LECTURE NOTES: RIEMANNIAN GEOMETRY
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1.1. Notes. .
In this lecture we follow Jost, [5l, Sec. 1.1].

p- 1: We assume in our lecture that the reader is familiar with basic
concepts of point set topology; note that Jost gives a quick summary of
most of the pertinent definitions on his [5, p. 1]. One basic concept which
Jost does not define, but which appears in his Def. 1.1.1 (= our Def. 1 on
p. 1) is the following: A topological space M is said to be connected if M
cannot be written as a union of two disjoint nonempty open subsets. One
can prove that a topological manifold is in fact path-connected, meaning that
any two points can be joined by a curveﬂ indeed see Problem . We will
use this fact a lot! (Path-connectedness is apriori a stronger property than
connectedness, i.e. for an arbitrary topological space, path-connectedness
implies connectedness.)

p. 1: Note that the requirement that a (connected) topological mani-
fold M should be paracompact is equivalent to M being second countabl(ﬂ
Slightly more generally: If M is any topological space which is Hausdorff
and locally Euclidearﬁ then M is second countable iff [M is paracompact
and has countably many connected components|.

Indeed, cf. math.stackexchange.com/questions/527642.

An example of topological space which is connected, Hausdorff, and lo-
cally Euclidean but not paracompact is the so called “Long Line”; see
wikipedial

p- 1: In Definition 1, the assumption that M should be Hausdorff is
certainly not redundant. For a simple example showing this, see the solution
to Problem [10

p- 2: A basic notion appearing here is that of a map in several real
variables being C*° (=smooth). We recall the definition here: If V' is an open
subset of R? then a map f : V — R™ is said to be C™ (m > 0) if, writing

f(x) = (fY(z),..., ")) and = (2,...,29), for every j € {1,...,n},
ke {0,...,m}and (f1,...,4) € {1,...,d}*, the partial derivative

ok fi(al,. .. 2%
axKI . o 8m£k

1A “curve” is by definition a continuous function from an interval I C R to a topological
space.

2Recall that a topological space is said to be second countable if it has a countable
base, i.e. a countable family U of open subsets of M such that every open subset of M is
a union of some sets in U.

3Sometimes one defines a topological manifold to be such a space, i.e. a topological
space which is Hausdorff and locally Euclidean.


https://math.stackexchange.com/questions/527642/
https://en.wikipedia.org/wiki/Long\_line\_\(topology\)
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exists and is continuous for all z = (2!, ...,2%) € V. (In particular f:V —
R™ is CO iff f is continuous.) Finally the map f: V — R” is said to be C*
if it is C™ for every m > 0.

In the situation above, f : V — R is said to be a diffeomorphism (onto
its image) if f is injective, the image W := f(V') is an open subset of R",
and the inverse map f~! : f(V) — V is also C*. In this situation we
necessarily have n = d.



2. TANGENT SPACES AND THE TANGENT BUNDLE
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2.1. Notes. .
In this lecture we follow Jost, [5l, Sec. 1.2].

p. 7, Def. 4: T most often prefer to use the notation “df,”, whereas Jost
writes “df(p)”. Example: Later we will work a lot with a certain map
“exp,” which is a C'°°° map from an open subset D), of T),M to M. We will
often consider the differential of this map at a point v € D,. Note that
this is a map T,,(D,) — T, expp(v)(M ), but as mentioned on p. 5 we identify
Ty(Dp) = T, M. Thus I most often write

“(dexpy)v : Tp(M) = Texp () (M)”

Xpp, (v

for this map, whereas Jost writes

“(dexp,)(v) : T,(M) — T, J(M)”.

Xp), (v

p. 7, Def. 5: Here we also wish to mention the concept of submanifolds
(cf. [5l Sec. 1.3]). We will not have time in the course to develop the basic
facts about submanifolds in any detail; however we state here the most
important facts. Cf. also, e.g., [2, Ch. I11.4-5].

Let N be a C'°° manifold. There exist some different notions of “sub-
manifolds” which are often considered. An immersed submanifold of N is
defined to be a subset M C N which is endowed with a structure of a C'*°
manifold such that the inclusion map i : M — N is a C*° immersion. Note
that in general the topology of M does not agree with the relative topology
of M as a subset of N! (Of course the topology of M must be at least
as strong as the relative topology, since i is continuous.) If the topology
of M agrees with the relative topology, then Jost calls M a differentiable
submanifold of N (this is often also called an embedded submanifold or a
reqular submanifold; cf. wikipedia).

Let n = dim N and take 1 < m < n. It turns out that an arbitrary subset
M C N has a structure as a differentiable submanifold of N of dimension m
if and only if for every p € M there is a C*° chart (U, ) of N such thatp € U,
©(p) =0, p(U) is an open cube (—¢, )", and o(UNM) = (—¢,¢)™ x {0},
furthermore the C°° manifold structure of M is then uniquely determined;
indeed a C'™ atlas is made out of all charts of the form (U N M, proy) with
(U, ) as above, where pr is the projection map R" = R™ x R"™" — R™.
(Ct., e.g., [2, Sec. IIL.5].)

