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1. Manifolds

1.1. Motivation. One of Riemann’s key ideas was to develop the notion of a “manifold”
independent from an embedding into an ambient Euclidean space. Roughly, an n-dimensional
manifold is a space that locally looks like R™. More precisely, a manifold is a space that can be
covered by coordinate charts, in such a way that the change of coordinates between any two
charts is a smooth map. The following examples should give an idea what we have in mind.

EXAMPLE 1.1. Let S2 C R3 be the unit sphere defined by the equation (2¢)?+ (x1)%+ (22)?.
For j = 0,1,2 let U]-Jr C S? be the subset defined by zj > 0 and U;" the subset defined by

x; < 0. Let qﬁ}t U ]i — R? be the maps omitting the jth coordinate. Then all transition maps
¢jﬁ o ((;Slf)_l are smooth. For instance,

63 061 : &y (Ur NUY) — 63 (U NTY)
is the map (u,v) — (u, —v/1 — u2 — v2), and this is smooth since u? + v? < 1 on the image of
o1 -

EXAMPLE 1.2. The real projective plane RP(2) is the set of all lines (=1-dimensional
subspaces) in R®. Any such line is determined by its two points of intersection{z, —x} with S2.
Thus RP(2) may be identified with the quotient of S? by the equivalence relation, z ~ —.
Let m: S? — RP(2) be the quotient map. To get a picture of RP(2), note that for 0 < e < 1,
the subset {(zo,71,72) € S?| 22 > €} is a 2-disk, containing at most one element of each
equivalence class. Hence its image under 7 is again a 2-disk. On the other hand, the strip
{(z0,71,22) € S?| — € < w9 > €} contains, with any z, also the point —z. Its image under 7
looks like a Moebius strip. Thus RP(2) looks like a union of a Moebius strip and a disk, glued
along their boundary circles. This is still somewhat hard to imagine, since we cannot perform

this gluing in such a way that RP(2) would become a surface in R3. Nonetheless, it “should
be” a surface: Using the coordinate charts from S2, let U; = 7r(Uj+), and let ¢; : U; — R?

be the unique maps such that 7o ¢; = gb;r. Then the U; cover RP(2), and the “change of
coordinate” maps are again smooth.
It is indeed possible to embed RP(2) into R*: One possibility is the map,

(1) (0, 21, 22)] > (w172, Toxa, ToT1, toxh + t127 + toa3)

where g, t1,t € R are distinct (e.g. t9 = 1,¢; = 2,t2 = 3). However, these embedding do not
induce the “natural” metric on projective space, i.e. the metric induced from the 2-sphere.

1.2. Topological spaces. To develop the concept of a manifold as a “space that locally
looks like R™” | our space first of all has to come equipped with some topology (so that the word
“local” makes sense). Recall that a topological space is a set M, together with a collection of
subsets of M, called open subsets, satisfying the following three axioms: (i) the empty set () and
the space M itself are both open, (ii) the intersection of any finite collection of open subsets is
open, (iii) the union of any collection of open subsets is open. The collection of open subsets of
M is also called the topology of M. A map f: My — M> between topological spaces is called
continuous if the pre-image of any open subset in Ms is open in M;. A continuous map with
a continuous inverse is called a homeomorphism.

One basic ingredient in the definition of a manifold is that our topological space comes
equipped with a covering by open sets which are homeomorphic to open subsets of R™.
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DEFINITION 1.3. Let M be a topological space. An n-dimensional chart for M is a pair
(U, ¢) consisting of an open subset U C R™ and a continuous map ¢ : U — R™ such that ¢ is a
homeomorphism onto its image ¢(U). Two such charts (Ua, o), (Ug,pg) are C*°-compatible
if the transition map

505"+ ¢a(UaNUp) — ¢5(Ua N Up)
is a diffeomorphism (a smooth map with smooth inverse). A covering A = (Uy)aeca of M by
pairwise C*°-compatible charts is called a C*°-atlas.

EXAMPLE 1.4. Let X C R? be the union of lines R x {1} UR x {—1}. Let M = X/ ~ be
its quotient by the equivalence relation, (u,1) ~ (u,—1) for u < 0. Let 7 : X — M be the
quotient map.

Thus M is obtained by gluing to copies of the real line along the negative axis. It is
somewhat hard to picture this space, since 7(0,+1) are distinct points in M. Nonetheless, M
admits a C*-atlas: Let Uy = (R x {1}) and U_ = n(R x {—1}), and define ¢+ : Uy — R by
¢+(u,£1) = u. Then (Uy, ¢4 ) defines an atlas with two charts (the transition map is just the
identity map).

The example just given shows that existence of an atlas does not imply that our space
looks “nice”. The problem with the example is that the points 7(0,£1) in M do not admit
disjoint open neighborhoods. Recall that a topological space is called Hausdorff if any two
distinct points in the space admit disjoint open neighborhoods. Thus, we require manifolds to
be Hausdorff.

We will impose another restriction on the topology. Recall that A basis for a topological
space M is a collection B of open subsets of M such that every open subset of M is a union
of open subsets in the collection B. For example, the collection of open balls B¢(x) in R"
define a basis. But one already has a basis if one takes only all balls B.(x) with z € Q™ and
€ € Q<0; this then defines a countable basis. A topological space with countable basis is also
called second countable. We will require manifolds to admit a countable basis. This will imply,
among other things, that the manifold admits a countable atlas, a fact that is useful for certain
inductive arguments.

Two atlases on a topological space are called equivalent if their union is again an atlas. It
is not hard to check that this is indeed an equivalence relation. An equivalence class of atlases
is called a C'*°-structure on M.

DEFINITION 1.5 (Manifolds). A C*-manifold is a Hausdorff topological space M, with
countable basis, together with a C'*°-structure.

It is perhaps somewhat surprising that the two topological restrictions (Hausdorff and
countable basis) rule out any further “accidents”: The topological properties of manifolds are
just as nice as those of Euclidean R".

DEFINITION 1.6. A map F' : N — M between manifolds is called smooth (or C*) if for
all charts (U, ¢) of N and (V,4) of M, with F(U) C V, the composite map

poFod™ : p(U) — ¢(V)
is smooth. The space of smooth maps from N to M is denoted C°°(N, M). A smooth map
F: N — M with smooth inverse F~!: M — N is called a diffeomorphism.
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PROBLEMS 1.7. 1. Review point set topology: Continuous maps, coverings, neigh-
borhoods, Hausdorff property, compactness, ...

2. Show that equivalence of C'*°-atlases is an equivalence relation. Warning: C°*°-compa-
tibility of charts on a topological space is not an equivalence relation. (Why?)

3. Given a manifold M with C*-atlas A, let A’ be the collection of all C*°-charts (U, ¢)
on M that are compatible with all charts in A. Show that A’ is again an atlas, and
that A’ contains any atlas equivalent to A.

4. Verify that the map (1) is 1-1.

2. Examples of manifolds

Spheres. The unit sphere S™ C R*™! is a manifold of dimension n, with charts U ]i constructed

similar to S2. Another choice of atlas, with only two charts, is given by “stereographic projec-
tion” from the north and south pole.

Projective spaces. Let RP(n) be the quotient S™/ ~ under the equivalence relation z ~ —z.
It is easy to check that this is Hausdorff and has countable basis. Let 7 : S™ — RP(n) be the
quotient map. Just as for n = 2, the charts U; = W(Uf), with map ¢; induced from U]T*', form
an atlas.

Products. If M; are a finite collection of manifolds of dimensions n;, their direct product is a
manifold of dimension ) n;. For instance, the n-torus is defined as the n-fold product of S byg,

Lens spaces. Identify R* with C2, thus S® = {(z,w) : |2|> + |w|?* = 1}. Given natural
numbers ¢ > p > 1 introduce an equivalence relation, by declaring that (z,w) ~ (2/,w’) if

-k &
(Z/,IU,) _ (eQWZEZ, 627”7pw)

for some k € {0,...,q—1}. Let L(p,q) = S3/ ~ be the lens space. Note that L(1,2) = RP(3).
If p, g are relatively prime, L(p, q) is a manifold. Indeed, if p, ¢ are relatively prime then for all
(z,w) € S3, the only solution of

(z,w) = Pg(z,w) := (627”%2’, e%i%pw)
is k = 0. Let fu(z,w) = ||(z,w) — ®1(z,w)||. Then fr >0 for k =1,...,¢ — 1. Since S? is
compact, each fj, takes on its minimum on S%. Let € > 0 be sufficiently small so that f, > e
forall k=1,...,q— 1.

Then if U is an open subset of S that is contained in some open ball of radius € in R?,
then U contains at most one element of each equivalence class. Let (U, ¢) be a coordinate chart
for S3, with U sufficiently small in this sense. Let V = 7w(U), and ¢ : V — R? the unique
map such that ¢ om = ¢. Then (V, ) is a coordinate chart for L(p,q), and the collection of
coordinate charts constructed this way defines an atlas.

Grassmannians. The set Gr(k,n) of all k-dimensional subspaces of R" is called the Grass-
mannian of k-planes in R™. A (C°-atlas may be constructed as follows. For any subset
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Ic{1,....,n}let I' = {1,...,n}\I be its complement. Let R’ C R" be the subspace consisting
of all x € R" with z; =0 for ¢ & I.

If I has cardinality k, then R’ € Gr(k,n). Note that R = (RN)L. Let U; = {E €
Gr(k,n)|ENRY = 0}. BEach E € U is described as the graph of a unique linear map
A: R - R” that E = {z + A(z)|x € R. This gives a bijection

¢ Uy — L(RT,RY) 2 RF=H),
We can use this to define the topology on the Grassmannian: It is the smallest topology for
which all maps ¢! are continuous. To check that the charts are compatible, suppose E € UyNU5,
and let A; and Aj be the linear maps describing E in the two charts. We have to show that

the map taking A; to Aj is smooth. Let II; denote orthogonal projection R" — R!. The map
Ar is determined by the equations

A[(l’]) = (1 — H[)iL‘, ry = H].T}
for x € E, and x = 27 + Arxy. Thus
Af(xf) = (I — Hf)(A] + l)x], Tj= H]*(A[ =+ 1).@[.
The map S(Aj) : (A7 +1): RT — R’ is an isomorphism, since it is the composition of two
isomorphisms (A7 + 1) : Rl — E and II;|p : E — R!. The above equations show,
Af = (I — Hf)(A[ + 1)S(A])_1.

The dependence of S on the matrix entries of A; is smooth, by Cramer’s formula for the inverse
matrix. It follows that the collection of all ¢y : Uy — R¥(™=%) defines on Gr(k,n) the structure
of a manifold of dimension k(n — k).

Rotation groups. Let Mat, = R™ be the set of n x n-matrices. The subset SO(n) = {A €
Mat,, | AA = I, det(A) = 1 is the group of rotations in R™. Let so(n) = {B € Mat,, | Bt + B =
0} = R™»=1D/2, Then exp(B) € SO(n) for all B € so(n). For e sufficiently small, exp restricts to
a bijection from V' = {B € so(n)| || B|| < €}. For any Ay, let U = {A € SO(n)| A = Agexp(B)}.
Let ¢ be the map taking A to B = log(AAy"). Then the set of all (U, $) constructed this way
define an atlas, and give SO(n) the structure of a manifold of dimension n(n —1)/2.

3. Submanifolds

Let M be a manifold of dimension m.

DEFINITION 3.1. A subset S C M is called an embedded submanifold of dimension k < m,
if S can be covered by coordinate charts (U, ¢) for M with the property ¢(UNS) = &(U) NRF.
Charts (U, ¢) of M with this property are called submanifold charts for S.

Thus S becomes a k-dimensional manifold in its own right, with atlas consisting of charts
(U N ‘97 ¢|Uﬂ5)'

EXAMPLE 3.2. S™ is a submanifold of R”*!: A typical submanifold chart is

V={zeR"™|20>0,Y, 027 <1}, ¢(x) = (21,...,2n, /1 — D ju0T7 — Z0).
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EXAMPLE 3.3. Similarly, if f : U — R"* is any smooth function on an open subset
U C R*, the graph I'y = {(=, f(z))|z € U} is an embedded submanifold of U x R¥, with
submanifold chart

¢: UxRF SR (y,y") = (v, f(¥) —¥")

Recall that for any smooth function F' : V' — R™ on an open subset V C R", a point
a € R™ is a regular value if for all x € F~1(a), the Jacobian DF(x) : R® — R™ is onto. If
m = 1, this means that the gradient VF does not vanish on F~(a). (We do not require that
a is in the image of F' — thus regular value is a bit misleading.)

ProproSITION 3.4. Let V C R™ open, and F : V — R™ smooth. For any reqular value
a € R™ of F, the inverse image F~1(a) is an embedded submanifold of dimension k =mn —m.
In fact, there exists a submanifold chart (U, $) around any given x € F~1(a) such that

F(o~ 'y, y") =a+y"
for all (v, y") € p(U) C RF x R™,

PROOF. This is really just a version of the implicit function theorem from multivari-
able calculus. A more familiar version of this theorem states that for all z € F~!(a), af-
ter possibly renumbering the coordinates in R"™, the equation F(y) = a can be “solved” for
y" = (Yk+1,---,Yn) as a function of ¥y’ = (y1,...,yx). That is, there exists a unique function g,
from a neighborhood of 2/ € R"™ to R™, such that on a sufficiently small neighborhood U of
x

F~Ha)NU ={(¥, 9a(y))} NU.

This means that on U, the level set F~!(a) is the graph of the function g,, and therefore an
embedded submanifold.

But in fact, g, depends smoothly on the value a = F(z). That is, taking U sufficiently
small, we have

FHFW)NU ={(,9r0,) ()N} NU.
for all y = (v',y") € U. Then ¢(y) = (¥, 9r)(¥') —y") is a submanifold chart with the desired
property. Il

Manifolds are often described as level sets for regular values:

ExaMPLE 3.5. For 0 < r < R, the 2-torus can be identified with the embedded submanifold

F~1(r?) where
F(x1,9,23) = (\/27 + 23 — R)* + 23

is a smooth function on the complement of the xs-axis, 3 + 23 > 0. One checks that indeed,
2

a = r° is a regular value of this function.

The proposition generalizes to maps between manifolds: If F' € C*°(M, N), a point a € N
is called a reqular value of F' if it is a regular value “in local coordinates”: That is, for all
p € F~1(a), and all charts (U, ¢) around p and (V, %)) around a, with F(U) C V, the Jacobian
D(po Fog¢™!) at ¢(p) is onto.
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THEOREM 3.6. If a € N is a reqular value of F € C*°(M, N), then F~'(a) is an embedded
submanifold of M. In fact, given a coordinate chart (V,4) around a, with (a) = 0, each
p € F~Y(a) admits a submanifold chart (U, $) with

w oFo ¢_1(y’,y”) _ y//
fory=(y,y") € 6(U) CR™.

PROOF. Choose any coordinate chart (U’,¢') around z. The Proposition, applied to the
map 1 o F o (¢')~!, gives a change of coordinates with the desired properties. O

PROBLEMS 3.7.

1. Show that conversely, every submanifold is locally the graph of a function.

2. Let S C R? be the 2-torus (y/2? +22 — R)> + 23 = 72, and F : S — R the function
(21,2, x3) — x9. What are the critical points for this function? What is the shape of the level
sets F~1(a) for a a singular value?

3. Let Sym,, C Mat,, be the subspace of symmetric matrices, and F' : Mat,, — Sym,, the map
A — A'A. Show that the identity matrix I is a regular value of this map. This proves that
the orthogonal group O(n) is an embedded submanifold of Mat,,, of dimension n(n —1)/2. (In
fact, by a theorem of E. Cartan, every closed subset G C Mat,,, with the property that G is a
group under matrix multiplication, is an embedded submanifold of Mat,,.)

4. Tangent spaces

For embedded submanifolds M C R", the tangent space T,M at p € M can be defined as
the set of all velocity vectors v = 4(0), where v : R — M is a smooth curve with v(0) = p.
Thus T, M becomes a vector subspace of R"™. To extend this idea to general manifolds, note
that the vector v = 4(0) defines a “directional derivative” C*°(M) — R:

v: fi %|t=0f(’7(t))‘
We will define T),M as a set of directional derivatives.

DEFINITION 4.1. Let M be a manifold, p € M. The tangent space T),M is the space of all
linear maps v : C°°(M) — R of the form

o(f) = Fli=of(v(t))
for some smooth curve v € C*°(R, M) with v(0) = p.

The following alternative description of 7, M makes it clear that T,,M is a vector subspace
of the space of linear maps C*°(M) — R, of dimension dim7T,M = dim M.

