Lecture 7 - The Discrete Fourier
Transform

7.1 TheDFT

TheDiscreteFourier Transform(DFT) is theequialentof the continuoud-ourier
Transformfor signalsknown only at N instantsseparatethy sampletimesT (i.e.
afinite sequencef data).

Let f(¢) bethe continuoussignalwhich is the sourceof thedata.Let N samples
bedenotedf[0], f[1], f[2],---, flk],--., FIN —1].

TheFourier Transformof the original signal, f (¢), would be

F(jw) = /_00 f(t)e ¥t

We couldregardeachsamplef[k] asanimpulsehaving areaf[k]. Then,sincethe
integrandexistsonly atthe samplepoints:

(N-1)
s = [ o
= f0le 7 + f[1]e T + ... + flk]e Ik 4 . f(N — 1) JN-VT

ie. F(jw)= Z_ fk]e 9«
k=0

We couldin principle evaluatethis for any w, but with only N datapointsto start
with, only N final outputswill besignificant.

You may remembethatthe continuougrouriertransformcould be evaluated
over afinite interval (usuallythefundamentaperiod”;,) ratherthanfrom —oo to
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+oo if thewaveformwasperiodic. Similarly, sincethereareonly afinite number
of input datapoints,the DFT treatsthe dataasif it wereperiodic(i.e. f(N) to
f(2N — 1) isthesameasf(0) to f(N —1).)

Hencethe sequenceshowvn below in Fig. 7.1(a)is consideredo be oneperiodof
theperiodicsequencén plot (b).
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Figure7.1: (a) Sequencef N = 10 samples(b) implicit periodicityin DFT.

Sincethe operationtreatsthe dataas if it were periodic, we evaluatethe
DFT equationfor the fundamentafrequeng (one cycle per sequenceﬁ Hz,
2 - - -

T rg;j/sec.)andlts harmonicqnotforgettingthed.c. componen{or average)at
w = .

2t 27 2T 2

l.e. Setho,ﬁ,ﬁxl...ﬁxn,...ﬁ

x (N—1)

or, in general
N-1
Fln) =" f[kleF™  (n=0:N-1)
k=0
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F[n] is the DiscreteFourier Transformof the sequencé [£].

We maywrite this equationn matrix form as:

N T R SR WA

F[l] 1 W2 W4 W6 . WNfQ f[l]

F[Q] = 1 W3 W6 WQ . WN—3 f[2]
F[N._ 1] \ 1 wN-1 WwnN-2 WwN-3 W ) f[N._ 1]

whereW = exp(—j27/N) andWW = W2V etc. = 1.

DFT —example
Let the continuoussignalbe

f(t) =5 _+2cos(2mt — 90°) + 3 cos 4mt

i

dC ]?qu 2Hz

Figure7.2: Examplesignalfor DFT.

Let ussamplef(¢) at4 timespersecondie. f, = 4Hz)fromt¢ =0to¢ = 2. The
valuesof thediscretesamplesaregivenby:

f[k] = 5+ 2cos(5k — 90°) + 3cosmk by puttingt = kT, = £
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Le. f[0] =8, [ =4, /2] =8, /8] =0, (N =4)

3

Therefore Fln] =" flkle 73" =Y~ fk](—j)™

F0] 11 1 1 £10] 20
F1] 1 —j -1 || -4
F[2] 1 -1 1 -1 712] 12
F[3] 1 j -1 —j f13] j4

Themagnitudeof the DFT coeficientsis shavn below in Fig. 7.3.
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Figure7.3: DFT of four pointsequence

InverseDiscrete Fourier Transform

Theinversetransformof



1 N—-1
fIk = 5 > Flnle ¥
n=0

i.e. theinversematrixis % timesthe complex conjugateof the original (symmet-
ric) matrix.

Notethatthe F'[n] coeficientsarecomple. We canassumehatthe f[k| values
arereal (this is the simplestcase;thereare situations(e.g. radar)in which two
inputs,ateachk, aretreatedasa comple pair, sincethey aretheoutputsfrom 0 ©
and90 © demodulators).