Note that Jost’s [5, Lemma 1.3.2] gives an often convenient way to prove
that a subset of a manifold is a submanifold. We here repeat that result,
with a somewhat more precise statement of the conclusion: Let M and N
be C*° manifolds, and assume m = dimM > dim N =n. Letp € N, and
let f: M — N be a C*® map such that df, has rank n for all € M with
f(z) = p. Then each connected component of the subset f~1(p) C M is a
closed differentiable submanifold of M of dimension m — n.


https://en.wikipedia.org/wiki/Submanifold
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3. RIEMANNIAN MANIFOLDS
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3.1. Notes. .
In this lecture we follow (in some sense) Jost [5], start of Sec. 1.4].

p. 4 (in Def. 2, and many times later): Here we consider a “C* curve”
defined on the closed interval [a,b]. This raises a technical point: Recall
that a curve on a manifold M is simply a continuous function from an
interval (in R) to M. Similarly, a C*° curve on a C* manifold is a C°
function from an interval to M. If the interval is open then this is a well-
defined concept since Lecture #1, since an open interval is itself a (1-dim)
C*° manifold. However if the interval is closed (or half-closed) then the
interval is no longer a C*° manifoldﬂ and so we need to define the concept
here. Thus: A function f : [a,b] — M is said to be C° if f is continuous, and
the derivatives of all orders exist (at the endpoints a and b the appropriate
one-sided derivatives exist)ﬂ and are continuous on all [a,b]. It turns out
that this is equivalent to requiring that f can be extended to a C*° function
from the open interval (a —e,b+ ¢) to M, for some € > 0. For the proof of
this equivalence, one immediately reduces to the case of M = R?, and there
it follows from a lemma of Borel (cf., e.g., wikipedia).

We also need to extend the above definition to higher dimension, since
later in the lecture we consider “C* variations” of a curve (and in later
lectures we may also consider multi-parameter variations). Thus we define:
A map

fila,b] x (—e1,e1) X o X (—em,em) = M

is said to be C'™ if all partial derivatives of all orders exist (for any derivative
wrt the first variable, we consider the appropriate one-sided derivative when
at an endpoint) and are continuous throughout [a,b] x (—&1,61) X -+ X
(—€m,em). Again by using the lemma of Borel mentioned above, one can
prove that this is equivalent to requiring that f can be extended to a C'°
function from the open set (a —e,b+¢) X (—€1,€1) X -+ X (—€m,Em) to M,
for some € > 0.

p. 4 (bottom): Here I plan to mention the concept of isometry in passing,
without writing out the definition. See [5, Def. 1.4.5]; of course you should
learn this definition!

p. 8, as stated here, we make (just as Jost, is seems) the simplifying
assumption that all of v is contained in a single coordinate chart. However
this is not necessary for the derivation of the Euler-Lagrange equations, and
the key fact to see this is the following: By linearity, for any given covering

4it is not even a topological manifold; however it is a C* manifold with boundary (cf.,
e.g., [2, Ch. VI1.4]), but we won’t introduce this concept in this course.

50f course we mean: “With respect to any C°° chart on M containing the point under
consideration”. — Our presentation here is somewhat sloppy, since anyway the main point
we wish to make is that: “There is no serious complication involved and we will generally
not worry about this technical issue”.


https://en.wikipedia.org/wiki/Borel's_lemma
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of [a,b] by open intervals I,...,I,, we have %E(’y(',s))szg for all proper
variations of ~y iff for each 7, %E(7(~, s))s=o holds for all proper variations
of v trivial outside I;. We do not discuss this in further details, since we
will anyway rederive the Euler-Lagrange equations again later in the course,
working in a more intrinsic (coordinate independent) language.
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4.1. Notes. .
In this lecture we continue to follow (in some sense) Jost [5, Sec. 1.4].

p. 1: For the proof of Theorem 1 we refer to the following basic theorem
of analysis; this theorem plays an important role at several junctures in the
development of the foundations of C'*° manifolds.

Theorem (Existence theorem for ODEs; cf., e.g., [7, Ch. IV] or [2, Sec.
IV.4].) Consider the equations

dz’ :
(1) Cixt :fl(t7x)7 f‘o/’/1 izl""?”?
where f1,..., f" are given real-valued C” functions (r > 1) on I. x U, with

U C R" being an open set and € > 0, I, := (—e,&). Then for each x € U
there exist 6 > 0 and an open neighborhood V' of x, V. C U, such that
there exists a C" function x : I x V. — U such that for each a € V we
have x(0,a) = a and, writing z(t,a) = (x'(t,a),...,2"(t,a)), the function
t— x(t,a) satisfies foralltels, acV.

Uniqueness: Any solution to s unique in the following strong sense:
If I, J C R are two open intervals both containing 0, and if

(i) x:I—U isC' and satisfies foralltel,
(i) Z:J— U is C' and satisfies forallte J, and
(#ii)  (0) = z(0);

then T(t) = z(t) for allt € INJ.

Remark: In this course, we will only apply the theorem with r = o0, i.e.
dealing only with C'*° functions.

In order to prove Theorem 1 (on p. 1 in the lecture), after passing to local
coordinates the task is to prove existence of solutions to the ODE

#(t) 4+ T (x(t) - &' (1) * () = 0.