PROPOSITION 4.2. Let (U, ¢) be a coordinate chart around p, with ¢(p) = 0. A linear map
v: C®(M) — R is in T,M if and only if it has the form,

m (fo 1
op =Y w20
i=1 !

for some a = (ay,...,any) € R™.
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PROOF. Given a linear map v of this form, let v(¢) be any smooth curve with ¢(y(t)) = ta
for |t| sufficiently small 1. Then

Lo f (1) = Llico(f 0 67 V)(ta) = T, 02027,

by the chain rule. Conversely, given any curve y with v(0) = p, let ¥ = ¢o~y be the corresponding
curve in ¢(U) (defined for small |¢|). Then

Do f(3(0) = Z(F oo™ (A() = Ty a; 22|,

_ &y
where a = T [i=o. O

COROLLARY 4.3. If U C R™ is an open subset, the tangent space T,U is canonically
identified with R™.

We now describe a third definition of T, M which characterizes “directional derivatives”
in a coordinate-free way, without reference to curves . Note first that every tangent vector
v € T,M satisfies a product rule,

(2) v(fife) = fi(p) v(f2) +v(f1) f2(p)

for all f; € C*°(M). Indeed, in local coordinates (U, ¢), this just follows from the product rule
from calculus,

2 () = Fite >8f2 afl ()

where fJ fio¢~1. Tt turns out that the product rule completely characterizes tangent vectors:

PROPOSITION 4.4. A linear map v : C°(M) — R is a tangent vector if and only if it
satisfies the product rule (2).

PROOF. Let v : C*°(M) — R be a linear map satisfying the product rule (2). To show
that v € T, M, we use the second definition of 7}, M in terms of local coordinates.

We first note that by the product rule applied to the constant function 1 = 1-1 we have
v(1) = 0. Thus v vanishes on constants. Next we show that v(f1) = v(f2) if fi = f2 near p.
Equivalently, we show that v(f) = 0 if f = 0 near p. Choose x € C*°(M) with x(p) = 1, zero
outside a small neighborhood of p so that fx = 0. The product rule tells us that

0 =v(fx) =v(f)x(p) +v(x)f(p) = v(f).

Thus v(f) depends only on the behavior of f in an arbitrarily small neighborhood of p. In
particular, lettlng (U, ¢) be a coordinate chart around p, with ¢(p) = 0, we may assume that
supp(f) € U.?2 Consider the Taylor expansion of f fo¢~! near z = 0:

f +Z$z |z Of+r( )

The remainder term r is a smooth functlon that vanishes at x = 0 together with its first
derivatives. This means that it can be written (non-uniquely) in the form r(z) = >, z;ri(x)

IMore precisely, choose any function x : R — R with x(t) = ¢ for |t| < €/2 and x(t) = r |t > e
Choose € sufficiently small, so that the ball of radius €||a|| is contained in ¢(U). Then x(t)a € ( ) for all ¢,
and () = ¢ *(x(t)a) is a well-defined curve with the desired properties.

2The support supp(f) of a function f on M is the closure of the set of all points where it is non-zero.
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where 7; are smooth functions that vanish at 0.2 By the product rule, v vanishes on 7 o ¢!
(since it is a sum of products of functions that vanish at p). It also vanishes on the constant

£(0) = £(p). Thus ,
o(f) = v(Fo0™) = Y aiz—liof

Z;

with a; = v(z; 0 $1). (Here the coordinates z; are viewed as functions on R, x s x;.) O

REMARK 4.5. There is a fourth definition of T, M, as follows. Let CP°(M) denote the
subspace of functions vanishing at p, and let Cp°(M )% consist of finite sums Y, f; g; where
fi,gi € C°(M). Since any tangent vector vanishes v : C°°(M) — R vanishes on constants, v
is effectively a map v : C;?O(M ) — R. Since tangent vectors vanish on products, v vanishes on
the subspace Cp°(M)? C C3°(M). Thus v descends to a linear map C°(M)/Cp°(M)? — R,
i.e. an element of the dual space (C2°(M)/C5°(M)?)*. The map

T, M — (Cp*(M) /G (M)?)*

just defined is an isomorphism, and can therefore be used as a definition of 7,M. This may
appear very fancy on first sight, but really just says that a tangent vector is a linear functional
on C°°(M) that vanishes on constants and depends only on the first order Taylor expansion of
the function at p.

5. Tangent map

DEFINITION 5.1. For any smooth map F' € C*°(M, N) and any p € M, the tangent map
TpF : TyM — Tp,) N is defined by the equation

T F(v)(f) = v(fo F)
It is easy to check (using any of the definitions of tangent space) that T,F(v) is indeed a
tangent vector. For example, if v: R — M is a curve on M representing v, we have

T,E@)(f) = o(f 0 F) = Sl f(F(2(1)
which shows that T, F'(v) is the tangent vector at F'(p) represented by the curve Foy: R — N.
Similarly, it is easily verified that under composition of functions,
Tp(Fpo 1) = T () Fa o TpF1.
In particular, if F' is a diffeomorphism, 7T}, F is invertible and we have
TrpF ' = (T,F)™".

It is instructive to work out the expression for 7,,F" in local coordinates. We had seen
that any chart (U, ¢) around p defines an isomorphism 7,M — R™. This is the same as the
isomorphism given by the tangent map,

Ty : TyU = TyM — Ty d(U) = R™.
Similarly, a chart (V1) around F(p) gives an identification Tp(,)9 : Tp(,)V = R™. Suppose
FU)cV.

3Exercise: Show that if h is any function on R” with h(0) = 0, then h can be written in the form h = 3" z;h;
where all h; are smooth. Show that if the first derivatives of h vanish at 0, then h;(0) = 0.
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THEOREM 5.2. In local charts (U, ¢) and (V,4) as above, the map
Trpy o TyF o (Typ)h : R™ — R"
is the Jacobian of the map F =y o Fo¢~': ¢(U) — (V).

PROOF. Let a € R™ represent v € T,M in the chart (U, ¢), and let b € R™ represent its
image under T,F. We denote the coordinates on ¢(U) by x1,..., 2, and the coordinates on

W(V) by y1,...,yn. Let f = forp™" € C®((V)). Then

v(foF) = Za@ |:v o) [(E(¢7 (2)))
= Zaz \x ot J (F(@))

= ZZ aZ ]|m¢> 53/ |y $(F(p))

i=1 j=1
— Zn: bif‘ —o(F
p jayj y=v(F(p))

a ~
where bj = Z:nl 851 |x &( p)al = (DF)]ZaZ O

Thus T}, F' is just the Jacobian expressed in a coordinate-free way. As an immediate appli-
cation, we can characterize regular values in a coordinate-free way:

DEFINITION 5.3. A point ¢ € N is a regular value of F € C*°(M, N) if and only if the
tangent map T, F is onto for all p € F~1(q).

This is clearly equivalent to our earlier definition in local charts.

DEFINITION 5.4. Let v € C®(J, M) be a smooth curve (J C R an open interval). The
tangent (or velocity) vector to 7 at time tog € J is the vector

: d
Y(to) = EoV(%‘t:to) €T oyM
We will also use the notation Ccll—z(to) to denote the velocity vector.

PROBLEMS 5.5. 1. Show that if F' € C°(M, N), Ty F(%) = %L1 for all ¢ € J.

2. Suppose that S C M is an embedded submanifold, and let ¢ : S — M, p — p be the
inclusion map. Show that ¢ is smooth and that the tangent map 7} is 1-1 for all p € S. Show
that if M is an open subset of R™, this becomes the identification of T,,S as a subspace of R™,
as described at the beginning of this section.

3. Suppose F' € C®°(M, N) has ¢ € N as a regular value. Let S = F~!(q) — M be the
level set. For p € S, show that 7,5 is the kernel of the tangent map 7, F'.
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6. Tangent bundle

Let M be a manifold of dimension m. If M is an embedded submanifold of R™, the tangent
bundle TM is the subset of R?” = R™ x R" given by

TM ={(p,v) e R" xR"|pe M,veT,M}

where each T, M is identified as a vector subspace of R". It is not hard to see that T'M
is, in fact, a smooth embedded submanifold of dimension 2m. Moreover, the natural map
m: TM — M, (p,v) — p is smooth, and its “fibers” 7—1(p) = T,M carry the structure of
vector spaces.

DEFINITION 6.1. A vector bundle of rank k£ over a manifold M is a manifold E, together
with a smooth map 7 : F — M, and a structure of a vector space on each fiber E, := 7 1(p),
satisfying the following local triviality condition: Each point in M admits an open neighborhood
U, and a smooth map

Y: 7Y (U) = U x RF,
such that 1) restricts to linear isomorphisms E, — R* for all p € U.

The map ¢ : Ey = 7 (U) — U x R¥ is called a (local) trivialization of F over U. In
general, there need not be a trivialization over U = M.

DEFINITION 6.2. A vector bundle chart for a vector bundle 7 : E — M is a chart (U, ¢)
for M, together with a chart (7~Y(U), ¢) for Ey = n~1(U), such that ¢ : 7~ (U) — R™ x R*
restricts to linear isomorphisms from each fiber E, onto {#(p)} x R¥.

Every vector bundle chart defines a local trivialization. Conversely, if ¢ : E|y — U x R*
is a trivialization of Ey, where U is the domain of a chart (U, ¢), one obtains a vector bundle
chart (7=1(U), ¢) for E.

EXAMPLE 6.3. (Vector bundles over the Grassmannnian) For any p € Gr(k, n), let £, C R"
be the k-plane it represents. Then E = Upcqr(r,n)Ep 18 @ vector bundle over Gr(k,n), called
the tautological vector bundle. Recall the definition of charts ¢; : Uy — L(R! ,RI') for the
Grassmannian, where any p = {E} = Uy is identified with the linear map A having E as its
graph. Let

¢r: 7 H(U;) — L(RT,R") x R!
be the map ¢7(v) = (¢(n(v)), n7(v)) where 77 : R — R! is orthogonal projection. The ¢;
serve as bundle charts for the tautological vector bundle. There is another natural vector
bundle E’ over Gr(k, n), with fiber E; = E;- the orthogonal complement of E),. A special case
is k = 1, where Gr(k,n) = RP(n—1). In this case E is called the tautological line bundle, and
E’ the hyperplane bundle.

At this stage, we are mainly interested in tangent bundles of manifolds.

THEOREM 6.4. For any manifold M, the disjoint union TM = U,epT,M carries the
structure of a vector bundle over M, where m takes v € T,M to the base point p.

PROOF. Recall that any chart (U, ¢) for M gives identifications T,,¢ : T,M — R™ for all
p € U. Taking all these maps together, we obtain a bijection,

T¢: n 1 (U)— U x R™.



14 CONTENTS

We take the collection of (7~1(U), T'¢) as vector bundle charts for 7M. We need to check that
the transition maps are smooth. If (V,4) is another coordinate chart with U NV # (), the
transition map for 7=1(U NV) is given by,

Tpo(Te)™ : (UNV)xR™ - (UNV) x R™.

But Tppo (T9) ™t = Ty (Yo ¢~1) is just the Jacobian for the change of coordinates v o ¢~ 1,
and as such depends smoothly on z = ¢(p). O

DEFINITION 6.5. A (smooth) section of a vector bundle 7 : E — M is a smooth map
o : M — E with the property m o o = idys. The space of sections of E is denoted I'™°(M, E).

Thus, a section is a family of vectors o, € E, depending smoothly on p.

EXAMPLES 6.6. (a) Every vector bundle has a distinguished section, the zero section
prop=0.

(b) A section of the trivial bundle M x R* is the same thing as a smooth function from
M to RF. In particular, if ¢ : By — U x R¥ is a local trivialization of a vector bundle
E, the section ¢ (restricted to U) becomes a smooth function o ol : U — RF.

(c) Let m: E — M be a rank k vector bundle. A frame for E over U C M is a collection
of sections o1, ...,04 of Ey, such that (0;), are linearly independent at each point
p € U. Any frame over U defines a local trivialization ¢ : Ey — U x RF, given in
terms of its inverse map ¥ ~!(p,a) = Y ;a;j(0j)p. Conversely, each local trivialization
gives rise to a frame.

The space I'™°(M, E) is a vector space under pointwise addition: (o1+02)p, = (01)p+ (02)p-
Moreover, it is a C°°(M)-module under multiplication®: (fo), = f,0p.

DEFINITION 6.7. A section of the tangent bundle T'M is called a vector field on M. The
space of vector fields is denoted

X(M) =T(M,TM).

Thus, a vector field X € X(M) is a family of tangent vectors X,, € T, M depending smoothly
on the base point.
In the next section, we will discuss the space of vector fields in more detail.

PROBLEMS 6.8. 1. Let S € M be an embedded submanifold. Show that for any
vector bundle 7 : E — M, the restriction E|g — S is a vector bundle over S. In
particular, TM|g is defined; its sections are called “vector fields along S”. The bundle
TM)|s contains the tangent bundle T'S as a sub-bundle: For all p € S, T},S is a vector
subspace of T,M. The normal bundle of S in M is defined as a “quotient bundle”
vg =TM)|s/TS with fibers,

(vs)p = TyM/T,S

Show that this is again a vector bundle.

4Here and from now on, we will often write f, or f|, for the value f(p).
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2. Let F': M — N be a smooth map, and 7 : F — N a vector bundle. Show that
F*E = UpGMEF(p)

is a vector bundle over M. It is called the pull-back bundle. Sections of F*(T'N) are
called vector fields along (the map) F. For instance, if v: J — M is a smooth curve,
the set of velocity vectors (t) becomes a vector field along 7.

3. Let E, E' be two vector bundles over M. Show that

EQE :=UenE,®E,

is again a vector bundle over M. It is called the direct sum (or Whitney sum) of

E and E’. For instance, the direct sum of the two natural bundles E, E’ over the

Grassmannian has fibers E,® E;, = R, hence E®E' is the trivial bundle Gr(k, n) x R™.
4. Show that for any vector bundle £ — M,

E* - UPEME;

(where Ey = L(Ep,R) is the dual space to E}) is again a vector bundle. It is called
the dual bundle to E. In particular, one defines T*M := (T'M)*, called the cotangent
bundle. The sections of T*M are called covector fields or “1-forms”.

7. Vector fields as derivations

Let X € X(M) be a vector field on M. Each X, € T,M defines a linear map X,
C>®°(M) — R. Letting p vary, this gives a linear map

X:C®(M)— C®(M), (X(f)p=Xp(f).
Note that the right hand side really does define a smooth function on M. Indeed, this follows

from the expression in local coordinates (U, ¢). Let a € C®(¢(U),R¥) be the expression of X
in the local trivialization, that is, (T'¢)(X,) = (¢(p), a(¢(p))). Thus

a(¢(p)) = (a1(¢(p), - .-, am(é(p)))

are simply the components of X, in the coordinate chart (U, ¢):

= Z |¢(p (foo™).
=1

for p € U. The formula shows that

Uo¢_ Zaz

That is, in local coordinates X is represented by the vector field

Y-t C¥G(0)) — C¥H(V),
i=1 !

).

THEOREM 7.1. A linear map X : C°(M) — C*>°(M) is a vector field if and only if it is a
derivation of the algebra C°°(M): That is,

X(fife) = o X(f1) + 1 X(f2)
for all f1, fo € C°(M).
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ProoOF. For all p € M, X defines a tangent vector X, by X,(f) = X(f),. We have to
show that p — X, defines a smooth section of 7M. Choosing local coordinates (U, ¢) around
p, taking p to x = ¢(p), the tangent vector X (f), is represented by a(z) = (ai(z),...,am(z)) €

R™. That is,
Z a;(z foo™).

Taking for f any function f; with f; o (ac) = x; on some open neighborhood V' C ¢(U) of
the given point ¢(p), we see that

= X(fj)oo™!
on V. Since X(f;) € C*°(M), it follows that a; is smooth. This proves that p — X, is a
smooth section of TM over U. OJ
If X, Y are vector fields (viewed as linear maps C*°(M) — C*°(M)), the composition X oY
is not a vector field. However, the Lie bracket (commutator)
[X,)Y]=XoY —-YoX
is a vector field. Indeed, it is easily checked that the right hand side defines a derivation.

Alternatively, the calculation can be carried out in local coordinates (U, ¢): One finds that if
Xy is represented by > 7" a5 ax and Y|y by >0 b; 82 , then [X,Y]|y is represented by

bi 8@1 8
ZZ ajax j@x])&c,

Let F' € C*°(M, N) be a smooth map. Then the collection of tangent maps T,F : T,M —
Tr@p)N defines a map T'F : T'M — T'N which is easily seen to be smooth. The map T'F is an
example of a vector bundle map: It takes fibers to fibers, and the restriction to each fiber is a
linear map. For instance, local trivializations ¢ : E|y — U x RF are vector bundle maps.

DEFINITION 7.2. Let F € C*°(M,N). Two vector fields X € X(M) and Y € X(N) are
called F-related if for all p € M, T),F(X}) = Yr(,). One writes X ~p Y.