In the procesof takingthe inversetransformthetermsF[n| and F[N — n] (re-
memberthat the spectrumis symmetricalabout%) combineto produce? fre-
gueng componentspnly oneof which is consideredo be valid (the oneat the
lower of the two frequenciesp x %” Hz wheren < %; the higherfrequeny
components atan“aliasingfrequeng” (n > %)).

Fromtheinversetransformformula,thecontributionto f[k] of F[n] andF [N —n]
Is:

1 - 27 .o
falk] = {F[n)e? ¥ + FN — ne? ¥ (V=E} (7.2)
N-1
=27

Forallf[k]real F[N —n|= flk]e I H (N -k
k=0

But e dmWN-mk _ 2wk %Rk _ tijEnk

1forall &

i.e. F[N —n] = F*(n) (i.e.thecomple conjugate)
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Substitutingnto the Equationfor f,,[k] above gives,

1 . N | |
fn[k] = N{F[n]eﬂzﬁnk + F*(n)efj%nk} since €]2Wk —1

e, f.lk] = %{Re{F[n]} cos %nk — Im{F[n]} sin %nk}

or  fulk] = %|F[n]\ cos{(%n)kT + arg(F[n])}

i.e. asampledsinavave at 27 Hz, of magnitude | F[n]].
For the specialcaseof n = 0, F[0] = )_ f[k] (i.e. sumof all samplesgndthe

contritution of F[0] to f[k] is fo[k] = + F[0] = averageof f[k] = d.c. compo-
nent.

Inter pretation of example

1. F[0] = 20 impliesad.c. valueof + F[0] = 2 = 5 (asexpected)

2. F[1] = —j4 = F*[3] impliesafundamentatomponenbf peakamplitude
2|F[1]] = 2 x 4 = 2 with phasegivenby arg F[1] = —90 ©

. 2
ie. 2cos(N—7;kT —909) =2 cos(gk —909) (asexpected)

3. F2] =12 (n =% —nootherN — n componenhere)andthisimpliesa
component

folk] = %F[z]efﬁ'% = iF[Q]ej“’“ = 3costk  (asexpected)
sincesin vk = 0 for all £
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Figure7.4: DFT of four point signal.

Thus,the corventionalway of displayinga spectrums notasshownin Fig. 7.3
but asshavn in Fig. 7.4 (obviously, theinformationcontentis thesame):

In typical applications,V is muchgreaterthan4; for example,for N = 1024,
F[n] has1024 componentshut 513 — 1023 arethecomplex conjugate®f 511 —1,

leaving {10} asthed.c. component; 2. 71! to 2. IFIEH ascompletea.c. com-
1 Fl512]

ponentsands; 7 asthecosine-onlycomponenatthehighestdistinguishable
N

frequeny (n = 3).

Most computerprogramme:tiavaluate‘FNM (or % for the power spectralden-
sity) which givesthe correct“shape”for the spectrum.exceptfor the valuesat
n=0and%.

2

7.2 DiscreteFourier Transform Err ors

To whatdegreedoesthe DFT approximatehe Fouriertransformof the function
underlyingthe data?Clearlythe DFT is only anapproximatiorsinceit provides
only for a finite setof frequencies. But how correctare thesediscretevalues
themseles?Therearetwo maintypesof DFT errors:aliasingand“leakage™:
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7.2.1 Aliasing

Thisis anothemanifestatiorof thephenomenowhichwe have now encountered
severaltimes.If theinitial samplesrenotsuficiently closelyspacedo represent
high-frequeng componentgresentn theunderlyingfunction,thenthe DFT val-
ueswill becorruptedoy aliasing.As before,the solutionis eitherto increasdhe
samplingrate(if possible)or to pre-filterthe signalin orderto minimiseits high-
frequeny spectrakcontent.