In order to be able to apply the above existence theorem, one first applies

the standard trick of vieweing also 4!, ..., 4% as unknowns to be solved for
(we call these unknowns y', ...,3%). Thus one studies instead the system of
2d equations

i (t) = o (t) G=1,....d):

7 () = —Th(=(t) - y' ()y" (1) (j=1...,4d).

This system is of the form above, with [new z] = (x!,... 2% y', ... y?),
thus n = 2d. For further details, cf., e.g., Boothby [2, Lemma 5.4].
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p. 5, Theorem 3: We remark that the largest possible r > 0 which works in
this theorem is called the injectivity radius of p, i(p). (It is not immediately
clear that this definition of injectivity radius agrees with the one in Jost, [5],
Def. 1.4.6]; however we will prove later that the two definitions agree, as an
application of the theory of Jacobi fields.)

p- 5: In the proof of Theorem 3 we refer to:

The Inverse Function Theorem: Let M, N be C* manifolds of the same
dimension, let f: M — N be a C*° function, and let p € M. Assume that
the linear map df, is nonsingular. Then there exists an open neighborhood
V' of p in M such that f(V) is open in N and fjy is a C* diffeomorphism
of V onto f(V).



5. GEODESICS: HOPF-RINOW ETC.
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6. THE FUNDAMENTAL GROUP. THE THEOREM OF SEIFERT-VAN KAMPEN
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6.1. Notes. .

In this lecture we follow Hatcher, [3, Ch. 1.1-2]. Note that this book is
freely available from |Allen Hatcher’s web page. (In our lecture, “t” and
“s” have switched roles versus Hatcher’s presentation, since we follow Jost’s
usage. )

p. 2: The fact that m1 (X, x¢) is indeed a group is [3, Prop. 1.3]; the proof
occupies most of [3, p. 27]. (Regarding the proof of [y] - [J] = e; see also
http://mathworld.wolfram.com| for an animation illustrating this fact.)

p- 3, here we mention the fact that 71 is an invariant that only depends on
homotopy type, i.e. if X and Y are homotopy equivalent then w1 (X) = w1 (Y)
[3, Prop. 1.18]. Unfortunately we won’t have time to introduce and discuss
the notion of “homotopy equivalence” [3, p. 3] in the course, and I will
simply say that intuitively speaking, two spaces are homotopy equivalent if
they can be deformed continuously into one another. This means that some
of the material in this lecture stands on a less firm ground than most of the
other (non-expository) material in the course. For example, on p. 9 in the
lecture, the reason for m1(A1) = Z is that A; is homotopy equivalent with
S1: similarly on p. 10 we have 71 (C' N D) = Z for the same reason.

p. 3, bottom: Regarding the fact that 7(7?) = Z x Z, again see
http://mathworld.wolfram.com for an animation illustrating the fact that
[a] - [b] = [b] - [a], where [a] and [b] are the two standard generators of 1 (T2).

p.- 8 Note that we never give a careful definition of the “genus” of a
surface in this course; we’ll simply say (e.g.) “a compact surface of genus
g is any surface that can be obtained as the connected sum of g tori. (Cf.
Wikipedia: Connected sum and here.)

pp. 8-10: Let us note that the computation of 71 (X) which we give here is
basically the same as in [3], p. 51 (above Cor. 1.27)], although we do not make
use of notions such as cell complexes, wedge sums and homotopy equivalence.
(As extracurricular reading we recommend learning about these concepts
from Hatcher’s book!) Namely: Our open subset C C X is homotopy
equivalent to the CW complex consisting of a point (viz., a 0-cell) with 2g
1-cells attached to it; this is equivalent to a wedge sum of 2g circles, and
as discussed in [3, Ex. 1.21] van Kampen’s Theorem easily implies that its
fundamental group is a free group on 2¢g generators; this application of van
Kamplen’s Theorem is completely analogous to what we do on p. 9. Next
our discussion on p. 10 corresponds exactly to the proof of [3, Prop. 1.26(a)],
in the special case of attaching a single 2-cell to the 1-skeleton just discussed.


https://www.math.cornell.edu/~hatcher/
http://mathworld.wolfram.com/FundamentalGroup.html
http://mathworld.wolfram.com/FundamentalGroup.html
https://en.wikipedia.org/wiki/Connected_sum
https://en.wikipedia.org/wiki/Surface_\(topology\)#Classification_of_closed_surfaces
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Finally, as extracurricular material, we recommend reading Hatcher’s [3,
Ch. 1.3] about covering spaces. Covering spaces are very closely related
to fundamental groups, and they will appear later in the course when we
discuss classification of Riemannian manifolds of constant curvature. We
give below a brief summary of some of the most pertinent facts from [3],
Ch. 1.3], and indicate how they apply to (C* or topological) manifolds, as
opposed to general topological spaces.