For example, if S C M is an embedded submanifold and ¢ : S — M is the inclusion, vector
fields X on S and Y on M are (-related if and only if Y is tangent to S, and X is its restriction.

THEOREM 7.3. a) One has X ~p Y if and only if for all f € C*(N), X(fo F) =Y (f).
b) If X1 ~r Y] and Xo ~p Yo then [Xl,Xg] ~F [Y1,1/2].

PROOF. At any p € M, the condition X (f o F') = F o Y (f) says that
(TpF<Xp))(f) - Y(f)F(p) = YF(p)(f)'
This proves (a). Part (b) follows from (a):
(X1, Xo](fo F) = Xi(Xa(fo F)) = Xo(Xi(f o F))
= Xi(Ya(f) o F) = X5(Yi(f) o F)
= Yi(Ya(f)) o F = Ya2(V1(f)) 0
= M. Y3)(f)o F.

F
F
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Part (b) shows, for instance, that if two vector fields are tangent to a submanifold S C M
then their bracket is again tangent to S. (Alternatively, one can see this in coordinates, using
submanifold charts for S.)

PROBLEMS 7.4. 1. Given an example of vector fields X,Y € X(R3) such that X,Y, [X,Y]
are linearly independent at any point p € R?. Thus, there is no 2-dimensional submanifold S
with the property that X, Y are tangent to S everywhere.

2. For any n, give an example of vector field X,Y on R"™ such that X,Y together with
iterated Lie brackets [X,Y],[[X,Y],Y],... span T,R" = R" everywhere.

8. Flows of vector fields

Suppose X is a vector field on a manifold M. A smooth curve v € C*°(J, M), where J is
an open neighborhood of 0 € R, is called a solution curve to X if for all t € J,

() = X, )
In local coordinates (U, ¢) around a given point p = 7(tp), write
go(t) =a(t) = (z1(t),...,zn(t))
(defined for t sufficiently close to tg). Then

$0) = SF0) = S0 (e) = Y

i

dii 0
dt 8.%‘1

~1
(foo ”:r(t)'
Let >, aia%i represent X in the chart, that is

X,0(0) = Y aialt) g (067,

i
Hence, the equation for a solution curve corresponds to the following equation in local coordi-
nates:

& = ai(z(1)),

for i =1,...,n. This is a first order system of ordinary differential equations (ODE’s). One of
the main results from the theory of ODE’s reads:

THEOREM 8.1 (Existence and uniqueness theorem for ODE’s). Let V. C R™ be an open

subset, and a € C*°(V,R™). For any given xo € V, there exists an open interval J C R around
0, and a solution x : J — V of the ODE

dﬂ?i
i a;(z(t)).

with initial condition x(0) = xo. In fact, there is a unique mazximal solution of this initial value
problem, defined on some interval J,, such that any other solution is obtained by restriction
to some subinterval J C Ty, .

The solution depends smoothly on initial conditions, in the following sense:
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THEOREM 8.2 (Dependence on initial conditions for ODE’s). Let a € C*°(V,R™) as above.
For any xg € V, let ®(t,x0) := Voo (t) : Tzy — V be the mazimal solution with initial value
Vo (0) = 0. Let

T =J Jeo x{z0} CRx V.
g€V
Then J is an open neighborhood of {0} x V', and the map ® : J — V is smooth.

ExAMPLE 8.3. If V = (0,1) C R and a(z) = 1, the solution curves to & = a(z(t)) = 1 with
initial condition xoy € V are z(t) = xg + ¢, defined for —xg < t < 1 — 9. Thus

J={t,x)|0<t+z <1}, ®t,z)=t+=z

in this case. One can construct a similar example with V' = R, where solution curves escape to
infinity in finite time: For instance, a(z) = z? has solution curves, (t) = — -, these escape
to infinity for ¢ — c. Similarly, a(z) = 1+ 22 has solution curves z(t) = tan(t — c), these reach
infinity for t — c 4+ 3.

Ifa=(a1,...,am): ¢(U) — R™ corresponds to X in a local chart (U, ¢), then any solution
curve z : J — ¢(U) for a defines a solution curve v(t) = ¢~ !(x(t)) for X. The existence and
uniqueness theorem for ODE’s extends to manifolds, as follows:

THEOREM 8.4. Let X € X(M) be a vector field on a manifold M. For any given p € M,
there exists a solution curve v : J — M of with initial condition v(0) = p. Any two solutions
to the same initial value problem agree on their common domain of definition.

PROOF. Existence and uniqueness of solutions for small times ¢ follows from the existence
and uniqueness theorem for ODE’s, by considering the vector field in local charts. To prove
uniqueness even for large times t, let v, : J1 — M and v : Jo — M be two solutions to the
IVP. We have to show that v; = 2 on J; N Ja. Suppose not. Let b > 0 be the infimum of all
t € Jy N Jy with v1(t) # v2(t). If v1(b) = v2(b), the uniqueness part for solutions of ODE’s, in
a chart around ~;(b), would show that the 7;(t) coincide for |t — b| sufficiently close to b. This
contradiction shows that ~1(b) # ~2(b). But then we can choose disjoint open neighborhoods
Uj of 7;(b). For |t —b| sufficiently small, v;(t) € U;. In particular, v;(t) # v2(t) for small |t —b|,
again in contradiction to the definition of b. O

Note that the uniqueness part uses the Hausdorff property in the definition of manifolds.
Indeed, the uniqueness part may fail for non-Hausdorff manifolds.

EXAMPLE 8.5. A counter-example is the non-Hausdorff manifold Y = Rx{1}JURx{—1}/ ~,
where ~ glues two copies of the real line along the strictly negative real axis. Let UL denote
the charts obtained as images of R x {£1}. Let X be the vector field on Y, given by 8%
in both charts. It is well-defined, since the transition map is just the identity map. Then
v+(t) = w(t,1) and v_(¢t) = «(t,—1) are both solution curves, and they agree for negative ¢
but not for positive t.

THEOREM 8.6. Let X € X(M) be a vector field on a manifold M. For eachp € M, let vy, :
Jp — M be the mazimal solution curve with initial value v,(0) = p. Let J = UpeM{p} X Tp,
and let
O: T - M, ®(t,p) =Pp) :=7,(t).
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Then J is an open neighborhood of {0} x M in R x M, and the map ® is smooth. If
(t1, P, (p)), (t2,p) € J then also (t1 + ta,p) € J, and one has

P4, (Pt (p)) = Pty442(P)-
The map ® is called the flow of the vector field X.

PRrROOF. Define J = Upep{p} x Jp where J, is the largest interval around 0 for which there
is a solution curve 7,(t) with initial value ,(0) = p. Let ®(¢,p) := 7,(t). We first establish
the property @, (®y,(p)) = ®¢,14,(p). Given (t2,p) € JX, consider the two curves

Y(t) = @(Pr,(p), A(t) = Prie, (D)

By definition of ®, the curve ~ is a solution curve with initial value v(0) = ®4,(p), defined for
the set of all ¢ with (¢, ®4,(p)) € JX.
We claim that A is also a solution curve, hence coincides with v by uniqueness of solution
curves. We calculate
d d

%)\(t) = %q)t-ﬁ-tz ()

d
- -V lu= (bu
g lu=tts Pu(p)
= Xo,(p)lu=t+ts = Xt)

It remains to show that J is open and ® is smooth. We will use the property ®;, ¢, = @4, 0Py,
of the flow to write the flow for large times ¢ as a composition of flows for small times, where
we can use the result for ODE’s in local charts.

Let (t,p) € J, say t > 0. Since the interval [0,¢] is compact, we can choose t; > 0 with
t = t1 +ty + ...+ ty such that the curve ®4(p) stays in a fixed coordinate chart Vj for
0 < s < t, the curve ®4(P, (p)) stays in a fixed coordinate chart V; for 0 < s < t9, and so on.
Also, let € > 0 be sufficiently small, such that ®4(®.(p)) is defined and stays in Vy := Vy_3
for —e<s<e.

Inductively define po,...,pn by let pry1 = @y, (pr) where po = p. Thus py = P4(p).
Choose open neighborhoods Uy, of pi, with the property that

O, (Up) CcVy for 0<s<t

O, (U) cVp for 0<s<ty

and ®4(Uy) C Vy for —e < s < €. Let U be the set of all points ¢ € M such that
q € Uy, P1,(q) € Uy, Pty44,(q) € U, ..., P:(q) € Un.
Then U is an open neighborhood of p. The composition ®,;; = ®50P;, o -0y, is well-defined
on U, for all —e < s < e. Thus
(t—et+e)xUCJT.
The map P, restricted to this set, is smooth, since it is written as a composition of smooth

maps:
O(t+s,:) =P(s, Dy 0Dy, (4)).
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Let X be a vector field, and J = J¥ be the domain of definition for the flow ® = ®X.
DEFINITION 8.7. A vector field X € X(M) is called complete if 7% = M x R.

Thus X is complete if and only if all solution curves exist for all time. Above, we had
seen some examples of incomplete vector fields on M = R. In these examples, the vector field
increases “too fast towards infinity”. Conversely, we expect that vector fields X are complete
if they vanish outside a compact set. This is indeed the case. The support supp(X) is defined
to be the smallest closed subset outside of which X is zero. That is,

supp(X) = {p € M|X), # 0}.

PROPOSITION 8.8. Fvery vector field of compact support is complete. In particular, this is
the case if M is compact.

PRrROOF. By compactness, there exists ¢ > 0 such that the flow for any point p exists for
times |t| < e. But this implies that any integral curve can be extended indefinitely. O

THEOREM 8.9. If X is a complete vector field, the flow ®; defines a 1-parameter group of
diffeomorphisms. That is, each ®; is a diffeomorphism and

(I)O = 1dM7 (btl o ¢t2 = (Ptl-i-tz'

Conversely, if ®; is a 1-parameter group of diffeomorphisms such that the map (t,p) — ®(p)
s smooth, the equation

d
Xp(f) = %\tzof(q)t(p))
defines a smooth vector field on M, with flow ®;.

PROOF. It remains to show the second statement. Clearly, X, is a tangent vector at p € M.
Using local coordinates, one can show that X, depends smoothly on p, hence it defines a vector
field. Given p € M we have to show that v(¢) = ®,(p) is an integral curve of X. Indeed,

d d d
&(I)t(m = %’8:0@54—5(?) = £|s:0q)8(q)t(p)) = X@t(p)'

By a similar argument, one establishes the identity

d d
201 (f) = B - |s=0®}(f) = P} X(f)

which we will use later on. In fact, this identity may be viewed as a definition of the flow.

ExAMPLE 8.10. Let X be a complete vector field, with flow ®;. For each ¢t € R, the tangent
map T ®; : TM — T M has the flow property,

T(I)tl © T¢'t2 - T(cI)tl o ¢'t2) = T(@t1+t2)>

and the map R x TM — TM,(t,v) — P(v) is smooth (since it is just the restriction of the
map 7® : T(R x M) — TM to the submanifold R x TM). Hence, T®; is a flow on T'M, and
therefore corresponds to a vector field X € X(TM). This is called the tangent lift of X.
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ExampLE 8.11. Given A € Mat;,(R) let ®; : R™ — R™ be multiplication by the matrix
et =3, %Aj (exponential map of matrices). Since e(t1tt2)4 = ghidgt2A

ez is a smooth map, ®; defines a flow. What is the corresponding vector field X? For any

function f € C*°(R™) we calculate,
d
Xa(f) = *\t_of (")

- Z 8%
= ZAjkxkaTc]
Jk

, and since (t,z) +—

showing that X =}, Ajkxka%j'

PrOBLEMS 8.12. 1. Let X € X(N), Y € X(M) be vector fields and F' € C®(N,M) a
smooth map. Show that X ~p Y if and only if it intertwines the flows ®;X, ®): That is,
FodX =00 F.

2. Let X be a vector field on U C M, given in local coordinates by ), ai%. Let
(Z1,...,Tm,V1,...,0n) be the corresponding coordinates on TU C T'M. Show that the tangent

lift X is given by
da;
Z a’ Z 8x] Yj (%Z

3. Show that for any vector ﬁeld X € %( ) and any x € M with X, # 0, there exists a
local chart around z in which X is given by the constant vector field ‘9 . Hint: Show that if S is
an embedded codimension 1 submanifold, with x € S and X, & T, S the map U x (—e€,e) — M
is a diffeomorphisms onto its image, for some open neighborhood U of = in S. Use the time
parameter ¢ and a chart around = € U to define a chart near z.

9. Geometric interpretation of the Lie bracket

If f e C®(N) and F € C*°(M, N) we define the pull-back F*(f) = fo F € C°°(M). Thus

pull-back is a linear map,

F*: C*(N) — C>®(M).
Using pull-backs, the definition of a tangent map reads

T,F(v) =voF*: C*°(N)—R.

For instance, the definition of F-related vector fields X ~p Y can be re-phrased as, X o F* =
F*oY. For any vector field X € X(N) and any diffeomorphism F € C*°(M,N), we define
F*X € X(M) by

FEX(F"f) = F*(X(f)).
That is,

F*X =F*oX o (F*)™!

LEMMA 9.1. If X, Y are vector fields on N, F*[X,Y]| = [F*X, F*Y].
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Any complete vector field X € X(M) with flow ®; gives rise to a family of maps @} :
X (M) — X(M). One defines the Lie derivative Lx of a vector field Y € X(M) by

_4d
"~ dtle=0

The definition of Lie derivative also works for incomplete vector fields, since the definition only
involves derivatives at ¢ = 0.

Lx(Y) oY € X(M).

THEOREM 9.2. For any X,Y € X(M), the Lie derivative LxY is just the Lie bracket
[X,Y]. One has the identity

[Lx,Ly] = Lixy)-

PROOF. Let ®; = & be the flow of X. For f € C*°(M) we calculate,
d ]
(LxY)() = oY)

d * *
= =02 (Y (224(£)))

d * *
= S l=o(@E(Y () = Y(®7(f))

— X(Y(f) - Y(X(F))

= [X,Y](f).
The identity [Lx, Ly| = Lix y) just rephrases the Jacobi identity for the Lie bracket. O
Again, let X be a complete vector field with flow ®. Let us work out the Taylor expansion

of the map ®; at t = 0. That is, for any function f € C°°(M), consider the Taylor expansion
(pointwise, i.e. at any point of M) of the function

i f = fod, € C(M)

around ¢t = 0. We have,
%q)tf - £|s:0q>t+sf = %‘SZO(I)t(I)sf = (th(f)
By induction, this shows
dk k
2 = XN (),

where X¥ = X o---0 X (k times). Hence, the Taylor expansion reads
®if =) X ()
k=0

One often writes the right hand side as exp(tX)(f). Suppose now that Y is another vector
field, with flow W,. In general, ®; o U, need not equal ¥4 o ®;, that is, the flows need not
commute. Let us compare the Taylor expansions of ®;W: f and ¥:®ff. We have, in second
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order,
2
QL = B V() DY) )

82 2
= T SY()+ Y X + XY () + DX+

where the dots indicate cubic or higher terms in the expansion. Interchanging the roles of X,Y,
and subtracting, we find,

(P;U: — Vi) f = st[ X, Y](f)+ ...

This shows that [X, Y] measures the extent to which the flows fail to commute (up to second
order to the Taylor expansion). In fact,

THEOREM 9.3. Let X, Y be complete vector fields. Then [X,Y] = 0 if and only if the flows
of X andY commute.

PROOF. Let ®; be the flow of X and W, the flow of Y. Suppose [X,Y] = 0. Then

d *k * *

%(Cbt) Y = (®)"LxY = (9)*[X,Y] =0

for all t. Integrating from 0 to ¢, this shows (®;)*Y = Y for all ¢, which means that Y is
d,-related to itself. It follows that ®; takes the flow W of Y to itself, which is just the desired
equation ®; o U, = W, 0 &;. Conversely, by differentiating the equation ®; o ¥, = ¥, o &; with
respect to s,t, we find that [X,Y] = 0. O

10. Lie groups and Lie algebras
10.1. Definition of Lie groups.

DEFINITION 10.1. A Lie group is a group G, equipped with a manifold structure, such that
group multiplication g1, g2 — g1g2 is a smooth map G x G — G.

Examples of Lie groups include: The general linear group GL(n,R) (invertible matrices in
Mat,,(R)), the special linear group SL(n,R) (those with determinant 1), the orthogonal group
O(n) and special orthogonal group SO(n), the unitary group U(n) and the special unitary
group SU(n) and the complex general linear or special linear groups GL(n,C) and SL(n,C).
A important (and not very easy) theorem of E. Cartan says that any subgroup H of a Lie
group G that is closed as a subset of G, is in fact an embedded submanifold, and hence is a
Lie group in its own right. Thanks to Cartan, we don’t actually have to check in any of these
examples of matrix groups that they are embedded submanifolds: It is automatic from the fact
that they are groups and closed subsets. Most examples of Lie groups encountered in practice
(for instance, all compact groups) are matrix Lie groups. (An example of a Lie group that is
not isomorphic to a matrix Lie group is the double covering of SL(2,R).) Any a € G defines
two maps lg, 7, : G — G with

la(9) = ag, 7Ta(g) = ga.