7.2.2 Leakage

Recallthatthe continuougouriertransformof a periodicwaveformrequiresthe
integrationto beperformecdbvertheinterval - co to +co or overanintegernumber
of cyclesof thewaveform. If we attemptto completethe DFT over anon-integer
numberof cyclesof the input signal,thenwe might expectthe transformto be
corruptedn someway. Thisis indeedthe caseaswill now beshavn.

Considetthe caseof aninputsignalwhichis asinusoidwith afractionalnum-
berof cyclesin the N datasamplesThe DFT for thiscase(for n = 0 ton = %)
is shovn below in 7.5.
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Figure7.5: Leakae.
We might have expectedthe DFT to give anoutputat just the quantisedrequen-
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cieseithersideof thetruefrequeng. This certainlydoeshapperbut we alsofind
non-zerooutputsat all otherfrequencies.This smearingeffect, which is known
asleakageariseshecauseve areeffectively calculatingthe Fourierseriesfor the
waveformin Fig. 7.6, which hasmajor discontinuities,henceotherfrequeng
components.
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Figure7.6: Leakaye. Therepeatingvaveformhasdiscontinuities.

Most sequencesf real dataare much more complicatedthanthe sinusoidalse-
guenceshatwe have sofar consideregndsoit will notbe possibleto avoid in-
troducingdiscontinuitiesvhenusinga finite numberof pointsfrom the sequence
in orderto calculatethe DFT.

The solutionis to useoneof the windowfunctionswhich we encounteredh the
designof FIR filters (e.g. the Hammingor Hanningwindows). Thesewindow
functionstaperthe samplegowardszerovaluesat both endpointsandso there
is no discontinuity (or very little, in the caseof the Hanningwindow) with a
hypotheticalnext period. Hencethe leakageof spectralcontentaway from its
correctlocationis muchreducedasin Fig 7.7.
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Figure7.7: Leakaye is reducedusinga Hanningwindow
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7.3 The FastFourier Transform

Thetimetakento evaluatea DFT onadigital computeidependgprincipallyonthe
numberof multiplicationsinvolved, sincethesearethe slowestoperations.With
the DFT, this numberis directly relatedto N? (matrix multiplicationof a vector),
whereN is the lengthof the transform. For mostproblems,NV is chosento be
at least256 in orderto get a reasonablapproximationfor the spectrumof the
sequencenderconsideratior- hencecomputationaspeedecomesmajorcon-
sideration.

Highly efficient computeralgorithmsfor estimatingDiscreteFourier Trans-
forms have beendevelopedsincethe mid-60’s. Theseareknown asFastFourier
Transform(FFT) algorithmsandthey rely on the factthat the standardDFT in-
volvesalot of redundantalculations:

N-1 N-1
Re-writing Fln] = Y flkle 7 ¥™ asFn] = Y flk]Wek
k=0 k=0

it is easyto realisethatthe samevaluesof W3* arecalculatedmary timesasthe
computationproceeds Firstly, the integer productnk repeatdor differentcom-
binationsof k¥ andn; secondly W is a periodicfunctionwith only N distinct
values.

For example,considerN = 8 (theFFTis simplestby farif NV is anintegral power
of 2)

Fromtheabove,it canbeseenthat:
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W = Wy

W = — W
WS = —W2
Wi = —W¢

Also, if nk falls outsidetherange0-7, we still getoneof theabove values:

eg.if n=5andk=7 W =da* = (a®)" -a®=d’

7.3.1 Decimation-in-time algorithm

Let usbegin by splittingthesinglesummatiorover N samplesnto 2 summations,
eachwith & > samplespnefor k evenandtheotherfor k odd.
Substitutern = k for k evenandm = %! for k oddandwrite:

N
N1 N1

Fln] = Z FRmIWE™ + 3" fl2m + 1wt
m=0

i3 mn

Notethat W™ = e IR — o THFT =

N1 N1

Therefore Fln] = Z FRmWE" + Wy Z fl2m+ 1wy
m=0 m=0
ie. F[n]=Gn]+ WyH]In|

Thusthe N-point DFT F|[n] canbe obtainedfrom two £ -point transforms,
oneoneveninputdata,G[n|, andoneon oddinputdata,H[n]. Althoughthefre-
queng index n rangesover N valuesonly £ valuesof G[n] andH [n] needto be
computedsinceG[n] and H[n] areperiodicin n with period .