A covering space of a topological space X is a topological space X together
with a continuous map 7 : XX satisfying the following condition: Each
point x € X has an open neighborhood U in X such that 7=!(U) is a union
of disjoint open sets in X , each of which is mapped homeomorphically onto
U by m. It turns out that if M is a topological manifold, then also any
connected covering space M of M is a topological manifold, of the same
dimension (Problem [32(a)). Any additional structure carried by M is often
inherited by any covering space; for example if M is a C*° (or Riemannian)
manifold then also M gets equipped with a natural structure of a C* (resp.,

Riemannian) manifold, such that 7 is a local diffeomorphism (resp., local
isometry); cf. Problem [32|b),(c).

Two covering spaces m; : ]\71 — M and my : MQ — M are said to be
isomorphic if there is a homeomorphism h : ]\71 — ]\72 satisfying m = mooh.
An isomorphism of a covering 7 : M — M with itself is called a deck
transformation. If M is a C* (or Riemannian) manifold then each deck
transformation of 7 : M — M is a diffeomorphism (resp., an isometry) of
M onto itself@

Any topological manifold M has a universal cover, i.e. a covering space
7 M — M with M stmply connected. The universal cover is unique up to
isomorphism [3, Prop. 1.37]. If 7 : M — M is a universal cover then given
any two points pi,po € M with w(p1) = w(p2), there exists a unique deck
transformation of 7 : M — M which maps p1 to po. The set of deck transfor-
mations of 7 : M — M clearly forms a group under composition, and after

6proof: Suppose that M is a C'°° manifold; then also M has a natural C*° manifold
structure, as mentioned above. Suppose that A : M — M is a deck transformation, and
let p € M. Then since m(p) = w(h(p)), there is an open neighborhood U of w(p) in M, and
two open sets ﬁl, U, in M, either disjoint or equal, such that p € ﬁl, h(p) € [72, and
maps each of 171, U, diffeomorphically onto U (cf. Problem b)) We can assume that U
is path-connected. Then by unique lifting property [3, Prop. 1.34], hg, = (71"[72)*1 O,
(since the two maps agree at the point p, and they are both lifts of the map i, ). Hence
h\ﬁl is a diffeomorphism, being a composition of two diffeomorphisms. Since each point
pE M has such a neighborhood U, (and we know from start that h is a homeomorphism
of M onto itself ), it follows that h is indeed a diffeomorphism of M onto itself. The proof
in the Riemannian case is completely similar.
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fixing a point py € M and setting py := 7(pp), one obtains an identifica-
tion between the group of deck transformations and the fundamental group
m1(M,po) [3, Prop. 1.39]. In particular, with this identification, m (M, po)
is a subgroup of Homeo(M), the group of homeomorphisms of M. Now for

any subgroup I' of 71 (M, py), the quotient manifold F\M (cf. Problem |§|
is a covering space of M, and this gives a bijective correspondence between
the family of all isomorphism classes of connected covering spaces of M, and
the family of conjugacy classes of subgroups of w1 (M, pg) [3, Thm. 1.38]. In
particular we have an identification

M = 7y (M, po)\ M.

"Problem @vapplies, since w1 (M, po) can be verified to act freely and properly discon-
tinuously on M. Indeed the fact that the action is free is an immediate consequence of
the unique lifting property, [3l Prop. 1.34]. In order to prove the proper discontinuity,
let K C M be a compact set. Then also m(K) is compact, and so 7w(K) can be covered
by a finite family of connected open sets Un,..., U, such that each U; has the property
that 7T71(Uj) is a union of disjoint open sets in M each of which is mapped homeomor-
phically onto U; by w. Since K is compact, it follows that K can be covered by a family
of open sets [Nh, e Upn such that for each je{1,...,m}, uhs is a homeomorphism of
U, onto Uy for some k = k(j) € {1,...,n}. Note that for any two j,j € {1,...,m}
with k(j) = k(j'), there is exactly one deck transformation v € mi (M, po) satisfying
v(U;) NUj» # 0. (Indeed, take p € U; with v(p) € Ujs; then m(p) = m(y(p)) since v is
a deck transformation, and thus v(p) = (W‘U})_l omuy, (p). Hence vy, = (W‘U})_l oM,
(cf. footnote @) Therefore if 7,7 € w1 (M,po) both satisfy v(U;) N U;r # 0 and
Y (U;) N U # 0, then 'YllUj = Yu,, and so by the unique lifting property 7' = v.)
Let us call the deck transformation whose uniqueness we have just proved v[j,j']. Then
{yem(M,po) : v(K)NK #0} C {v[4,5] : 5,5 €{1,...,m}, k() = k(j")}, which is a
finite set. Done!
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7. VECTOR BUNDLES



#7 Vector budles

De £ / A /Cw) Vecker bwdle  of  ronk nS A
triple /E,n,./‘fl) W where E and /M
are (° modifells and E-sM s a % mp, and

(’) VxeM: _é_:__é= n7(x)  (the fhe over X [s P;zwﬁoec!
Wth o sbeuctwe of an  p—dim  vector gpace oVRS /{),
(2) VxeM: Thae exist an open set UcM wmth xe€U
cnd o dtommphisn 97U 25 UxR such tht |
A ﬁ”j::‘ﬂgj s a Aﬂetﬁm ELl'—/\éfj)zx/f\’q” i th PGty (3 rear