The maps l,, 7, are called left-translation and right-translation, respectively. They are diffeo-
morphisms of G, with inverse maps [,-1 and r,-1.
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1

PROPOSITION 10.2. For any Lie group, inversion g — g+ is a smooth map (hence a

diffeomorphism).

ProOOF. Consider the map F': G x G — G x G, (g,h) — (g,gh). We claim that F' is a
diffeomorphism. Once this is shown, smoothness of the inversion map follows since it can be
written as a composition

G—GxG—GxGE—G

where the first map is the inclusion g — (g, e), the second maps is F~1(g,h) = (9,9~ *h), and
the last map is projection to the second factor. Clearly F' is a bijection, with inverse map
F~Y(a,b) = (a,a='b). To show that F is a diffeomorphism, it suffices to show that all elements
of G x G are regular values of F, i.e. that the tangent map is a bijection everywhere. ® Let us
calculate the tangent map to F at (g,h) € G x G. Suppose the path v(t) = (g4, ht) represents
a vector (v, w) in the tangent space, with go = g and hg = h. To calculate

dy
T(g’h)F(U, w) = T(g’h)F(E

we have to calculate the tangent vector to the curve t — g:hy € G. We have

d d
lt=0) = %h:oF(’Y(t)) = £|t:0(gt79tht)v

d d d
£|t:0(gtht) = %’tzﬂ(ght)+%‘t:0(gth)

d d
= Thlg(£|t:0(ht))+Tg7‘h(a\t:0(gt))
= Tply(w) + Tyrp(v).
This shows
T(gvh)F(U’ w) = (v, Tplyg(w) + Tyrp(v))

which is 1-1 and therefore a bijection. (|

For matrix Lie groups, smoothness of the inversion map also follows from Cramer’s rule for
the inverse matrix.

10.2. Definition of Lie algebras, the Lie algebra of a Lie group.

DEFINITION 10.3. A Lie algebra is a vector space g, together with a bilinear map [, -] :
g X g — g satisfying anti-symmetry

[577’] = _[77,6] for all ga neg,
and the Jacobi identity,

(€, [0, T+ [0, [G, €1 + (G, [€,m)] = 0 for all €1, C € .
The map [, -] is called the Lie bracket.

SWe are using the following corollary of the regular value theorem: If F € C°°(M, N) has bijective tangent
map at any point p € M, then F restricts to a diffecomorphism from a neighborhood U of p onto F(U). Thus,
if F' is a bijection it must be a diffeomorphism. (Smooth bijections need not be diffeomorphisms in general, the
map F: R—>R,t—t3isa counter-example.)
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Any associative algebra is a Lie algebra, with bracket the commutator. The space of vector
fields X(M) on a manifolds is a Lie algebra, with bracket what we’ve already called the Lie
bracket of vector fields.

For any Lie group G, one defines a Lie algebra structure on the tangent space to the identity
element, g := T.G in the following way. Let X(G)* denote the space of left-invariant vector
fields on G. Thus X € X(G)* if and only if I}(X) = X for all a € G. Evaluation at the identity
element gives a linear map

X —g, X ¢ =X,.
This map is an isomorphism: Given £ € g, one defines a left-invariant vector field X by
Xy = TeLg(§). (Exercise: Check that X is indeed smooth!) The Lie bracket of two vector
fields is again left-invariant:

XY = [5X, 1Y) = [X, V).

Thus X(G)" is a Lie subalgebra of the Lie algebra of all vector fields on G. Using the isomor-
phism X(G)* = g, this gives a Lie algebra structure on g. That is, if we denote by X = ¢ the
left-invariant vector field on G generated by &, we have,

SUEEN
ProBLEMS 10.4. We defined the Lie bracket on g = T,G by its identification with left-
invariant vector fields. A second Lie algebra structure on g is defined by identifying T.G with

the space of right-invariant vector fields. How are the two brackets related? (Answer: One has
(€8 nB] = —[¢,n]", so the two brackets differ by sign.)

10.3. Matrix Lie groups. Let G = GL(n,R). Since GL(n,R) is an open subset of the set
Matg(n) of n x n-matrices, all tangent spaces are identified with Matg(n) itself. In particular
g = gl(n,R) = Matr(n). Let us confirm the obvious guess that the Lie bracket on g is simply
the commutator of matrices. The left-invariant vector field corresponding to £ € g is

d
& = 2 hi=o(gexp(t8)) = g¢

(matrix multiplication). Its action on functions f € C*°(G) is,

d of
¢4 (f)g = —li=o(gexp(t€)) = Z(gg)ijiu‘g-
dt - 0i;
Hence,
d of
En (g = im0 Y _(9expEE)n)ij g expire)
dt - 0gi;
of
= Z(ggn)ijfwexp(f) +.
i Gij
where ... involves second derivatives of the function f. (When we calculate Lie brackets, the

second derivatives drop out so we need not care about ....) We find,

)
" ="M (g = (9(én - nf))ijagZ’gexp({)'

ij
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Comparing to
of

& n*(f)g = Z(g([é,n]))z‘j@

]
this confirms that the Lie bracket is indeed just the commutator. © We obtain similar results
for other matrix Lie groups: For instance, the Lie algebra of O(n) = {A| AA = I} is the space

o(n) = {B| B + B' =0},
with bracket the commutator, while the Lie algebra of SL(n,R) is
sl(n,R) = {B| tr(B) = 0},

with bracket the commutator. In all such cases, this follows from the result for the general
linear group, once we observe that the exponential map for matrices takes g C gl(n,R) to the
corresponding subgroup G C GL(n,R).

lgexpe)

10.4. The exponential map for Lie groups. There is an alternative characterization
of the Lie algebra in terms of 1-parameter subgroups. A I-parameter subgroup of a Lie group
G is a smooth group homomorphism ¢ : R — G, that is, ¢(0) = e and ¢(t1 + t2) = ¢(t1)p(t2).
For any such ¢, the velocity vector at t = 0 defines an element ¢ € T,G = g. Let X be the
corresponding left-invariant vector field. Then ¢(t) is an integral curve for £&:

d d d d
yr (t) = £|s:0¢(t +5) = £|5=0¢(t)¢(8) = Tel¢(t)£|s=0¢(8) = Telyw§ = 5

More generally, a similar calculation shows that for all ¢ € G, the curve ~(t) = g¢(t) is an
integral curve through g. That is, the flow of & is ®(t, g) = go(t).

Suppose conversely that X is a left-invariant vector field. If (¢) is an integral curve, then
so is its left translate g7y(t) for any g. It follows that X is complete and has a left-invariant flow.
Let ¢(t) = ®(t,e), then ¢(t) is a 1-parameter subgroup, and X = ¢ for the corresponding
£ € g. To summarize, elements of the Lie algebra are in 1-1 correspondence with 1-parameter
subgroups. Let ¢¢(t) denote the 1-parameter subgroup corresponding to & € g.

DEFINITION 10.5. For any Lie group G, with Lie algebra g, one defines the exponential map
exp: g — G, exp(§) := oe(1).

Note that this generalizes the exponential map for matrices. Indeed, suppose G C GL(n,R)
is a matrix Lie group, with Lie algebra g C gl(n,R). Then the flow of the left-invariant vector
field corresponding to £ € gl(n,R) is just ®;(g) = gexp(t§) (using the exponential map for
matrices).

THEOREM 10.6. The exponential map is smooth, and defines a diffeomorphism from some
open neighborhood U of 0 to exp(U).

PrROOF. We leave smoothness as an exercise. For the second part, it suffices to show that
the tangent map at 0 is bijective. Since g is a vector space, the tangent space at 0 is identified
with g itself. Note that

Pre(1) = P ().

6This motivates why we used left-invariant vector fields in the definition of Lie bracket: Otherwise we would
have found minus the commutator at this point.
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Hence J J
(Toexp)(€) = — le—o exp(t§) = —li—00¢(t) =&
thus Ty exp is simply the identity map. O

For matrix Lie groups, exp coincides with the exponential map for matrices (hence its
name).

10.5. Group actions. Lie groups often arise as transformation groups, by some “action”
on a manifold M.

DEFINITION 10.7. An action of a Lie group G on a manifold M is a group homomorphism
G — Diff (M), g +— ®4 such that the action map ® : G x M — M, (g.p) — P4(p) is smooth.

Note that an action of G = R is the same thing as a flow. Every matrix Lie group G C
GL(n,R) acts on R™ in the obvious way. Any Lie group G acts on itself by multiplication from
the left g — I,, multiplication from the right g — 7,1, and also by the adjoint (=conjugation)
action g > lgrg-1.

DEFINITION 10.8. An action of a finite dimensional Lie algebra g on a manifold M is a Lie
algebra homomorphism g — X(M), £ — &y such that the action map g x M — TM, (§,p) —
En(p) is smooth.

THEOREM 10.9. Given an action of a Lie group G on a manifold M, one obtains an action
of the corresponding Lie algebra g, by setting

d
Em(p) = o li=0®(exp(—tE)).
The vector field Ear is called the generating vector field corresponding to &.

EXERCISE 10.10. Prove this theorem. Hints: First verify the theorem for the left-action
of a group on itself. (Show that {y; equals —¢8 in this case.) Then, use that the action map
®: G x M — M is equivariant, i.e. ®o (I, x id) = ®, 0 ®. Finally, show that (—£&%,0) ~g &y
This implies

(—[&. ", 0) = (1%, 1],0) ~o [€ar,m01]-
Deduce EMa 77M] = [57 77]M

Note: Many people omit the minus sign in the definition of the generating vector field £y;.
But then & — &) is not a Lie algebra homomorphism but an “anti-homomorphism”. We prefer
to avoid “anti” whenever possible.

11. Frobenius’ theorem

11.1. Submanifolds. We defined embedded submanifolds as subsets of manifolds admit-
ting submanifold charts. One often encounters more general submanifolds, in the following
sense.

DEFINITION 11.1. Let S, M be manifolds of dimensions dim S < dim M. A smooth map
F € C*(S,M) is an immersion if for all p € S, the tangent map T,F is 1-1. It is called a
submanifold if in addition F' is 1-1.
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Locally, the image of any immersion looks like an embedded submanifold, by the following
result:

THEOREM 11.2. Let F' € C*°(S,M) be an immersion. Then every point p in U has an
open neighborhood U C S such that F(U) is an embedded submanifold.

Proor. Using local coordinates, it suffices to prove this for the case that S is an open
subset of R® and M an open subset of R”. Given p, we may renumber the coordinates such
that T, F'(R*) NR™~% = {0}, where we view R™™* as the subspace where the first s coordinates
are (. Define a map,

F: SxR™* = R™, (qy)+— F(g)+
It is easily checked that T(p,o)ﬁ is a bijection. Hence, by the regular value theorem, there

exists an open neighborhood U of p and an open ball B.(0) around 0 € R™7% such that a
restricts to a diffeomorphism from U x B(0) onto its image in M C R™. This gives the desired
submanifold chart. O

ExAMPLE 11.3. An smooth immersion v : J — M from an open interval J C R is the
same thing as a regular curve: For all t € J, 4(t) # 0.

In general, submanifolds need not be embedded submanifolds: For instance, the integral
curves of a complete vector field define submanifolds R — M, but usually their images are
not embedded. (Note that some authors use “submanifold” to denote embedded submanifolds,
while others use the same terminology for immersions! We follow the conventions from F.
Warner’s book.)

11.2. Integral submanifolds. Let Xi,..., X} be a collection of vector fields on a man-
ifold M such that the X; are pointwise linearly independent. That is, at every p € M the
values (X;), of the vector fields span a k-dimensional subspace of the tangent space T,M. A
k-dimensional submanifold ¢ : S — M is called an integral submanifold for Xy, ..., X, if each
X is tangent to S, that is (X;),p) € Tpe(TpS) C Ty )M for all p € S. We had seen above that
the Lie bracket of any two vector fields tangent to .S is again tangent to .S. Hence, a necessary
condition for the existence of integral submanifolds through every given point p € S is that the
X are in involution: That is,

(3) [X;, X ZCWXZ
for some functions céj. Frobenius’ theorem (see below) asserts that this condition is also
sufficient.
EXAMPLE 11.4. On M = R3\{z3 = 0} consider the vector fields,
0 0 0 0
X = g — o Z — o — o
3 6.%'2 2 (9.TU3 ’ e 6.%'2 2 a:El
We have,
0 0
X, Z|=x1+— —v3—
[ ] xlé? X3 3 81‘1

Using 21X + z2Y 4+ 232 = 0, we see that X, Z are in involution.
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As stated, the scope of Frobenius’ theorem is limited since in general, manifolds need not
admit pointwise linearly independent vector fields — often they don’t even admit any vector
field without zeroes. It is convenient to shift attention to the subbundle of T'M spanned by
the vector fields, rather than the vector fields themselves:

DEFINITION 11.5. A k-dimensional distribution on a manifold M is a rank k vector sub-
bundle F of the tangent bundle TM. That is, M can be covered by open subsets U C M
such that over each U, there are k vector fields Xy, ..., Xj spanning E. The distribution is
called integrable if any such local basis is in involution. An submanifold ¢ : S — M is called
an integral submanifold for a (possibly non-integrable) distribution E if T,,.(T),S) = E, ;) for
allpe S.

EXERCISE 11.6. Show that the condition of being in involution does not depend on the
choice of X;’s: If X| = Z]. a;;X; and the X; are in involution, then so are the X!

EXAMPLE 11.7. On M = R3\{0} consider the three vector fields, X, Y, Z introduced above.
They are pointwise linearly dependent: x1 X +x2Y + 232 = 0. It follows that the vector bundle
F spanned by X,Y, Z has rank 2. The above local calculation shows that F is integrable. The
spheres 3 + x3 + 23 = r? are integral submanifolds.

11.3. Frobenius’ theorem.

THEOREM 11.8 (Frobenius). A rank k distribution E on a manifold M is integrable, if and
only if there exists an integral submanifold through every point p € M. In this case, every point
p € M admits a coordinate neighborhood (U, ¢) in which E is spanned by the first k coordinate
vector fields, 8%1’ ey 8%;@'

PrROOF. We have seen that if there exists an integral submanifold through every point,
then E must be integrable. Suppose conversely that E is integrable. It suffices to construct
the coordinate charts (U, ¢) described in the theorem: In such coordinates, it is clear that the
integral submanifolds are given by setting the coordinates xy11,...,Zn equal to constants.

Choose an arbitrary chart around p, with coordinates y1,...,ym, where p corresponds to

= 0. Using the chart, we may assume that M is an open subset of R”. Consider the k-
dimensional subspace F, = Ej. Renumbering the coordinates if necessary, we may assume
that Ey N R™ % = {0}, where R™~¥ is identified with the subspace of R™ where the first &
coordinates are 0. Passing to a small neighborhood of p = 0 if necessary, we may assume that
E,N R™F = {0} for all ¢, or equivalently that orthogonal projection from E; to R* is an
isomorphism. That is, F is spanned by vector fields of the form,

G, i 5]
Xi = + Qir 75—
ayi rzg-l-l ayr

It turns out that we got very lucky: the X; commute! Indeed, by definition of the Lie bracket
we have,

" A jr a0
X X5 = > G =) 5
o Oy Oyt Oyr
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but since the X; are in involution, we also have

k m k
0 0
! !
(X, Xj] = E Cinl = E CijaTﬂ + E ( E Cl{j%l)@~
l =1 l=k+1 v=1
Comparing the coefficients of 8%1 for [ < k, we find that céj = 0, showing that the X; commute.

Hence their flow q)ii commute (wherever defined). Choose € > 0 sufficiently small, and let U’
be a small open neighborhood of p such that for all ¢ = (¢1,...,%;) € B¢(0) and all ¢ € U the
“Joint flow”

D(ty,... th,q) = Df 00 Of (q)

is defined. Since the flows commute, we have

0
£|5:0‘1’(t17 conti stk @) = (X a(g)-
Define a map
F: B(0) x (U'NnR™F) S U, (t,q) — ®4(q).