For example for N = 8:
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e eveninputdataf[0]f[2]f[4]f[6]
e oddinputdataf[1]f[3]f[5]f[7]

F[0] = G[0] + WP H][0]
F[1] = G[1] + WEH[1]

]

]
F[2] = G[2] + WEH|2|
F[3] = G[3] + W3H (3]
F[4] = G[0] + W H[0] = G[0] — WH|[0]
FI5] = G[1] + Ws H[l] = G[1] - Wy H[1]
Fl6] = G[2] + Ws6 H[2] = G[2] - WgH[2]
F[7] = G[3] + W{H[3] = G[3] - WgH([3]

Thisis shavn graphicallyon the flow graphof Fig 7.8:
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1 — s FI7]

Figure7.8: FFT flowgraph1.

Assumingthan N is a power of 2, we canrepeatthe abose processon the two
%-pointtransformsbreakingthemdown to %-pointtransformsetc .., until we
comedown to 2-pointtransforms.For N = 8, only onefurther stageis needed
(i.e. thereare~ stagesywhere N = 27), asshaovn below in Fig 7.9.

ThustheFFT is computedy dividing up, or decimatingthe samplesequence
f[k] into sub-sequencasmtil only 2-point DFT’s remain.Sinceit is theinput, or
time, sampleswvhich aredivided up, this algorithmis known asthe decimation-
in-time (DIT) algorithm.(An equivalentalgorithmexistsfor which the output,or
frequengy, pointsaresub-dvided— the decimation-in-frequernycalgorithm.)

Thebasiccomputatiorattheheartof theFFT is known asthebutterflybecause
of its criss-crossappearancefor the DIT FFT algorithm,the butterfly computa-
tion is of theform of Fig 7.10
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Figure7.9: FFT flowgraph 2.
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Figure7.10: Butterflyopemtionin FFT.

whereA and B arecomplex numbers.Thusa butterfly computatiorrequiresone
complex multiplicationand2 comple< additions.

Note also,thatthe input samplesare “bit-reversed’(seetablebelov) becauset
eachstageof decimationthe sequencénput sampless separatednto even-and
odd-indexedsamples.

(NB: thebit-reversalalgorithmonly appliesif N is anintegral power of 2).
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Index (k) Binary Bit-reversed Bit-reversed

representation  Binary index
0 000 000 0
1 001 100 4
2 010 010 2
3 011 110 6
4 100 001 1
5 101 101 5
6 110 011 3
7 111 111 7

7.3.2 Computational speedof FFT

The DFT requiresN? complex multiplications. At eachstageof the FFT (i.e.
eachhalving) % comple multiplicationsare requiredto combinethe resultsof
the previous stage.Sincethereare (log, N) stagesthe numberof complex mul-
tiplicationsrequiredto evaluatean N-point DFT with the FFT is approximatgly

N/2log, N (approximatelybecausenultiplicationsby factorssuchasWy,, W, ,
N 3N
Wy andW,! arereally justcomplex additionsandsubtractions).

N N?(DFT) Ziog,N (FFT) saving
32 1,024 80 92%
256 65,536 1,024 98%

1,024 1,048,576 5,120 99.5%

7.3.3 Practical considerations

If N is notapower of 2, thereare2 stratgiesavailableto completean N-point
FFT.

1. take advantageof suchfactorsas NV possesses-or example,if N is divisi-
ble by 3 (e.g. N = 48), thefinal decimationstagewould includea 3-point
transform.
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2. packthe datawith zeroes;e.g. include 16 zeroeswith the 48 datapoints
(for N = 48) andcomputea 64-point FFT. (However, you shouldagainbe
wary of abrupttransitionshetweerthetrailing (or leading)edgeof thedata
andthefollowing (or precedinggeroesabetterapproachmight beto pack
thedatawith morerealistic*"dummy values”).
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