A’D_Sucj/ fa?r {U,({) IS

called o bundle chart,




__E____. ® TM_ is @ Vectr budle owr M
of Fan/( = c[:‘m M.

. E:_ M X/RA TS a. Vec‘f’#f‘ éuno/(e ovel M 0{ (’bdlk n

— trviel  Vector  bundle,

* M&bius hondle over S': F = [0,/] X /K/\/
, de
where (a,h) Nfcﬂ() é——f) [{a,c}:{&f} and As-JJ

n: E—>S' |
7'((“,1‘) = (Cos (232&)/ S?n(2kq))

T/’\?S Vecter AUAJ(G )S
net trivial,

— See Pf'l’{eﬂ\ 3;, .




e e T

}Moﬁe 5enefauj, m/%mwémﬂe c;;;z-: o€ a

ks Map E—-M (W/mfe E M o C” paamtolds)

E éU\c( a C‘oq /V\o.ni-@,/J F s ﬁAe §'b°~”£1af°/ é‘gf’f

/) SJ“C‘f\ that 7[” e"@j x €M there exist oa open Set

r‘ U <M  wth X€U oad c‘t\\p{éomwpﬁism
) p: 72"/(/) = (UxF  such that ProoyY =n.

/} T/\us IOCQ.My T E“’M looks b/(e M x F ﬁ) M

o ths loguage, o vectwr bundle of rwk o 13
a  1iber buadle with stoaderd &G her K"

”H\e Scwme as

and  steuctwe gqcoup Gl IR)

we don’ t <K,<l(u.?4 f/\h Oew
‘M“j retun  f= it /uutq[j




‘, De{ 2 Lot /E, n /"1) be a vecter A\mc(/e, A ELW
ot E fs a (7 myp s:M—>E  wih ROS:Q'
The set of all sections of E s colled E

E |
i ‘T/(us.‘ To 3?ve a Section S & /—E Meens
R\l 55 Cl\avs‘i‘nj one Vector (g//o)égﬁ) in ‘é/m
M ‘Q\QU agef /0/ 'FU( Qa(‘/\ /a é"M’

No'&e,: ]—E s  a CMM —Moal«/e: 4/

Wff"be F = C%M

Na,me(j, 407" Mj SLS"Z & FE/ afso g'-fgz/_'g

pointwise addit

ond bor Mj < F ovid Sé/"é\/ - KS&“/"E’

/J\-—J—r/\/—\’\
LPU?aWse U /b”dbiufﬁ |

is  called o vectr Gel.




D@{\ jo /4 hund le }\O‘MOMG’QOA(.CM A('twee/) two Vedrar‘

bundles owver M, (E., n, M) and /[;2/)22,/\4)/
is a (7 map h: £, —> E, such that

<11% 'pwm and ¢

]S é?/wqf/ b/,ﬁéM

—Now it is alsoe clear Whet a bundle fSOMG’fIO/‘7S’“ is!

(&; On f’ 7/ ‘(ﬂ ! R‘(/U) /; UYﬁn IS a Luﬂc/(? T.SdMor/ok?'SM)

Det Y: A sibburdle of a wector bude (En M of
mk;n s« Subset E°CE  such that fer
every peM tlere is a budle chart (Ug) for €
such tht peU and }f/Eon“‘/U)) — UxR7

'GJK Some M SN,

!; [l W )A,».Iin ul
L—)“\CL rioniem Tl /
e



/\/ex‘t we w)(/ cle-ﬁ‘f\e QUU~A%C& 0\[ o, Veclor éwu[r«e,

, This we will use a lot (cber ey,
\L\ ac onJesici

Let  £:MoN de a (7 map [with MA C% ot
and et /E, n, N) be a vectwr bundle
We wl  deGoe &« vector bundle (F*E n M)

\{/ﬁ pid 1/1[*5 e U E “
M { N /’EM (((0)

o (<

“Aawa.ver 1‘;'/\?5 s ok anfj
i€ £ s 7/8(9(:6’\/6'

Det $: As a set *‘*5-‘4@/@?6/4,VG%JCM%
ond /ﬁ':/sr, e - M
| B(MJ(E C!;og/‘tg: For Mﬂ buod le CACAF'C' (U/z{) &(E;)‘I/N)}

:(P“IKUJ, @ s « LM\J/’e chart for F*E/H/Nl

e g ) o £
Glpw) 2= (b prlev)

Well-detined: see Prables 2




Sf)é@ql case ; /T[ M 75 an (1 Mmessed S‘ULAMQANQ/J 0‘{ /\/

1€ f:Me— N s an “,./(J’-ec(w‘ve jmme rsiod, then
XE x u £

{¥E  can be defhaed as e - ngeﬂf <o
wite  E,  for ATE [fat lest if M <N

- ond {ZMC(ULSFM o,

VQIB common E/U ‘@7{“ U open C/\/

—_E_)_(, i Move genern{ pofen of "Luadle lscmmaﬂ'()/ﬁff‘ﬂ:
For 1[? M—N C% as aéove/ and 3 iven Vecter
hundle s (E“)L“M) and /52,712/ /\/)/ A
bundle /\cmamafp/ﬁsm als ng £ ’s o« e Map
h: E.—= E, such that Tyeh= {on, and

l\f:: })'[E(,f ; Eﬂ,f - Ez,{m) s __.,,Z'QMQ/,\ V/A €M,
b
E, —E& Exa.mfle J\[ TM— [N
, »
/\‘{1' _{_> /{/(R s @ L\(/J)c!(e l\omvmd)d/\lm
Now, thee is « canant col ngc‘é‘m bet ween
bm‘i l}( I}\aMOMOff)ABMS' E — EZ Ov(ovl? ‘(/ §€€ é/béém_;‘
buadle I\omwwla/n‘s(vw E, — {*‘gz b4 >

ond
@’3 1 FW= () ke £,




!