By construction,

o
Ot
and TF(a%j) = %) for j > k. In particular, T( o) F is invertible, hence F' restricts to a

TF(=—)=X;, j=1,....k

diffeomorphism on some open subset U C Bc(0) x (U’ N R™*). The inverse map F~! gives
the required change of coordinates. (|

One has the following addendum to Frobenius’ theorem:

THEOREM 11.9. Suppose E C TM 1is an integrable distribution. For each p € M, there
s a unique mazximal connected integral submanifold v : S — M passing through p. That is,
if / S — M 1is any other integral submanifold through p, then there exists a smooth map
F: S — S such that F is a diffeomorphism onto its image and ' = 1o F.

This is analogous to the fact that every vector field has a unique maximal integral curve
through every given point of M. The idea of proof is to “patch together” the local solutions.
Again, the theorem fails for non-Hausdorff manifolds.

The maximal integral submanifolds are called the leaves of the integrable distribution, and
the decomposition of M into leaves is called a foliation.

11.4. Applications to Lie groups. A homomorphism of Lie groups is a smooth group
homomorphism F : H — (. The tangent map at the identity ToF : h — g is then a
homomorphism of Lie algebras, i.e. takes brackets to brackets. (To see this, one proves that
the left-invariant vector fields corresponding to  and to ToF'(£) are F-related.) A 1-1 Lie group
homomorphism is called a Lie subgroup, in this case ToF : h — g is a Lie subalgebra.

THEOREM 11.10. Let G be a Lie group, with Lie algebra g, and j : b C g a Lie subalgebra.
Then there exists a unique Lie subgroup F' : H — G having b as its Lie algebra: That is,
j=TuF.
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PRrROOF. Let E C TG be the distribution spanned by the left-invariant vector fields, ¢~
with £ € h. Since [¢L,n1] = [¢,n)F, this distribution is integrable. Let £, denote the leaf
through g € G. The distribution is left-invariant: That is, for all a € G the tangent map to
left translation, Tl, : TG — TG takes E to itself. Hence, for any a € G the left translate
la(Ly) = Lag is again a leaf. Let H := L. If hy,hoy € H we have Ly, = Ly, = H, and acting
bya:hg1 we get

Ehglhl =L.=H,

proving that hy 'hi € H. This shows that H is a group. Smoothness of the group operations
follows from that for G. 0

We next describe an application of Frobenius’ theorem to actions of Lie groups and Lie
algebras on manifolds.

DEFINITION 11.11. An action of a Lie group G on a manifold M is a group homomorphism
G — Diff (M), g+— ®4 such that the action map

®: GxM— M, (g.p) — ®y4(p)

is smooth. An action of a finite dimensional Lie algebra g on a manifold M is a Lie algebra
homomorphism g — X(M), £ — &y such that the action map g x M — TM, (&,p) — Env(p)
is smooth.

ExAMPLES 11.12. 1) Note that an action of the (additive) Lie group G = R is the same
thing as a global flow, while an action of the Lie algebra g = R (with zero bracket) is the same
thing as a vector field.

2) Every matrix Lie group G C GL(n,R), and every matrix Lie algebra acts on R™ by
multiplication.

3) The rotation action of SO(n) on R™ restricts to an action on the sphere, S"~* C R".

4) Any Lie group G acts on itself by multiplication from the left, I,(g) = ag, multiplication
from the right 7,-1(g) = ga™!, and also by the adjoint (=conjugation) action

Ad,(9) :=lare-1(g) = aga™.
The maps
R U S S

are all Lie algebra actions of g on G.

THEOREM 11.13. Given an action of a Lie group G on a manifold M, one obtains an action
of the corresponding Lie algebra g, by setting

d
Em(p) = %\tzo@(exp(—tf)m)-
The vector field Epr is called the generating vector field corresponding to &.

PROOF. Let us first note that if G acts on manifolds My, My, and if F': My — My is a
G-equivariant map, i.e.
F(g.p) =g.F(p) Vpe M
then &y, ~F &n,. This follows because F' takes integral curves for £y, to integral curves for
&, Thus, if we can show [€, n]ar, = [€ar,, M, ] then a similar property holds for Ms.
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We apply this to the special case
F:GxM— M, (g,p) = ®(g~",p)

®: Gx M — M, with G-acting on G x M by the right-action on G and trivial action on M,
and on M by the given action. The map is equivariant.

This reduces the problem to the special case M = G with action the right-action a +— r,-1
of G on itself. We claim that

& =¢"

in this case. Indeed, the flow g — gexp(—t£)~! = gexp(t£) commutes with left translations,
hence it is the flow of a left invariant vector field. Taking the derivative at g = e,t = 0 we see
that this vector field is ¢¥, as claimed. But [¢¥,n"] = [¢, n]*. O

EXERCISE 11.14. Show that the generating vector field for the left action of G on itself is
—¢F and the generating vector field for the adjoint action is £ — ¢%.

Note: Many people omit the minus sign in the definition of the generating vector field &,,.
But then £ — &)/ is not a Lie algebra homomorphism but an “anti-homomorphism”. We prefer
to avoid “anti” whenever possible.

Let us now consider the inverse problem: Try to integrate a given Lie algebra action to an
action of the corresponding group!

Suppose G is a connected Lie group, with Lie algebra g. We assume that G is also simply
connected: That is, every loop in G can be contracted to a point. For instance, G = SU(n) is
simply connected. If G is a compact Lie group with finite center, one also knows that some
finite cover of G is simply connected.

THEOREM 11.15. Every Lie algebra action & — &y of g on a compact manifold M “ex-
ponentiates” uniquely to a Lie group action of the simply connected Lie group G, that is, an
action for which £y are the generating vector fields.

SKETCH OF PROOF. Every G-action on M decomposes G x M into submanifolds £, =
{(g7',9.p)| g € G}, and the action may be recovered from this decomposition. The idea of
proof, given a g-action, is to construct £, as leafs of a foliation. Let E C T'(G x M) be the
distribution, of rank equal to dim G, spanned by all vector fields (¢, &5,) € X(G x M) as &
ranges over the Lie algebra. Since

(€5 &), (" man)] = (€)™, 1€ nlm),

the distribution is involutive. Hence it defines a foliation of G x M into submanifolds of
dimension dim G.

Given p € M, let £, — G x M be the unique leaf containing the point (e, p). Projection
to the first factor induces a smooth map £, — G, with tangent map taking (¢%,&y) to L.
Since the tangent map is an isomorphism, the map £, — G is a local diffeomorphism (that
is, every point in £, has an open neighborhood over which the map is a diffeomorphism onto
its image). We claim that this map is surjective. Proof: By the Lemma given below, and
since the exponential map exp : g — G is a diffeomorphism on some neighborhood of 0, every
g € G can be written as a product g ... gy of elements g; = exp(§;) where &; € g. The curve
t— g1...gj—1exp(t&;) is an integral curve of the left-invariant vector field ij. Taking all this
curves together defines a piecewise smooth curve v connecting e to g. This curve lifts to £,:
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Since M is compact, each &y is complete, hence each smooth segment of v to an integral curve
of (€%, &)

We have shown at this stage that the map £, — G is a local diffeomorphism onto its image.
Since G is simply connected by assumption, it follows that the map is in fact a diffeomorphism.
Hence, for every g, £, contains a unique point of the form (g~1,p’). Define g.p = ®(g,p) := p'.
We leave it as an exercise to check that this map defines a smooth G-action. U

LEMMA 11.16. Let G be a connected Lie group, and U C G an open neighborhood of the
group unit e € G. Then every g € G can be written as a finite product g = g1 - - - gn of elements
g; € U.

PROOF. We may assume that g~ € U whenever g € U. For each N, let UN = {g1 - - gn| gj €
U}. We have to show Jx_, UY = G. Each UV is open, hence their union is open as well. If
g € G\UN—oU", then gU € G\Un_o U (for if gh € UN_o UYN with h € U we would have
g = (gh)h™! € U¥_oUY.) This shows that G\ JY_, U is also open. Since G is connected,
it follows that the open and closed set |J3_o U Nis all of G. O

12. Riemannian metrics

Let us quickly recall some linear algebra. A bilinear form on a vector space V is a bilinear
map g : V x V — R. Such a bilinear form is called symmetric if g(v,w) = g(w,v) for all
v, w, and in this case is completely determined by the associated quadratic form ¢(v) = g(v,v).
g is called an inner product if it is positive definite, i.e. g(v,v) > 0 for all v € V. More
generally, a symmetric form g is called non-degenerate if g(v,w) = 0 for all w implies v = 0.
Non-degenerate symmetric bilinear forms are also called indefinite inner products.

Given a basis e,...,e, of V, one can describe any bilinear form in terms of the matrix
gij = g(ei, e;). The bilinear form g is symmetric if and only if the matrix g;; is symmetric, and
in this case one can always choose the basis such that g;; is diagonal. In fact, one can choose
the basis in such a way that only 41,0, —1 arise as diagonal entries. Let d, dp,d_ the number
of 41,0, —1 diagonal entries. Then g is non-degenerate if dy = 0, and is an inner product if
and only if dy = d— = 0, i.e. if there exists a basis such that g;; = J;;.

EXERCISE 12.1. Show that one can split V =V, & V_ where dim V. = d4 and g is positive
definite on V4, negative definite on V_. However, looking at the case (d4+,d_) = (1,1), observe
that this splitting is not unique.

DEFINITION 12.2. A Riemannian metric on a manifold M is a family of inner products
gp : TyM x T,M — R, depending smoothly on p in the sense that the quadratic form

q: TM — R, v gp(v,v) for veT,M

is a smooth map ¢ € C*°(T'M). More generally, a pseudo-Riemannian metric of signature
(d4,d_) is defined by letting the g, be indefinite inner products of signature (d,d_).

The case of signature (3, 1) is relevant to general relativity, with 3 space dimensions and 1
time dimension. Again, there is no distinguished splitting into “space” and “time” directions.

LEMMA 12.3. Any pseudo-Riemannian metric defines a symmetric C°°(M)-bilinear map
g: X(M) x X(M) — C=(M), g(X,Y)p = gp(Xp,Yp).
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Conversely, every symmetric C*°(M)-bilinear map g : X(M) x X(M) — C°°(M), with the
property that g(X,Y ), =0 for all Y implies X, =0, defines a pseudo-Riemannian metric.

PROOF. Let g be a pseudo-Riemannian metric, with quadratic form q. View vector fields
as smooth sections, X € I'*°(M,TM). Then

9X,Y)=3g(X +Y, X +Y) —g(X,X) —g(Y,Y)) = 3(qo (X +Y) —go X —qoY)

is smooth, while C'*° (M )-bilinearity is obvious. Conversely, suppose we are given a C°°(M)-
bilinear map g : X(M) x X(M) — C°°(M) with the property that g(X,Y), = 0 for all Y’
implies X, = 0. The following Lemma shows that g(X,Y’), depends only on X,,,Y,. Hence we
can define

9p(Xp, Yp) := g(X,Y)p.
If gp(v,w) = 0 for all v, choose Y with Y, = w. Then ¢(X,Y), = g(X,,Y,) = 0 for all
X,Y, which by assumption implies ¥}, = 0. Hence g, is non-degenerate. Using the formula

goX = g(X, X), and passing to local coordinates, one sees that g, depends smoothly on p,
hence it defines a Riemannian metric. O

LEMMA 124. If A: X(M) X -+ x X(M) — C®°(M) is a C>®°(M)-multilinear map, then
the value of A(X1,...,X,) at p € M depends only on (X1)p,...,(X;)p. More generally, this
Lemma holds true for any C°°(M)-multilinear map from X(M) x --- x X(M) to a C*°(M)-
module.

ProoOF. It suffices to consider the case r = 1. We have to show that if X vanishes at p,
then A(X) vanishes at p. But if X}, = 0, we can write (using local coordinates, and the Taylor
expansion) X = ), f;X; where X; € X(M) and where f; € C°°(M) vanish at p. Hence,

A(X)p = A(Z [iXi)p = Z fi(p)A(Xs)p =0,

by C°(M)-linearity. O

DEFINITION 12.5. A (pseudo)-Riemannian manifold (M, g) is a manifold M together with
a (pseudo)-Riemannian metric. An isometry between (pseudo)-Riemannian manifold (M1, g1)
and (Ma, go) is a diffeomorphism F' : M; — My such that for all p € M, the tangent map
TpF : TpMy — Tp) Mz is an isometry, i.e. preserves inner products.

In local coordinates zi,...,x, on U C M, any pseudo-Riemannian metric is determined
by smooth functions

o 0
9ii(2) = 9(5 — 5--)-
i J

Indeed, one recovers g from the g;; by
0 0

Conversely, every collection of smooth functions g;;, such that each (g;;(x)) is a non-degenerate
symmetric bilinear form, defines a Riemannian metric. In particular, to g;; = d;; defines the



13. EXISTENCE OF RIEMANNIAN METRICS 35

standard metric on R™. How does g;; depend on the choice of coordinates? Let y = ¢(x) be a
coordinate change, and let g;;(y) denote the matrix in y-coordinates. We have,

ox, O
8yz Z Oy; Oxg

Hence,

-3 020 001, 1 (6(1))

0y; 8%

9i5(y
“ ) ayz ay]

LEMMA 12.6. Let S C M be an embedded submanifold, and g a Riemannian metric on M.
Then the restriction of g to the tangent spaces T,S C T,M defines a Riemannian metric on
M. More generally, if v : S — M is an immersion, there is a unique Riemannian metric on S
such that each tangent map Tyi: TS — T, M 1is an isometry onto its image.

In particular, every embedded submanifold of R inherits a Riemannian metric from the
standard Riemannian metric on R™.

EXAMPLE 12.7. The 2-torus 72 can be defined as a direct product of the circle S C R?
with itself. Correspondingly we have an embedding 7?2 — R* and the corresponding induced
metric g on T2. The resulting metric on 72 is simply the product of the metrics on the S!
factors, and in particular is flat: T2 is locally isometric to R2. It follows that there is no
embedding of T2 into R3, inducing the same metric g: We had seen in our curves and surfaces
course that any connected surface in R3 with vanishing first fundamental form is an open subset
of a plane, hence cannot be a compact surface.

13. Existence of Riemannian metrics

To show that every manifold admits a Riemannian metric, we need an important technical
tool called partitions of unity.

THEOREM 13.1 (Partitions of unity). Let M be a manifold.

a) Any open cover {Us} of M has a locally finite refinement {Vg}: That is, {Vg} is an
open cover, each Vg is contained in some Uy, and the cover is locally finite in the sense that
each point in M has an open neighborhood meeting only finitely many Vg '’s.

b) For any locally finite cover U, of M, there exists a partition of unity, that is a collection
of functions xo € C°(M) with supp(xa) C Uy, such that 0 < xo <1 and

ZX& =1L
o

Note that the sum ) x. is well-defined, since only finitely many x’s are non-zero near any
given point. We will omit the somewhat technical proof of this result. The proof is contained
in most books on differential geometry (e.g. Helgason), and can also be found in the lecture
notes from my “manifolds” course. The main steps for part (b) are as follows:

(i) One constructs a “shrinking” of the open cover U, to a new cover V,, such that
V& C U,. The new cover is still locally finite.
(ii) One constructs functions f, € C°°(M) supported on U,, such that f, > 0 on V,
(iii) One defines f =" fo >0, and sets xo = fo/f-
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THEOREM 13.2. Every manifold M admits a Riemannian metric.

PROOF. Choose an atlas {(Uy, ¢o)} of M. Passing to a refinement, we may assume that
the atlas is locally finite. Choose a partition of unity x, for the cover {U,}. Since ¢, identifies
U, with an open subset of R™, we obtain Riemannian metrics g, on U, from the standard
Riemannian metrics on R™. For all p € M, the sum g, = > Xa(p)(ga)p is well-defined. Since
all xo(p) > 0, with at least one strictly positive, g, is an inner product with clearly a smooth
dependence on p. Thus ¢ is a Riemannian metric on M. O

It is not true that every manifold admits a pseudo-Riemannian metric of given signature

(d+,d_), where both dy # 0.

14. Length of curves

Suppose (M, g) is a Riemannian manifold (that is, a manifold with a Riemannian metric).”
For any tangent vector v € T,M, we define its length as ||v|| = g,(v,v)/2.

DEFINITION 14.1. Let 7 : [a,b] — M be a smooth curve in M.® One defines the length of

~ to be the integral
b
— / ()] dr.
a

The length functional is invariant under reparametrizations of the curve . Somewhat more
generally, we have:

PROPOSITION 14.2. Let o : [a,b] — R be a smooth function, with the property that o(t1) <
o(ta) for ty < to. Let vy : [a,b] — M be a smooth curve of the form v = 4o o. Then

L(v) = L()-
PROOF. By substitution of variables t = o(t),

L(y) = /H o)lldt
- /H M%7 ar
a(b) 5
/ 15T a2
o(a)

9

d

The definition of L(vy) applies to piecewise smooth curves: That is, continuous curves
v : [a,b] — M such that there exists a subdivision a =ty < -+ <ty = b of the interval, with
each 'Y’[ti,tiﬂ] a smooth curve.

