scalar field and aWeyl (or Majorana) spinor.

– Vector multiplet: now we take the vacuum state to have helicity � = 1

2
, so the multiplet

contains also a massless state with helicity� = 1

j1
2
i; j1i� ayj1

2
i: (8.36)

As with the scalar multiplet we add the CPT conjugated obtained from a vacuum state with
helicity� = � 1

j� 1

2
i; j� 1i; (8.37)

which together with (8.36) give the propagating states of a gauge field and a spin-1
2

gaugino.

In both cases we see the trademark of supersymmetric theories: the number of bosonic and fermionic
states within a multiplet are the same.

In the case of extended supersymmetry we have to repeat the previous analysis for each su-
persymmetry charge. At the end, we haveN sets of fermionic creation-annihilation operators
faI;ayIg = �IJ , (aI)2 = (ayI)

2 = 0. Let us work out the case ofN = 8 supersymmetry. Since
for several reasons we do not want to have states with helicity larger than2, we start with a vacuum
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statej� 2iof helicity� = � 2. The rest of the states of the supermultiplet are obtained byapplying
the eight different creation operatorsayI to the vacuum:

� = 2: ay1:::a
y

8j� 2i

�
8

8

�

= 1 state;

� =
3

2
: ayI1 :::a

y

I7
j� 2i

�
8

7

�

= 8 states;

� = 1: ayI1 :::a
y

I6
j� 2i

�
8

6

�

= 28 states;

� =
1

2
: ayI1 :::a

y

I5
j� 2i

�
8

5

�

= 56 states;

� = 0: ayI1 :::a
y

I4
j� 2i

�
8

4

�

= 70 states; (8.38)

� = �
1

2
: ayI1a

y

I2
ayI3j� 2i

�
8

3

�

= 56 states;

� = � 1: ayI1a
y

I2
j� 2i

�
8

2

�

= 28 states;

� = �
3

2
: ayI1j� 2i

�
8

1

�

= 8 states;

� = � 2: j� 2i 1 state:

Putting together the states with opposite helicity we find that the theory contains:

– 1 spin-2 fieldg�� (a graviton),
– 8 spin-3

2
gravitino fields I

�,

– 28 gauge fieldsA [IJ]
� ,

– 56 spin-1
2

fermions [IJK ],
– 70 scalars�[IJK L],

where by[IJ:::]we have denoted that the indices are antisymmetrized. We seethat, unlike the
massless multiplets ofN = 1 supersymmetry studied above, this multiplet is CPT invariant by
itself. As in the case of the masslessN = 1 multiplet, here we also find as many bosonic as
fermionic states:

bosons: 1+ 28+ 70+ 28+ 1= 128 states;
fermions: 8+ 56+ 56+ 8= 128 states:

Now we study briefly the case of massive representationsjki, k2 = M 2. Things become
simpler if we work in the rest frame whereP 0 = M and the spatial components of the momentum
vanish. Then, the supersymmetry algebra becomes:

fQ I
�;Q _� J

g= 2M �
� _�
�IJ: (8.39)
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We proceed now in a similar way to the massless case by definingthe operators

aI� �
1

p
2M

Q I
�; ay

_� I �
1

p
2M

Q _� I: (8.40)

The multiplets are found by choosing a vacuum state with a definite spin. For example, forN = 1

and taking a spin-0 vacuumj0iwe find three states in the multiplet transforming irreducibly with
respect to the Lorentz group:

j0i; ay_�j0i; "_�
_�ay_�a

y

_�
j0i; (8.41)

which, once transformed back from the rest frame, correspond to the physical states of two spin-0
bosons and one spin-1

2
fermion. ForN -extended supersymmetry the corresponding multiplets can

be worked out in a similar way.

The equality between bosonic and fermionic degrees of freedom is at the root of many of
the interesting properties of supersymmetric theories. For example, in section 4 we computed the
divergent vacuum energy contributions for each real bosonic or fermionic propagating degree of
freedom is19

E vac = �
1

2
�(~0)

Z

d3p!p; (8.42)

where the sign� corresponds respectively to bosons and fermions. Hence, for a supersymmet-
ric theory the vacuum energy contribution exactly cancels between bosons and fermions. This
boson-fermion degeneracy is also responsible for supersymmetric quantum field theories being less
divergent than nonsupersymmetric ones.