= A /\ i_a / 1 A/
eciadllcase 1 r]‘r" ’s anll Tmuezed Sulbundle /O 7\
FA W/ R A DY W EYOO SN )
e [ 1j < > A (?S & < ec-é?(/g ?ﬁnnMoRImL AR
AN i [T / / /
ﬂXLJL / % . / } £e ﬁ s U i /Mr/é &126
FF [ 1% ¢ [ per [ /
/ [\ ] At [ 1
[ [ e e —,

7 3y
AN R P 1/ S A

(%) 7 ” CNEAn -
\/ \] anUl \J U\/’/ v Ii\. ' /

|Def «: I (E,,)z,, M) and /@,.JZZ, M) are Vector
Q - ,_ — %
burdles owr M, t hen E, ek, 5 g E%/ E, i

B om— o, 3

Hm[E.,gz) f are alse Vector bundles over M,

PFE cise o[e{m;ﬁ{m in é/,»e case 0‘( E & EZ,’
AS < :E&t-—/ E@gz ;:Plé]M [E_"’fgg‘zr/“)/

et
—ts

with o E L, sM  mp=p, YveEE, 08,

{][ (U/%,) J':;/Z Y bundle CAM&S‘ o Ev,Ez,

e, set T — U *M’) @

)= (4,20 )00, Vpel vel ok,

Theor (U4 75 a bwdle choct tr E, 0L,
(f}m; 7:0 -%/s iofz,/c) m 316




S'?m?'(onf/j adso: T k/ E), A ,(/ = )
Noﬂ‘e' Cw\c Niced {Jenﬁ'(:l'cwéﬁonj which /\w(c/ ‘\CO(‘ ve e
S’fﬁkce;’ [lﬁmr (fl o&Me f\SlOﬂJ/( owe/” fAO) {Mﬁec(?f‘a—'ﬁaﬁ CNYB

pver  fo vecter bundfes (SMCQ t‘yj q‘oj 4 ber Aﬁ £4 g(‘)
(E -X)-:i‘ _

HOM/E, , (:_2) =

——
e

£ et)

E¥o L,

E¥eo £

EIQ/EZQE_?) =€E)$/E®E)

is a

bundfe

Noteﬁ:

_ﬁ§€€ ﬁ%ﬂm 40

T)) eoyem / :

"atego £ veckr
C Q,bﬁj /j o |
Ctuﬂ*eg Q t

5 € Fﬂfcm[E,,e;

Cos PE

COM —podules

)) ~ /EMJ;G/)O;\UM

s a Lonctor Erowm
Ewro/-{ef NS M to

/T/ﬁs foncter  takes

bUV\cM( ;\ﬂm;w’ar’dhsm
vap  hyi (E, = 6

[(ce&)=rE ek,

[feeL)=E6TE

hi & =€,

to the

the

the

)

CZ M- lnear

Ax‘(s)::/laf_) /f S‘Cbﬁ-fg?j

Y - ()

o (€, 5,) = How(CE 1)

J

£, —E,

7




/Ar l&ove/ aj,( ’/__—__ 1 m@/{/j S‘WC{ ‘é;f ,,CO\/) o(n(’]ca/(

jsomorphisn of (XM produtes!

[M PORTANT : HOM) @/ etc_ on 5}0410@3» 07[ 6’ec*§i\o”3

L are operaians  on M= rrodules ./ //\ /GW'&\CL(/ZQ/!
l

preans [ 2., &

« [E, &L,

C M = modufe of all

o How[TE, [E) 15 the

COQ,M (neos /\’Mpf

@e )%Z»Cem 43 Dﬁv

Ex  of the alove formalism :
Xéh/ﬁfgij 'S L”?e game 7’5/7)@ as

P

To qive a section
9

M~ lineas Torm [1E) =M.

3‘w§nj X é‘/‘/f)*i e a_
Geerie): P =fpsp) R (Vpen)

/USO it E,E,E, ae vecter bundles over M

there I's o /C“M— [I‘neof) con traction Mg

[[E@E s E*eL,) —> NGEEES,
T Avs  Comes Grom 'ﬂe CMM—‘/\"CL/%;{B’\&M Maf
re* « r/e) x EeE) — [ /E65)
(« s o) > [(%,5): o~
e~

[0




91
7.1. Notes. .

In Lectures #7 and #8 we wish to cover the material in [5l, Sec. 2.1], up
to and including [5, Thm. 2.1.5].

p. 7, Def. 6: Cf. [5, Def. 2.1.8] and below. Note that we write “E; & Ey”
(which is also standard notation) for the vector bundle which Jost calls
“E1 x Ey” (“product bundle”). This is also called the “direct sum bundle”
or “Whitney sum” of F; and Fs.
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7.2. Review of tensor products and exterior algebra. .