"For the following discussion, see chapter 1.4 in Jost’s book.

8Here smooth means that ~ extends to a smooth curve on an open interval J containing [a, b].

N o [a,b] — R is a continuous piecewise smooth map, which is weakly increasing in the sense that
o(t1) < o(tz) for t1 < tz, then [* f(o(t))|%|dt = [7 f(

o(a)
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If the curve + is contained in a fixed coordinate chart (U, ¢), and (z1(t), ..., zm(t)) describes
the curve in local coordinates, we have

b
_ / S gigla(t) @i d.

DEFINITION 14.3 (Distance function). Let (M, g) be a connected Riemannian manifold.
For p,q € M, the distance d(p, q) between any two points on M is infimum of L(vy), as vy varies
over all piecewise smooth curves 7 : [0,1] — M with v(0) = p and (1) = ¢g. (If no such path
exists, we set d(p,q) = 00.)

PROBLEMS 14.4. 1. Show that for any manifold M, the following are equivalent: (i) M is
connected, (ii) any two points p, ¢ can be joined by a continuous path, (iii) any two points p, ¢
can be joined by a piecewise smooth path, (iv) any two points p, ¢ can be joined by a smooth
path. Hence d(p, q) < oo for a connected manifold.

2. Show that in the definition of distance function, one can replace piecewise smooth paths
by smooth paths. In fact, any piecewise smooth path is of the form v = X o o, where o is
weakly increasing and piecewise smooth, and X is smooth.

LEMMA 14.5. Let (U, ¢) be a coordinate chart in which g is given by g;j(x), and K C ¢(U)
a compact subset. Then there exist A > p > 0 with

(4) u\/Zfifiz Zgw &@za/zg&

forx e K, £ € R™.

PROOF. The set of all (2,£) € R* with z € K and Y, && = 1 is compact. Hence the
function },; gij()&:&; takes on its maximum A and minimum 4 on this set. By definition of
a Riemannian metric, p > 0. O

THEOREM 14.6. For any connected manifold M, the distance function d defines a metric
on M. That is, d(p,q) > 0 with equality if and only if p = q, and for any three points p,q,r,
one has the triangle inequality

d(p,q) +d(g,7) = d(p,7).
PROOF. The triangle inequality is immediate from the definition. Suppose p # q. We have
to show d(p,q) > 0. Choose a chart (U, ¢) around p, with ¢(p) = 0, and let € > 0 be sufficiently
small, such that the closed ball B, is contained in ¢(U) and ¢~ !(Bc) does not contain q. Let

gij represent the metric in the chart (U, ¢).
Given a curve 7y from p to q, let ¢t; < b is such that y(t) € ¢(U) for a < t < t; and

v(t1) € B\B.. Write ¢ ) for a <t <t;. Using the Lemma,
t1 t1
/ \/ Gij(x(t))Tid; dt>)\/ /Zx T; dt > e,
since the length of the path from ¢(p) = 0 to =(t1) must be at least the Euclidean distance e.
Hence also

d(p,q) = infy L() > Xe > 0.
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d

THEOREM 14.7. For any manifold M, the topology defined by the metric coincides with the
manifold topology.

ProoF. This follows from the Lemma: In local charts, e-balls for the metric d contain
sufficiently small Euclidean J-balls, and vice versa. O

15. Connections and parallel transport

In this section, we will define the parallel transport of tangent vectors on any Riemannian
manifold (M, g). If M C R™ is an embedded submanifold of R™, with metric induced from
R™, we can follow the strategy from the “curves and surfaces” course: At any p € M we have
an orthogonal projection IT, : R™ — T, M. If ~(t) is a curve and X (t) € T, M a vector field
along ~, we say that X is parallel along ~ if the covariant derivative

VX dX
e g

vanishes for all . Here we have used that X (¢) can be viewed as an R™-valued function of ¢.
Using the existence and uniqueness theorem for ODFE’s, one finds that any parallel vector field
along ~ is determined by its value X (tg) at any fixed time tg.

For a general Riemannian manifold (M, g), we don’t have “orthogonal projection” at our
disposal. It is remarkable that there exists, nevertheless, a well-defined concept of parallel
transport on any Riemannian manifold (M, g). That is, parallel transport is really an intrinsic
property. Our starting point for defining parallel transport is to define generalized covariant
derivatives, called affine connections. We will then show that any Riemannian manifold carries
a distinguished affine connection.

15.1. Affine connections. Let M be a manifold.

DEFINITION 15.1. An affine connection on M is a bi-linear map
V:X(M)xX(M)—X(M), (X,Y)— Vx(Y)
such that
Vx(fY) = [fVx(Y)+X(f)Y
Vix(Y) = fVx(Y).
forall f € C*°(M), X,Y € X(M).
The second condition says that the operator Vx is C'"*°-linear in the X variable. One calls
Vx(Y') the covariant derivative of Y in the direction of X. Y is called covariant constant in
the direction of X if Vx(Y) = 0.

If M = U is an open subset of R™, any affine connection V is determined by its values on
coordinate vector fields. The functions I}, € C°°(U) defined by

(5) 8$k Z FJk@w
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are called the Christoffel symbols of V. The full connection is given in terms of Christoffel
symbols by the formula,

0 Oby,
szajaij(g bk’aixk) = ;aj Z 8$ 61’k ZF kbk

Conversely, it is easily checked that any collection of smooth functions I‘;k defines an affine
connection by this formula. In particular, open subsets U C R™ have the standard affine
connection, given by I ;k =0.

More generally, for affine connections on manifolds one defines Christoffel symbols of a
connection with respect to a given chart. First we note that if U C M is an open subset, affine
connections V have a unique restriction V|y with the property

(Viv)x), Yv) = Vx(Y)|u.

Moreover, every connection is determined by its restrictions to elements of an open cover of
M. Hence we may define:

DEFINITION 15.2. Let V be an affine connection on a manifold M. If (U, ¢) is a chart,
defining local coordinates x1,..., %y, one defines the Christoffel symbols F;-k of V|y in the
given chart to be the functions defined by (5).

PROBLEMS 15.3. 1. Calculate the Christoffel symbols of the standard connection on R? in
polar coordinates. The solution shows that Christoffel symbols may vanish in one coordinate
system but be non-zero in another. 2. Work out the transformation property of Christoffel
symbols under change of coordinates.

PROPOSITION 15.4. For any affine connection V on M, the map T : X(M) x X(M) —
X(M) given by

T(X,)Y)=Vx(Y) - Vy(X) - [X,Y]
is C°(M)-linear in both X and Y. It is called the torsion of V.
Proor. For all f € C*(M),
TX, fY) - fT(X)Y) = Vx(fY) - fVx(Y) - [X, fY]+ f[X,Y]
— X(H)Y - X(H)Y =0.
Similarly T(fX,Y) — fT(X,Y) = 0. 0

In local coordinates we have, in terms of the Christoffel symbols,

g 0 ; .. 0
T(—, —) = DR A
((%sj’ amk) Zk:( gk kj)c%ci
J
Hence, the connection is torsion-free if and only if the Christoffel symbols Fé . are symmetric

in j, k. In particular, if the Christoffel symbols have this symmetry property in one system of
coordinates, then also in every other system.
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15.2. The Levi-Civita connection.

PROPOSITION 15.5. Let (M, g) be a (pseudo-)Riemannian manifold. For any affine con-
nection V on M, and any Z € X(M) the map Vzg: X(M) x X(M) — C*(M) given by

(Vzg)(X,Y) = Zg(X,Y) = g(Vz(X),Y) = g(X,Vz(Y))

is C°(M)-linear in both X,Y . It is called the covariant derivative of g in the direction of Z.
The connection V is called a metric connection if Vxg = 0.

The proof is straightforward. In local coordinates and the corresponding Christoffel symbols
for V, we have

(Vall == (Vo g) (-2, 2Ly = 20

a0 a. )= NI g =T g
9ay, 7 Oy Ox;j Oxy, ; kidij kj9li

and V is a metric connection if and only of the right hand side vanishes.

THEOREM 15.6 (Fundamental Theorem of Riemannian Geometry). Suppose (M,g) is a
pseudo-Riemannian manifold. There exists a unique torsion-free metric connection V on M.
It is called the Levi-Civita connection.

PROOF. Suppose V is a torsion-free metric connection. Since V is metric, we have
Z9(X,Y) =9(Vz(X),Y) 4+ g(X,Vz(Y)).
Using the torsion free condition Vz(X) = Vx(Y) + [Z, X] this gives,
Permuting letters we also have
Yg(Z,X)) = 9(X,Vz(Y))+9(Z Vy(X)) +g([Y, 2], X)

Use these equations to eliminate Vx and Vy, and obtain
Zg(Xv Y)_Xg(Y7 Z)+Yg(ZvX)) = 29(X7 VZ(Y))+9([Z7 X],Y)—g([X, Y],Z)—l—g([Y, Z]aX)a
that is,

29(X,Vz(Y))
6) =29(X,Y)-Xg(Y,2)+Yg(Z X)) -9([Z,X],Y) +g([X,Y],Z) — g([Y, Z], X).

Since ¢ is non-degenerate, any vector field W is completely determined by its parings g(X, W)
with all vector fields X. In particular, (6) specifies the vector field W = Vz(Y'). This shows
that a torsion-free metric connection V is determined by the metric g. Conversely, it is straight-
forward to check that formula (6) defines a torsion-free metric connection. For instance, if we
replace Y by fY for some function f, we find

2(9(X, Vz(fY)) = f9(X,Vz(Y))
= Z(Ng(X,Y) = X()9(Y, Z) + g(X(f)Y, Z) + g(Z(])Y, X)
= 22(f)9(X,Y)
which shows that Vz(fY)—fVz(Y) = Z(f) Y. The other properties are checked similarly. [
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EXERCISE 15.7. Try to re-derive the explicit formula (6) for the Levi-Civita connection
without looking at the notes. Fill in the details of showing that this formula defines a torsion-
free metric connection.

COROLLARY 15.8. Every manifold admits a torsion-free affine connection V.

PROOF. We have seen that every manifold admits a Riemannian metric g. Thus one can
take the Levi-Civita connection with respect to g. O

Taking X = B%,Y =
for the Christoffel symbols I‘;k of the Levi-Civita connection:

69% Z = 2j to be coordinate vector fields in (6), we obtain a formula

; Ogrt . Ogj1  Ogjk
2Y Thgu= Z =2
Z ]kgll 895]- + 8.%'k 81’[

Letting (g7 ');; denote the inverse matrix to g;;, this gives:

THEOREM 15.9. In local coordinates, the Christoffel symbols for the Levi-Civita connection

are given by
i1 1\ (Ogm  Ogji  Ogjk
ik 9 ;(g )i <8£L'j + Oxy, Ox; )

We had seen a similar formula in the curves and surfaces course. In fact, we could have
used this formula to define a connection in local coordinates, and then check that the local
definitions patch together. However, the significance of this rather complicated formula would
remain obscure from such an approach.

It is immediate from this formula that V is torsion-free, since the Christoffel symbols are
symmetric in j, k.

15.3. Parallel transport. Let Vx(Y) be an affine connection on a manifold M. Since
Vx(Y) is C*-linear in the X-variable, the value of Vx(Y) at p depend only on X,. Thus if
v € T, M one can define V,(Y') € T,M by V,(Y) := Vx(Y), where X is any vector field with
Xp=wv. If y: J— M is any curve, one can therefore define

Vi)Y € TypM

If x(t) is the description of the curve v in local coordinates x1, ..., 2y, so that y =, S'Ci%,
9
and Y = Zk kaxk7

VimY = ij ( + ZF kbk>
0
= Z ngk% o

Here % = %b (x(t)). Note that this formula depends only on the “restriction” of Y to =,
or more precisely on the section of the pull-back bundle v*(T'M) — J defined by Y. In fact,
the formula makes sense for any vector field along v, that is, any section of v*(TM) — J. In

local coordinates, vector fields along v are given by expressions ¥ = ) bk(t)% € pyM
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depending smoothly on ¢, and the above formula in local coordinates defines a new vector field

along 7,'°

DY
o = VanY-

DEFINITION 15.10. A vector field Y along a curve v : J — M, is called parallel along ~y if
the covariant derivative % vanishes everywhere.

THEOREM 15.11. Let V be a metric connection on a manifold M. Let v : J — M be
a smooth curve, Xo € Ty )M where to € J. Then there is a unique parallel vector field
X(t) € Ty along vy, with the property X (to) = Xo. The linear map
Ty M = Ty M, Xo— X(t)
18 called parallel transport along v, with respect to the connection V.

PRrOOF. In local coordinates as above, parallel vector fields are the solutions of the first
order ordinary differential equations,

=+ > Thaiibe = 0.
ik

Hence, for “short times” the theorem follows from the existence and uniqueness theorem for
ODE’s, and for “long times” by patching together local solutions. O

PROPOSITION 15.12. Let (M, g) be a pseudo-Riemannian manifold, and V an affine con-
nection on M. Then

d DX DY
99X (1), Y (1) = (T30)(X(0), Y (1) + (0 ¥) + (X, 20,
PrOOF. In local coordinates, write X (t) = >, “i(t)a%i and Y (t) = >, bj(t)%, and let
z(t) = (x1(t),...,xm(t)) be the coordinate expression for the curve . Then

d d
$9(X(t)7Y(t)) = dt%:f/z‘jaibj

. 0gij . ;
= Zx’“aT:Z, + Zgz’jaibj + Zgijaibj
ijk 1] i
and
DX . i
Q(Way) = Z(ai‘i‘zrlmfﬁlam)bj

i lm

DY : .
¥ m

100f course, it would be better to give a coordinate free definition. For this, one has to generalize the notion
of an affine connection, and introduce connections V on vector bundles E — M. For any X € X(M), Vx is an
endomorphism of the space of sections I'*°(E). For any smooth map F : N — M one then obtains a connection
F*V on the pull-back bundle F*E. In our case, we obtain a connection "V on v*(T'M). One then defines

DY _ .
=0V

= 2 Y (1),
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Taking this three equations together, and using

P 0 8 891]
ox;’ ax]

(v.g)'lfj = (V 8 Zrkzgl] ng]glu

the Proposition follows.!'! O
As an immediate consequence, we have:
PROPOSITION 15.13. An affine connection ¥V on a pseudo-Riemannian manifold (M, g) is
a metric connection if and only if parallel transport along curves preserves inner products.
16. Geodesics
Let V be an affine connection on a manifold M.

DEFINITION 16.1. A smooth curve v : J — M is called a geodesic for the connection V, if
and only if the velocity vector field 4 is parallel along ~.

EXERCISE 16.2. Show that if v: J — M is a geodesic, and ¢ : J — J is a diffeomorphism
(change of parameters), then
F(t) = v(o(t))
is a geodesic if and only 1f 92 — const, i.e. if and only if ¢(f) = af + b for some a # 0, b.

As a special case of the differential equation for a parallel vector field X (t) =, b&t)%,
here X (t) =4 i.e. b; = 4y, we find:

THEOREM 16.3. In local coordinates, geodesics are the solutions of the second order ordinary
differential equation,
d?x ;
i
dt2 + erkle'k =0.
ik

Notice that only the symmetric part F; i +I " that is the torsion-free part of V, contributes
to the geodesic equation. Thus, if one is interested in the geodesic flow of a metric connection
V, one might as well assume that V is the Levi-Civita connection. On R™ with the standard
Riemannian metric, geodesics are straight lines with constant speed parametrization.

It is a standard trick in ODE theory to reduce higher order ODE’s to a system of first
order ODE’s, by introducing derivatives as parameters. In our case, if we introduce &; =: &;,
the geodesic equation becomes a system,

d$i

dt - §’L

d&i ;

pria > T
ik

yWe had to resort to this terrible proof since we defined the covariant derivative along curves in coordinates
only. In the coordinate free definition, the Proposition is almost a triviality because it is essentially just the
definition of Vg!
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Notice that x;, &; are just the standard local coordinates on T'M induced by the local coordinates
x; on M. Hence, the above first order system defines a vector field S on T'M, given in local
coordinates by

0 » 0
§= 26y, ~ 2 Tntitigg
7 ijk
DEFINITION 16.4. The vector field S is called the geodesic spray of V, and its flow is called
the geodesic flow.
THEOREM 16.5. For anyp € M, v € T,M there exists a unique maximal geodesic v, : J —
M, where v,(0) = p, 4,(0) = v.

PROOF. Let ®; denote the geodesic flow, and 7 : T'M — M the base point projection.
The geodesics on M are just the projections of solution curves of the geodesic spray S. In
particular, -, is given by

To(t) = (P4 (v)).

Notice that the geodesic flow has the property
d

3 (T(2e(v))) = @u(v).