Appendix: A crash course in Group Theory
In this Appendix we summarize some basic facts about Group Theory. Given a groupG a represen-
tation ofG is a correspondence between the elements ofG and the set of linear operators acting on
a vector spaceV , such that for each element of the groupg 2 G there is a linear operatorD (g)

D (g):V � ! V (A.43)

satisfying the group operations

D (g1)D (g2)= D (g1g2); D (g� 11 )= D (g1)
� 1; g1;g2 2 G: (A.44)

The representationD (g)is irreducible if and only if the only operatorsA :V ! V commuting with
all the elements of the representationD (g)are the ones proportional to the identity

[D (g);A]= 0; 8g ( ) A = �1; � 2 C (A.45)
19For a boson, this can be read off Eq. (3.56). In the case of fermions, the result of Eq. (4.44) gives the vacuum

energy contribution of the four real propagating degrees offreedom of a Dirac spinor.
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More intuitively, we can say that a representation is irreducible if there is no proper subspaceU � V
(i.e. U 6= V andU 6= ;) such thatD (g)U � U for every elementg 2 G .

Here we are specially interested in Lie groups whose elements are labelled by a number of
continuous parameters. In mathematical terms this means that a Lie group is a manifoldM together
with an operationM � M � ! M that we will call multiplication that satisfies the associativity
propertyg1 � (g2 � g3)= (g1 � g2)� g3 together with the existence of unityg1 = 1g = g,for every
g 2 M and inversegg� 1 = g� 1g = 1.

The simplest example of a Lie group is SO(2), the group of rotations in the plane. Each
elementR(�) is labelled by the rotation angle�, with the multiplication acting asR(�1)R(�2) =
R(�1+ �2). Because the angle� is defined only modulo2�, the manifold of SO(2) is a circumference
S1.

One of the interesting properties of Lie groups is that in a neighborhood of the identity element
they can be expressed in terms of a set of generatorsTa (a = 1;:::;dim G ) as

D (g)= exp[� i�aT
a
]�

1X

n= 0

(� i)n

n!
�a1 :::�anT

a1 :::Tan; (A.46)

where�a 2 C are a set of coordinates ofM in a neighborhood of1. Because of the general Baker-
Campbell-Haussdorf formula, the multiplication of two group elements is encoded in the value of
the commutator of two generators, that in general has the form

[Ta;Tb
]= ifabcTc; (A.47)

wherefabc 2 C are called the structure constants. The set of generators with the commutator
operation form the Lie algebra associated with the Lie group. Hence, given a representation of the
Lie algebra of generators we can construct a representationof the group by exponentiation (at least
locally near the identity).

We illustrate these concept with some particular examples.For SU(2) each group element
is labelled by three real number�i, i = 1;2;3. We have two basic representations: one is the
fundamental representation (or spin1

2
) defined by

D 1

2

(�i)= e�
i

2
�i�

i

; (A.48)

with �i the Pauli matrices. The second one is the adjoint (or spin 1) representation which can be
written as

D 1(�i)= e� i�iJ
i

; (A.49)

where

J1 =

0

@
0 0 0

0 0 1

0 � 1 0

1

A ; J2 =

0

@
0 0 � 1

0 0 0

1 0 0

1

A ; J3 =

0

@
0 1 0

� 1 0 0

0 0 0

1

A : (A.50)
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Actually,Ji (i= 1;2;3) generate rotations around thex, yandzaxis respectively. Representations
of spinj2 N + 1

2
can be also constructed with dimension

dim D j(g)= 2j+ 1: (A.51)

As a second example we consider SU(3). This group has two basic three-dimensional repre-
sentations denoted by3 and3 which in QCD are associated with the transformation of quarks and
antiquarks under the color gauge symmetry SU(3). The elements of these representations can be
written as

D 3(�
a
)= e

i

2
�a�a; D

3
(�a)= e�

i

2
�a�Ta (a = 1;:::;8); (A.52)

where�a are the eight hermitian Gell-Mann matrices

�1 =

0

@
0 1 0

1 0 0

0 0 0

1

A ; �2 =

0

@
0 � i 0

i 0 0

0 0 0

1

A ; �3 =

0

@
1 0 0

0 � 1 0

0 0 0

1

A ;

�4 =

0

@
0 0 1

0 0 0

1 0 0

1

A ; �5 =

0

@
0 0 � i
0 0 0

i 0 0

1

A ; �6 =

0

@
0 0 0

0 0 1

0 1 0

1

A ; (A.53)

�7 =

0

@
0 0 0

0 0 � i
0 i 0

1

A ; �8 =

0

B
@

1
p
3

0 0

0 1p
3

0

0 0 � 2p
3

1

C
A :

Hence the generators of the representations3 and3 are given by

Ta
(3)=

1

2
�a; Ta

(3)= �
1

2
�Ta: (A.54)

Irreducible representations can be classified in three groups: real, complex and pseudoreal.