In the following we work in the setting of R-modules, where R is an
arbitrary (fixed) commutative rindﬂ Recall that if R is a field then any
R-module is a vector space over R. In the course, we will need the theory
developed below in for two choices of R, namely R = R (the field of real
numbers), and R = C*>°(M) (the ring of C* functions M — R).

Tensor product. (Cf. Lang [8, Ch. XVI.1-2].)
Prop 1. Given any two R-modules V,W there exists an R-module
Veow?”
and an R-bilinear map
VW= VeoW
such that for any R-module Z and any R-bilinear map h : V XW — Z, there

exists a unique R-linear map g : V@ W — Z such that h = go ¢ H The
pair (V @ W, p) is unique in the following sense: If (V @ W, @) is another
pair satisfying the same conditions, then there exists a unique isomorphism
of R-modules, J:V @W =V @ W, such that o = J o §.

More generally, given n R-modules V1, ...,V,, there exists an R-module

1 ®- - ®V, and an R-bilinear map ¢ : V1 X - XV, > V1 ® --- @ V,, with
the completely analogous properties as in the case n = 2 described above.

For a proof of Prop. A see e.g. [8, Ch. XVI.1]. The standard construction
of a tensor product V @ W is to define it to be the quotient M /N, where M
is the free R-module generated by the set V' x W, and N is the R-submodule
of M generated by all the elements

(v+v,w) — (v,w) — (V,w)
(v,w+w") = (v,w) — (v,w)
(av,w) — a(v,w)
(v, aw) — a(v,w)

for all v,v" € V, w,w’ € W, a € R. We also remark that the uniqueness
statement in Proposition A is proved by standard “abstract nonesense”.

In the above situation, we write “v ® w” for ¢(v,w) (for any v € V,
w € W). An element of V ® W that can be written in the form v ® w is
called a pure tensor. A general element in V' ® W can always be expressed
(in a non-unique way) as a finite sum of pure tensors.

SWe always assume that R has a multiplicative identity, 1. Of course R also has an
identity element for addition, 0. (And 0 # 1, for non-triviality.)
9This property is called the universal property of the tensor product.


https://en.wikipedia.org/wiki/Abstract_nonsense
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Using the universal property of the tensor product one easily proves that
there exists a unique isomorphism of R-modules

VoW SWeV

mapping v @ w — w v for all v € V, w € W [8, Prop. 1.2]. Similarly, if
also U is an R-module, then there exist unique isomorphism
U@(VeW)SUeV)eW SUQVeW

mapping u® (vRw) — (L®v) ®@w and (LR V) W — LRV w, respectively
(Vu e U,v e V,we W) [8, Prop. 1.1]. In view of the last fact, we will often
identify the three R-modules U® (V@ W) and (UQV)QW and UV @ W.

Next, if V, W, X, Y are R-modules, and f:V — X and g: W — Y are
R-linear maps, then there exists a unique R-linear map
fRg: VW XY
satisfying
(f@g)veow)=fv)®gw) (weV, weW).
(Cf. [8l pp. 605-606], where this map is first denoted “T'(f,g)”.) This con-

struction satisfies the following “functoriality property”: If also h: X — Z
and ¢ : Y — U are R-linear maps then

(h@i)o(f®g)=(hof)®(iog).
(Obviously we also have 1y ® 1y = lygw, where 1y denotes the identity

map on the R-module U. In this way, the tensor product becomes a bifunctor
from the category of R-modules to itself, covariant in both arguments.)

Let us recall some facts which hold when V' and W are free and finite
dimensional over R (in particular these facts hold for finite dimensional
vector spaces over R, or over any other field):

Prop 2. Let V and W be free and finite dimensional modules over R. Then:

(a) V@ W is also free and finite dimensional over R, and if V- and W have

bases {v1,...,vp} and {w1,...,wy}, respectively, then V@ W has a basis

{viww; - ie{l,...,n}, 5e{1,...,m}}.

(Thus dim(V @ W) = (dim V) (dim W).)

(b) There is a natural isomorphism of R-modules V* @ W = Hom(V, W), H

under which a @ w € V* @ W corresponds to v — a(v)w in Hom(V,W).
(Ve

(¢) There is also a natural isomorphism of R-modules V* @ W* = W)*,
under which a® [ € V*QW™ corresponds to the element in (V@ W)* which
maps v @ w to a(v)B(w) for allv eV, we W.

(Cf. 8, Cor. 2.4 and Cor. 5.5, Cor. 5.6].)

10Here Hom(V, W) is the R-module of R-linear maps V — W.
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The tensor algebra. (Cf. [8, Ch. XVL.7].) Let V be an R-module as
before. Then for each integer r > 0, we let

T"V)=V® @V (fr>1), and T°(V)=R.
r times

The tensor algebra of V is defined to be the direct sum
T(V) =1 (V).
r=0

Thus, T(V) as a set consists of all infinite sequences (ag, a1, ag,...) such
that ;. € T"(V) for each r and «,. = 0 for all except finitely many r’s. T/(V')
is an R-module, where addition and R-multiplication is defined “entry by
entry”. We often write “ag+ a3+ ag +---” in place of (ag, a1, a9, ...), and
in that sum we can leave out any term «, which is 0. Note that there is a
natural R-bilinear map

(2) T"(V) x T*(V) — T"5(V), (o, B) » a® p.