This is the coordinate free reformulation of &; = &;. Furthermore, it has the property
Dy (av) = Pt (v)

for a € R; this just says that if y(¢) is a geodesic, with 4(0) = v, then ¢t — ~(at) is also a
geodesic, but with initial velocity av.

EXERCISE 16.6. Show that every non-constant geodesic is regular, i.e. ¥ # 0 everywhere.

DEFINITION 16.7. The manifold M with affine connection V is called geodesically complete
if the geodesics spray is a complete vector field. A (pseudo-)Riemannian manifold (M, g) is
called geodesically complete if it is geodesically complete for the Levi-Civita connection.

Thus geodesic completeness means that all geodesics exist for all time.
The property v4,(t) = Y (at) for all @ € R is reminiscent of a property of 1-parameter
subgroups of Lie groups. Similar to the Lie groups case we define:

DEFINITION 16.8. Suppose (M, V) is geodesically complete. The map
Exp, : TyM — M, v+ (1)
is called the exponential map based at p.

Compare with the very similar definition of exponential maps for Lie groups — the curves
7, play the role of 1-parameter subgroups! In terms of the exponential map, we have

Yo (t) = Exp,(tv).

THEOREM 16.9. The exponential map Exp,, is smooth. It defines a diffeomorphism from a
neighborhood of 0 € T, M onto a neighborhood of p € M.
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PROOF. Let & : RxTM — T'M denote the flow of the geodesic spray, S for the connection
V, and let 7 : TM — M be the base point projection. Then Exp, is just the restriction of
the map 7o ® to the submanifold {1} x T, M, and hence is smooth. Compute Tj Exp,: For
v € T,M we have,

d d
To Exp,(v) = £|t=0 Exp,(tv) = %|t=0%(t) =,
so To Exp,, is just the identity map T,M — T, M. From the inverse function theorem, it then
follows that Exp, is a diffeomorphism on some small neighborhood of 0 € T}, M. O

If one chooses a basis in T, M, thus identifying T,M = R™, the exponential map gives a
system of local coordinates x1,...,x,; on a neighborhood of p. These coordinates are called
normal coordinates at p, and have very nice properties:

THEOREM 16.10. In normal coordinates x1,...,xy based at p € M, the geodesics through
p are given by straight lines,

:El(t) =ta; a; € R.
Moreover, all Christoffel symbols F;k vanish at 0.

PROOF. By definition of the exponential map, Exp,,(ta) for a € R™ = T, M is the geodesic
with initial velocity v = a. Inserting z;(t) = ta; into the geodesic equation, we obtain

ZF;k(ta) ajar =0
jk
for all a. Setting t = 0, it follows that F;k(()) =0. O

We now specialize to the case that V is the Levi-Civita connection corresponding to a
(pseudo-)Riemannian metric g on M. Define the energy function

E € C™®(TM), E(v)=3gy(v,v), v€T,M.

(Thus, the energy function is just the quadratic function associated to g, up to the factor %)
Since parallel transport for a metric connection preserves inner products, the geodesic flow
preserves the energy: That is, S(F) = 0. It follows that S is tangent to the level surfaces of
the energy functional.

Geodesics for the Levi-Civita connection have an important alternative characterization,
as critical points of the action functional.

DEFINITION 16.11. Let 7 : [a,b] — M be a smooth curve in M.'2 One defines the action
of v by

b b
Am) = [ Bty ar=3 [olP a

In local coordinates, A(y) = 3 f; >ij 9ij(x(t)) 225 dt. The action functional is closely
related to the length functional (assuming that g is positive definite, so that L(vy) is defined):

12Here smooth means that ~ extends to a smooth curve on an open interval J containing [a, b].
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LEMMA 16.12. Let v : [a,b] — M be a smooth curve. Then
L(7)* < 2(b - a)A(%).
Equality holds if and only if v has constant speed, that is ||¥|| is constant.

PROOF. The Cauchy-Schwartz inequality® implies

b b
( / F(H)d)* < (b a) / F(0)? dt

with equality if and only if f is constant. O

Suppose 7 : [a,b] — M is a smooth curve. A l-parameter variation of « is a family of
curves s : [a,b] — M defined for —e < s < €, with vs(a) = y(a) and ~5(b) = ~(b) for all ¢,
Yo = 7, and such that the map (s,t) — ~,(t) is smooth.

THEOREM 16.13. A smooth curve «y : [a,b] — M is a geodesic if and only if for all 1-
parameter variations s of 7y,

d
73:14 320.
7 ls=0A40%)

PROOF. Let 4(t) be a 1-parameter variation. We can view 7,(t) as a curve with parameter

t, depending on s as a parameter, or vice versa. Let a ’ indicate s-derivatives. Since the Levi-
Civita connection V is torsion-free,

Dy Dy

dt  ds’
(In local coordinates, the left hand side is given by DTZ/ => (f;ﬁz + 2k szx]x@ 8%1" while
the right hand side is given by a similar expression with s, t-derivatives in opposite order. The
two expressions are the same since the Christoffel symbols for a torsion free connection are
symmetric in 7, k.) Since V is a metric connection, we can therefore compute,

d

il = 1
dSA(ﬂyS) 2

b
0
2 g(3.4) dt

’ asg(%’y)

b .
Dy
— ZL &) dt
/ag( ds,v)
b D’}/ )
b b :
d /. / Dy
— = dt — Zy at
/adtg(%'y) /ag(% o)

b .
D
= —/ gy, =) dt.

dt

L3 The Cauchy-Schwartz inequality for integrals says that
b b b
([ gy < ([ roran (| gran
with equality if and only if f, g are linearly dependent (i.e. proportional). The desired inequality follows by
setting g = 1.
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Here we have used that 4/(a) = +4/(b) = 0. The resulting expression vanishes at s = 0, for all

variations, if and only if % =0, i.e. if and only if v is a geodesic. U
In particular, if 7 : [a,b] — M minimizes the action, in the sense that

Ay) £ A(R)
for all paths 4 : [a,b] — M (defined on the same interval [a, b]) with §(a) = v(a), F(b) = v(b),
then «y is a geodesic. (However, it is not necessary for a geodesic to minimize the action.)

THEOREM 16.14. A curve 7 : [a,b] — M with ||§(t)|| = const is a geodesic if and only if,
for all 1-parameter variations s of 7,

0
9oL (ys) = 0.
83‘ oL(vs) =0

We leave the proof as an exercise. We have to put in by hand the assumption that ~
has constant speed, since the length functional is invariant under reparametrizations. (The 1-
parameter variations s need not have finite speed.) In particular, length minimizing, constant
speed curves are always geodesics.

17. The Hopf-Rinow Theorem

The Hopf-Rinow Theorem says that a Riemannian manifold (M, g) is geodesically complete
(the geodesic flow is complete, i.e. all geodesics exists for all time) if and only if it is completene
as a metric space (every Cauchy sequence converges). To prepare for the proof, we need some
more facts on normal coordinates and the exponential map.

DEFINITION 17.1. Let (M, g) be a Riemannian manifold. The injectivity radius i,(M) > 0
of p € M is the supremum of the set of all 7 > 0 such that the exponential map Exp, is defined
on the open ball B,(0) and is injective. The injectivity radius (M) > 0 of M is the infimum
of all i,(M) with p € M.

EXAMPLE 17.2. For the unit circle S' € R? with the standard Riemannian metric, each
point has injectivity radius m. Similarly, for the sphere M = S™~1 C R™, the injectivity radius
of any point is i,(M) = m. For M = R™, i,(M) = oc.

THEOREM 17.3. For all 0 < < iy(M), the radial geodesics Exp,(tv) intersect the spheres
Exp,(S:(0)) orthogonally. For any v € Sy(0), the point ¢ = Exp,(v) has distance d(p,q) =
from p, and the geodesic Exp,(tv) is the unique (up to reparametrization) curve of length d(p, q)
connecting p, q. In particular,

Epr(Sr(O)) = Sy(p)

for any 0 < r < i,(M).
We will obtain this result as a consequence of the following Lemma on “geodesic polar

coordinates” around p. Let xq, ...,z denote the normal coordinates on a neighborhood U of
p, obtained by choosing an orthornormal basis in 7, M. In this coordinates,

9ij(0) = 6i5, T%.(0) =0.

Introduce polar coordinates (p, ¢1,...,¢m—1) on T,M, thus p?> = > 2? and ¢1,...,¢m_1 are
local coordinates on the unit sphere S™~ 1 C T,M. (The particular choice of coordinates on



48 CONTENTS

S™=1 will be irrelevant.) Using Exp,, we can view these as coordinates on (suitable open
subsets of) Exp,(B,(0)) for r <i,(M). In particular, the coordinate vector field % given as

s
0p =[] =
is a well-defined vector fiel on Exp,(B;(0)\{0}). Note that its integral curves are exactly the

unit speed radial geodesics.

LEMMA 17.4 (Geodesic polar coordinates). In geodesic polar coordinates around p,

I N R A
Gpp =9 6,0’8,0 =4 gp¢j—g ap,aqu =

That is, the radial geodesics Exp,(tv) are orthogonal to the spheres Exp,(S;(0)), for all 0 <
r <ip(M).

ProoF. Thus V » —gp = 0. In particular, the length of *88;) is constant along radial geodesics.
dp
But

8 0

t—>0

since g;;(0) = 6;; and since 8% has length one in the Euclidean metric. It follows that g(a%, a%) =
1 everywhere. Furthermore, using that the connections is torsion-free,

S0 ) = 0V S el Y o)
= g(;pﬂagj;p)
= é(ﬁjg(iagp)
= ;a(z)jl:o.

Thus g(:2 55 a > ) is constant in radial directions. But lim; g g(a@ ai)hx 0, again since

9ij(0) = 6;5. Thus g(ap, 95;) = 0 everywhere. 0

PrROOF OF THEOREM 17.3. Let v(¢) (0 <t < 1) be any curve with v(0) = p and (1) =
Suppose first that v(t) € Exp,(B,-(0)\{0}) for 0 <t < 1. In geodesic polar coordinates

. .0 .0
V=by, Zj:¢]8¢j
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thus g(¥,%) > |p|> with equality if and only if ¢; = const. It follows that

1
L(y) = /Og("m)l/2 dt
1
> /!bl di
0
1
> /pdt
0

= p(1)=r,
with equality if and only if ¢; = const and p > 0 for all . Clearly, curves leaving the set
Exp,,(B;(0)) for some time ¢ € (0,1) will be even longer. O

COROLLARY 17.5. Let p,q € M. Suppose there exists a piecewise smooth curve v : [0,1] —
M of length d(p,q) from p to q. Then v is a reparametrization of a smooth (!) geodesic of
length d(p, q).

PROOF. Since 7([0,1]) € M is compact, the infimum of the set of all injectivity radii
i) (M) is strictly positive. Let € > 0 be smaller than this infimum. Then for any two points
on the curve, of distance less than €, the unique shortest curve connecting these points is the
geodesic given by the exponential map. In particular, v must coincide with that geodesic up
to reparametrization. O

We are now ready to prove the Hopf-Rinow theorem. We recall that a sequence x,,, n =
1,...,00 in a metric space (X,d) (where d is the metric = distance function) is a Cauchy
sequence if for all € > 0, there exists N > 0 such that d(z,,z,,) < € for n,m > N. In
particular, every convergent sequence is a Cauchy sequence. A metric space is called complete
if every Cauchy sequence in X converges. For instance, every compact metric space is complete,
while e.g. bounded open subsets of R™ (with induced metric) are incomplete.

EXERCISE 17.6. Show that every Cauchy sequence is bounded. That is, there exists p € X
and R > 0 such that z,, € Br(p) for all n.

THEOREM 17.7 (Hopf-Rinow). A Riemannian manifold (M, g) is geodesically complete, if
and only if it is complete as a metric space. In this case, any two points p,q may be joined by
a smooth geodesic of length d(p,q).

ProOOF. We may assume that M is connected.

Suppose M is geodesically incomplete. That is, there exists a mazimal unit speed geodesic
v : (a,b) — M with b < co. Since d(y(t;),v(t;)) < [t; — t;], it follows that the sequence v(¢;)
for t; — b is a Cauchy sequence. On the other hand, this sequence cannot converge since 7(t)
leaves every given compact set'? for ¢ — b.

Thus we have found a non-convergent Cauchy sequence, showing that M is incomplete as
a metric space.

The other direction is a bit harder: Suppose M is geodesically complete. Pick p € M. We
will show that every closed metric ball B,(p) is compact, which implies that M is metrically

Mpor any compact set K, there exists € > 0 less than the injectivity radius of any point in K. Hence, unit
speed geodesics for points starting in K exist at least for time e.
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complete (Any Cauchy sequence is bounded, hence is contained in B, (p) for r sufficiently large.
Any Cauchy sequence in a compact set converges.) By geodesic completeness, the exponential
map

Exp,: T,M — M
is defined. It suffices to show that for all > 0,

Exp,(B:(0)) = Br(p),

where B,.(0) C T,M is the ball of radius r for the inner product g,. Indeed, B,(0) is compact,
and images of compact sets under continuous maps are again compact. The inclusion C is
clear; the harder part is the opposite inclusion B, (p) C Exp,(B;(0)). Let

H={r>0] Exp,(B-(0)) = B;(p)}-
We have to show H = [0,00). We first show that H is closed. Let r,, € H with lim,, o 7, = 7.

We have to show r € H. Given q € B,.(p), choose ¢, € B, (p) with ¢, — ¢. Choose

vp € By, (0) with Exp,(v,) = gn. Since B, (0) C B,(0) which is compact, there exists a
convergent subsequence. Let v € B,(0) be the limit point; then Expp(v) = ¢. Since ¢ was
arbitrary, this shows r € H.

We next show that if € H then r + ¢ € H for € > 0 sufficiently small. Since H is closed,
this will finish the proof H = [0,00). Let ¢ € Br1c(p).

Choose 0 < € < ig(M) := infef i,(M), where K is the compact subset K = B,.(p). Thus,
for any x € B,.(p) with d(z,q) < €, there exists a unique geodesic in M joining x, g, of length
d(x,q). To find such a point x, choose a sequence of curves v, : [0,1] — M connecting p, q, of
length < d(p,q) + L. Let t,, € [0,1] be the smallest value such that @, = v, (t,) € 9B, (p). We
have

A(p,0) < d(p,w0) + d(n,4) < L) < dlp,a) + -

Since B,(p) is compact some subsequence of the sequence z,, converges to a limit point = €
0B, (p), with

d(p, ) + d(z, q) = d(p, q).

Since d(p,q) < r + € and d(p,z) = r, this implies d(z,q) < e. Choose v € B,(0) with
Exp,(v) = p.

Since d(x,q) < €, there exists a unique unit speed geodesic of length d(z,q) from x to
q. Together with the unit speed geodesic Exp,(tv/r), we obtain a piecewise smooth curve of
length d(p, q) from p to gq. As observed above, it is automatic that this curve is smooth, hence
a geodesic. It hence coincides with the unique continuation of the geodesic Exp,(tv/r). It
follows that Exp,,(7) = ¢ for

L — (14 ¢/r)v € Bree(0).

H=
O

Note that we didn’t quite use geodesic completeness in the proof: We only used that Exp,
is defined on all of T, M. One might call this geodesic completeness at p. What we’ve shown is
that geodesic completeness at any point p implies geodesic completeness everywhere.
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18. The curvature tensor

An affine connection V on a manifold M is called flat if, around any point, there exist
local coordinates in which all Christoffel symbols of V vanish. A (pseudo-)Riemannian metric
is called flat if the corrsponding Levi-Civita connection is flat.

Flatness of a connection implies that parallel transport along a path does not change
under l-parameter variations of the path. In practice, the definition is not always easy to
verify, mainly because Christoffel symbols may vanish in one coordinate system and be non-
zero in another. One is therefore interested in invariants of a connection: That is, quantities
constructed from the connection whose vanishing does not depend on a choice of coordinates.
One such example is the torsion T(X,Y) = Vx(Y) — Vy(X) — [X, Y] of a connection: Recall
that by C°°-linearity, it defines a bi-linear map T : T,M x T,M — T, M, and clearly T" has
to vanish for any flat connection. A second invariant is the curvature operator to be discussed
Nnow.