– Real representations: a representation is said to be real if there is asymmetric matrixS which
acts as intertwiner between the generators and their complex conjugates

T
a
= � STaS� 1; ST

= S: (A.55)

This is for example the case of the adjoint representation ofSU(2) generated by the matrices
(A.50)

– Pseudoreal representations: are the ones for which anantisymmetric matrixS exists with the
property

T
a
= � STaS� 1; ST

= � S: (A.56)

As an example we can mention the spin-1

2
representation of SU(2) generated by1

2
�i.
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– Complex representations: finally, a representation is complex if the generators and their com-
plex conjugate are not related by a similarity transformation. This is for instance the case of
the two three-dimensional representations3 and3 of SU(3).

There are a number of invariants that can be constructed associated with an irreducible repre-
sentationR of a Lie groupG and that can be used to label such a representation. IfTa

R are the gen-
erators in a certain representationR of the Lie algebra, it is easy to see that the matrix

P dim G

a= 1
Ta
R T

a
R

commutes with every generatorTa
R . Therefore, because of Schur’s lemma, it has to be proportional

to the identity20. This defines the Casimir invariantC2(R)as

dim GX

a= 1

Ta
R T

a
R = C2(R)1: (A.57)

A second invariantT2(R)associated with a representationR can also be defined by the identity

TrTa
R T

b
R = T2(R)�

ab: (A.58)

Actually, taking the trace in Eq. (A.57) and combining the result with (A.58) we find that both
invariants are related by the identity

C2(R)dim R = T2(R)dim G; (A.59)

with dim R the dimension of the representationR .

These two invariants appear frequently in quantum field theory calculations with nonabelian
gauge fields. For exampleT2(R)comes about as the coefficient of the one-loop calculation ofthe
beta-function for a Yang-Mills theory with gauge groupG . In the case of SU(N), for the fundamental
representation, we find the values

C2(fund)=
N 2 � 1

2N
; T2(fund)=

1

2
; (A.60)

whereas for the adjoint representation the results are

C2(adj)= N ; T2(adj)= N : (A.61)

A third invariantA(R) is specially important in the calculation of anomalies. As discussed
in section (6), the chiral anomaly in gauge theories is proportional to the group-theoretical factor
Tr

�
Ta
R fT

b
R ;T

c
Rg
�
. This leads us to defineA(R)as

Tr
�
Ta
R fT

b
R ;T

c
Rg
�
= A(R);dabc (A.62)

wheredabc is symmetric in its three indices and does not depend on the representation. Therefore,
the cancellation of anomalies in a gauge theory with fermions transformed in the representationR
of the gauge group is guaranteed if the corresponding invariantA(R)vanishes.

20Schur’s lemma states that a representation of a group is irreducible if and only if all matrices commuting with every
element of the representation are proportional to the identity.
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It is not difficult to prove thatA(R)= 0 if the representationR is either real or pseudoreal.
Indeed, if this is the case, then there is a matrixS (symmetric or antisymmetric) that intertwins the
generatorsTa

R and their complex conjugatesT
a

R = � STaR S
� 1. Then, using the hermiticity of the

generators we can write

Tr
�
Ta
R fT

b
R ;T

c
Rg
�
= Tr

�
Ta
R fT

b
R;T

c
R g
�T

= Tr

h

T
a

RfT
b

R ;T
c

R g

i

: (A.63)

Now, using (A.55) or (A.56) we have

Tr

h

T
a

R fT
b

R;T
c

R g

i

= � Tr
�
STa

R S
� 1
fSTb

RS
� 1;STc

R S
� 1
g
�
= � Tr

�
Ta
R fT

b
R ;T

c
Rg
�
; (A.64)

which proves thatTr
�
Ta
R fT

b
R ;T

c
Rg
�

and thereforeA(R)= 0whenever the representation is real or
pseudoreal. Since the gauge anomaly in four dimensions is proportional toA(R) this means that
anomalies appear only when the fermions transform in a complex representation of the gauge group.
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