This map extends by R-linearity to endow T'(V) with the structure of a
ring (where the multiplication operation is denoted “®”); thus T'(V) is an
R-algebra. (In fact T(V) is a graded R-algebra, exactly since it can be
written as a direct sum of R-submodules TO(V), T*(V), T?(V),... satisfying
T (V)& T5(V) C T"+5(V) for all , 5 > 0.)
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The exterior algebra. We here only discuss the exterior algebra of V*
for V a finite dimensional vector space over R, since this is the case that
is most relevant for differential forms — and it seems to be the only case
which we will be concerned with in this course. Details can be found in,

e.g., Boothby [2, Ch. V.5-6] and Lee, [10, Ch. 14].

Note that outside of differential geometry — and always when dealing with general
modules — one most often defines A\"(V*) differently, namely as a certain quotient (as
opposed to a subspace) of T" (V™). Also it is then more natural to speak directly about
A" (V) rather than A"(V™*). Anyway the definitions can be shown to be equivalent in the
case of free modules of finite dimension (thus in particular for finite dimensional vector
spaces over R), except that there exist different conventions for the normalizing factor in
. This is carefully explained in [I0, Ch. 14]. Cf. also Lang [8, Ch. XIX.1 (esp. Exercise

3)].
Let V be a finite dimensional vector space over R. By the definition of

tensor product together with Prop.[2|c) (extended to r-fold tensor products),
the space T"(V*) can be identified with the space of multilinear forms

F: V0 =V x...xV — R.
~—_——
r times

Under this identification, oy ® - -+ ® o, € T"(V*) corresponds to the multi-
linear form

F(Ul,...,vr):Hozj(vj), Vv, ... ) e VI,
j=1

Note also that under our identification, the product operation T7(V*) x
T5(V*) — T (V*) (cf. ) is given by

(Fl X Fg)(vl, - 7'Ur+s) = Fl(vl, ey UT)FQ(UT+1, - 7Ur+s)

(also when F, F; do not correspond to pure tensors).

Now we define A" (V*) to be the subspace of alternating forms in 77 (V*),
ie. forms F' € T"(V*) such that F(vy,...,v,) = 0 whenever v; = v; for
some i # j. In particular A°(V*) = R and A'(V*) = V*. We also define
the exterior algebra of V*, to be the direct sum

AV =P N (V).
r=0

(In fact this sum turns out to be finite, since A"(V*) = {0} whenever
r > dimV; it’s a nice exercise to prove this fact already here; cf. also
Prop. (3| below.) Thus A(V*) is a linear subspace of the tensor algebra
T(V*); however it is certainly not a subalgebra of T'(V*), since typically
F®G¢ ANV*) evenif F,G € A\(V*). Instead we will introduce a different
product operation, “A” (“wedge product”), on A(V*).
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Let &, be the group of permutations of {1,...,r}. For ¢ € &, and
F € T"(V*) we define the form o - F € T"(V*) by

(@ F)(v1,...,00) = F0p1)s -, V(m)s  Wi,...,0) € VI,

Then we have that F' € T"(V™) is alternating if and only if - F' = (sgno)F
for all o € &,. We define the following linear map:

1
ATV = NV AF) =5 > (sgno) (o F).
- geS,
One verifies that A is indeed a linear map from 77 (V*) into A" (V*), and that
/" (V*) is exactly the set of those F' € T" (V™) satisfying A(F) = F. Using
the map A, we now define the following product operation “A” (“wedge
product”), for any r,s > 0:
N (V) x N(VF) = A (v),
r+s)!
(3) <F1,F2>'—>F1/\F2 ::(’r"S')
This map extends by R-linearity It is more or less immediate that this
product operation is R-bilinear, hence it has a unique extension to an R-
bilinear map

.A(F1 & FQ).

AVF) x AVT) = A(VF).
By a somewhat longer computation one also verifies that A is associative.
(In fact one finds that
(r+s+1)!
rlslt!
for all Fy € A"(V*), Fo € N*(V*), F5 € AY(V*).) Hence A\(V*) with the
multiplication operation “A” is an associative graded R-algebra.
Prop 3. Ifn=dimV and B, ..., By is any basis for V* then \"(V*) = {0}
for allr > n, while for 0 < r <n one has dim A\"(V*) = (") and a basis for
N (V*) is given by
{Bz’l/\"'/\/@i7» 1< <i2<---<ir§n}.

(Fl/\FQ)/\F3: A(F1®F2®F3):F1/\(F2/\F3)

In particular N™(V*) is 1-dimensional and spanned by

BLABa N N P
Explicitly this form is given by:
Bi(vr) -+ Bi(vn)
[BrABa A A Ba] (v, - o) = det(Bi(v)iy = | AE
611(@1) T Bn(vn)
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