DEFINITION 18.1. For vector fields X,Y one defines the curvature operator R(X,Y) :
X(M)— X(M) by
In short, R(X,Y) = [Vx,Vy] = Vixy]-
THEOREM 18.2. The map (X,Y,Z) — R(X,Y)(Z) is C*°(M)-linear in X,Y, Z. It follows
that for u,v € T,M, there is a well-defined linear map Ry(u,v) : Ty,M — T,M such that
Ry(u,v)(w) = (R(X,Y)(Z))yp
whenever X, = u,Y, =v,Z, = w.
PROOF. R is C°°(M)-linear in Z: For all f,
VxVy(fZ) = fVxVyZ+X()VyZ+Y(/)VxZ+ XY (f))Z,
VWwVx(fZ) = fVyVxZ+Y(/)VxZ+ X(f)VyZ+Y(X(f))Z,
Vixv(f2) = fVixyZ+[X.YI(f)Z

Subtracting the last two equations from the first, we find R(X,Y)(fZ) = fR(X,Y)(Z) as
desired. Similarly one checks C'°°(M)-linearity in X,Y. O

(C°°-linearity of the curvature operator implies that in local charts, R is determined by its
values on coordinate vector fields. We can thus introduce components Rl ik of the curvature
tensor, defined by

0
R R
(axz axj 8:ck. Z ”kaxl
These can be expressed in terms of Christoffel symbols. We find, after short calculation,

ort. ot
l Jjk ik r l
Rijk N 8$Z B 8.1‘j + Z (F kr F F )

r

Recall that this complicated expression appeared in the proof of Gauss’ theorem egregium in
the curves and surfaces course, but it was somewhat unmotivated back then!
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Since R has four indices, the curvature tensor seems to give (dim M)* invariants of a
connection. In reality, the number is much smaller, due to symmetry properties of the curvature
tensor. First of all, it is of course anti-symmetric in X, Y. More interesting is:

THEOREM 18.3 (Bianchi identity). Suppose V has vanishing torsion. Then
RX,Y)Z+R(Y,Z)X + R(Z,X)Y =0.
That is, in local coordinates, Rijk + Ré’ki + Rﬁ”j =0.
ProOF. We show that the left hand side vanishes at any given p € M. Let Exp, :
B,.(0) — M be the exponential map, where r < 4,(M). Introduce normal coordinates on
U = Exp,(B;(0)) = B(p). Then all Christoffel symbols Ffj vanish at 0, and we have (at 0)

l l l l
I _ arjk . arék + al_‘gci . arjz‘ + an’j _ 8ij'
kij 6%‘ 8xj 8:Cj &Tk (%ck aTi

In the torsion-free case, this vanishes since the Christoffel symbols are symmetric in the lower
indices. u

[ l

EXERCISE 18.4. Give a coordinate-free proof of the Bianchi identity.

Suppose now that g is a (pseudo-)Riemannian metric and V the corresponding Levi-Civita
connection. For vector fields X,Y, Z, W define the curvature tensor of g by

o) el a Js]
In components R;j. = R(axi, a5 Do 87;) we have,

Rijii = > Rijt9n-
T

THEOREM 18.5. The curvature tensor has the symmetry properties,
R(X,)Y,Z,W)=-R(Y,X,Z,W)=—-R(X,Y,W,Z)=R(Z,W, X,Y)
and
RX,Y,Z, W)+ R(Y,Z, X, W)+ R(Z, X, Y, W) =0.

PROOF. The last identity is just re-stating the Bianchi identity. Anti-symmetry of R(X,Y, Z, W)
in the first two entries X,Y is obvious from the definition. To prove anti-symmetry in the last
two entries, it is enough to show that R(X,Y,Z,Z) =0 for all X,Y,Z. We have,

R(X,Y,Z,2) = g(VxVy(Z),Z)—9(VyVx(2),Z2) —9(VixvZ, Z)
= Xg(Vv(2),2) - 9(Vy(2),Vx(2)) =Y g(Vx(2),2) + 9(Vx(Z),Vy(Z))
—3[X,Y)9(Z,2)
= Xg(Vv(2),2)-Y g(Vx(2),2Z) - 3[X,Y]g(Z, Z)
= 3(X(Y9(2,2)-Y(Xg(2,2)) - [X,Y]g(Z,2))
= 0.

It remains to prove R(X,Y, Z, W) = R(Z,W, X,Y). In fact, this is a consequence of the other
symmetry properties, although in a rather non-obvious way. First, one adds the four equations
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obtained from the Bianchi identity R(X,Y,Z, W)+ R(Y,Z, X, W) + R(Z,X,Y,W) = 0 by
interchaning W with X,Y, Z. This gives
R(X,Y,Z,W) + R(Y, Z, X,W) + R(Z, X,Y, W)
+ RW,Y,Z,X)+R(Y,Z,W,X) + R(Z,W,Y,X)
+ R(X,W,Z,Y)+R(W,ZX,Y)+R(Z X,W,Y)
4+ R(X,Y,W,Z)+R(Y,W,X,Z) +R(W,X,Y,Z) =0,

Using anti-symmetry in the first two entries and the last two entries, we obtain some cancella-
tions and find,

R(WW,X,Y,Z)+ R(W,Y, Z,X)+ R(W, Z,X,Y) = 0.

Using the Bianchi identity again, we have

R(Z,X,W,Y) = —R(W,ZX,Y)— R(X,W,Z,Y)
— RW,Y,Z, X).

EXERCISE 18.6. Prove anti-symmetry of R(X,Y,Z, W) in Z, W in local (normal) coordi-
nates, similar to our proof of the Bianchi identity.

d

19. Connections on vector bundles

In this section we define connections on vector bundles E — M be a vector bundle. (We
are mainly interested in £ = T'M, but other bundles will appear as well.)

DEFINITION 19.1. A connection (covariant derivative) on E is a bi-linear map
V:X(M)xT*®(FE)—T>*FE),(X,0) — Vxo,
such that V is C°°-linear in the X variable and
Vx(fo) = fVxo+ X(f)o

forall fe C®(M), X € X(M), o0 € *°(E).

DEFINITION 19.2. The curvature operator corresponding to the connection V is the linear
map R(X,Y): I'°(F) - I'*°(FE)

R(X,Y)=VxVy - VyVx - Vixy]

As for affine connections, the curvature operator R(X,Y) is in fact a C'°°-linear map, and
moreover is C'*°-linear in X, Y also.

19.1. Connections on trivial bundles. Let us first consider the case of a trivial vector
bundle, E = M x R*. Let eq,...,e; be the standard basis of R¥. These define “constant”
sections €, ..., €, of M x R, and the most general section has the form,

o= g Ou€q-
a
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where the o, are functions. It is immediate that
XO' = ZX Oa)€

defines a connection. This is called the trivial connection on the trivial bundle E = M x R,
Now let Vx be any connection. Define a map

A: X(M) — C®°(M,End(R¥)), X — A(X)
by
Vxo = V%o + A(X)o.
Thus A(X) is a matrix-valued function on M, measuring the difference from the trivial con-
nection. Letting Aq,(X) be its components, we have

Vxo = ZX(aa)ea + ZAab(X)Jb €q-

That is,

(Vx0)a = X(0a) + Y _ Awp(X)0s.
b
Notice that the map X — A(X) is C*°(M)-linear. Conversely, every C°(M)-linear map
of this form defines a connection. That is:

PROPOSITION 19.3. The space of connections on a trivial bundle E = M x RF is in 1-1
correspondence with the space of C>(M)-linear maps, X(M) — C°°(M,End(RF)), X — A(X).
Under this correspondence, the map A defines the connection

Vx = V% + A(X).
One calls A the connection 1-form of the connection V.
Suppose now that e, € T'°°(M, R*) is a new basis of the space of sections. That is,
€a = ba

where the matrix-valued function g with coefficients g, € C°°(M) is invertible everywhere.
Let o/, denote the components of o in the new basis, i.e.

/
Oq = Gab0Tb-

Define the connection 1-form A’ of V in the new basis by

Vxo =) (X +ZA )abTh)€

a

We have €, = >, (97" )pats, therefore

X(00) + > AX)aop = Z( +ZA’ )abTh)
b
= cha ZgabX O'b +ZX gab Ub+ZA abgbco'c

= Uc + Z ca gab + Z gca abgbdad-
abd
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Comparing, we read off, using matric notation,
AX) =g A(X)g + 9 X(9),

or equivalently,

A'(X) = gAX)g™ — X(9)g™ "
In the theoretical physics literature, connections are called gauge fields, and sections of (possibly
trivial) bundles E are called particle fields. The change of basis using ¢ is called a gauge
transformation, and the above formula is called the gauge group action of C*°(M, Gl(k,R)).

EXERCISE 19.4. Show that the curvature operator R(X,Y) on E x RF transforms according
to
R(X,Y) = gR(X,Y)g .

Give a formula for R in terms of connection 1-forms.

19.2. Connections on non-trivial vector bundles. This discussion carries over to
more general vector bundles, as follows. Let End(E) — M be the endomorphism bundle of E,
with fibers End(E), = End(E,) the vector space'® of endomorphisms FE, — E,. The space of
sections of End(F) is isomorphic to the space of C°°(M)-linear endomorphisms of the vector
space I'™®°(E):

[°°(End(E)) = Endgee(ap) (I'°(E)).
A connection gives a linear map Vx € End(I'*°(E)), which is not C*°(M)-linear. However,
the difference between any two connections is:

A(X) = Viy — Vx € Endge(a) (T(E)) = I*°(End(E)).

Conversely, if Vx is any connection, and is
X — A(X) € T*°(End(FE)) is C°°(M)-linear, then V’y = Vx + A(X) defines a new
connection. This proves half of:

PropPOSITION 19.5. Every vector bundle E admits a connection V. The most general
connection is V'y = Vx + A(X) for some C®(M)-linear map, A : X(M) — I'*°*(End(E)).

PROOF. Any local trivializations E|y = U X R* defines a connection Vi on E |U coming
from the trivial connection on U x R*. Let U, be a locally finite open cover of M, with local
trivializations of F|y,_, and let V¢ be the corresponding local connections. Let y, be a partition
of unity, and define

Vx(0) = xaV&(olv,)-
(6
This has all the properties of a connection. O

Let Ely, = U, % R¥ be a local trivialization. Thus V becomes a connection on U, x R¥,
described by some A,(X) € C%®(U,,End(R¥)). The maps X +— A, are called the local
connection 1-forms for V. If U, is a coordinate chart, with local coordinates x1 ..., T, Aq is
described by m matrix valued functions

A“(aaxi) € C*°(U,, End(R")).

151n fact, each fiber End(E,) is an algebra, and accordingly End(E) is an example of an algebra bundle.
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The components

0
= (Ag)ap(—
ia ( ) b(&rz)

are also called the Christoffel symbols of the connection with respect to the given local coordi-
nates.

19.3. Constructions with connections. Given a vector bundle E, let E* be its dual
bundle. There is a natural pairing of the spaces of sections,

(-,) : T(E") x I°(E) — C®(M), (1,0)p = (Tp,0p) = Tp(0op).
In other words, I'*°(E*) is identified with the space of C*°-linear maps I'*°(E) — C*(M).

PROPOSITION 19.6 (Duals). For any connection V on E, there is a unique connection V*
on E* with property,
X(r,0) = (VXxT,0)+ (1,Vx0).
PrOOF. Try to define V* by this equation:
(VxT1,0) = X(1,0) — (1, Vx0).
For f € C*°(M) we have,
X{fr,0) = {f1,Vx0o) = (X(f)T,0) + f(X(7,0) = (1, Vx0))
Showing that Vi (f7) = X (f)7 + fV%T as desired. O
If £, E' are two vector bundles over M, we can form the direct sum F @ E’, with
I(E®E)=T"E)®T*F).
PROPOSITION 19.7 (Direct sums). If V is a connection on E and V' a connection on E’,
there is a unique connection V & V' on E & E' such that
(VoV)x(c®d)=Vxod Vo
Finally, recall that if E is a vector bundle over M, and F € C°°(N, M) a smooth map

from a manifold N, we define a pull-back bundle F*E with fibers (F*E), = Ep(,. Its space
of sections I'°(F*E) is generated (as a C°°(N)-module) by the subspace F*I'*°(E).

PROPOSITION 19.8. Let E — M be a vector bundle with connection V, and F € C*>°(N, M).
Then there is a unique connection F*V such that for allc € T'°(E), ¢ € N, w € TyN

(F*V)u(F*0) = Vi, 50
PROOF. Exercise. O

The pull-back connection F*V can be desribed in terms of connection 1-forms: If E|y =
U x R* is a local trivialization of E, and X + Ag(X) the connection 1-form of V in terms

of this local trivialization. Then we obtain a local trivialization F*E|p-1 gy = F~Y(U) x R¥,

with connection 1-forms given by the pull-back forms, F*Ag,. ©

16Recall that € (M)- linear maps X(M) — C°°(M) are identified with sections of T*M, i.e. 1-forms, and
that there is a natural pull-back map F*I'*°(T*M) — I'*°(T*N) given by (F*a), = (T4 F)" ap(g)-
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19.4. Parallel transport. Suppose F is a vector bundle over M with connection V, and
~v: J — M is any smooth curve. Sections of the pull-back bundle v*E are called sections of E
along . A connection V on F induces a pull-back connection v*V on v*E| and one can define
a covariant derivative along vy by
D 00 [ * 00 [ * Do L *
o ITOE) = I®(E), o =0"V)ao
A section ¢ along +y is called parallel if %‘Z =0.
Suppose E|y = U x R¥ is a local trivialization of E with y(t) € U, given by a basis
€1,...,€6x € (U, E|y) of the space of sections. Then we can write

U(t) = Z Ua(t)(ea)w(t) € E’y(t)a

and the components of the covariant derivative is given by the formula,

(ll)?:)a = d;“ + zb:Aab(f'y)ab(t).

Furthermore, if U is the domain of a coordinate chart, defining local coordinates z1, ..., xg,
and 5
b
Fia = Aab(ail’i)

are the corresponding Christoffel symbols, the formula becomes,

Do Oa b .
(Dt) - dt + %:Fm:ciab(t).
K]

a

As for affine connections, one shows that for any given oy, € E, ), there is a unique parallel
section o(t) along v with initial value o(tg) = oy,. In this way, connections V define parallel
transport in vector bundles.

There is a more geometric way of understanding paralel transport on a vector bundle
7w : IF— M. Consider the tangent map T'n : TE — TM. Its kernel at u € E), is

ker(Tym) = Ty (Ep),
the tangent space at u to the fiber E,. It is called the vertical subspace
VuE =T,(Ey) C T,E.

Note that since E, is a vector space, T,,(E,) = E,. This means that we have a natural
isomorphism, VE = n*E (the pull-back of E to a vector bundle over E.).
Since the map T, : T, EE — T, M is clearly onto, it we have

TWE/V,E =T,M.
It turns out that every connection V defines a complementary horizontal subspace H,E C Ty, FE,
with
T.FE=V,F® H,E.

In fact, HE is a vector subbundle of T'F, called the horizontal bundle, and TE =V E ® HE.
In a coordinate free way, one may define H,E as follows:
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THEOREM 19.9. Let V be a connection on E. Given u € E,, there exists a section o €
['*°(E) with o = e and (Vo), = 0. The image
H,E :=Tyo(T,M)
1s independent of the choice of o.

EXERCISE 19.10. 1. Proof this theorem.
2. Given an alternative definition of H, F in local coordinates and using a local trivialization
of E: Show that the horizontal space in E = U x RF is spanned by all

0
. Z Fgaubea(p)

Note that it is impossible, in general, to choose o with 0, = u and Vo = 0 everywhere:
This is related to the problem that in general, distributions of rank > 2 need not be integrable.

One can characterize parallel transport in terms of the horizontal bundle HE C TFE as
follows: For any curve ¥(t) in M, and any given u € E, ), there is a unique curve o(t) in F
such that o(tp) = u and

TI'(O'(t)) = V(t)a o€ Ha(t)E

for all t. The curve o(t) is called the horizontal lift of v. Note that a curve o(t) projecting to
~(t) is the same thing as a section of E along .

The splitting TE = HEGVE = 7*"TM @V E given by V defines a horizontal lift of vector
fields:

Lifty : X(M) — X(E).

Here Lifty(X),, is the unique tangent vector in H,E projecting to X,,. The horizontal lifts of
integral curves of X are integrla curves of its horizontal lift Liftv (X ). Note that by construction,

Lifty (X) ~x X.
Hence if XY are two vector fields,
[Lifty (X), Lifty (V)] ~ [X,Y].

This shows that the vector field [Lifty (X)), Liftv(Y')] — Liftv ([X, Y]) must be vertical. That is,
it is a section of VE = n*E. What is this section?

THEOREM 19.11. For any u € E,, and any X,Y, we have

[Lifty (X), Lifty (Y)], — Lifty ([X, Y])u = R(X,Y), .
THEOREM 19.12. The following are equivalent:

(a) The curvature R of V vanishes.

(b) Horizontal lift X(M) — X(F) is a Lie algebra homomorphism.

(¢) The horizontal distribution HE C T'E is integrable.

(d) Parallel transport along paths is invariant under homotopies leaving the end points

fized.

We leave the proofs as exercises, or to be looked up in textbooks.



